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Abstract

We study the economic importance of time-varying bond risk premia in a life-cycle
consumption and portfolio-choice problem for an investor facing short-sales and
borrowing constraints. On average, the investor is able to time bond markets only
as of age 45. Tilts in the optimal asset allocation in response to changes in bond
risk premia exhibit pronounced life-cycle patterns. Taking as a point of reference an
investor who conditions only on age and wealth, we compute the management fee this
investor is willing to pay to account for either current risk premia or for both current
and future risk premia. We find the fees to account for current risk premia to be
economically sizeable, ranging up to 1% per annum, but this fee is comparable to the
fee of the fully optimal strategy. To solve our model, we extend recently developed
simulation-based techniques to life-cycle problems featuring multiple state variables
and multiple risky assets.
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Bond risk premia vary over time. For instance, Cochrane and Piazzesi (2005 2006),

report that a single predictor variable, which is a linear combination of forward rates,

explains up to 44% of the variation in long-term bond returns in excess of the one-year

rate at an annual horizon. This suggests that investors can construct dynamic bond

strategies that take advantage of this stylized fact. Indeed, Sangvinatsos and Wachter

(2005) show that (unconstrained) long-term investors can realize large gains by exploiting

time variation in bond risk premia. One might argue that such utility gains resonate with

the stellar growth in the fixed-income mutual fund industry. As Figure 1 illustrates, total

assets under management has grown tremendously during the last two decades. The same

holds true for the number of fixed-income mutual funds.
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Figure 1: Growth in the fixed-income mutual fund industry from 1984 to May 2008

The figure displays the total net assets of all fixed-income mutual funds. Source: Trends In Mutual Fund
Investing from the Investment Company Institute over the period 1984 to May 2008. The fixed-income
mutual fund industry is taken to be the sum of “Taxable Bond Funds” and “Municipal Bond Funds.”

Our main question is whether the gains an investor realizes by accounting for variation

in bond risk premia carry over to a carefully calibrated life-cycle model in which households

receive labor income and are restricted by borrowing and short-sales constraints. We take

as a natural point of reference a strategy that conditions on households’ wealth and age

only, but not on the current term structure of interest rates.1 Subsequently, we compute

the maximum annual management fee a household would be willing to pay to access

a fund implementing a strategy that incorporates information about current bond risk

premia. However, we assume that the fund reverts to the strategy that conditions only

on age and wealth after one period. We call this strategy the one-period conditional

1This problem has been studied by for instance in Viceira (2001) and Cocco, Gomes, and Maenhout
(2005).
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strategy. Likewise, we calculate the maximum fee that can be charged by a so-called

life-cycle fund implementing the fully optimal dynamic strategy.2 We find that the fees

of the one-period conditional strategy can be sizeable and reach a maximum of around

1% per annum. Comparing such numbers to low-cost, actively-managed mutual funds,

our results suggest that it may be possible to benefit from variation in bond risk premia.

Second, we find that the fees of the one-period conditional strategy and the life-cycle

strategy virtually coincide. It implies that the investor gains little by accounting for the

fact that she can also time bond markets in future periods.

To understand the gains of incorporating information about variation in bond risk

premia, we find that we can split the life-cycle roughly into four periods. The first period

(age 25 to 35) is characterized by a large stock of non-tradable human capital. Borrowing

constraints inhibit the household to capitalize on future labor income to increase today’s

consumption. The investor, therefore, consumes (almost) all income available and hardly

participates in financial markets. During the second stage (age 35 to 45), the investor

accumulates some financial wealth and allocates it almost exclusively to equity markets.

Human capital resembles to a large extent a (non-tradable) position in inflation-linked

bonds, which reduces the individual’s effective risk aversion. Because the investor cannot

borrow using its human capital as collateral, it would have to reduce the equity allocation

to invest in long-term bonds. This leads to opportunity costs that are too high for an

empirically plausible range of bond risk premia. In the third period (age 45 to 55), the

individual holds substantial bond positions as its human capital diminished sufficiently.

In addition, the individual optimally tilts the portfolio towards long-term nominal bonds

in periods of high bond risk premia. These tilts are economically significant and the

holdings range from −20% to +45% for a plausible range of bond risk premia. During the

last period (age 55 to 65), the stock of human capital has largely been depleted and the

individual acts more conservatively as a result. In addition to stocks and long-term bonds,

the individual holds cash positions of up to 20% on average just before retirement. The

opportunity costs of reducing the cash position to tilt the portfolio to long-term bonds are

smaller than the opportunity costs of cutting back on the equity allocation. This implies

that in periods of high bond risk premia, the investor first reduces the cash position and,

only for relatively high bond risk premia, the equity allocation as well. This results in

pronounced life-cycle patterns in the tilts caused by variation in bond risk premia.

Perhaps the most important economic question is how costly it is to ignore information

about current bond risk premia in the consumption and investment policies. To address

this question, we first compute a proportional management fee that makes the investor

indifferent between investing in a fund that implements the one-period conditional

strategy and the strategy that conditions only on age and wealth. Our first important

2An alternative interpretation of our approach is that we compute the maximum fee a financial planner
can charge to implement dynamic fixed-income strategies on behalf of households.
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finding is that the management fees can be sizeable. It suggests households can benefit

from variation in bond risk premia using low-cost bond mutual funds. Next, we offer

the investor a fund or strategy that is dynamically optimal over the life-cycle. This

strategy accounts for the fact that the investor can also exploit variation in future bond

risk premia. We again compare this strategy to the one that conditions on wealth and

age only. Our second important finding is that the fee that the life-cycle fund can charge

to make the household indifferent between this advanced strategy and a simpler strategy

that conditions on wealth and age only virtually coincides with the fees of one-period

conditional strategy. As such, there are only small gains possible when accounting for the

fact that the investor can also time bond markets in future periods.3 We also compare the

portfolio weights of the one-period conditional strategy to the ones of the life-cycle strategy

as an alternative way to illustrate this result. The difference between both strategies

can be interpreted as a form of hedging demands. We find the difference between both

strategies to be hump-shaped over the life-cycle, but they are small and amount to a

position of at most 4%.

In the richest asset menu that we consider, the investor has access to two long-term

bonds with different maturities, stocks, and a nominal cash account. By studying the

optimal investment strategy over the life-cycle, we derive the optimal maturity structure

of the bond portfolio for fixed-income mutual funds targeting a specific age group. We

find that the duration of the overall portfolio is hump-shaped over the life-cycle, whereas

the duration of the fixed-income portfolio is decreasing over the life-cycle. In the early

stages of the life-cycle, the investor allocates almost all capital to stocks and, if at all,

a small fraction to the longest-term bond. If the household ages, it becomes effectively

more risk averse. This implies that the allocation to equity gradually declines and that the

household allocates more capital to the bond with the shorter maturity. This shortens the

duration of the fixed-income portfolio. Combining both effects leads to the hump-shaped

pattern for the overall portfolio and the decreasing pattern if we restrict attention to the

fixed-income portfolio.

We calibrate our model on the basis of US data over the period January 1959 to

December 2005. Using this model, we show that the individual can exploit short-term

variation in bond risk premia mostly during later stages of the life-cycle. Life-cycle

constraints prevent investors to do so before that age. As the individual ages, two effects

come into play. First, borrowing and short-sales constraints become less restrictive due

to the decreased ratio of human capital to financial wealth. Second, the investor becomes

more conservative due to the lower amount of human capital. The first effect by itself

would lead to more sensitive allocations to risky assets over the life cycle. The second

effect would, on the contrary, lead to less sensitive allocations. For persistent risk factors

3The investor still conditions on wealth and age, which implies that the investor does not act
myopically.
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that are priced, the first effect is more pronounced and we find the sensitivity of the bond

allocation in response to changes in the term structure variables to increase over the life

cycle.

To derive our results, we also make an important methodological contribution by

extending the simulation-based approach by Brandt, Goyal, Santa-Clara, and Stroud

(2005). Specifically, we improve upon the optimization over the optimal asset allocation

and show how to optimize over consumption in a computationally efficient way by

combining the simulation-based approach with the endogenous grid method introduced

by Carroll (2006). We therefore show how simulation-based techniques are useful to solve

complex life-cycle problems with multiple state variables. A separate appendix that is

available online contains further details. In another application, Chapman and Xu (2007)

use our approach to solve for the optimal consumption and investment problem of mutual

fund managers.

Our model of the financial market accommodates time-varying interest rates, inflation

rates, and bond risk premia. It is closely related to Brennan and Xia (2002) and Campbell

and Viceira (2001), but both papers assume bond risk premia to be constant. These papers

study the optimal demand for long-term bonds and show that it is optimal to hedge time

variation in real interest rates, in particular for conservative investors (see also Wachter

(2003)). Sangvinatsos and Wachter (2005) do allow for time variation in bond risk premia.

They conclude that long-term investors that are not restricted by portfolio constraints

and not endowed with non-tradable labor income can realize large economic gains by both

timing bond markets and hedging time variation in bond risk premia. This is in line with

the recent asset allocation literature, which emphasizes the importance of time-varying

risk premia for both tactical, short-term investors and strategic, long-term investors, see

Barberis (2000), Brandt (1999), and Campbell and Viceira (1999), Campbell, Chan, and

Viceira (2003), Jurek and Viceira (2007), and Wachter (2002). However, the focus of

these papers is not on life-cycle investors with its inherent constraints and labor income.

Our paper also relates to the life-cycle literature, see Cocco, Gomes, and Maenhout

(2005), Gomes and Michaelides (2005), Gourinchas and Parker (2002), Heaton and Lucas

(1997), and Viceira (2001). These papers focus predominantly on the impact of risky,

non-tradable human capital on the consumption and portfolio choice decision. These

studies find (i) that there are strong age effects in the optimal asset allocation as a

result of changing human capital, (ii) binding liquidity constraints during early stages of

the individual’s life-cycle, (iii) a negative relation between income risk and the optimal

equity allocation, and (iv) a high sensitivity of the optimal asset allocation to correlation

between income risk and financial market risks. However, these papers restrict attention

to financial markets with constant investment opportunities,4 including constant interest

4Gourinchas and Parker (2002) focus on optimal consumption policies and wealth accumulation, and
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and inflation rates, and bond risk premia.

Closest to our paper are presumably Munk and Sørensen (2005) and Van Hemert

(2006). Both papers allow for risky, non-tradable labor income and impose standard

constraints on the strategies implemented. Munk and Sørensen (2005) accommodate

stochastic real rates, but assume inflation rates and bond risk premia to be constant. Van

Hemert (2006) does allow for stochastic inflation rates and includes housing, but assumes

risk premia to be constant. We allow for time variation in bond risk premia instead and

analyze how individuals can benefit from such time variation over the life-cycle. We thus

examine the interaction between exploiting time variation in investment opportunities

and both realistic life-cycle constraints and changing labor income.

1 Financial market and the individual’s problem

1.1 Financial market

Our financial market accommodates time variation in bond risk premia. The model we

propose is closely related to Brennan and Xia (2002), Campbell and Viceira (2001), and

Sangvinatsos and Wachter (2005). Brennan and Xia (2002) and Campbell and Viceira

(2001) propose two-factor models of the term structure, where the factors are identified

as the real interest rate and expected inflation. Both models assume that bond risk

premia are constant. Sangvinatsos and Wachter (2005) use a three-factor term structure

model with latent factors and accommodate time variation in bond risk premia, in line

with Duffee (2002). We consider a model with a factor structure as in Brennan and Xia

(2002) and Campbell and Viceira (2001), but generalize these models by allowing for

time-varying bond risk premia.

The asset menu of the life-cycle investor includes a stock (index), long-term nominal

bonds, and a nominal money market account. The dynamics of the term structure of

interest rates is governed by two state variables X1t and X2t. To accommodate the first-

order autocorrelation in the interest rate, we model Xt = (X1t, X2t)
′ to be mean-reverting

around zero, i.e.,

dXt = −KXXtdt +
[

I2×2 02×2

]

dZt, (1)

where Ik×k is a k−dimensional identity matrix and Z ∈ R
4×1 is a vector of independent

Brownian motions driving the uncertainty in the financial market. Any correlation

between the processes is captured by the volatility vectors. Following Dai and Singleton

(2000), we normalize KX to be lower triangular.

abstract from optimal life-cycle portfolio choice.
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The instantaneous nominal interest rate, R0, is assumed to be affine in both factors

R0
t = δ0R + δ′1RXt, δ0R > 0. (2)

We postulate a process for the (commodity) price index

dΠt

Πt

= πtdt + σ′
ΠdZt, σΠ ∈ R

4, Π0 = 1, (3)

where πt denotes the instantaneous expected inflation. Instantaneous expected inflation

is assumed to be affine in both factors

πt = δ0π + δ′1πXt, δ0π > 0. (4)

Concerning the stock index, S, we postulate

dSt

St

=
(

R0
t + ηS

)

dt + σ′
SdZt, σS ∈ R

4, (5)

where ηS the (constant) equity risk premium.

To complete our model, we specify an affine model for the term structure of interest

rates by assuming that the prices of risk are affine in Xt. More precisely, the nominal

state price density φ$ is given by

dφ$
t

φ$
t

= −R0
t dt − Λ′

tdZt, (6)

with

Λt = Λ0 + Λ1Xt. (7)

We thus adopt the essentially affine model as proposed by Duffee (2002). In the

terminology of Dai and Singleton (2000), the model is the maximal A0(2) model. The

conditions specified in Duffie and Kan (1996) to ensure that bond prices are exponentially

affine in the state variables are satisfied. Hence, we find for the price of a nominal bond

at time t with a maturity t + τ ,

P (t, t + τ) = exp(A(τ) + B(τ )′Xt), (8)

so that the corresponding yield is yτ
t = −A(τ )/τ − B(τ)′Xt/τ .

This specification accommodates time variation in bond risk premia as advocated by,

for instance, Dai and Singleton (2002) and Cochrane and Piazzesi (2005). As we assume
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the equity risk premium to be constant, we have

σ′
SΛt = ηS, (9)

which restricts Λ0 and Λ1.

1.2 Individual’s preferences, labor income, and constraints

We consider a life-cycle investor who starts working at age 0 and retires at age T . The

individual derives utility from real consumption, Ct/Πt, and real retirement capital,

WT /ΠT . The individual’s preferences are summarized by a time-separable, constant

relative risk aversion utility index. More formally, the individual solves

max
(Ct,xt)∈Kt

E0

(

T−1
∑

t=t0

βt

1 − γ

(

Ct

Πt

)1−γ

+
ϕβT

1 − γ

(

WT

ΠT

)1−γ
)

, (10)

where ϕ governs the utility value of terminal wealth relative to intermediate consumption,

β denotes the subjective discount factor, and Kt summarizes the constraints that have

to be satisfied by the consumption and investment strategy at time t. We discuss these

constraints in detail below. The fraction of wealth allocated to the risky assets at time t

is indicated by xt. The remainder, 1 − x′
tι, is allocated to a nominal cash account.

The nominal, gross asset returns are denoted by Rt and the nominal, gross return on

the single-period cash account is indicated by Rf
t . The dynamics of financial wealth, Wt,

is then given by

Wt+1 = (Wt − Ct)
(

x′
t

(

Rt+1 − ιRf
t

)

+ Rf
t

)

+ Yt+1, (11)

in which Yt denotes the income received at time t in nominal terms. The supply of labor

is assumed to be exogenous.5 For notational convenience, we formulate the problem in

real terms, with small letters indicating real counterparts, i.e.,

ct =
Ct

Πt

, wt =
Wt

Πt

, rt =
RtΠt

Πt−1
, rf

t =
Rf

t−1Πt−1

Πt

, yt =
Yt

Πt

. (12)

The resulting budget constraint in real terms reads

wt+1 = (wt − ct)
(

x′
t

(

rt+1 − ιrf
t+1

)

+ rf
t+1

)

+ yt+1. (13)

The state variables are given by (Xt, yt, wt) and the control variables by (ct, xt), i.e., the

consumption and investment choice. The set Kt = K(wt) summarizes the constraints on

5Chan and Viceira (2000) relax this assumption and consider an individual who can supply labor
income flexibly instead.
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the consumption and investment policy. First, we assume that the investor is liquidity

constrained, i.e.,

ct ≤ wt, (14)

which implies that the investor cannot borrow against future labor income to increase

today’s consumption. Second, we impose standard borrowing and short-sales constraints

xt ≥ 0 and ι′xt ≤ 1. (15)

Formally, we have

K(wt) = {(c, x) : c ≤ wt, x ≥ 0, and ι′x ≤ 1} . (16)

Note that the investor cannot default within the model as a result of these constraints.6

We model real income in any specific period as

yt = exp(gt + νt + ǫt), (17)

with νt+1 = νt + ut+1, where ǫt ∼ N(0, σ2
ǫ) and ut ∼ N(0, σ2

u). This representation

follows Cocco, Gomes, and Maenhout (2005) and allows for both transitory (ǫ) and

permanent (u) shocks to labor income. We calibrate gt consistently with Cocco, Gomes,

and Maenhout (2005) to capture the familiar hump-shaped pattern in labor income over

the life-cycle (see Section 1.4.3 for details). In our benchmark specification, both income

shocks are uncorrelated with financial market risks. In Section 3, we also consider the

case in which permanent income shocks, i.e., ut, are correlated with financial market risks.

We solve for the individual’s optimal consumption and investment policies by dynamic

programming. The investor consumes all financial wealth in the final period, which implies

that we exactly know the utility derived from terminal wealth wT . More specifically, the

time-T value function is given by

JT (wT , XT , yT ) =
ϕw1−γ

T

1 − γ
. (18)

For all other time periods, we have the following Bellman equation

Jt(wt, Xt, yt) = max
(ct,xt)∈Kt

(

c1−γ
t

1 − γ
+ βEt (Jt+1(wt+1, Xt+1, yt+1))

)

. (19)

We provide further details on the solution approach in Section 1.5.

6Davis, Kubler, and Willen (2003) and Cocco, Gomes, and Maenhout (2005) accommodate costly
borrowing and allow the investor to default (endogenously) within their model.
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1.3 Computing management fees

We are the first to study the impact of time-varying bond risk premia on the optimal

strategies of life-cycle investors. However, this also raises the question how costly it is

to ignore variation in bond risk premia. To examine this question, we take as a point

of reference a strategy, called the benchmark strategy, in which the investor conditions

its decisions on wealth and age only. This strategy, therefore, ignores the variation in

the term structure of interest rates. Next, we grant the household access to one of two

mutual funds. The first fund implements the so-called one-period conditional strategy.

This strategy incorporates the information in the term structure at time t for the optimal

investment and consumption choice, but uses the benchmark strategy as of the next

period. Hence, this fund simplifies the computation of the optimal strategy by assuming

that after the current period, the strategy depends on wealth and age only. It therefore

ignores the possibility to time bond markets in subsequent periods. The second fund,

which we call the life-cycle fund, implements the dynamically-optimal investment and

consumption strategy.

With these three strategies in hand, we compare the impact on the household’s utility.

As a way to compare the different strategies, we compute the management fee that makes

the household indifferent between the more sophisticated strategy and the strategy that

conditions on wealth and age only. The proportional management fee, which is denoted

by χ, enters the budget constraint (13) in the following way

wt+1 = (wt − ct) (1 − χ)
(

x′
t

(

rt+1 − ιrf
t+1

)

+ rf
t+1

)

+ yt+1. (20)

It is important to note that the optimal consumption and portfolio policy may be affected

by the presence of fees. We account for this in our numerical approach. To compute

the maximum management fee, we equate the value function induced by the benchmark

strategy7 (JBenchmark(W, X, t)) to the value function induced by, for instance, the one-

period conditional strategy with a fee χ (JOne-period(W, X, χ, t))

JBenchmark(W, X, t) = JOne-period(W, X, χ, t). (21)

We then solve for χ to compute the fee that makes the household indifferent between the

one-period conditional and the unconditional strategy. We compute the management fee

that the life-cycle fund can charge along the same lines.

We use management fees as a way to compare strategies or funds instead of losses

in certainty-equivalent consumption, which is more conventional (Cocco, Gomes, and

Maenhout (2005)). We argue that annual management fees are easier to interpret and can

7Note that despite the fact that the policies do not depend on the current state Xt, the induced value
function does depend on the state variables.
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for instance be compared to the fees charged by actively-managed mutual funds relative

to passive funds. This would correspond to the case in which the household requires a

fund manager or financial planner8 to implement the more advanced strategies on their

behalf. The difference between the fees of the active and passive fund would correspond

to the fees we compute in the context of our model (see also Gruber (1996) for a similar

interpretation of management fees).

Finally, we would like to stress that management fees and certainty-equivalent

consumption losses are closely connected. In Appendix B, we derive the exact link between

both measures in a simple continuous-time model. We will discuss some of the results

from that analysis below to understand the management fees that we compute.

1.4 Estimation of the model

We now estimate our specification of the financial market introduced in Section 1.1.

Section 1.4.1 describes the data that we use in estimation and we report in Section 1.4.2

the estimation results. In Section 1.4.3 we provide the individual-specific parameters of

the individual’s preferences and income process.

1.4.1 Data

We use monthly US data as of January 1959 to December 2005 to estimate our

specification of the financial market. We use six yields in estimation with 3-month, 6-

month, 1-year, 2-year, 5-year, and 10-year maturities, respectively. The monthly US

government yield data are the same as in Duffee (2002) and Sangvinatsos and Wachter

(2005) to December 1998. These data are taken from McCulloch and Kwon up to February

1991 and extended using the data in Bliss (1997) to December 1998. We extend the time

series of 1-year, 2-year, 5-year, and 10-year yields to December 2005 using data from

the Federal Reserve bank of New York. The data on the 3-month and 6-month yield

are extended to December 2005 using data from the Federal Reserve Bank of St. Louis.9

Data on the price index have been obtained from the Bureau of Labor Statistics. We use

8It is motivated by the observation that households may lack the knowledge to implement dynamic
fixed-income strategies themselves. This limited sophistication is central to the debate on household
finance (Campbell (2006), Huberman and Jiang (2006), and Calvet, Campbell, and Sodini (2007)), and
we take it seriously. We therefore take the perspective of a household and compute the maximum fee
it would be willing to pay to access a fund that implements the one-period conditional strategy or the
life-cycle strategy.

9The yield data for the period January 1999 to December 2005 are available at
http://www.federalreserve.gov/pubs/feds/2006 and http://research.stlouisfed.org/fred2.
The data from the Federal Reserve Bank of New York are available for the cross-section of long-term yields
(1-year, 2-year, 5-year, and 10-year) as of August 1971. The correlation over the period August 1971 to
December 1998 of these yields with the data used in Duffee (2002) equals 99.95%, 99.97%, 99.94%, and
99.85%, respectively. The 3-month and 6-month yields are available as of January 1982. The correlation
of these data over the period January 1982 to December 1998 with the data used in Duffee (2002) equals
99.96% and 99.95% for 3-month and 6-month yields.
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the CPI-U index to represent the relevant price index for the investor. The CPI-U index

represents the buying habits of the residents of urban and metropolitan areas in the US.10

We use returns on the CRSP value-weighted NYSE/Amex/Nasdaq index data for stock

returns.

1.4.2 Estimation

We use the Kalman filter with unobserved state variables X1t and X2t to estimate the

model by maximum likelihood. We assume that all yields have been measured with error

in line with Brennan and Xia (2002) and Campbell and Viceira (2001). Details on the

estimation procedure are in Appendix C.

The relevant processes in estimation are Kt = (X ′
t, log Πt, log St)

′ for which the joint

dynamics can be written as

dKt =













02×1

δ0π − 1
2
σ′

ΠσΠ

δ0R + ηS − 1
2
σ′

SσS






+







−KX 02×2

δ′1π 01×2

δ′1R 01×2






Kt






dt + ΣKdZt, (22)

with ΣK = (Σ′
X , σΠ, σS)′ and ΣX =

[

I2×2 02×2

]

. An unrestricted volatility matrix,

ΣK , would be statistically unidentified and we therefore impose the volatility matrix to

be lower triangular.

The price of unexpected inflation risk cannot be identified on the basis of data on the

nominal side of the economy alone. We impose that the part of the price of unexpected

inflation risk that cannot be identified using nominal bond data equals zero. Since

inflation-linked bonds have been launched in the US only as of 1997, the data available

is insufficient to estimate this price of risk accurately. This restriction is in line with the

recent literature, see for instance Ang and Bekaert (2005), Campbell and Viceira (2001),

and Sangvinatsos and Wachter (2005).

Formally, these constraints on the prices of risk imply

Λt = Λ0 + Λ1Xt =













Λ0(1)

Λ0(2)

0

⋆













+













Λ1(1,1) Λ1(1,2)

Λ1(2,1) Λ1(2,2)

0 0

⋆ ⋆













Xt, (23)

where the ‘⋆’ in the last row indicate that these parameters are chosen to satisfy the

restriction that the equity risk premium is constant (i.e., σ′
SΛ0 = ηS and σ′

SΛ1 = 0).

We report the estimation results in Table 1. The parameters are expressed in annual

10See http://www.bls.gov for further details.
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terms. The standard errors are computed using the outer product gradient estimator. The

parameters σu (u = 0.25, 0.5, 1, 2, 5, 10) correspond to the volatility of the measurement

errors of the bond yields at the six maturities used in estimation.

We briefly summarize the relevant aspects of our estimation results. First, we find that

both the instantaneous short rate and expected inflation are increasing in both X1 and X2.

Second, X2 is estimated to be more persistent than X1. The first-order autocorrelation

implied by our estimates on an annual frequency equals 0.503 and 0.861, respectively. It

corresponds to a half-life of 1 year for X1 and approximately 5 years for X2. Third, we

find that stock and bond returns are negatively correlated with inflation innovations.

We now turn to the prices of risk and implied risk premia. The equity risk premium

(ηS) is estimated to be 5.4%, which reflects the historical equity risk premium. We further

find that the unconditional price of risk of X1 is more negative than the price of risk of X2,

i.e.,
∣

∣Λ0(1)

∣

∣ >
∣

∣Λ0(2)

∣

∣. Table 2 reports the risk premia on nominal bonds along with their

volatilities. We set the factors equal to their unconditional expectation. Nominal bond

risk premia range from almost 60bp for a 1-year bond somewhat over 2% for a 10-year

bond. The Sharpe ratio of 5-year nominal bonds is somewhat higher than for 10-year

bonds (0.24 versus 0.18). The impact of the term structure factors on bond risk premia,

i.e., the time variation in prices of risk, is governed by Λ1. Figure 3 presents the 5-year

nominal bond risk premia for a realistic range of X1 and X2. First, we find that risk

premia are decreasing in X1 and increasing in X2. Second, we find that bond risk premia

are more sensitive to shifts in X2 than X1, which is caused by the high persistence of X2

discussed earlier.

Panel A of Table 3 presents the correlations between the assets that are possibly

included in the asset menu, while Panel B of Table 3 reports the correlation between

the risk premia on 5-year and 10-year nominal bonds and the same asset returns. These

correlations are important as they drive the hedging demands formed by the investor to

hedge against future changes in investment opportunities. Stock returns and nominal

bond returns are positively correlated, consistent with Sangvinatsos and Wachter (2005).

The correlations in Panel B indicate that long-term bond returns are negatively correlated

with bond risk premia. It implies that a long position in these bonds can be used to hedge

adverse changes in bond risk premia. After all, a decrease in the risk premium on long-

term nominal bonds is likely to occur simultaneously with a positive return on these

bonds. Consequently, the optimal allocation to long-term bonds of an unconstrained,

long-term investor that is not endowed with a stream of labor income is positive and

increasing in the investment horizon, see also Sangvinatsos and Wachter (2005).

Next, we compare the fit of the model and examine the average yield curve, the

volatility of bond returns, and the predictability of bond returns. We summarize the

results below and conclude that our tractable two-factor model provides a reasonably
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good fit to the data, in particular for the questions we are interested in. We follow Dai

and Singleton (2002) and Sangvinatsos and Wachter (2005). That is, we simulate 5,000

sample paths of the same length as our sample. For each of the samples, we first compute

the average yield and we then plot the average and the 95%-confidence interval of the

sample means. We also compute the sample values using the data directly. The results

are presented in Figure 4.

We find that all means are comfortably in the 95%-confidence interval. As such, the

model does a good job reproducing the average yields. We repeat this exercise for the

volatility of yields for the maturities we have in our sample. The results are presented in

Figure 5. Also in this case, we find that the standard deviation of yields that we compute

directly from the data lies well within the confidence bounds that we generate from our

model. We conclude that the model is able to match the cross-sectional moments. As

Sangvinatsos and Wachter (2005) remark, this is non-trivial because the model needs to

fit a set of time-series and cross-sectional moments.

We analyze the bond return predictability implied by the data and our model. To this

end, compute the Campbell and Shiller (1991) long-horizon regressions. We consider the

following regression (n > m)

yn−m
t+m − yn

t = β0 + β1

m (yn
t − ym

t )

n − m
+ εt+m. (24)

Under the expectations hypothesis β1 = 1. Empirically, the regressions coefficients are

negative and decreasing for longer maturities (Campbell and Shiller (1991) and Dai and

Singleton (2002)). The predictive regression is estimated using overlapping monthly data,

which we replicate within our model by simulating monthly data. Figure 6 shows that

our model reproduces the empirically-observed pattern in the regression coefficients and

the estimates based on our sample fall within the 95%-confidence bounds.

1.4.3 Individual-specific parameters

We now specify the parameters that govern the individual’s preferences and labor income

process. In our benchmark specification, we set the coefficient of relative risk aversion to

γ = 5 and the subjective discount factor to β = 0.96. The investor consumes and invests

from age 25 to age 65. The income process is calibrated to the model of Cocco, Gomes,

and Maenhout (2005). In the benchmark specification, we focus on an individual with

high school education, but without a college degree, that is, the “High School” individual

in Cocco, Gomes, and Maenhout (2005). The variance of the transient shocks then equals

σ2
u = 0.0738 and of the permanent shocks σ2

ǫ = 0.0106. The function gt, t ∈ [25, 65], in
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(17) is modeled by a third order polynomial in age

gt = α0 + α1t + α2t
2/10 + α3t

3/100, (25)

and captures the hump-shaped pattern in labor income. The parameters are set to

α1 = 0.1682, α2 = −0.0323, and α3 = 0.0020. The parameters α1, α2, and α3 follow

from Cocco, Gomes, and Maenhout (2005) and the constant is chosen so that the income

level at age 25 equals $20,000.

At retirement, we assume that all wealth in converted into an inflation-linked annuity

that is priced on the basis of the unconditional expectation of the “real interest rate.”11

Koijen, Nijman, and Werker (2007b) study the asset allocation problem for an individual

who allocates her retirement capital to various annuity products. They show that the

hedging demands before retirement induced by this retirement choice are negligible. We

therefore abstract from conversion risk caused by the annuitization decision. We simplify

the retirement problem further by assuming that the individual dies with probability one

at age 80. This allows us to determine ϕ in (10) as the utility derived from annuitizing

retirement wealth.12,13 We have an annual decision frequency in our model.

We further analyze in Section 3 the impact of individual-specific characteristics, like

risk preferences, education level, correlation of human capital with asset returns. We also

modify the asset menu of the investor. We assume in our benchmark specification that

the individual has access to the stock index, 5-year nominal bonds, and cash. Section 3

studies alternative asset menus, in which the 5-year bond is replaced by a 10-year bond

and a menu in which the investor can trade both a 3-year and a 10-year bond.

11The “real rate” is computed under the assumption that the price of unexpected inflation risk equals
zero: r0 = δ0R − δ0π.

12Specifically, denote the price of a real annuity at retirement by AT . The time-T value function
induced by annuitization is then given by

80
∑

t=T

βt−T (WT /AT )1−γ

1 − γ
,

i.e.,

ϕ =
Aγ−1

T

1 − γ

80
∑

t=T

βt−T .

13We thus focus on the life-cycle investment and consumption problem in the pre-retirement period,
consistent with for instance Benzoni, Collin-Dufresne, and Goldstein (2006). The investor’s preference
to save for retirement consumption is captured by the assumption that the investor derives utility from
annuitized wealth up to age 80.
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1.5 Solution technique

Life-cycle problems generally do not allow for analytical solutions, and we use numerical

techniques instead. Numerical dynamic programming using Gaussian quadrature is the

leading solution technique in life-cycle models, see for instance Cocco, Gomes, and

Maenhout (2005). This approach becomes infeasible given our number of state variables

and we therefore adopt the simulation-based approach developed recently by Brandt,

Goyal, Santa-Clara, and Stroud (2005). Simulation-based techniques are well suited to

deal with multiple exogenous state variables that can be simulated. However, life-cycle

problems are usually characterized by (at least) one endogenous state variable, which is

in our case financial wealth normalized by current income, which depends on previous

choices. This variable cannot be simulated and we therefore need to specify a grid.

However, instead of specifying a grid for (normalized) wealth before consumption, as is

typically done, we construct a grid for wealth after consumption. By specifying the grid

in this way, it is possible to compute the consumption policy analytically as has been

shown by Carroll (2006).14

In addition to combining the endogenous grid method with simulation-based

techniques, we also extend them in two important ways. First, we solve a problem with

three risky assets, namely two long-term bonds and stocks, and a cash account. This

requires us to develop a fast and accurate solution method with several risky assets. If

we study the first-order condition that we use to solve for the optimal portfolio,15 then it

takes the following form

0 = Et

(

βe−γut+1c⋆−γ
t+1

(

rt+1 − rf
t+1ι
))

+ λ − µι. (26)

In this first-order condition, λ denotes a vector of Lagrange multiplier corresponding to

the short-sales constraints and µ is a Lagrange multiplier corresponding to the borrowing

constraint. Because we work backwards in dynamic programming, we know the optimal

consumption policy, c⋆
t+1, at time t+1 at all states. As in Brandt, Goyal, Santa-Clara, and

Stroud (2005), we first simulate N paths for T periods, so that we have a cross-section

of N paths at time t and t + 1. We then construct zt+1 = βe−γut+1c⋆−γ
t+1

(

rt+1 − rf
t+1ι
)

and regress it on a polynomial in the state variables at time t, f(Xt). This leads to the

approximation, in this case for asset s

Et

(

βe−γut+1c⋆−γ
t+1

(

rs,t+1 − rf
t+1

))

≃ θs(x, at)
′f(Xt), (27)

14Barillas and Fernández-Villaverde (2006) extend the endogenous grid approach of Carroll (2006) to
solve problems with multiple endogenous state variables and illustrate the efficiency gains realized by this
method.

15Koijen, Nijman, and Werker (2007a) contains further details on the derivation of these first-order
conditions.
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in which at denotes (normalized) wealth after consumption. We emphasize that the

regression coefficients, θs(x, at), depend on the portfolio that the investor chooses, x.

Without any further approximation, we would substitute (27) into (26) and solve for the

optimal portfolio making sure that the Lagrange multipliers are non-negative. However,

this would imply that for each state Xt and level of wealth after consumption at we

need to compute the cross-sectional regressions in evaluating a new guess for the optimal

portfolio. This is computationally infeasible. Our main technical insight is that the

projection coefficients, θs(x, at), are smooth functions of the portfolio weights, x. We

therefore consider a set of test portfolios on a rather coarse grid. For each of the test

portfolios, we compute the projection coefficients and subsequently use the approximation

θs(x, at) ≃ Ψs(at)g(x), (28)

which implies

Et

(

βe−γut+1c⋆−γ
t+1

(

rs,t+1 − rf
t+1

))

≃ g(x)′Ψ(at)
′f(Xt). (29)

The second-stage projection coefficients, Ψ(at), are computed using the test portfolios.

Using this approximation, we can compute the optimal portfolio relatively fast and

dramatically reduce the number of regressions. Koijen, Nijman, and Werker (2007a)

explains the method in more detail.

The second extension is the way in which we compute the optimal consumption

policy. Brandt, Goyal, Santa-Clara, and Stroud (2005) also addresses the intermediate

consumption problem, but the resulting optimal consumption strategy is not ensured to

be strictly positive. In our model, the optimal consumption strategy is given by

c⋆
t =

(

Et

(

βe−γut+1c⋆−γ
t+1 rp

t+1

))− 1

γ , (30)

in which rp
t+1 denotes the real return on the optimal portfolio. Clearly, it is important

to ensure that the conditional expectation remains strictly positive. To this end, we

approximate

Et

(

βe−γut+1c⋆−γ
t+1 rp

t+1

)

≃ exp(θ̄0 + θ̄
′
f(Xt)). (31)

Hence, we modify the simulation-based approach to ensure that the optimal consumption

strategy remains strictly positive, thereby showing how simulation-based methods can

be used to solve life-cycle problems with several exogenous states variables and multiple

risky assets. An in-depth discussion of the numerical method is provided in the technical

appendix Koijen, Nijman, and Werker (2007a).
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2 Life-cycle investors and bond risk premia

We present the optimal policies for the benchmark specification concerning preference

parameters, income process, and asset menu as discussed in Section 1.4.3. Section 2.1

analyzes the optimal life-cycle strategy. In Section 2.2, we compare the optimal life-

cycle strategy to the one-period conditional strategy. In Section 2.3, we compute the

management fees that would make the investor indifferent between a strategy that

conditions on age and wealth only and either the one-period conditional or the life-cycle

strategy.

2.1 Optimal life-cycle portfolio choice

Figure 7 presents the optimal average allocation over the life-cycle to stocks, 5-year

nominal bonds, and cash. The vertical axis displays the average portfolio choice alongside

the investor’s age on the horizontal axis.

Between age 25 and 35, the individual optimally allocates all financial wealth, which

is little to begin with,16 to equity. In our benchmark specification, labor income can

be viewed as a portfolio of bonds, perturbed with an idiosyncratic risk factor. This

implies that the investor’s total wealth, which is the sum of financial and human wealth,

has a large exposure to interest rate risk. The investor, therefore, prefers to expose its

financial wealth to other priced factors. Because the investor cares about the exposure of

total wealth to the risk factors instead of financial wealth only, it is optimal to tilt the

portfolio to equity. The individual starts to accumulate financial wealth between age 35

and 45. Nevertheless, the stock of human capital is sufficiently large for the individual to

hold predominantly equity. The investor holds significant positions in long-term nominal

bonds (that is, larger than 20% on average) only as of age 45, as human capital has

depleted sufficiently by then to reduce its effect on the portfolio choice. Between age 50

and 55, the investor has a positive demand for stocks, long-term nominal bonds, and cash.

The reduction in human capital is equivalent to an increase in the individual’s effective

risk aversion coefficient (Bodie, Merton, and Samuelson (1992)). Campbell and Viceira

(2001) and Brennan and Xia (2002) show in addition that more conservative investors

prefer to invest in inflation-linked bonds to hedge inflation risk. If inflation-linked bonds

are not part of the asset menu, the investor allocates its capital to cash instead (Campbell

and Viceira (2001)). Prior to retirement, the investor allocates on average 40% to stocks,

40% to 5-year nominal bonds, and the remaining 20% to cash.

16Cocco, Gomes, and Maenhout (2005) also find that the borrowing constraint binds during the first
decade of the individual’s life-cycle. An unconstrained life-cycle investor optimally capitalizes future
labor income to increase today’s consumption as a result of the hump-shaped pattern in labor income.
This is, however, prohibited by the borrowing constraint and the investor consumes (almost) all income
available.
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We now illustrate how the optimal conditional allocation to the three assets responds

to changes in bond risk premia. To this end, we present tilts in the optimal portfolio caused

by variation in bond risk premia over the life-cycle. Figure 8 displays the optimal life-cycle

allocation to stocks (Panel A), 5-year nominal bonds (Panel B), and cash (Panel C) for an

empirically plausible range of either X1 (left panels) or X2 (right panels). These figures

are constructed by first regressing the optimal asset allocations along all trajectories of

the simulation-based method at a certain point in time on a second-order polynomial

expansion (including cross-terms) in the prevailing state variables. The axes are different

across figures for expository reasons.

Figure 8 shows that tilts in the optimal allocation to any of the three assets in response

to changes in bond risk premia exhibit pronounced life-cycle patterns. Up to age 35,

financial wealth is allocated almost exclusively to equity, regardless of the prevailing bond

risk premia. Between age 35 and 45, the individual’s allocation starts to tilt to long-term

nominal bonds mostly if X2 is high, which is the more persistent risk factor and has

a bigger effect on risk premia (see Figure 3). Also, bond risk premia are increasing in

X2 and decreasing in X1, explaining the opposite response in the optimal allocation to

long-term bonds. As the investor reduces the equity allocation as of age 45, tilts in the

optimal portfolio are large and can easily range from −20% to +45% in the allocation

to long-term bonds in response to changes in X2, and from −20% to +20% in case of

X1. Since the investor optimally holds no cash during this stage of the life-cycle, the

equity allocation experiences exactly the opposite tilts once compared to the long-term

bond allocation. The borrowing constraint prohibits the investor to borrow cash to take

further advantage of high bond risk premia. The investor either has to reduce the equity

allocation or forfeit high bond risk premia. We find that the optimal stock-bond mix is

very sensitive to changes in X2 during this period. Qualitatively, the results are the same

for X1 in this period, although in the opposite direction as bond risk premia decrease in

X1, but the quantitative impact is much smaller as suggested already by Figure 3. As of

age 55, the optimal investment portfolio also contains cash positions due to the reduced

stock of human capital. This impacts both the investor’s willingness and ability to time

bond risk premia. First, the investor acts more conservatively and timing risk premia

adds less value as a result. Second, portfolio constraints are no longer binding, which

may actually induce a larger value of timing risk premia. We find that the second effect

dominates. Tilts in the bond allocation steadily increase as the investor ages. In addition,

to tilt the optimal portfolio towards long-term bonds, the investor first reduces the cash

allocation and only for high bond risk premia, the equity allocation as well. This implies

that the opportunity costs of reducing the equity allocation exceed the costs induced by

reducing the cash allocation. In sum, we find that tilts in the equity allocation in response

to changes in risk premia are hump-shaped, but tilts in the cash allocation increase as the

investor ages, consistent with the tilts in the allocation to long-term bonds.
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Figure 9 summarizes the key insights of Figure 8 in a more compact way. We measure

tilts in the optimal portfolio as the difference in the optimal allocation when X1 and X2

range from -1.65 unconditional standard deviations to plus 1.65 unconditional standard

deviations around their unconditional means. More precisely, we indicate the difference

in the allocation to asset i, for an investor of age t, caused by a change in X1 by ∆i
X1,t

and for changes in X2 by ∆i
X2,t, i = stocks, bonds, or cash. All other state variables

equal their unconditional expectation. For instance, to summarize the impact of X1 on

the allocation to stocks, we define

∆stocks
X1,t = xstocks

t (X1,max) − xstocks
t (X1,min), (32)

where X1,max equals the unconditional mean of X1 plus 1.65 standard deviations and

X1,min is set to the unconditional mean of X1 minus 1.65 standard deviations. Hence, a

positive ∆i
X1,t implies an increase in the age-t allocation to asset i if X1 increases.17

Figure 9 presents the asset allocation sensitivities, ∆i
j,t, for changes in either X1 (left

panel) or X2 (right panel) over the life-cycle for all three assets. By construction, the sum

of the differences at any moment of the life-cycle equals zero. In line with Figure 8, tilts in

the optimal asset allocation induced by variation in bond risk premia exhibit pronounced

life-cycle patterns. Especially during the second part of the life-cycle, these tilts are

economically significant, in particular for the more persistent risk factor X2. Tilts in the

allocation to long-term bonds and cash are monotonically increasing over the life-cycle,

whereas tilts in the equity allocation are hump-shaped over the life-cycle.

In addition to changes in bond risk premia, the optimal policies depend on the

realizations of asset returns and labor income innovations to date. As argued before,

it is the ratio of human capital to financial wealth that determines the investor’s effective

risk aversion and, as a result, portfolio choice. Figure 10 presents tilts in the optimal

allocation to stocks, 5-year nominal bonds, and cash due to an increase in financial wealth

from its 25%-quantile to its 75%-quantile.18 In other words, we subtract the optimal asset

allocation at the 25%-quantile from the optimal allocation at the 75%-quantile.

We find that the optimal allocation to equity is reduced for higher levels of financial

wealth, while the allocation to long-term bonds and cash increases. Higher than average

levels of financial wealth reduce the impact of human capital on total wealth and

increase the individual’s effective risk aversion. Therefore, the individual selects a more

conservative strategy. An alternative interpretation is that a series of good returns

essentially shifts the individual forward in the life-cycle. Figure 7 shows that the optimal

17Because all tilts are monotonically increasing in the state variables, this measure indeed summarizes
the first-order effect of changes in the state variables presented in Figure 8.

18In contrast to both term structure variables, financial wealth is not stationary. To obtain comparable
tilts over the life-cycle, we compare the difference in asset allocation at different quantiles of the financial
wealth distribution at a particular age.
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allocation to equity is decreasing in age, whereas the optimal allocations to long-term

bonds and cash increase over the life-cycle. In contrast, lower than average levels of

financial wealth level lead to a more prevalent role of human capital in the composition of

total wealth. This resembles an individual who acts as in an earlier stage of her life-cycle.

High asset returns or, equivalently, low income innovations tilt the optimal allocation

away from stocks to long-term bonds and cash at any moment in the life-cycle. Negative

asset returns, or positive labor income innovations, result in exactly the opposite effect.

The effects are quantitatively most pronounced around age 50 and amount to at most

15%.

2.2 Comparing the life-cycle and the one-period conditional

strategy

In this section, we compare the optimal life-cycle strategy to the one-period conditional

strategy. The latter strategy assumes that the investor reverts to the strategy that

conditions on age and wealth only as of the next period. The difference between both

strategies can be interpreted as a form of hedging demands. When calculating the

differences in the portfolio holdings, we average over both term structure variables. We

cannot average over financial wealth, since both strategies will result in different levels

of average wealth over the life-cycle. Figure 10 shows that this affects the investment

strategy. We therefore condition on the average financial wealth level following from the

optimal life-cycle effects to avoid any wealth effects. However, because we consider a

life-cycle problem, one might argue that it is not as pure a measure of hedging demands

as in asset-only investment problems, because the investor does account for the fact that

she has a long horizon. The difference in allocations is the result of the investor’s ability

to respond to bond risk premia in subsequent periods. This definition is, in a life-cycle

framework as we have, closest to the dynamic asset allocation literature, see Campbell,

Chan, and Viceira (2003) and Sangvinatsos and Wachter (2005).

Figure 11 displays the resulting hedging demands. The optimal hedging demands turn

out to be long in 5-year nominal bonds and are financed by a reduction in the allocation

to stocks and, in particular, cash. Long-term bond returns are negatively correlated with

future bond risk premia (Table 3, Panel B) so that a long position in bonds position pays

off exactly in those states of the economy where bond risk premia are low. However, the

hedging demands are strikingly small. The axes of Figure 11 range only from -3% to

4%. This result can be explained by considering how the investor actually finances the

hedging demand. The investor has to reduce the equity allocation up to, say, age 50-55

to hold hedging demands that are long 5-year nominal bonds as a result of borrowing

constraints. The opportunity costs induced by cutting back on the equity allocation turn

out to be too high. The individual, therefore, reduces the hedging demands. As soon as
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the optimal investment strategy also includes a non-zero cash position, the investor uses

this cash position to construct hedging demands. However, the individual is then already

at age 55 and hedging adds little value for the remaining period. After all, Wachter (2002)

shows in a model with a time-varying equity risk premium that the effective duration is

substantially shortened for intermediate consumption problems as opposed to terminal

wealth problems.

In sum, we find that tilts in the optimal portfolio in response to variation in bond

risk premia exhibit pronounced life-cycle patterns, which are different for X1 and X2.

We further show that hedging demands are long bonds, and short equity and cash, but

quantitatively rather small. Since small hedging demands can in principle still lead to

large utility costs once ignored, we compute in the next section the management fees that

would make the investor indifferent between the various strategies.

2.3 Computing management fees

In this section, we compute the annual management fee an investor is willing to pay to

follow either the one-period conditional strategy or the life-cycle strategy. We compute

the fees over the life-cycle. That is, we ask for instance the question: “Suppose a 47-

year old investor gains access to the one-period conditional strategy. What is the annual

management fee that this investor would be willing to pay to switch from the strategy

that conditions only on age and wealth to this one-period conditional strategy?”

The results are presented in the top panel of Figure 12. First, we find that the fees

of both strategies amount to at most 43 basis points (bp) per annum. It implies that

exploiting variation in bond risk premia may be within reach for households if they use

low-cost mutual funds to implement their strategies. Second, if we compare the fees that

the life-cycle fund and the fund implementing the one-period conditional strategy can

charge, we find that they virtually coincide. In the context of our model, the optimal

strategy virtually coincides with a strategy that assumes that as of next period, the

investor reverts to the strategy conditioning on age and wealth only.

In the next sections, we analyze whether these results are robust to changes in the

asset menu (Section 3) and different individual characteristics (Section 4).

3 Alternative and multiple long-term bonds

In this section, we analyze different asset menus. We consider the case with two long-term

bonds with maturities equal to 3 years and 10 years, and compare the results to a model

with just one long-term bond with a maturity equal to either 5 years or 10 years. We

also considered the case in which the household can trade 5-year and 10-year bonds, but
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the returns on these two securities are even more highly correlated (97%) than 3-year and

10-year bond returns (90%). Also, this asset menu of long-term bonds has been used in

Sangvinatsos and Wachter (2005). However, the exact maturity choice of long-term bonds

is inconsequential, both qualitatively and quantitatively, for the point we are making. We

focus on the fees of the one-period conditional and the life-cycle fund, which are the

key statistics of our model. Table 4 and Figure 12 summarize the main result for the

benchmark household we consider.

We find that the household prefers the 10-year bond over the 5-year bond to be

included in the asset menu. The reason is that 10-year bonds have a higher exposure to

X2, which implies that it requires a smaller reduction in the allocation to stocks to obtain

a particular expected inflation exposure. If we replace 5-year bonds by 10-year bonds,

the management fees calculated in Section 2.3 increase to about 106bp. If we include

both the 3-year and 10-year long-term bond in the investor’s asset menu, we find that

the management fees that the household is willing to pay increases slightly from 106bp

to at most 108bp. Taken together, we conclude that the main conclusions of the paper

are not affected by including multiple long-term bonds in the asset menu. Using low-cost

mutual funds, households can benefit from variation in bond risk premia, primarily in

later stages of the life-cycle. By comparing the fees on the one-period conditional and

life-cycle strategy, we conclude that the additional gains of the life-cycle strategy are small

relative to the one-period conditional strategy.

However, it is also interesting to look at the composition of the portfolio over the

life-cycle. This answers how to optimally choose the maturity structure of the one-period

conditional and life-cycle fund. We define two duration measures that summarize the

properties of the fixed-income portfolio. Recall that we now have three fixed-income

securities (cash, 3-year nominal bond, and the 10-year nominal bond). We can compute

the overall duration of the portfolio by computing

DurP,t ≡ xCash,t + 3 × x3Y,t + 10 × x10Y,t, (33)

and the duration of the fixed-income portfolio

DurFI,t ≡
xCash,t + 3 × x3Y,t + 10 × x10Y,t

xCash,t + x3Y,t + x10Y,t

. (34)

The portfolio duration is affected by the fraction invested in equity, whereas the latter

focusses on the composition of the fixed-income portfolio. Both metrics are of interest.

The duration measures are depicted in Figure 13, in which we average across states. We

find that the portfolio duration is hump-shaped over the life-cycle, whereas the duration of

the fixed-income portfolio is steadily declining. The hump-shaped pattern in the portfolio

duration is the result of borrowing constraints for young households that gradually relax
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if the household ages. However, the value of human capital drops as well, which makes

the household effectively more risk-averse, leading to the decline towards the end of the

life-cycle.

4 Alternative individual characteristics

We also compute the optimal strategies for investors with different individual

characteristics, like (i) risk preferences, (ii) education level, and (iii) different correlations

between the permanent income shocks and stock returns. We briefly summarize the

main effects, because none of our main results is materially affected. Detailed results for

average portfolio holdings, tilts in allocations, hedging demands, and management fees

are available upon request.

Risk preferences First, we solve our model for more aggressive, γ = 3, and more

conservative, γ = 7, individuals. We find that the more aggressive individual (γ = 3)

allocates on average more to equity than the benchmark individual. As a result, the

borrowing constraint binds for a longer period and the individual’s optimal investment

strategy is less sensitive to variation in bond risk premia. In contrast, more conservative

investors (γ = 7) shift earlier into long-term nominal bonds and cash. We find that

the tilts in the optimal portfolio are, therefore, larger than for the benchmark investor.

This is the result of two effects. First, the more conservative investor is not constrained

and does not allocate all financial wealth to equity. As such, the opportunity costs

amount to reducing the cash position which are smaller than reducing the equity position.

Second, very conservative investors do not care about variation in risk premia and are

only concerned with selection the portfolio to optimally smooth consumption over time.

For our specification, the first effect still dominates for the conservative investor and tilts

are more pronounced for the conservative individual.

The management fees of the one-period conditional and the life-cycle strategy coincide

for γ = 3 and peak at 36bp. For γ = 7, the maximum fee of the one-period conditional

strategy equals 49bp and for the life-cycle strategy 52bp.

Education level The education level of the benchmark individual we consider is “High

School” according to the classification of Cocco, Gomes, and Maenhout (2005). We now

consider different income processes as well that correspond to the ”No High School”

individual in Cocco, Gomes, and Maenhout (2005), for which we have α1 = 0.1684,

α2 = −0.0353, and α3 = 0.0023 in (25), and the “College” individual that is characterized

by α1 = 0.3194, α2 = −0.0577, and α3 = 0.0033 in (25). Higher education levels

correspond to higher expected income growth. This implies that the borrowing constraints

during early stages of the life-cycle bind for a longer period as the individual prefers to
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capitalize future income for the purpose of consumption smoothing. We find that tilts in

the optimal portfolio are larger for individuals in the lowest education group, in particular

up to age 45. The borrowing and short-sales constraints during the first two decades are

less restrictive for individuals with low education levels and they can therefore benefit

from variation in bond risk premia. Individuals with high education levels allocate most

financial wealth to equity as their income pattern is very steep and thus more back-loaded.

This effect is particularly pronounced up to age 45-50. From that age onwards, tilts in

the optimal portfolios are very similar across all education groups. The management fees

virtually coincide with the benchmark case we consider.

Correlation between income and financial market risks Finally, we examine the

impact of correlation between labor income risk and asset returns. Specifically, we consider

the case where permanent income innovations (u) are correlated with equity returns.

This correlation likely depends on the individual’s occupation, education level, age, and

gender. Cocco, Gomes, and Maenhout (2005) estimate the correlation between permanent

labor income shocks and stock returns between −1% and 2%. Heaton and Lucas (2000)

report estimates between −7% and 14%. Munk and Sørensen (2005) provide an estimate

for this correlation of 17%. Finally, Davis and Willen (2000) report estimates between

−25% and 30% for the correlations between a broad equity index and labor income

innovations. Regarding the correlation between labor income risk and industry-specific

equity risk, the correlation ranges between −10% and 40% in their estimates, depending

on the individual’s education level, age, and gender. We follow Viceira (2001) instead

and consider an individual whose labor permanent labor income innovations exhibit a

correlation of 25% with the stock index returns.19

The positive correlation of permanent income shocks with equity returns has two

effects, namely the substitution effect and the value effect. The substitution effect implies

that non-tradable labor income substitutes for investments in particular assets in the

investment portfolio. In the benchmark specification, human capital is essentially a

position in inflation-indexed bonds, if we abstract from idiosyncratic risk. This tilts

the portfolio towards equity and away from long-term nominal bonds. We now consider

a case in which labor income innovations and equity returns are positively correlated.

This implies that the investor will reduce the equity allocation (see also Viceira (2001))

and possibly allows for a larger impact of variation in bond risk premia. The value effect

refers to the change in the value of human capital for different correlations of income

19Alternative labor income dynamics have been proposed in the literature. Benzoni, Collin-Dufresne,
and Goldstein (2006) show that even though labor income and stock markets have a low correlation
in the short run, this correlation increases at longer horizons. Benzoni, Collin-Dufresne, and Goldstein
(2006) subsequently analyze a model in which labor income and stock market prices are co-integrated.
Storesletten, Telmer, and Yaron (2004) and Lynch and Tan (2006) show that idiosyncratic labor income
risk varies considerably over the business cycle. Lynch and Tan (2006) provide furthermore evidence that
income growth is higher during economically good times.
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innovations with financial risks that are prices. For instance, if labor income is perfectly

correlated with equity returns, future income is effectively discounted at the expected

real return on equity instead of the yield on an inflation-linked bond. This reduces the

ratio of human capital to financial wealth and increases the effective risk aversion in turn.

We indeed find larger tilts in the beginning of the life-cycle. The positive correlation

of income innovations crowds out the equity investment and allows the investor to time

bond markets instead. By the same token, the hedging demands increase slightly, which

again reflects the more important role of bond market timing when labor income and

stock returns are positively correlated. Management fees are at most 49bp (44bp) per

annum for the life-cycle strategy (one-period conditional strategy) if the investor can

trade stocks, 5-year long-term bonds, and cash. As such, our main conclusions are robust

to such correlations between labor income risk and stock returns.

5 Conclusions

We solve a realistic life-cycle consumption and investment problem for an investor who

has access to stocks, long-term nominal bonds, and cash. The investor has to comply with

borrowing and short-sales constraints and receives a stream of stochastic labor income.

Consistent with recent empirical evidence, we accommodate time variation in bond risk

premia. We take an investor who conditions on age and wealth only as our point of

reference. We subsequently offer this investor either a one-period conditional fund or a

life-cycle fund. The former fund assumes that the investor reverts to the strategy that

conditions on wealth and age only after one period. The life-cycle fund implements a

fully dynamically optimal strategy. We compute the maximum annual (proportional)

management fee a household would be willing to pay to have access to either the one-

period conditional or the life-cycle fund. We find that there are economically significant

gains to account for variation in bond risk premia. The second finding is that the fees of

the one-period conditional and the life-cycle strategy virtually coincide.

In this paper, we find that the term structure of interest rates is driven by two factors

that have different levels of persistence. We find bond risk premia to be more sensitive

to the persistent factor. We show that tilts in the optimal asset allocation as a result

of changes in the persistent factor are larger. Tilts in the optimal allocation exhibit

pronounced life-cycle patterns. Tilts in the allocation to long-term nominal bonds and

cash are monotonically increasing in age, but hump-shaped for equity.

We solve our model with multiple long-term bonds and compute the optimal duration

of the overall portfolio and the fixed-income portfolio over the life-cycle. We find that the

former is hump-shaped, while the latter is monotonically declining over the life-cycle. To

derive these results, we extend recently developed simulation-based methods to solve for
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the optimal consumption and portfolio choice. This allows us to solve life-cycle problems

with a large number of state variables and multiple assets as is the case in our model.

We check robustness of our results to risk preferences, education level, and different

correlations of income risk and asset returns.

This paper can be extended in various directions. First, we abstract from housing

in our life-cycle problem. If the investor finances the house via a mortgage, there are

essentially two types, namely fixed-rate mortgages (FRM) and adjustable-rate mortgages

(ARM).20 FRMs can be interpreted as short positions in long-term bonds and ARMs

as short positions in cash. This additional flexibility may allow the investor to improve

upon the exposures to the term structure factors. A second extension would be to allow

for an endogenous retirement decision and analyze how this interacts with the prevailing

investment opportunities at bond markets (see for instance Farhi and Panageas (2007)).

20Koijen, Van Hemert, and Van Nieuwerburgh (2008) study the choice between an ARM and an FRM
in a simple two-period model.
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A Pricing nominal bonds

We derive prices of nominal bonds in the financial market described in Section 1, following the results
on affine term structure models in, for instance, Duffie and Kan (1996) and Sangvinatsos and Wachter
(2005).

To that extent, we assume that bond prices are smooth functions of time and the term structure
factors X . Denote the price of a nominal bond at time t that matures at time T by P (Xt, t, T ). Since

nominal bonds are traded assets, we must have that φ$
t P (Xt, t, T ) is a martingale, where φ$ is given in

(6). This implies

− PXKXX + Pt +
1

2
tr (PXX) − RP − P ′

XΛ = 0, (A.1)

where the subscripts of P denote partial derivatives with respect to the different arguments. Subsequently,
Duffie and Kan (1996) have shown that in this case we obtain nominal bond prices that are exponentially
affine in the state variables

P (X, t, t + τ) = exp (A(τ ) + B(τ )′X) . (A.2)

Substituting this expression in (A.1) and matching the coefficients on the constant and the state variables
X , we obtain the following set of ordinary differential equations

A′(τ ) = −B(τ)′Λ0 +
1

2
B(τ )′B(τ ) − δ0R, (A.3)

B′(τ ) = − (K ′
X + Λ′

1)B(τ ) − δ1R, (A.4)

where ι2 denotes a two dimensional vector of ones. We also have the boundary conditions

A(0) = 0, B(0) = 0. (A.5)

The ODEs can be solved in closed form, see for instance Dai and Singleton (2002). This leads to

B(τ ) = (K ′
X + Λ′

1)
−1

[exp (− (K ′
X + Λ′

1) τ ) − I2×2] δ1R, (A.6)

A(τ ) =

∫ τ

0

A′(s)ds, (A.7)

where I2×2 denotes the two by two identity matrix.

B Linking welfare metrics

In this appendix we discuss the relation between two welfare metrics: the loss in certainty-equivalent
consumption and management fees. The former metric has been used widely in the literature to quantify
utility losses. For the purpose of our paper, however, management fees are more natural. We illustrate in
a simple life-cycle model the link between certainty-equivalent consumption losses and management fees.

The model We consider a continuous-time model in which the household receives labor income at a
constant rate Y . Labor income is assumed to be deterministic. The household can only transfer wealth
intertemporally by investing in a cash account that earns a riskless interest rate r. We make these
simplifying assumptions just to make the link as transparent as possible. The household’s preferences
are given by

Jt = max
(Cs)

s∈[t,T ]

∫ T

t

e−βs C1−γ
s

1 − γ
,

and the optimization is subject to the budget constraint

dWt = (r − χ)Wtdt + (Y − Ct) dt, (B.1)

in which χ denotes the proportional management fee. Note that in this simple model, management fees
can be interpreted as a reduction in the risk-free rate.

We compare the optimal strategy to a sub-optimal strategy that we can leave unspecified. This
alternative strategy induces a value function J̃t that is lower than Jt. We subsequently use this value
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function to link the loss in certainty-equivalent consumption to the management fees that we report in
this paper.

Management fees We first derive the optimal strategy for a general χ. We subsequently choose χ
to ensure that Jt(χ) equals J̃t. The value function J follows from the Bellman equation

βJ = max
Ct

(

C1−γ
t

1 − γ
+ JW [(r − χ)Wt + (Y − Ct)] + Jt

)

,

which leads implies that the optimal rate of consumption equals: Ct = J
− 1

γ

W . The value function takes
the form

Jt(χ) =
(Wt + Ht(χ))1−γ

1 − γ
gt(χ)γ ,

with

gt(χ) =
1

A(χ)

(

1 − e−A(χ)(T−t)
)

,

Ht(χ) =

∫ T

t

e−(r−χ)(s−t)Y ds,

in which Ht denotes the household’s human capital. To solve for A, we substitute the optimal policy in
the Bellman equation

βJ =
J

1− 1
γ

W

1 − γ
+ JW

(

(r − χ)Wt +

(

Yt − J
− 1

γ

W

))

+ JW

∂Ht

∂t
+

Jγ

gt

∂gt

∂t

=
γJ

1− 1
γ

W

1 − γ
+ JW (r − χ) (Wt + Ht) + Jγ

(

A −
1

gt

)

,

in which
∂Ht

∂t
= (r − χ)Ht − Yt,

∂gt

∂t
= Agt − 1, and JW =

J (1 − γ)

Wt + Ht

.

This implies

β =
γ

gt

+ (1 − γ) (r − χ) + γ

(

A −
1

gt

)

,

which leads to the expression for A(χ) = (β − (1 − γ) (r − χ)) /γ. The management fee solves

Jt(χ) = J̃t. (B.2)

Certainty-equivalent consumption loss In this case, we set χ = 0 and compute the
certainty-equivalent consumption as the fraction of consumption the household is willing to sacrifice

max
(Cs)s∈[t,T ]

∫ T

t

e−βs ((1 + θ)Ct)
1−γ

1 − γ
= (1 + θ)

1−γ
Jt(0) = J̃t.

The certainty-equivalent consumption loss is now given by

θ =

(

J̃t

Jt(0)

)
1

1−γ

− 1, (B.3)

as in Cocco, Gomes, and Maenhout (2005).

Linking both metrics Equations (B.2) and (B.3) show that certainty-equivalent consumption
and management fees are one-to-one related via

(1 + θ)
1−γ

Jt (0) = Jt (χ) ,
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which implies

θ =

(

Jt (χ)

Jt (0)

)
1

1−γ

− 1

=
Wt + Ht (χ)

Wt + Ht (0)

(

gt (χ)

gt (0)

)
γ

1−γ

− 1.

Numerical example We consider a simple example with the following parameter values

Yt = 1, r = 8%, β = 0.04, T = 60, γ = 5,

which are consistent with the values in our benchmark case in the full model.21 We consider a policy
(which we do not have to specify for the purpose of this analysis) that implies that the household is
willing to pay a constant management fee of 50bp over the life-cycle to switch to the optimal strategy. We
subsequently compute the corresponding pattern of certainty-equivalent consumption losses and depict
it in Figure 2.
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Figure 2: Linking welfare metrics

We compute the loss in certainty-equivalent consumption over the life-cycle if there is a strategy that
induces a management fee of 50bp to make the household indifferent between that particular strategy
and the optimal strategy.

There are two key insights. First, losses in certainty-equivalent consumption tend to be larger than
management fees. Second, even if management fees are constant over the life-cycle, the loss in certainty-
equivalent consumption is hump-shaped over the life-cycle. We verified whether this property carries over
to the full model and we conclude that this is indeed the case.22

C Estimation procedure

Our estimation procedure in closely related to Sangvinatsos and Wachter (2005). The main difference is
that we allow all yields to be measured with error, following de Jong (2000), Brennan and Xia (2002),
and Campbell and Viceira (2001). However, we assume that the measurement errors are independent,
both sequentionally and cross-sectionally. The continuous time equations underlying the financial market

21We select a relatively high interest rate to proxy for the better investment opportunities that the
investor has in the full model in which it can invest in stocks and long-term bonds.

22These results are available upon request.
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in Section 1 can be written as

dKt =









02×1

δ0π − 1
2σ′

ΠσΠ

δ0R + ηS − 1
2σ′

SσS



+





−KX 02×2

δ′1π 01×2

δ′1R 01×2



Kt



dt + ΣKdZt,

= (Θ0 + Θ1Kt) dt + ΣKdZt. (C.1)

with

Kt =





Xt

log Πt

log St



 . (C.2)

As Kt follow a standard multivariate Ornstein-Uhlenbeck process, we may write the exact discretization
(see, e.g., Bergstrom (1984) and Sangvinatsos and Wachter (2005))

Kt+h = µ(h) + Γ(h)Kt + εt+h, (C.3)

where εt+h
i.i.d.
∼ N

(

04×1, Σ
(h)
)

for appropriate µ(h), Γ(h), and Σ(h) which we derive below. To derive the
discrete time parameters, we consider the eigenvalue decomposition23 Θ1 = UDU−1. The parameters in
the VAR(1) - model relate to the structural parameters via

Γ(h) = exp (Θ1h) = U exp (Dh)U−1; (C.4)

µ(h) =

[

∫ t+h

t

exp (Θ1 [t + h − s]) ds

]

Θ0

= UFU−1Θ0,

where F is a diagonal matrix with elements Fii = hα (Diih), with

α(x) =
exp(x) − 1

x
,

and α(0) = 1. The derivation of Σ(h) is a bit more involved. We have

Σ(h) =

∫ t+h

t

exp (Θ1 [t + h − s]) ΣKΣ′
K exp (Θ1 [t + h − s]) ds (C.5)

= UV U ′,

where V is a matrix with elements

Vij =

[

∫ t+h

t

exp (D [t + h − s]) U−1ΣKΣ′
K

(

U−1
)′

exp (D [t + h − s]) ds

]

ij

(C.6)

=
[

U−1ΣKΣ′
K

(

U−1
)′
]

ij

∫ t+h

t

exp ([Dii + Djj ] [t + h − s]) ds

=
[

U−1ΣKΣ′
K

(

U−1
)′
]

ij
hα ([Dii + Djj ] h) .

Using data on six yields, stock returns, and inflation, we estimate the model using the Kalman filter.

The transition equation is given by (C.3). We assume that all yields are measured with measurement

error, in line with de Jong (2000), Brennan and Xia (2002), and Campbell and Viceira (2001). On

the other hand, Duffee (2002) and Sangvinatsos and Wachter (2005) select certain maturities and fit

23Note that, since KX is a diagonal matrix, the eigenvalues of Θ1 are given by κ1, κ2, and 0 (with
multiplicity two). Recall that a square matrix is diagonalizable if and only if the dimension of the
eigenspace of every eigenvalue equals the multiplicity of the eigenvalue. This condition is satisfied for
Θ1.
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these exactly, which is tantamount to identifying the factors. In line with these papers,24 we assume

the measurement to be Gaussian and independent of the innovations in the transition equation. The

likelihood can subsequently be constructed using the error-prediction decomposition, see for instance

Harvey (1989).

24Notably, de Jong (2000) allows for cross-sectional correlation between the measurement errors.

34



D Tables and figures

Parameter Estimate Standard error Parameter Estimate Standard error

Expected inflation: πt = δ0π + δ′1πXt

δ0π 4.20% 1.03%
δ1π(1) 1.69% 0.19% δ1π(2) 0.50% 0.24%

Nominal interest rate: Rt = δ0R + δ′1RXt

δ0R 5.89% 1.66%
δ1R(1) 1.92% 0.14% δ1R(2) 1.03% 0.26%

Dynamics term structure factors: dXt = −KXXtdt + ΣXdZt

KX(1,1) 0.687 0.177 KX(2,1) -0.350 0.119
KX(2,2) 0.172 0.035

Dynamics inflation: dΠt/Πt = πtdt + σ′
ΠdZt

σΠ(1) 0.02% 0.05% σΠ(3) 0.98% 0.03%
σΠ(2) 0.11% 0.04%

Dynamics equity index: dSt/St = (Rt + ηS)dt + σ′
SdZt

ηS 5.38% 2.48%
σS(1) -1.98% 0.57% σS(3) -1.74% 0.68%
σS(2) -1.79% 0.69% σS(4) 14.82% 0.32%

Prices of risk: Λt = Λ0 + Λ1Xt

Λ0(1) -0.293 0.127 Λ1(1,1) -0.103 0.182
Λ0(2) -0.158 0.071 Λ1(2,2) -0.168 0.038

Λ1(1,2) -0.101 0.078
Λ1(2,1) 0.504 0.132

Volatility measurement error: σu (u = 0.25, 0.5, 1, 2, 5, 10)
σ0.25 0.47% σ2 0.11%
σ0.5 0.22% σ5 0.00%
σ1 0.00% σ10 0.22%

Table 1: Estimation results for the financial market model

The financial market model is estimated by Maximum Likelihood using monthly US data on six bond
yields, inflation, and stock returns over the period from January 1959 up to December 2005. The bond
maturities used in estimation are 3-month, 6-month, 1-year, 2-year, 5-year, and 10-year. All yields are
assumed to be measured with error. The CPI-U index is used to represent the relevant price index for
the investor. Stock returns are based on the CRSP value-weighted NYSE/Amex/Nasdaq index. The
parameters are expressed in annual terms. The standard errors are determined using the outer product
gradient estimator.
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Maturities 1-year 5-year 10-year

Risk premia 0.58% 1.55% 2.06%
Volatilities 1.77% 6.36% 11.75%

Table 2: Risk premia and volatilities

The table presents the (instantaneous) risk premia and return volatility on 1-year, 5-year, and 10-year
bonds using the estimation results in Table 1. The term structure factors equal their unconditional
expectation (Xt = 02×1). The risk premia and volatilities are expressed in annual terms.

Panel A: Correlation of asset returns

Stock return 5-year nom. bond return 10-year nom. bond return

Stock return 1
5-year nom. bond return 0.153 1
10-year nom. bond return 0.125 0.964 1

Panel B: Correlation of asset returns with risk premia

Stock return 5-year nom. bond return 10-year nom. bond return

Risk premium on 5-year nom. bond 0.073 -0.081 -0.343
Risk premium on 10-year nom. bond 0.086 -0.010 -0.275

Table 3: Correlations between asset returns and risk premia

Panel A presents the correlations between stock returns, 5-year nominal bonds, and 10-year nominal
bonds using the estimates reported in Table 1. Panel B depicts the correlation between the same asset
returns and either 5-year or 10-year nominal bond risk.
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Household’s age

30 35 40 45 50 55 60
5-year bonds only One-period conditional strategy 28 30 31 35 38 38 42

Life-cycle strategy 31 33 35 39 41 41 43
10-year bonds One-period conditional strategy 83 86 88 91 93 93 93

Life-cycle strategy 99 101 103 106 105 102 97
Both 3-year and 10-year bonds One-period conditional strategy 85 88 89 93 95 96 97

Life-cycle strategy 101 103 105 108 108 106 101

Table 4: Management fees for different long-term bonds available to the household

The table reports the management fees, expressed in basis points per annum, of the one-period conditional
and the life-cycle funds for different asset menus. The different columns are computed by varying the
household’s age at which we equate the value functions. The first two rows correspond to an asset menu
that includes stocks, 5-year nominal bonds, and a cash account (that is, 1-year bond). For the third and
fourth row, we replace the 5-year bond with the 10-year bond. The last two rows correspond to an asset
menu that includes stocks, both 3-year and 10-year nominal bonds, and cash.
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Figure 3: Time-variation in risk premia

The figure presents the 5-year nominal bond risk premium for different values of the term structure
variables X1 and X2. The horizontal axis depicts the value of the term structure variables expressed in
unconditional standard deviations around their means. All risk premia are expressed in annual terms.
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Figure 4: Average yields in the model and in the data

We simulate 5,000 sample paths of the same length as our sample. For each of the samples, we calculate
the average yield and we then plot this average and a 95%-confidence interval. We also compute the
sample averages using the data directly. The dots (triangles) correspond to the maturities that we use in
estimation.
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Figure 5: Volatility of yields in the model and in the data

We simulate 5,000 sample paths of the same length as our sample. For each of the samples, we calculate
the volatility of yields and we then plot the average and a 95%-confidence interval. We also compute
the sample volatility of yields using the data directly. The dots (triangles, boxes) correspond to the
maturities that we use in estimation.
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Figure 6: Return predictability in the model and in the data

We simulate 5,000 sample paths of the same length as our sample and run the predictive regression as
in (24). For each of the samples, we compute the regression coefficient and we then plot the average
and a 95%-confidence interval. The dots (triangles, boxes) correspond to the maturities that we use in
estimation.
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Figure 7: Optimal average asset allocation to stocks, 5-year nominal bonds, and cash

Optimal asset allocation over the individual’s life-cycle, averaged over all state variables. The individual
allocates capital to stocks, 5-year nominal bonds, and cash. The individual’s coefficient of relative risk
aversion equals γ = 5 and the time preference parameter β = 0.96. The vertical axis displays the average
allocation and the horizontal axis indicates the individual’s age.
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Panel A: Optimal conditional equity allocation
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Panel B: Optimal conditional 5-year nominal bond allocation
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Panel C: Optimal conditional cash allocation
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Figure 8: Optimal conditional asset allocation to stocks, 5-year nominal bonds, and cash

Optimal conditional asset allocation over the individual’s life-cycle for an empirically plausible range of
either X1 (left panels) or X2 (right panels). The individual allocates financial wealth to stocks (Panel A),
5-year nominal bonds (Panel B), and cash (Panel C). The individual’s coefficient of relative risk aversion
equals γ = 5 and the time preference parameter β = 0.96. The vertical axes displays the conditional
allocation and the horizontal axes the individual’s age and either X1 or X2. The axes are different across
figures for expository reasons.
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Figure 9: Tilts in the optimal asset allocation induced by bond risk premia

Tilts in the optimal allocation to stocks, 5-year nominal bonds, and cash in response to changes in either
X1 (left panel) or X2 (right panel). We measure tilts in the optimal portfolio as the difference in the
optimal allocation when X1 and X2 range from -1.65 unconditional standard deviations to plus 1.65
unconditional standard deviations around their unconditional means. A positive tilt implies an increase
in the age-t allocation to a particular asset if the state variable increases. The individual’s coefficient of
relative risk aversion equals γ = 5 and the time preference parameter β = 0.96. The vertical axes display
the difference in the optimal allocation and the horizontal axes the individual’s age.
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Figure 10: Tilts in the asset allocation induced by financial wealth

Tilts in the optimal allocation to stocks, 5-year nominal bonds, and cash in response to changes in financial
wealth. We measure tilts in the optimal portfolio as the difference in the optimal allocation when financial
wealth ranges from 25% to 75% of the distribution at a particular age. A positive tilt implies an increase
in the age-t allocation to a particular asset if financial wealth increases. The individual’s coefficient of
relative risk aversion equals γ = 5 and the time preference parameter β = 0.96. The vertical axis displays
the difference in the optimal allocation and the horizontal axes the individual’s age.
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Figure 11: Hedging demands induced by time-varying bond risk premia over the life-cycle

Hedging demands using stocks, 5-year nominal bonds, and cash induced by time-varying bond risk premia.
The hedging demands are calculated at each point in the life cycle by comparing the optimal strategies of
the life-cycle fund and the one-period conditional fund. The main text provides further details. We refer
in particular to Section 2.2 for the definition and interpretation of hedging demands in the context of our
model. The individual’s coefficient of relative risk aversion equals γ = 5 and the time preference parameter
β = 0.96. The vertical axis displays the hedging demands and the horizontal axis the individual’s age.
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Figure 12: Maximum management fees expressed in basis points over the life-cycle

The figure depicts the maximum management fee (expressed in basis points per annum) of the one-period
conditional fund and the life-cycle fund. The fee is computed by equating the value function induced by
the strategy that conditions only on age and wealth to the value function induced by either the one-period
conditional strategy or the life-cycle strategy and a particular fee. The top panel displays the results for
an asset menu including stocks, 5-year nominal bonds, and cash. The bottom panel is for an asset menu
in which the 5-year bond is replaced by a 10-year bond.
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Figure 13: Duration of the overall and the fixed-income portfolio over the life-cycle

The blue (bottom) line depicts the optimal duration expressed in years of the overall portfolio over the
life-cycle as defined in (33). The green (top) line corresponds to the optimal duration of the fixed-income
portfolio over the life-cycle that is defined in (34).
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