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Abstract

In this paper, we use a non-cooperative and cooperative approach for bargaining for
risk reallocations. We discuss the strategic interaction between two firms, who trade risk
over-the-counter in a one-period model. As a key example, we consider macro longevity
risk. The reason is that there is an incomplete market for this risk. Then, for the non-
cooperative bargaining approach, we show that it is likely to end up in a situation similar
as the Prisoner’s dilemma. Then, all Nash equilibria are of no interest for the firms. The
only way to avoid this, is to restrict the strategy space a priori. Then, firms can agree on a
fair joint strategy. In this way, an interesting Nash equilibrium may exist. So, cooperative
behavior is required. Therefore, we discuss also a cooperative bargaining model. This is
perfectly in line with the approach of Nash (1950b [19]). All Pareto optimal risk profiles are
obtained by pooling each other’s risk and, then, reallocate (see e.g. Gerber and Pafumi (1998
[7])). Them, we parameterize the Pareto set and we briefly discuss two well-known solution
concepts of cooperative bargaining. Implicit formulas of posterior risk profiles corresponding
to these concepts are obtained via a one-dimensional parameter. Throughout this paper, we
provide some simple, numerical examples.

1 Introduction

In this paper, we provide some models for sharing risk between two firms. Firms can benefit
from sharing risk, since their risks are typically not perfectly correlated. The model that we
define can be used in several fields, but its application is most prominent in actuarial sciences.
In this paper, we focus on a class of risk that has low liquidity. For this class of risk, there do
not exist a market value. The reason is that there is an incomplete market and, also, there are
trade frictions. Hence, these risks are typically traded over-the-counter (OTC). Trading over-
the-counter means that firms can only trade when they meet each other. They bargain for a fair
risk redistribution and a fair price. Since equilibrium prices do not exist for this class, prices
are set through a bargaining process. This bargaining process reflects each firm’s alternatives to
trade. When two counter-parties meet, their bilateral relationship is strategic. Of key interest
for a firm is how to determine their bargaining strategy. Our model is particularly relevant for
firms where the hedge potential is clear a priori.

Firms are often obliged to hedge their risk by a regulator. A bad-case scenarios should have
relatively low consequences for the firm. This makes holding risky portfolios expensive. So, firms
want to reinsure themselves for losses in the ’tail’ of their risk distribution. This means that a
part of the losses in the bad-case scenarios is sold to an insurer. An insurer asks typically a high
risk premium to hedge the risk, meaning that the firms pay more than the expected payment
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that is determined by the contract. However, for the class of risk we focus on, the market is
incomplete. So, finding an insurer does not need to be possible. Therefore, firms that have non-
perfectly correlated risk trade over-the-counter. Hence, there is an opportunity to redistribute a
part of their risk without a high risk premium.

As a key example, we consider pension funds or life insurers. Those firms face several risks
that affect the firm’s value. We focus on macro longevity risk as over-the-counter traded risk.
This risk arises from the fact that the total population becomes older in a stochastic way. This
stochastic process is of key importance for pension funds, since their liabilities are directly linked
with longevity1. Reinsurance contracts do exist, but the capacity of reinsurance is limited. The
main reason is that longevity risk is a systematic risk and, so, there is no diversification that
weakens this risk. This means that increasing the size of the pool is not sufficient for an insurer.
Also, the right prices of longevity-linked securities are very debatable. Therefore, equilibrium
prices do not exist and, so, the market is incomplete. For this reason, these contracts are mainly
sold over-the-counter. For a discussion, we refer to e.g. Blake, Cairns and Dowd (2006 [1]) and
Cui (2008 [4]). Exposure to macro longevity risk can be rather substantial for pension funds as
shown by e.g. Hári et al. (2008 [9]).

Firms can easily find a counter-party for trading a part of their longevity risk. Life insurers
benefit if people become older, while pension funds lose and vice versa. So, their risk is typically
counter-comonotonic. So, redistributions are of high interest for both firms.

Modeling macro longevity risk attained considerable interest of researchers during the last
decennia. In general, this process is specified by, e.g., Lee and Carter (1992 [15]) in discrete time
or Milevsky and Promislow (2001 [16]) in continuous time. Using such a model for longevity
risk, firms can approximate the longevity risk in their portfolio. Using such an approximation,
firms are bargaining for over-the-counter risk reallocations.

We use a non-cooperative game-theoretic approach and a cooperative bargaining model. Of
key interest is the question how firms come to an agreement in bargaining for risk reallocations.
We focus on the strategic behavior of the firms. The strength of our models is that these are very
simple. As mentioned by Rubinstein (1987 [25]), the main difficulty with the strategic approach
lies in the need to specify all possible moves in the game.

For the non-cooperative approach, we parameterize the strategic behavior of firms to redis-
tribute their own risk. This means that a part of their own risk will swap to the counter-party.
So, the firms reallocate accordingly. As an example, we suggest that firms use the stop-loss rule
or the proportional rule. As supported by e.g. Denuit and Vermandele (1998 [6]) and Kaas et
al. (2001 [11]), firms reinsure themselves in a stop-loss way. This means that the firm pays the
stochastic pay-off up to a threshold, which is determined in advance. The insurer pays the rest.
Then, firms reinsure their bad-case stochastic losses. This form is often observed in practice of
reinsurance. On the other hand, Lampaert and Walhin (2005 [14]) support the proportional rule.
Then, firms redistribute their own risks via a quota share.

Using an insurance principle, firms are simultaneously proposing a redistribution of their own
risk to the counter-party. The risk will be reallocated if both firms decide to accept after having
observed each other’s strategy. Firms use a von Neumann-Morgenstern expected utility function
to evaluate their future losses. So, a utility function represents the preferences of a firm. We
assume that there is complete information about each other’s utility function. Since there are
only two firms and complete information, one should expect that non-cooperative bargaining will
result in a Pareto optimal outcome. However, we show that this does not need to be the case.
It is even the case that almost all Nash equilibria are such that the status quo will be retained.
This result is in line with the Prisoner’s dilemma.

1Micro longevity risk is the longevity risk due to a small portfolio. This can easily be diversified for sufficiently
large firms.
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We see this result as main drawback of the non-cooperative setting for the risk reallocation
problem. Apparently, in reality, firms do not act fully non-cooperatively. Both firms realize that
it is likely that they do not benefit optimally if they do so. Therefore, as an alternative, we
provide a cooperative bargaining model for this problem. In this model, firms are allowed to
make binding agreements. So, firms are looking for the fairest risk reallocation for both. So,
then, the problem is evaluated from the point of view of a social planner. This model suits
perfectly in the framework of Nash (1950b [19]) and Kalai and Smorodinsky (1975 [12]).

Since our model satisfies all properties that Nash imposes, we will discuss two widely sup-
ported solution concepts in cooperative bargaining. In our setting, a solution concept assigns to
every risk reallocation problem a set of posterior risk profiles. We discuss the Nash-Bargaining
rule (Nash (1950b [19])) and the Raiffa-Kalai-Smorodinsky rule (Raiffa (1953 [21]) and Kalai
and Smorodinsky (1975 [12])). In this way, firms agree on a Pareto optimal risk redistribution.
We obtain implicit formulas to calculate the exact posterior risk profiles corresponding with
these allocation rules. We provide some numerical examples to illustrate the cooperative risk
reallocation problem.

The remainder of this paper is organized as follows. In Section 2, we define a non-cooperative
bargaining model for risk reallocations. The Nash equilibria of this model are discussed in Section
3. Some suggestions to adjust the model are briefly provided in Section 4. In Section 5, we define
a cooperative bargaining model. Two well-known solution concepts are considered in Section 6.

2 Non-cooperative risk reallocation model

In this paper, we consider bargaining between two firms. These two parties typically have non-
perfectly correlated risk profiles. This is actually the reason for approaching each other for
redistributions. Therefore, firms are willing to trade risk in order to benefit both. Two firms
come together, since they want to obtain a ’better’ risk profile. Since this class of risk is not
marketed, it is generally traded over-the-counter. Therefore, we provide a model with two firms.

Suppose that the class of over-the-counter traded risk is only macro longevity risk. Liabilities
of a pension fund or insurer can be seen as a bundle of future claims of participants depending
on being alive. So, the longevity risk of a pension fund or insurer is dynamic. The systematic
part of this risk is the macro longevity risk. This is generally modeled using the approach of Lee
and Carter (1992 [15])2. The way this process affects the value of the liabilities is non-trivial.
The value of the liabilities are generally calculated as discounted expected future claims (net
present value). So, this value depends on e.g. the term structure of the interest rate or age of the
participants. For simplicity, we use a one-period model. Since we see the liabilities as a bundle
of future claims depending on the estimated survival probabilities, a more dynamic model for
the future liabilities is a bundle of sequential one-period models. So, at the future date, a new
contract is negotiated.

At the future date, the firms recalculate the net present value of their liabilities according to
the new estimated longevity distribution. Then, in the Lee-Carter model, firms use an updated
forecast of κt. This forecast is updated in a Bayesian way. At the future date, the current and
past values of κt are estimated. Then, based on this estimation, the forecast of future values of
κt is updated. So, the state space corresponds with forecasts of future dynamics of κt that can
be estimated at the future date. Then, at the future date, the firm value is approximated using

2The Lee-Carter model is specified for the logarithm of mxt, the central death rate for an individual with
age x at time t. The model is given by log(mxt) = ax + bxκt + εxt, εxt ∼i.i.d. N(0, σ2), for t = 1, 2, . . . , T and

x = 1, 2, . . . , N , with the following normalization of the parameters:
∑N

x=1 bx = 1 and
∑T

t=1 κt = 0. Then, the
dynamics of the distribution of macro longevity are captured by κt. So, of key interest for pension funds and life
insurers are the forecasted future values of κt.
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the estimation of past and present values of κt and an updated forecast of the future dynamics
of κt. In this way, the firm value can be expressed as a one-dimensional random variable.

Next, we formalize a model for non-cooperative bargaining for risk reallocations. Firm i ∈
{1, 2} possesses its total risk XT

i ∈ RΩ that represents the future firm’s value. In our model, we
make the following assumptions:

• The state space, denoted by Ω, is discrete. Note that we still allow Ω to be infinite. One can
easily approximate continuous risk profiles by discrete random variables with an infinite
state space. We denote XOTC

i (ω) as the realization of random variable XOTC
i in state

ω ∈ Ω.

• For all i ∈ {1, 2}, there exists an increasing function f such that XT
i = f(XOTC

i , Xr
i ),

where XOTC
i is the over-the-counter traded risk profile and Xr

i the residual risk profile.
Note that the function f is identical for both firms3. We make the weak assumption that
XOTC

i is independent of Xr
i .

• Both firms use a von Neumann-Morgenstern utility function ui : R → R to evaluate future
losses. Then, we assume that u′

i(·) < 0 and u′′
i (·) < 0 for all i ∈ {1, 2}.

• There is complete information about the risk profiles, utility functions and probability
measures. If we do not assume this, the beliefs about other’s profile in equilibrium are
correct anyway.

• The risk profiles XOTC
1 and XOTC

2 are bounded.

So, let XOTC
11 +XOTC

12 = XOTC
1 and XOTC

21 +XOTC
22 = XOTC

2 , where XOTC
12 and XOTC

21 are the
stochastic risk variables that will swap.

Both firms determine the value of the risk reallocation via a von Neumann-Morgenstern
expected utility framework. Since firms are typically risk averse, it is natural to assume concavity
of ui. We also assume that the utility function ui is a strictly decreasing function and twice
differentiable. Note that the utility function is decreasing, since it is evaluating losses. Since we
consider a one-period model, discounting is redundant.

In general, we have that the preference relation of a firm might be dependent on the magnitude
or variation of the residual risk. Then, in our model, it is needed to estimate the total risk profile
after hedging Xr

i in the market. This is rather complex. As a solution, we can make a key
assumption that the utility for over-the-counter traded risk and the residual risk are separable
for both firms. So, then, we have that XT

i and ui are such that there exists a positive function
g and a function h such that

E[ui(X
T
i )] = E[ui(X

OTC
i )]g(Xr

i ) + h(Xr
i ),

for all i ∈ {1, 2} and for all independent risk profilesXOTC
i andXr

i such thatXT
i = f(XOTC

i , Xr
i ).

So, if the over-the-counter traded risk and the residual are separable, we are allowed to look only
at XOTC

i . This holds since we are interested in determining an optimal structure for this class
of risk.

Example 2.1 In the numerical examples throughout this paper, we assume that XT
i = Xr

i +
XOTC

i and that the firms use a constant absolute risk aversion (CARA) utility function. This
utility function is equivalent to the exponential utility function for non-zero risk aversion (e.g.
Pratt (1964 [20]) and is given by

ui(x) = − 1

λi
exp(λix),

3In our problem, a reasonable functional form of f is f(x, y) = x+ y.
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for every x ∈ R. Here, λi > 0 denotes the constant risk aversion parameter for Firm i. A key
property of this utility function is that since Xr

i and XOTC
i are independent, we have for Firm

i that

E[ui(X
T
i )] = E

[
− 1

λi
exp(λi(X

OTC
i +Xr

i ))

]
= E

[
− 1

λi
exp(λiX

OTC
i ) exp(λiX

r
i )

]
= E

[
ui(X

OTC
i )] · E[exp(λiX

r
i )
]
.

As alternative, one could assume that Firm i uses a constant relative risk aversion (CRRA

or power) utility function ui(x) =
x1−γ

1−γ and XT
i = XOTC

i Xr
i . Then, XOTC

i and Xr
i are strictly

positive and interpreted as gains. Consequently, we should consider −XOTC
i as risk profile. 5

The idea behind the separability assumption is as follows; firms hedge their residual risk in the
market. Since equilibrium prices exists, there is no need to trade this risk over-the-counter.
Therefore, firms only bargain for reallocation of the over-the-counter traded risk. Therefore, we
do not use superscript OTC in our notation anymore.

So, we first define the risk reallocation problem by (Ω,P1,P2, X1, X2, u1, u2). The subjective
probability measures for both firms are denoted by P1 : Ω → R++ and P2 : Ω → R++. We
assume that P1 and P2 are common knowledge. So, firms are allowed to ’agree to disagree’ on the
probability measure. The use of subjective probability measures is for instance widely discussed
e.g. in the books of De Finetti (1990 [5]) and Jeffrey (2004 [10]). They use a subjectivist Bayesian
approach for probabilities. They use a Bayesian weighting function on the real probabilities that
corrects for overweighing of the probability of events with a very low probability.

Next, we look at ways to reallocate the stochastic risk profiles. A way is to add both risk
profiles and, then, reallocate this profile in a Pareto optimal way. Gerber and Pafumi (1998
[7]) characterized all Pareto optimal outcomes as we will show in Section 5. For non-trivial
problems, the set of Pareto optimal outcomes where at least one firm benefits is an infinite
set of risk reallocations. It is non-trivial which outcome is fairest. So, an agreement can be
attained if the firms cooperate. We discuss this in Section 5 and Section 6. Since we assume a
non-cooperative setting, we do not allow making binding agreements.

In this paper, we parameterize (and so restrict) the form of X12 and X21. By imposing some
restrictions on the risk redistributions, we show that there may be a Nash equilibrium where at
least one firm strictly benefits. A strategy for a firm corresponds with a proposal to redistribute
its own risk profile. In return, the firm expects a proposal from the other firm. We assume
that a strategy is represented by a real number that directly corresponds with a redistribution
of its own risk profile. Firms individually decide in which way they want to redistribute their
risk. This decision might be based on requirements of a regulator. We denote C ⊂ R (resp.
D ⊂ R) as the strategy set for Firm 1 (resp. Firm 2). The posterior risk profiles are given
by Xpost

1 (c, d), Xpost
2 (c, d) ∈ RΩ for all (c, d) ∈ R2. Of course, the risk profiles are such that

Xpost
1 (c, d) + Xpost

2 (c, d) = X1 + X2 for all (c, d) ∈ R2. We make the following assumptions of
those parametric forms of posterior risk profiles:

• The strategy space C × D is such that the strategies c = max{C} and d = max{D} exist
and are such that Xpost

1 (c, d) = X1 and Xpost
2 (c, d) = X2. So, we allow firms to propose to

keep their own risk profile.
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• We assume that Xpost
1 (·, ·)(ω) and Xpost

2 (·, ·)(ω) are locally Lipschitz continuous for all
ω ∈ Ω 4.

• For any given (c, d) ≤ (c, d), Xpost
1 (·, d)(ω) and Xpost

2 (c, ·)(ω) are increasing for all ω ∈ Ω
and strictly increasing for some ω ∈ Ω. Likewise, for any given (c, d) ≤ (c, d), Xpost

1 (c, ·)(ω)
and Xpost

2 (·, d)(ω) are decreasing for all ω ∈ Ω and strictly decreasing for some ω ∈ Ω.

• Also, we impose two technical conditions; for any given (ĉ, d̂) ∈ R2, there exist states

ω, ω′ ∈ Ω such that limc→−∞ Xpost
1 (c, d̂)(ω) = limd→−∞ Xpost

2 (ĉ, d)(ω′) = −∞.

• For any given (c, d) ∈ R2, we have that Xpost
1 (c, d) and Xpost

2 (c, d) are bounded.

Then, we define

U1(c, d) = EP1 [u1(X
post
1 (c, d))] and U2(c, d) = EP2 [u2(X

post
2 (c, d))],

for all (c, d) ∈ C × D, where EPi denotes the expectation under the distribution Pi. So, Ui(c, d)
corresponds to the prior utility level for Firm i and, so, with the status quo.

Example 2.2 In this example, we provide some key parametric forms of the posterior risk
profiles Xpost

1 (c, d) and Xpost
2 (c, d). These forms satisfy the properties that are stated above.

As example, we allow firms only to redistribute their own risk profile. This is not a necessary
condition. A commonly used principle in insurance is the stop-loss principle. This principle is also
called surplus reinsurance. The following result of Denuit and Vermandele (1998 [6]) supports
this treaty. They show that among all reinsurances with the same expected reinsurance loss and
the same reinsurance premium, stop-loss reinsurance is optimal. Optimality is in the sense that
it is not possible for another type of reinsurance that the retained risk is less risky in the sense
of the stop-loss order. Similarly, Kaas et al. (Theorem 1.4.1 and Section 10 (2001 [11])) show
that for all X ≥ 0 and I(X) such that 0 ≤ I(X) ≤ X, we have that E[u(X −max{X − d, 0})] ≥
E[u(X − I(X))] for every concave, decreasing utility function u, where d ≥ 0 is such that
E[I(X)] = E[max{X − d, 0}]. Here, we treat real numbers as risk-free random variables. These
theoretical results explain why stop-loss reinsurance is so common on the reinsurance market.

Note that these results do not imply that stop-loss is the best principle in a simultaneous-move
game where firms swap part of their risks. However, it should indicate why this principle is very
likely to be used in insurance. In particular, if the risks are counter-comonotonic, this principle
seems best. Also, in over-the-counter selling of a single risk profile, this principle is optimal.
Also, if a company has no idea what the other’s risk profile is, this principle will dominate.

So, for the strategies (c, d) ∈ C ×D, we have that X11 = min{X1, c}, X12 = max{X1 − c, 0},
X22 = min{X2, d} and X21 = max{X2 − d, 0}. So, the posterior risk profiles are given by

Xpost
1 (c, d) = min{X1, c}+max{X2 − d, 0}

and
Xpost

2 (c, d) = min{X2, d}+max{X1 − c, 0}

for all (c, d) ∈ R2. Locally Lipschitz continuity follows directly from |Xpost
1 (c, d)(ω)−Xpost

1 (c′, d′)(ω)| =
|(min{X1(ω), c}+max{X2(ω)− d, 0})− (min{X1(ω), c

′}+max{X2(ω)− d′, 0})| ≤ |c−c′|+|d−
d′| for all (c, d), (c′, d′) ∈ R2 and for all ω ∈ Ω. It is easy to show that the stop-loss rule satisfies

4Locally Lipschitz continuity of Xpost
1 (·, ·)(ω) for all ω ∈ Ω is defined as follows. For all (c, d) ∈ R2, there

exists a neighborhood U and a m < ∞ such that |Xpost
1 (c, d)(ω) − Xpost

1 (c′, d′)(ω)| < m‖(c, d) − (c′, d′)‖ for all
(c′, d′) ∈ U and for all ω ∈ Ω. So, in fact, it is uniformly locally Lipschitz continuously over ω ∈ Ω
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all properties that are introduced for the redistribution of X1 and X2. Next, we provide an
explicit formula for U1:

U1(c, d) = EP1 [u1(X1 +X2 − d)1X1<c1X2>d] + EP1 [u1(X1)1X1<c1X2<d]

+EP1 [u1(c)1X1>c1X2<d] + EP1 [u1(c+X2 − d)1X1>c1X2>d],

for all (c, d) ∈ C × D. If c > supω∈Ω X1(ω), the proposal of Firm 1 is always to keep its risk
and, so, identical to c = supω∈Ω X1(ω). Since we assumed that X1 and X2 are bounded, the
supremum exists (completeness axiom). We denote c = supω∈Ω X1(ω) and d = supω∈Ω X2(ω).
So, we assume without loss of generality that c ≤ c and d ≤ d for all (c, d) ∈ C × D.

It is also possible that firms use a proportional form to define the strategy space. This
principle is also called quota share reinsurance. This rule implies that the firm keeps a given
percentage of its risk. So, this rule is much simpler to apply in practice of reinsurance. Moreover,
as shown by Lampaert and Walhin (2005 [14]), stop-loss contracts in reinsurance are often hard
to price and might lead to moral hazard behavior from the ceding firm. Therefore, these authors
support the proportional treaty.

For the proportional form, we need the weak assumption that for all i ∈ {1, 2} there exists
a state ω ∈ Ω such that XOTC

i (ω) > 0. Then, we assume that negative outcomes of a risk, so
gains, are not needed to be traded5. If f(x, y) = x + y, this can be seen as normalization since
we can shift a risk-free random variable from Xr

i to XOTC
i and vice versa. So, both firms may

be interested in an over-the-counter trade.
For every strategy profile (c, d) ∈ C×D, the proportional form is given byX11 = min{X1, 0}+

cmax{X1, 0}, X12 = (1 − c)max{X1, 0}, X22 = min{X2, 0} + dmax{X2, 0} and X21 = (1 −
d)max{X2, 0}. Then, the posterior risk profiles are given by

Xpost
1 (c, d) = min{X1, 0}+ cmax{X1, 0}+ (1− d)max{X2, 0}

and
Xpost

2 (c, d) = min{X2, 0}+ (1− c)max{X1, 0}+ dmax{X2, 0}

for all (c, d) ∈ R2. It is needed not to redistribute negative losses (gains), since, otherwise,
Xpost

1 (·, d) and Xpost
1 (c, ·) may not be decreasing. Also, firms are not interested in trading their

future negative losses (gains). Then, we have that retaining one’s own risk corresponds with the
strategy profile (c, d) = (1, 1). Also, (1, 1) is a natural maximum of the strategy space, since
firms do not want to upscale their risk.

Locally Lipschitz continuity follows directly from that we have |Xpost
1 (c, d)(ω)−Xpost

1 (c′, d′)(ω)| ≤
|c−c′|max{X1(ω), 0}+ |d−d′|max{X2(ω), 0} ≤ |c−c′| supω∈Ω{X1(ω)}+ |d−d′| supω∈Ω{X2(ω)}
for all (c, d), (c′, d′) ∈ R2 and for all ω ∈ Ω. It is easy to show that the proportional rule satisfies
all properties that are introduced for the redistribution of X1 and X2.

Alternatively, firms can also use a mixed treaty to redistribute their own risk. Also, we allow
firms to use different functional forms. So, for instance, we allow that one firm uses a stop-loss
treaty and the other firm uses a proportional treaty. 5

Next, we show two basic properties that the expected utility functions U1 and U2 satisfy. These
properties are widely used in Section 3.

Lemma 2.3 U1(·, d) is strictly decreasing for every d ≤ d and U1(c, ·) is strictly increasing for
every c ≤ c. Likewise, U2(·, d) is strictly increasing for every d ≤ d and U2(c, ·) is strictly
decreasing for every c ≤ c.

5Note that in the case that we use the CRRA utility function and XT
i = XOTC

i Xr
i , the proportional rule

should be adjusted.
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Proof We show this result only for Firm 1. Let d ≤ d and c and c′ such that c < c′ ≤ c. Then,
we have assumed that Xpost

1 (c, d)(ω) ≤ Xpost
1 (c′, d)(ω) for all ω ∈ Ω with at least one strict

inequality for some ω ∈ Ω. This implies that for every strictly decreasing utility function we
have u1(X

post
1 (c, d)(ω)) ≥ u1(X

post
1 (c′, d)(ω)) for all ω ∈ Ω with at least one strict inequality for

some ω ∈ Ω. Since we assumed that P1(ω) > 0 for all ω ∈ Ω, we obtain the desired result if we
take expectations. Likewise, we can show that U1(c, ·) is strictly increasing. �

Lemma 2.4 U1 and U2 are continuous on (−∞, c]× (−∞, d].

Proof We show the result only for U1. Let (ĉ, d̂) ∈ C × D. Then, since we have assumed that
Xpost

1 (·, d) is increasing and Xpost
1 (c, ·) is decreasing, we have for all δ > 0 that

Xpost
1 (min{ĉ+ δ, c}, d̂− δ) ≥ Xpost

1 (c′, d′),

for all (c′, d′) ≤ (c, d) such that ‖(c′, d′)− (ĉ, d̂)‖ < δ. Since we have assumed that Xpost
1 (min{ĉ+

δ, c}, d̂ − δ) is bounded, there exists a M(ĉ+δ,d̂−δ) < ∞ such that Xpost
1 (min{ĉ + δ, c}, d̂ − δ) <

M(ĉ+δ,d̂−δ). So, we have that X
post
1 (c′, d′) < M(ĉ+δ,d̂−δ) for all (c

′, d′) ≤ (c, d) such that ‖(c′, d′)−
(ĉ, d̂)‖ < δ. Then, denote mδ = |u′

1(M(ĉ+δ,d̂−δ))| < ∞. Then, since u′
1(·) < 0 and u′′

1(·) < 0, we
have

sup
(c′,d′)<(c,d):|(c′,d′)−(ĉ,d̂)‖<δ

|u′(Xpost
1 (c′, d′))| ≤ mδ,

for all δ > 0.
Moreover, we assumed that Xpost

1 (·, ·)(ω) is locally Lipschitz continuous for all ω ∈ Ω. So,
consequently, we have that Xpost

1 (·, ·)(ω) is Lipschitz continuous on every compact subset of

R2. So, for every δ > 0, there exists a m̃δ < ∞ such that |Xpost
1 (c′, d′)(ω) − Xpost

1 (ĉ, d̂)(ω)| <
m̃δ‖(c′, d′)− (ĉ, d̂)‖ for all (c′, d′) ≤ (c, d) such that ‖(c′, d′)− (ĉ, d̂)‖ < δ and for all ω ∈ Ω. Let

ε > 0 and denote δ = min
{

ε
m1m̃1

, 1
}
. Then, for all (c′, d′) ≤ (c, d) such that ‖(c′, d′)−(ĉ, d̂)‖ < δ,

we have

|U1(c
′, d′)− U1(ĉ, d̂)| =

∣∣∣∣∣∑
ω∈Ω

P1(ω)(u1(X
post
1 (c′, d′)(ω))− u1(X

post
1 (ĉ, d̂)(ω)))

∣∣∣∣∣
≤

∑
ω∈Ω

P1(ω)|u1(X
post
1 (c′, d′)(ω))− u1(X

post
1 (ĉ, d̂)(ω))|

≤ m1

∑
ω∈Ω

P1(ω)|Xpost
1 (c′, d′)(ω)−Xpost

1 (ĉ, d̂)(ω)|

< m1m̃1‖(c′, d′)− (ĉ, d̂)‖
∑
ω∈Ω

P1(ω)

< m1m̃1δ

≤ ε.

�

3 Non-cooperative risk reallocation game

In this section, we find some equilibrium strategies for the risk reallocation bargaining problem.
We construct a two-stage game for two firms. In the first stage, the firms make simultaneously
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a proposal for a redistribution of their own risk profile. Then, the firms observe each other’s
bid and finally, they decide individually whether the deal is accepted. A deal is accepted only
if both firms accept. A firm accepts the deal if its expected utility weakly increases. If one
firm rejects, the deal is canceled. So, the objective of Firm i is to maximize Ui(c, d) subject to
U1(c, d) ≥ U1(c, d) and U2(c, d) ≥ U2(c, d). The strategic interaction is there since firms can only
choose a value of c ∈ C or d ∈ D. Therefore, the constraints do not need to have solution. If
that is the case, at least one firm will cancel the deal in the second stage. Therefore, we define
the pay-off function as follows:

Ũ1(c, d) =

{
U1(c, d) if U1(c, d) ≥ U1(c, d) and U2(c, d) ≥ U2(c, d),

U1(c, d) otherwise,

and

Ũ2(c, d) =

{
U2(c, d) if U2(c, d) ≥ U2(c, d) and U1(c, d) ≥ U1(c, d),

U2(c, d) otherwise,

for all (c, d) ∈ C ×D. Using these functions, we construct the best response correspondences. In
order to do so, we first define the set of redistributions of a firm where there is no possibility to
gain for the counter-party.

Definition 3.1 We define the set NC ⊂ C as

NC = {c ∈ C|∀d ∈ D : Ũ2(c, d) = U2(c, d)}.

Similarly, we define ND ⊂ D as

ND = {d ∈ D|∀c ∈ C : Ũ1(c, d) = U1(c, d)}.

So, ND denotes the set of strategies of Firm 2 such that there is no response for Firm 1 that
yields a strict improvement for itself. Next, we discuss the Nash equilibria of this risk reallocation
problem. First, we denote the best response correspondences of the firms. Then, in a Nash
equilibrium, both firms have selected one of the best responses to the other firm’s strategy
(Nash (1950a [18])). So, a Nash equilibrium consists of a combination of best responses. So,

(ĉ, d̂) ∈ C × D is a Nash equilibrium if and only if it holds that ĉ ∈ br1(d̂) and d̂ ∈ br2(ĉ).

Definition 3.2 The best response correspondence for Firm 1, denoted by br1 : D → C, is given
by the following multifunction:

br1(d) = argmax
c∈C

Ũ1(c, d),

for all d ∈ D. For Firm 2, we have

br2(c) = argmax
d∈D

Ũ2(c, d),

for all c ∈ C.

Note that br1 and br2 do not need to exist.

Theorem 3.3 Every strategy profile NC ×ND is a Nash equilibrium.

Proof Let (ĉ, d̂) ∈ NC × ND. So, since ĉ ∈ NC , for all d ∈ D we have Ũ2(ĉ, d) = U2(c, d). So,
all responses in D do not yield a strict improvement for Firm 2. Hence, every d ∈ D is a best
response and, so, br2(ĉ) = D. Hence, we have d̂ ∈ br2(ĉ). Likewise, we have br1(d̂) = C and, so,

ĉ ∈ br1(d̂). Hence, every (ĉ, d̂) ∈ NC ×ND is a Nash equilibrium. �
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Note that for every (ĉ, d̂) ∈ NC ×ND, we have that Ũ1(ĉ, d̂) = U1(c, d) and Ũ2(ĉ, d̂) = U2(c, d).
So, all equilibria in NC ×ND are of no interest for the firms.

Theorem 3.4 The strategy profile (c, d) is a Nash equilibrium.

Proof According to Theorem 3.3, it is sufficient to show that (c, d) ∈ NC ×ND. Since U2(·, d)
is strictly increasing (Lemma 2.3), we have U2(c, d) < U2(c, d) for all c ∈ C such that c < c.

Therefore, every c < c as a response to d will be rejected by Firm 2. So, we have Ũ2(c, d) =
U2(c, d) for all c ∈ C. Consequently, we have d ∈ ND. Similarly, we have c ∈ NC . �

In fact, this theorem implies that keeping your risk profile is an equilibrium strategy. So, then,
there is no bargaining at all. For the next result, we first define left-openness of a set V ⊂ R. A
set V is called left-open if for every v ∈ V , there exists an ε > 0 such that for all v′ ≤ v < v′ + ε,
we have v′ ∈ V .

Theorem 3.5 If C and D are left-open, every Nash equilibrium is in NC ×ND.

Proof Let C ×D be left-open. Suppose (ĉ, d̂) is a Nash equilibrium such that d̂ ∈
(
ND)c. Then,

there exists a c ∈ C such that Ũ1(c, d̂) > U1(c, d). So, since ĉ ∈ br1(d̂), we have Ũ1(ĉ, d̂) > U1(c, d).

Since U1 is continuous (Lemma 2.4) and D left-open, there exists a d′ < d̂ such that d′ ∈ D and
U1(ĉ, d

′) > U1(c, d). So, there exists a the strategy d′ as response on ĉ that will be accepted
by Firm 1. According to Lemma 2.3, we have that U2(ĉ, ·) is strictly decreasing. So, we have

Ũ2(ĉ, d
′) > Ũ2(ĉ, d̂) and, therefore, the response d

′ yields a strict improvement for Firm 2. Hence,

the strategy profile (ĉ, d̂) is not a Nash equilibrium. Similarly, we can show that there also does

not exist a Nash equilibrium (ĉ, d̂) such that ĉ ∈
(
NC)c. This concludes the proof. �

Hence, according to this theorem, it is necessary to agree a priori on that C and D are not
left-open. Otherwise, both firms do not benefit. For instance, if the firms use the joint strategy
set C ×D = (−∞, c]× (−∞, d], every equilibrium is in NC ×ND. This is due to that br1 and br2
do not need to exist. It is sufficient to let C ×D be closed on (−∞, c]× (−∞, d] and the minima
of C and D exist. Then, we will show that it might be possible to gain in a Nash equilibrium.
So, we define c = min{C} and d = min{D}.

If the a firm uses a stop-loss or proportional form for redistributing its own risk, it might be
reasonable to presume that c = d = 0. Since if a firm’s strategy is negative, we have that the
retained risk for this firm is strictly negative. Then, the part of its risk that will swap is strictly
more than the risk that the firm faces. Of course, in this case, the risks should not be negative.
For other redistribution rules, it might be reasonable to set another lower bound for the strategy
space.

Moreover, we assume convexity of the strategy set. Consequently, C (resp. D) is given by
[c, c] (resp. [d, d]). So, throughout the rest of this paper we assume that C and D are given by
these intervals. Note that br1 and br2 exist since C and D are compact.

For defining the best response correspondences, we first need the following result.

Lemma 3.6 For all d ∈ D, there exists a unique c∗ ∈ (−∞, c] such that U2(c
∗, d) = U2(c, d).

Likewise, for all c ∈ C, there exists a unique value d∗ ∈ (−∞, d] such that U1(c, d
∗) = U1(c, d).

Proof We only show the result for c∗, since the proof for d∗ is similar. Let d̂ ∈ D. We have
assumed that Xpost

1 (·, d̂) is decreasing for all ω ∈ Ω and there is a state ω ∈ Ω such that

limc→−∞ Xpost
1 (c, d̂)(ω) = −∞. Note that Xpost

2 (c, d) = X1+X2−Xpost
1 (c, d) for all (c, d) ∈ R2,

where X1 + X2 is bounded. So, consequently, we have that Xpost
2 (·, d̂) is increasing for all
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ω ∈ Ω and there is a state ω ∈ Ω such that limc→−∞ Xpost
2 (c, d̂)(ω) = ∞. Since we have

u′
2 < 0, u′′

2 < 0, we have that limx→∞ u2(x) = −∞. Combining this with P2 > 0 yields that

we have limc→−∞ U2(c, d̂) → −∞. Also, since U2(c, ·) is strictly increasing (Lemma 2.3), we

have that U2(c, d̂) ≥ U2(c, d). Since U2(·, d̂) is strictly increasing (Lemma 2.3) and continuous
(Lemma 2.4), we have according to the intermediate value theorem that there is a unique value

c∗ such that U2(c
∗, d̂) = U2(c, d). This concludes the proof. �

So, following this lemma, we define the value c∗ : D → (−∞, c] as the value satisfying U2(c
∗(d), d) =

U2(c, d) for all d ∈ D. Similarly, we define d∗ : C → (−∞, d] as the value satisfying U1(c, d
∗(c)) =

U1(c, d) for all c ∈ C. So, the strategies c∗ and d∗ are responses of a firm such that the other firms
is indifferent compared with the status quo. Next, we consider the best response correspondences
for our risk reallocation problem.

Theorem 3.7 The best response for Firm 1 is given by

br1(d) =

{
C if d ∈ ND,
max{c, c∗(d)} if d /∈ ND,

and for Firm 2 we have

br2(c) =

{
D if c ∈ NC ,
max{d, d∗(c)} if c /∈ NC .

Proof We prove this result only for br1. If d̂ ∈ ND, we showed that br1(d̂) = C in the proof of
Theorem 3.3.

Next, consider the case that d̂ /∈ ND. Then, there exists a c ∈ C such that U1(c, d̂) > U1(c, d).
So, the best response for Firm 1 is given by:

br1(d̂) = argmax
c∈C

{U1(c, d̂)|U2(c, d̂) ≥ U2(c, d)}.

Since U1 and U2 are continuous and C is assumed to be compact, a solution exists. Since U1(·, d̂)
is strictly decreasing and U2(·, d̂) is strictly increasing (Lemma 2.3), we have that the solution is
unique, and given by:6

br1(d̂) = min{c ∈ C|c ≥ c∗(d̂)}.

If c∗(d̂) ∈ C, then, clearly, we have br1(d̂) = c∗(d̂). If c∗(d̂) /∈ C, we have c∗(d̂) < c and, so, the

solution is given by br1(d̂) = c. This concludes the proof. �

In the rest of this paper, we treat the risk reallocation problem from the perspective of Firm 1.
The next result gives some insight about the structure of the best response correspondences.

Proposition 3.8 br1 is continuous and increasing on
(
ND)c.

Proof We have that br1 is continuous and increasing on
(
ND)c if c∗ is continuous and (strictly)

increasing. Note that c∗ is the solution of U2(c
∗(d), d) = U2(c, d) for all d ∈ (−∞, d]. We have

that U2 is strictly monotonic (Lemma 2.3) and continuous (Lemma 2.4). Then, continuity of c∗

follows directly from the implicit function theorem.
Next, we show that c∗ is increasing. Let d ∈

(
ND)c. Since U2(c, ·) is strictly decreasing,

we have U2(c
∗(d), d+) < U2(c

∗(d), d) = U2(c, d) for all d+ > d. Hence, since U2(·, d) is strictly
increasing, we have c∗(d+) > c∗(d). Similarly, we can show that c∗(d−) < c∗(d) for all d− < d.
So, c∗ is strictly increasing. �

6Note that if we do not assume convexity of C, br1(d̂) is given by this expression.
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Next, we show the most important result of the non-cooperative risk reallocation game.

Theorem 3.9 If there exists a Nash equilibrium (ĉ, d̂) ∈ C × D such that Ũ1(ĉ, d̂) > U1(c, d), it

is unique, and satisfies d̂ = d.

Proof This result is in fact an extension of Theorem 3.5. Suppose the statement is not true. So,
there exists an equilibrium (ĉ, d̂) ∈ C ×D such that d̂ > d and Ũ1(ĉ, d̂) > U1(c, d). Then, clearly,

we have Ũ1(ĉ, d̂) = U1(ĉ, d̂) and U2(ĉ, d̂) ≥ U2(c, d). Since U2(c, ·) is strictly decreasing (Lemma

2.3) and U1(c, ·) is continuous (Lemma 2.4), there exists a d′ < d̂ such that U1(ĉ, d
′) > U1(c, d)

and U2(ĉ, d
′) > U2(ĉ, d̂) ≥ U2(c, d). So, we have Ũ2(ĉ, d

′) > Ũ2(ĉ, d̂). Therefore, for Firm 2, d′ is

a strictly better response than d̂ and, so, d̂ is not a best response. Hence, (ĉ, d̂) is not a Nash

equilibrium. This is a contradiction. So, if there exists an equilibrium (ĉ, d̂) ∈ C × D such that

Ũ1(ĉ, d̂) > U1(c, d), we have that d̂ = d.
Since Firm 1 strictly benefits, it holds that d /∈ ND. Therefore, the best response for Firm 1

on strategy d̂ = d is given by max{c∗(d), d} and, so, unique. This concludes the proof. �

Note that if Firm 2 uses a stop-loss or proportional rule, d̂ = d = 0 implies that Firm 2 proposes
to swap the all positive losses of its risk profile. We will show in Example 3.12 a problem where
there exists an equilibrium where one firm strictly benefits. This theorem also implies that
if both firms benefit, the strategy profile (ĉ, d̂) = (c, d) is played by the firms. Moreover, in
our non-cooperative bargaining model, the equilibrium outcomes are in line with the Prisoner’s
dilemma, in the sense that both players do not benefit optimally. By ’myopic’ maximizing their
own expected utility, the firms are even likely to retain the status quo. This is in line with the
Bertrand paradox. In the Bertrand paradox, the firms in a market are continuously lowering the
price for a product in order to obtain the whole market share. Then, the only Nash equilibrium
is such that all firms do not benefit.

Corollary 3.10 There is at most one Nash equilibrium where at least one firm strictly benefits.

Proof Suppose that there exists multiple equilibria where at least one firm strictly benefits.
From Theorem 3.9, we obtain that at least one firm use its minimum strategy. Then, suppose
that there are two Nash equilibria where at least one firm strictly benefits. We have the following
two cases:

• (ĉ1, d) and (ĉ2, d) are Nash equilibria. Let ĉ1 > c or ĉ2 > c (if ĉ1 = ĉ2 = c, the result follows
directly). Then, according to Theorem 3.9 we have that Firm 1 benefits in the strategy
profile (ĉ1, d) or (ĉ2, d). So, we have br1(d) = max{c, c∗(d)} and, so, ĉ1 = ĉ2.

• (ĉ1, d) and (c, d̂2) are Nash equilibria. Suppose ĉ1 > c and d̂2 > d. Since in both equilibria
at least one firm strictly benefits, we have according to Theorem 3.9 that Firm 1 strictly
benefits in (ĉ1, d) and Firm 2 strictly benefits in (c, d̂2). So, we have that d /∈ ND and

c /∈ NC . Therefore, we have br1(d) = ĉ1 = c∗(d) and br2(c) = d̂2 = d∗(c). Since U2(c, ·) is
strictly decreasing and U2(·, d) strictly increasing (Lemma 2.3), we have

U2(c, d) = U2(c
∗(d), d) ≥ U2(c, d

∗(c)).

This is a contradiction, since Firm 2 benefits in the strategy profile (c, d̂2). So, we have

that ĉ1 = c or d̂2 = d. Then, in the same way as the first case, we can show that ĉ1 = c
and d̂2 = d.

This concludes the proof. �
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An important is remark is that the results Theorem 3.7, Theorem 3.9 and Corollary 3.10 are
sensitive to the assumption of convexity of C × D. For instance, if C × D is finite, we can find
other Nash equilibria where at least one firm gains. The equilibria can then be obtained by
constructing a bi-matrix game.

Next, we provide two simple examples to illustrate the non-cooperative risk reallocation game.

Example 3.11 Let Ω = {ω1, ω2, ω3}. We assume that the firms use an exponential utility
function with λ1 = 1 for Firm 1 and λ2 = 2 for Firm 2. Since we assume a finite number of
future states, we write the probability measures and the risk profiles as vectors. Let

P1 = P2 =

 1
3
1
3
1
3

 , X1 =

 1
2
3

 and X2 =

 3
2
1

 .

We also assume that the firms use a stop-loss function to redistribute their own risk and c = d = 0.
This example may correspond with a simplified scenario where we have a pension fund (Firm
1) and a life-insurer (Firm 2) of similar size. Then, ω1 is the state where people live longer
than expected, in state ω2 people live as long as expected and in ω3 people live shorter than
expected. Then, the longevity risk profiles are typically counter-comonotonic and the life insurer
is more risk averse due to more restrictive funding rate requirements of the regulator. Then, we
show the best response correspondences in Figure 1. In this figure, we draw the best response

0 0.5 1 1.5 2 2.5 3
0

0.5

1

1.5

2

2.5

3

c ®

d 
®

Best response correspondences

Figure 1: Best response correspondences corresponding to Example 3.11. The upper curve is br1
and the lower curve is br2. For c < 1 (resp. d < 1), we have c ∈ NC (resp. d ∈ ND). The arrows
represent the iterative best responses that are discussed in Example 3.11.

correspondences as multifunction of the strategy of the other firm. Then, every element of
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{(c, d) ∈ C × D : c ∈ br1(d), d ∈ br2(c)} (intersections or overlapments of the best response
correspondences) corresponds with a Nash equilibrium. We see that all Nash equilibria are given
by {(a, b), (a, 3), (3, b), (3, 3) : 0 ≤ a ≤ 1, 0 ≤ b ≤ 1}. So, in almost all Nash equilibria, the firms
are not trading. In one equilibrium, namely (1, 1), the firms swap their risk profiles totally. This
result is non-desirable either, since swapping is not beneficial for both firms. Now, let us consider
what will happen if we look at iterative best responses. Then, suppose that one firm would signal
that it will play a strategy that corresponds with a redistribution of a small part of its own risk.
For instance, let Firm 1 signal strategy c = 2.9. Then, we obtain that the best response for
Firm 2 is approximately given by d ≈ 2.5. So, if the firms keep going on with this iterative best
responses, the Nash equilibrium (1, 1) will be attained. Then, the risks are swapped. We show
the iterative best responses in Figure 1 via the arrows. 5

Example 3.12 Let Ω = {ω1, ω2, ω3} and let the firms use exponential utility functions with
λ1 = 1 and λ2 = 1. Let, furthermore,

P1 = P2 =

 1
3
1
3
1
3

 , X1 =

 0
2
6

 and X2 =

 4
1
1

 .

Again, we assume that firms use a stop-loss function to redistribute their own risk and c = d = 0.
We provide the best response correspondences in Figure 2. We see in this figure that there are

0 1 2 3 4 5 6
0

0.5

1

1.5

2

2.5

3

3.5

4

c ®

d 
®

Best response correspondences

Figure 2: Best response correspondences corresponding to Example 3.12. The upper curve is br1
and the lower curve is br2. For c < 1.94, we have c ∈ NC and, so, br2(c) = D.

the following Nash equilibria: {(1.94, 0), (6, 4), (a, 4) : 0 ≤ a ≤ 1.94}. Only in the strategy profile
(1.94, 0), there is a risk reallocation. In the same way as in Example 3.11, we see that after a
small proposal by a firm, iterative best responses lead to the equilibrium profile (1.94, 0). In
this equilibrium, Firm 2 is indifferent compared with its prior risk profile, while Firm 1 benefits
’substantially’. 5
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An important remark is that both firms realize before bargaining that at least one player will
not benefit. In this way, the firms can decide beforehand to cooperate. The firms can agree on
increasing the lower bound of C and D. For instance, in Example 3.11, it is clearly beneficial for
both firms to set the lower bound at two, so that C = D = [2, 3]. Then, the strategy profile (2, 2)
is a Nash equilibrium. In this equilibrium, both posterior risk profiles are risk-free, and given
by 2. However, determining the ’optimal’ value for c and d requires cooperative behavior of the
firms. So, the question is still open how to determine the ’optimal’ solution for both firms in a
cooperative framework. We discuss this question in Section 5 and Section 6 in a more general
setting.

4 Alternative non-cooperative risk reallocation models

In this section, we briefly discuss alternative non-cooperative bargaining models. We adjust the
bargaining model that is defined in the previous section. We will show that also those models
are such that it is likely that at least one firm does not benefit. We impose the same assumptions
about Xpost

1 (c, d) and Xpost
1 (c, d) as made in Section 2. Similar as in the previous section, we

assume that C × D is closed and convex and (c, d) ∈ C × D.
First, we have a look at what happens if we assume that only one firm (say Firm 1) can make

a proposal for a risk redistribution. Firm 1 is able to redistribute the risk of itself and the risk
of the other firm. Then, in a second stage, the other firm decides whether it accepts or not. If
the other firm rejects, the deal is withdrawn. Then, Firm 1 has the following objective:

max
(c,d)∈C×D

Ũ1(c, d).

This problem can be written as the following LP problem:

max
(c,d)∈C×D

U1(c, d)

subject to: U2(c, d) ≥ U2(c, d).

Then, we obtain the following result.

Theorem 4.1 Every Nash equilibrium (ĉ, d̂) ∈ C × D is such that Ũ2(ĉ, d̂) = U2(c, d).

Proof This proof is similar as the proof of Theorem 3.9. Suppose there exists a Nash equilibrium
(ĉ, d̂) ∈ C × D such that Ũ2(ĉ, d̂) > U2(c, d). Then, we have Ũ2(ĉ, d̂) = U2(ĉ, d̂) and Ũ1(ĉ, d̂) =

U1(ĉ, d̂). Since U2(·, d) is strictly increasing and U2(c, ·) strictly decreasing, we have d̂ < d. Since
U1(ĉ, ·) is strictly increasing (Lemma 2.3) and U2(ĉ, ·) continuous (Lemma 2.4), there exists a

d′ > d̂ such that U1(ĉ, d
′) > U1(ĉ, d̂) and U2(ĉ, d

′) > U2(c, d). It holds that d′ ∈ D by convexity

of D and d ∈ D. So, we have Ũ1(ĉ, d
′) > Ũ1(ĉ, d̂). Hence, (ĉ, d̂) is not a Nash equilibrium. �

Note that if we would have assumed that C and D are left-open (instead of convex), the same
result can be derived. So, in all Nash equilibria, Firm 2 is indifferent with the status quo. This
model is in fact similar as the ultimatum game. In this game, a proposer makes a take-it-or-
leave-it proposal to the responder, who subsequently accepts or rejects the proposal. This game
is widely used to explain some empirical failures of the concept of Nash equilibria. Empirical
research shows that the equilibrium strategy is rarely played (see e.g. Guth et al. (1982 [8])).
This result is in line with the outcome of the Rubinstein model (Rubinstein (1982 [24])). The
Rubinstein model is the standard non-cooperative sequential bargaining model, where parties
make a proposal over and over until the deal is accepted. So, there is a time horizon for the

15



iterative bargaining process. After each bid, the ’pie’ is discounted, i.e., the gain in utility will
decrease with a factor. With discount rate zero, this is identical to the ultimatum game.

Note that the standard Rubinstein model is not suitable for the problem discussed in this
paper. The use of a discount factor seems unrealistic. However, the idea of a sequential risk
reallocation model is interesting. Based on Rubinstein, we provide a new model that makes use
of a time horizon. In this way, the model is more dynamic. A firm proposes a redistribution
of its own risk. Then, the other firm adds this profile to its own profile and, then, proposes a
redistribution of its adjusted risk. This iterative bargaining continuous until a firm accepts or
rejects the proposal. If a firm accepts, the posterior risk profiles correspond with the past and
current strategies of the firm. If a firm rejects, the prior risks are kept by the firms. The strategy
sets are far more complex than in the static model, since all strategies are dependent of the past.
The key concept are Subgame Perfect Nash Equilibria (SPNE). This concept is first formalized
by Selten (1965 [26]). This is a refinement of the concept of Nash equilibria. A strategy profile
is a SPNE if it represents a Nash equilibrium of every subgame of the original game.

As explained in Section 2, Denuit and Vermandele (1998 [6]) and Kaas et al. (2001 [11])
showed that the use of stop-loss rule is weakly optimal in reinsurance. Since this model is a
sequential-move game (instead of a simultaneous-move game), it seems reasonable for firms to
redistribute their risk according to the stop-loss rule.

The problem is how to determine the optimal bargaining strategy. We assume without loss
of generality that Firm 1 starts with a proposal. Then, Firm 2 is obliged to state a counter-
proposal. In all other stages, a firm can either propose a redistribution of its adjusted risk to the
other party or it can reject or accept the proposal. If a firm accepts or rejects, the bargaining
ends. If a firm accepts, the deal will go on and the risk will be reallocated. In case that a firm
rejects, the prior risk profiles will be kept. So, we can write this game in an extensive form
representation with an infinite time horizon and an infinite amount of strategies at each moment
in time. So, we have c̃0, d̃0 ∈ R and c̃1, d̃1, . . . ∈ R ∪ {’reject’, ’accept’}. Thus, a joint strategy
profile is an element of Rn+2 ∪ {’reject’} ∪ {’accept’}} for some n ∈ N. We provide an overview

of this strategy set in Figure 3. If c̃0, d̃0, . . . ∈ R, we have that posterior risk profile for Firm 1 is

R

R

R

...

R

accept

reject

accept

reject

c
0

d
0 d

1
c

2c
1

Firm:  1               2               1                2                 1    ...

Figure 3: The sequential risk reallocation game. The vertical lines represent real numbers.

given by the following recursive system:

Xpost
1 (c̃0) = min{X1, c̃0},

Xpost
1 (c̃0, d̃0, . . . , c̃n−1, d̃n−1) = Xpost

1 (c̃0, d̃0, . . . , c̃n−1) + max{X2(c̃0, d̃0, . . . , c̃n−1)− d̃n−1, 0},
Xpost

1 (c̃0, d̃0, . . . , d̃n−1, c̃n) = min{Xpost
1 (c̃0, d̃0, . . . , d̃n−1), c̃n},
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for every n ∈ N. For Firm 2, we have Xpost
2 (c̃0, d̃0, . . .) = X1 +X2 −Xpost

1 (c̃0, d̃0, . . .). Then, we

define the pay-off function corresponding to a joint strategy profile (c̃0, d̃0, . . . , c̃n, d̃n) such that

(c̃0, d̃0, . . . , c̃n) ∈ R2n+1 and d̃n ∈ {’reject’, ’accept’} as

Ũi(c̃0, d̃0, . . . , c̃n, d̃n) =

{
EPi [ui(X

post
i (c̃0, d̃0, . . . , c̃n))] if d̃n = ’accept’,

EPi [ui(Xi)] if d̃n = ’reject’,

for i ∈ {1, 2}. Similarly, we define the pay-off function corresponding to a strategy (c̃0, d̃0, . . . , d̃n−1, c̃n)

such that (c̃0, d̃0, . . . , d̃n−1) ∈ R2n and c̃n ∈ {’reject’, ’accept’} as

Ũi(c̃0, d̃0, . . . , d̃n−1, c̃n) =

{
EPi [ui(X

post
i (c̃0, d̃0, . . . , d̃n−1))] if c̃n = ’accept’,

EPi [ui(Xi)] if c̃n = ’reject’,

for i ∈ {1, 2}. In the non-cooperative setting, we have that the firms are continuously maximizing
their own utility. At a given moment in time where a firm is deciding its strategy, the posterior
risk profile as function of its strategy is continuous and strictly increasing. Then, in each stage,
it is optimal to set the proposal such that the firm gains more and, so, the other firm loses. To
provide some intuition of the problem, we state the following result in case that there is a finite
horizon.

Lemma 4.2 Let there be a finite horizon. If the joint strategy profile is an element of R2n+1 ×
{’accept’, ’reject’} for some n ∈ N, we have in every SPNE that Firm 2 does not benefit. Likewise,
if the joint strategy profile is an element of R2n × {’accept’, ’reject’} for some n ∈ N, we have in
every SPNE that Firm 1 does not benefit.

Proof This follows directly from backward induction. At the last moment in time, there is
namely an ultimatum game. Then, the result can be shown via contradiction. �

Let there be a moment where Firm i can only accept or reject. Then, at every moment in time,
this firm is indifferent between rejecting or playing a strategy that is weakly beneficial if the
proposal would be accepted by the other firm. According to Lemma 4.2, we have that Firm i
does not benefit in every SPNE. The other firm uses as strategy to propose a redistribution such
that the other firm weakly loses. At the last moment, there is an ultimatum game and, so, this
firm plays the strategy such that the other firm is indifferent. So, ”the ultimatum game has come
to symbolize the utter failure of subgame perfection in practice” (Guth et al. (1982 [8])).

However, for this problem, specification of a fixed horizon is rather artificial. An infinite-
horizon game better captures the economic interpretation. So, of key interest of this problem is
whether there are realistic SPNE for the infinite-horizon problem. Calculating infinite horizon
SPNE is much more complicated as for finite horizon games (see e.g. Kreps and Wilson (1982
[13]). For instance, the infinite played Prisoner’s dilemma, in which the constituent game is
played an infinite number of times, has dramatically different equilibria (see e.g. Shubik (1970
[27])). Since there is no last subgame, backward induction cannot be used7. Therefore, we leave
this question open for further research.

Hence, the non-cooperative bargaining models explained in this section result in non-desirable
equilibria. This does not happen in reality. Probably, the reason is that the firms collude in
order to attain a Pareto improvement. However, the question left is how to determine the most
fair Pareto optimal reallocation. For this problem, we discuss a cooperative bargaining model in
the next section.

7For instance, think about trigger or ’tit for tat’ strategies that can form a Nash equilibrium in infinite horizon
games.
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5 Cooperative bargaining model

In this section, we provide a cooperative bargaining model for risk reallocation between two
firms. In previous sections, we showed that myopic maximizing own utility is likely to lead
to undesirable equilibria. Then, firms are repeatedly trying to trump their opponent. In a
cooperative setting, firms are allowed to make binding agreements. The firms bargain with as
goal to reach an agreement. So, here, firms are looking for optimal reallocation from the point
of view of a social planner. This means that firms are looking for the fairest risk reallocation of
the problem. The advantage is that firms can immediately pool their risks and, then, look for
the best reallocation.

Similar as in previous sections, we assume that the utility functions are treated as given. If
we do not assume this, firms can benefit by lying about their preferences (see e.g. Roth (1979
[23]) and Crawford and Varian (1979 [3])). So, for instance, the utility function is based on the
sector in which the firm operates. Our approach is mainly based on the paper of Gerber and
Pafumi (1998 [7]) and Nash (1950b [19]). In contrary to previous sections, we now consider all
forms of risk redistributions. So, we do not assume any parametric form of Xpost

1 and Xpost
2 .

Our model is in line with the standard cooperative bargaining model of Nash (1950b [19])
and Kalai and Smorodinsky (1975 [12]). In those papers, the cooperative bargaining model is
introduced for goods using utility levels. We extend this idea for reallocating stochastic risk
profiles using an expected utility framework. This approach is similar as Riddell (1981 [22]).
He introduced the cooperative bargaining model for lotteries in an expected utility framework.
Again, we assume that the firms use twice differentiable, concave, decreasing utility functions. As
regularity assumption, we additionally assume that limx→−∞ u′

i(x) = 0 and limx→∞ u′
i(x) = −∞

for all i ∈ {1, 2}. Also, the over-the-counter traded risk profiles are bounded. In this section,
we show that our model is similar as the standard bargaining model of Nash (1950b [19]). Two
firms bargain in order to maximize their expected utility. The firms are able to make binding
agreements. Then, firms are able to avoid a Prisoner’s dilemma as explained in the previous
section. In this way, it is more likely that the firms benefit both. First, we determine the
admissible area. This set, denoted by A ⊂ R2, is the set of all attainable expected utility gains.

Definition 5.1 Let Xpost
1 , Xpost

2 be two posterior risk profiles. Then(
∆U1(X

post
1 ),∆U2(X

post
2 )

)
=

(
EP1 [u1(X

post
1 )− u1(X1)], E

P2 [u2(X
post
2 )− u2(X2)]

)
denotes the changes in expected utility. Then, we define the admissible area A by:

A =
{
a ∈ R2

∣∣∃Xpost
1 , Xpost

2 : Xpost
1 +Xpost

2 ≥ X1 +X2, a =
(
∆U1(X

post
1 ),∆U2(X

post
2 )

)}
.

In cooperative bargaining, the disagreement point is the point of utility levels that is attained
when there is no agreement. As normalization, we look at excess expected utilities and, so,
disagreement point is given by (0, 0). However, in general, as we will show in Theorem 5.8, there
is room to gain both. So, what is the most fair risk reallocation?

Next, we look at all expected utility gains that can be attained. We show that our model
is in line with the standard cooperative bargaining model as defined by Kalai and Smorodinsky
(1975 [12]). So, we show in this section that A is comprehensive, convex and closed.

Lemma 5.2 The admissible area A is comprehensive, i.e., for all a, b ∈ R2 such that a ≤ b and
b ∈ A, we have a ∈ A .

Proof Let b ∈ A and a ≤ b. Then, there exists a Xpost,b
1 and Xpost,b

2 such that

b =
(
∆U1(X

post,b
1 ),∆U2(X

post,b
2 )

)
. Then, from continuity and monotonicity of the utility func-

tions, we can add non-negative risk-free random variables to Xpost,b
1 and Xpost,b

2 such that the
utility levels of a are attained. �
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Note that this property allows for ’free disposal’ in terms of expected utility.

Lemma 5.3 The admissible area A is convex.

Proof The proof is in line with the proof of Riddell (1981 [22]) for convexity when Xpost
1 +

Xpost
2 = X1 +X2. Let a, b ∈ A. Then, there exists a Xpost,a

1 , Xpost,a
2 , Xpost,b

1 and Xpost,b
2 such

that a =
(
∆U1(X

post,a
1 ),∆U2(X

post,a
2 )

)
and b =

(
∆U1(X

post,b
1 ),∆U2(X

post,b
2 )

)
. We provide the

construction of the proof in the next figure:
a ∈ A

1

2
a+

1

2
b

b ∈ A

(∆U1(
1

2
X

post,a
1

+
1

2
X

post,b
1

)

∆U2(
1

2
X

post,a
2

+
1

2
X

post,b
2

))

∈ A

In line with Riddell, it follows by concavity of u1 and u2 that ∆U1(
1
2X

post,a
1 + 1

2X
post,b
1 ) ≥

1
2∆U1(X

post,a
1 )+ 1

2∆U1(X
post,b
1 ) and ∆U2(

1
2X

post,a
2 + 1

2X
post,b
2 ) ≥ 1

2∆U2(X
post,a
2 )+ 1

2∆U2(X
post,b
2 ).

So, since A is comprehensive (Lemma 5.2), we have that 1
2a+

1
2b ∈ A. This concludes the proof.

�

We will also show that A is closed. For this result, we first look at the set of Pareto optimal
outcomes in the admissible area. This is defined as

Par(A) = {x ∈ A|¬∃y ∈ A : y 	 x}.

Note that if both firms are risk-neutral, there are no strict Pareto improvements. Gerber and
Pafumi (1998 [7]) characterize all Pareto optimal outcomes of risk reallocations. For two firms
and k > 0, the idea is to maximize

EP1 [u1(X
post
1 )] + kEP2 [u2(X

post
2 )]

over all Xpost
1 and Xpost

2 such that Xpost
1 +Xpost

2 = X1+X2. Doing this for all k > 0, you obtain
all Pareto optimal solutions. To be more specific, the following result is based on Gerber and
Pafumi.

Theorem 5.4 (Gerber and Pafumi (1998 [7])) Xpost
1 and Xpost

2 are Pareto optimal posterior
risk profiles if and only if there exists a k > 0 such that

u′
1(X

post
1 (ω)) = ku′

2(X
post
2 (ω))

P2(ω)

P1(ω)
, (1)

for all ω ∈ Ω and

Xpost
1 (ω) +Xpost

2 (ω) = X1(ω) +X2(ω), (2)

for all ω ∈ Ω.

This result is known as Borch’s rule. Since the state space is discrete, (1) and (2) can be seen as
a finite or countable set of constraints. So, if a firm expects a higher probability for a state to
occur, it will be Pareto optimal to obtain a lower posterior risk outcome in this state and vice
versa. In this way, the firms are able to benefit more from risk reallocations. From this theorem,
we obtain also that if

(
∆U1(X

post
1 ),∆U2(X

post
2 )

)
∈ Par(A), we have Xpost

1 +Xpost
2 = X1 +X2.
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Proposition 5.5 Let k > 0. Then, the system of (1) and (2) yield a unique posterior risk
profile.

Proof Let (1) hold. Then, we can write (2) as k =
u′
1(X

post
1 (ω))P1(ω)

u′
2(X1(ω)+X2(ω)−Xpost

1 (ω))P2(ω)
for all ω ∈ Ω.

So, let Xpost
1 (ω) be the decision variable. Note that we assumed that X1(ω)+X2(ω) is bounded.

So, since u′′
1(·) < 0 and u′′

2(·) < 0, we have that u′
1(X

post
1 (ω)) is strictly decreasing and con-

tinuous and u′
2(X1(ω) + X2(ω) − Xpost

1 (ω)) is strictly increasing and continuous. Combin-

ing this with u′
1(·) < 0 and u′

2(·) < 0 yields that
u′
1(X

post
1 (ω))P1(ω)

u′
2(X1(ω)+X2(ω)−Xpost

1 (ω))P2(ω)
is strictly in-

creasing and continuous. So, there is at most one solution. Since limx→−∞ u′
i(x) = 0 and

limx→∞ u′
i(x) = −∞, we have

u′
1(X

post
1 (ω))P1(ω)

u′
2(X1(ω)+X2(ω)−Xpost

1 (ω))P2(ω)
→ ∞ for Xpost

1 (ω) → ∞ and

u′
1(X

post
1 (ω))P1(ω)

u′
2(X1(ω)+X2(ω)−Xpost

1 (ω))P2(ω)
→ 0 for Xpost

1 (ω) → −∞. So, according to the intermediate value

theorem, there exists a solution. �

We denote Xpost,k
1 and Xpost,k

2 as the posterior Pareto optimal risk profiles given k > 0. As
remark, if there would exist a state ω ∈ Ω such that P1(ω) = 0. Then, we will see that in all
Pareto optimal outcomes, Firm 1 has an infinite pay-off this state and, so, Firm 2 get a negative
infinite pay-off. For example, if both firms use exponential utility functions with resp. λ1 and
λ2, we have the following Pareto optimal risk reallocation:

Xpost,k
1 (ω) =

log(k) + log
(

P2(ω)
P1(ω)

)
+ λ2(X1(ω) +X2(ω))

λ1 + λ2
,

and

Xpost,k
2 (ω) =

− log(k) + log
(

P1(ω)
P2(ω)

)
+ λ1(X1(ω) +X2(ω))

λ1 + λ2
,

for all ω ∈ Ω. So, the procedure is as follows: add the individual risk profiles, i.e. X = X1 +X2.
Then, redistribute X to each firm according to their marginal utility function. The interpretation
of k for exponential utility functions is that it can be seen as side-payment. The side-payments
may correct for the prior utility levels, since this is not taken into account after pooling. So,
this way of allocation is more flexible than in the previous section. For instance, if X1 +X2 is
risk-free, we have that all Pareto optimal posterior risk profiles are risk-free. Intuitively, it is
useful to note that this result is equivalent to the solution of

argmax
Xpost

1 ∈RΩ

EP1 [u1(X
post
1 )]

subject to: Xpost
1 +Xpost

2 = X1 +X2

and EP2 [u2(X
post
2 )] ≥ uk

0

for some uk
0 ∈ R depending on k > 0. This follows namely directly from the Kuhn-Tucker

conditions. For every state ω ∈ Ω, there is namely a separable maximization problem with
respect to Xpost

1 (ω). This is due to that only one state will occur.
In the rest of this paper, we assume that P1 = P2. The reason is that we want to have

bounded posterior risk profiles, as we show in the following proposition.

Proposition 5.6 For any given k > 0, we have that Xpost,k
1 and Xpost,k

2 are bounded.
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Proof We have assumed that X1 and X2 are bounded. So, there exists a M > −∞ and

M < ∞ such that M < X1 + X2 < M . Let k̂ > 0. Note that Xpost,k̂
1 is the solution of k̂ =

u′
1(X

post,k̂
1 (ω))

u′
2(X1(ω)+X2(ω)−Xpost,k̂

1 (ω))
for all ω ∈ Ω. Therefore, we have that Xpost,k̂

1 < Xpost,k̂
1 < X

post,k̂

1 ,

whereXpost,k̂
1 is the solution of k̂ =

u′
1(X

post,k̂
1 )

u′
2(M−Xpost,k̂

1 )
andX

post,k̂

1 is the solution of k̂ =
u′
1(X

post,k̂
1 )

u′
2(M−X

post,k̂
1 )

.

This follows directly from u′
i(·) < 0 and u′′

i (·) < 0. Since Xpost,k̂
1 and X

post,k̂

1 are finite, we have

that Xpost,k̂
1 is bounded. Since Xpost,k̂

2 = X1+X2−Xpost,k̂
1 , we have that Xpost,k̂

2 is also bounded.
�

Proposition 5.7 Let ω ∈ Ω. Then, Xpost,k
1 (ω) is differentiable and strictly increasing in k > 0

and Xpost,k
2 (ω) is differentiable and strictly decreasing in k > 0.

Proof Let ω ∈ Ω. According to Theorem 5.4, we have k =
u′
1(X

post
1 (ω))

u′
2(X1(ω)+X2(ω)−Xpost

1 (ω))
. As

shown in the proof of Proposition 5.5, we have that
u′
1(X

post
1 (ω))

u′
2(X1(ω)+X2(ω)−Xpost

1 (ω))
is strictly increasing

and differentiable in Xpost
1 (ω). So, according to the inverse function theorem, we have that

Xpost,k
1 (ω) is differentiable and strictly increasing in k. Since all Pareto optimal risk profiles

satisfy Xpost,k
1 (ω) +Xpost,k

2 (ω) = X1(ω) +X2(ω), it holds that Xpost,k
2 (ω) is differentiable and

strictly decreasing. �

Theorem 5.8 There does not exist an a ∈ Par(A) such that a 	 0 if and only if for some c > 0

we have
u′
1(X1(ω))

u′
2(X2(ω))) = c for all ω ∈ Ω.

Proof We start with the ’if’ part. Suppose that we have for some c > 0 that
u′
1(X1(ω))

u′
2(X2(ω)) = c for

all ω ∈ Ω. Then, Xpost
1 = X1 and Xpost

2 = X2 satisfies (1) and (2). Hence, according to Theorem
5.4 (Borch’s rule), the prior risk profiles are Pareto optimal.

Next, we show the ’only if’ part of the result. Suppose that there does not exist a strict
Pareto improvement. Then, since 0 ∈ A, we have 0 ∈ Par(A). So, it holds that Xpost

1 = X1 and
Xpost

2 = X2 is Pareto optimal and, hence, should satisfy (1) and (2) (Theorem 5.4). So, we have
for some k > 0 that u′

1(X1(ω)) = ku′
2(X2(ω)) for all ω ∈ Ω and, hence, for some c > 0 we have

u′
1(X1(ω))

u′
2(X2(ω)) = c for all ω ∈ Ω. �

Note that this theorem implies that for almost all risk reallocation problems there is room for
bargaining. For instance, even if X1 = X2, there is often room for Pareto improvements if the
utility functions are different.

Next, we parameterize the Pareto set using Theorem 5.4 (Borch’s rule). In Theorem 5.4, we
use k as parameter. Then, we define

par1(k) = E[u1(X
post,k
1 )]− E[u1(X1)],

par2(k) = E[u2(X
post,k
2 )]− E[u2(X2)],

for all k > 0. So, according to Theorem 5.4 and Proposition 5.5, we can write the Pareto set as

Par(A) = { (par1(k), par2(k))| k > 0} ,

for all A.

Lemma 5.9 The function par1(·) is strictly decreasing and par2(·) is strictly increasing.
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Proof We only show that par1(·) is strictly decreasing. Let ω ∈ Ω. As shown in Proposition

5.7, we have that Xpost,k
1 (ω) is strictly increasing in k > 0. Hence, since u′

1(·) < 0, we have that

u1(X
post,k
1 (ω)) is strictly decreasing. So, taking the expectation yields that par1(·) is strictly

decreasing. �

Lemma 5.10 The functions par1(·) and par2(·) are continuous if u1 and u2 are twice continu-
ously differentiable.

Proof We only show continuity of par1(·). Let k̂ > 0. From Proposition 5.7, we have that

Xpost,k
1 is strictly increasing in k. So, for every δ > 0, we have that Xpost,k′

1 < Xpost,k̂+δ
1 for all

|k′ − k̂| < δ. So, since Xpost,k̂+δ
1 is bounded (Proposition 5.6), there exists a Mk̂+δ < ∞ such

that Xpost,k̂+δ
1 < Mk̂+δ. Then, denote mδ = |u′

1(Mk̂+δ)|. Since u′
1(·) < 0 and u′′

1(·) < 0, we have
for all δ > 0 that

sup
k′:|k′−k̂|<δ

|u′
1(X

post,k′

1 )| ≤ mδ.

We have that Xpost,k̂
1 is bounded (Proposition 5.6). Since we assumed u1 and u2 to be twice

continuously differentiable, we have that Xpost,k̂
1 (ω) is continuously differentiable with respect to

k for all ω ∈ Ω (proof is similar as in Proposition 5.7). Therefore, the first derivative of Xpost,k̂
1

with respect to k is bounded. So, Xpost,k
1 (ω) is locally Lipschitz continuous for all ω ∈ Ω. So,

for every δ > 0 such that δ < k̂ there exists a m̃δ < ∞ such that |Xpost,k′

1 (ω) − Xpost,k̂
1 (ω)| ≤

m̃δ|k′ − k̂| for all k′ such that |k′ − k̂| < δ and for all ω ∈ Ω.

Let ε > 0 and denote δ = min

{
ε

m 1
2
k̂
m̃ 1

2
k̂
, 1
2 k̂

}
. Then, for all k′ such that |k′ − k̂| < δ, we

have

|par1(k′)− par1(k)| =

∣∣∣∣∣∑
ω∈Ω

P(ω)(u1(X
post,k′

1 (ω))− u1(X
post,k̂
1 (ω)))

∣∣∣∣∣
≤

∑
ω∈Ω

P(ω)
∣∣∣u1(X

post,k′

1 (ω))− u1(X
post,k̂
1 (ω))

∣∣∣
≤ m 1

2 k̂

∑
ω∈Ω

P(ω)|Xpost,k′

1 (ω)−Xpost,k̂
1 (ω)|

≤ m 1
2 k̂
m̃ 1

2 k̂
|k′ − k̂|

∑
ω∈Ω

P(ω)

< m 1
2 k̂
m̃ 1

2 k̂
δ

≤ ε.

�

Since we need continuity of par1 and par2 for the results in the rest of this paper, we make the
(weak) assumption that u1 and u2 are twice continuously differentiable

Lemma 5.11 A is closed.

Proof We have that A is convex (Lemma 5.3). Also, par1(·) (resp. par2(·)) can be described us-
ing Theorem 5.4 as a continuous (Lemma 5.10) and strictly decreasing (resp. increasing) (Lemma
5.9) function. Therefore, the Pareto set Par(A) can be described by a strictly decreasing, con-
cave and continuous function f : R → R such that a2 = f(a1)) for all (a1, a2) ∈ Par(A). Since
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A is comprehensive, A is the area under Par(A). Per definition, we have Par(A) ∈ A. Hence,
A is closed. �

So, according to this lemma, we have that A ∩ R2
+ is compact. This is the area in R2 between

the ∆U1-axis, ∆U2-axis and Par(A). Combining this result with comprehensiveness (Lemma
5.2) and convexity (Lemma 5.3) yields that the model is in line to the model of Nash (1950b
[19]) and Kalai and Smorodinsky (1975 [12]). Therefore, we can apply the solution concepts that
those authors propose. We discuss this in the next section. This is the key result of this section.
Also, as shown in the proof of Lemma 5.11, we obtain that the Pareto efficient frontier can be
described by a strictly decreasing, concave and continuous function. Also, Van Damme (1991
[28]) showed this result when A is convex, closed and comprehensive. Note that in contrary to
A, Par(A) is a bijection; every element of Par(A) corresponds to unique posterior risk profiles
and vice versa. According to Theorem 5.4 and Proposition 5.5, we have namely that every k > 0
corresponds with different, unique Pareto optimal risk profiles. In the next section, we discuss
two cooperative bargaining rules to find ’the fairest’ Pareto optimal outcome.

6 Solution concepts for cooperative bargaining problems

In this section, we discuss two widely discussed cooperative bargaining solution concepts for the
risk reallocation problem. A bargaining solution concept is a rule that assigns to every bargaining
problem an outcome. In the risk reallocation problem, an outcome is denoted by expected utility
gain levels and, so, corresponding posterior risk profiles. As discussed in previous section, a
bargaining problem is denoted by an admissible area A and the disagreement point 0. Some basic
properties that are naturally required for a cooperative bargaining solution concept φ : A → R2

are the following:

• Efficiency: φ(A) ∈ Par(A) for all A,

• Individual Rationality: φ(A) ≥ 0 for all A.

Efficiency implies that both firms only have to bargain for the fairest value of k > 0. Note
that every Pareto optimal outcome corresponds with unique posterior risk profiles. Combining
this with Individual Rationality implies that we only have to consider excess utility levels in
Par(A) ∩ R2

+. Since 0 ∈ A ∩ R2
+, this set is non-empty. So, we define k = (par2)

−1
(0) and

k = (par1)
−1

(0).

Theorem 6.1 k and k exist, are unique and k ≤ k.

Proof We only show existence of a unique value of k. Then, we have to show that there exists
a unique k > 0 such that par1(k) = 0. If existent, let U1 denote the supremum of the range of
u1; if non-existent, let U1 = ∞. Let ω ∈ Ω. Since limx→−∞ u′

i(x) = 0 and limx→∞ u′
i(x) = −∞,

it follows directly from Theorem 5.4 that Xpost, k
1 (ω) → −∞ for k ↓ 0. Since this holds for every

ω ∈ Ω, we have par1(k) → U1 − E[u1(X1)] ≥ 0 for k ↓ 0. In a similar way, we obtain that for
k → ∞ that par1(k) → −∞. Since par1 is strictly increasing and continuous (Lemma 5.9 and
Lemma 5.10), it holds according to the intermediate value theorem that k exists and is unique.

Since 0 ∈ A and Theorem 5.4 identifies all Pareto optimal outcomes, there exists a k̂ > 0 such
that (par1(k̂), par2(k̂)) ≥ 0. Since par1(·) is strictly decreasing and par2(·) is strictly increasing

(Lemma 5.9), we have k ≤ k̂ ≤ k. Hence, it holds that k ≤ k. �

So, we restrict k to be an element of the compact interval K = [k, k]. Hence, for all k ∈ K, the
corresponding risk reallocation satisfies Efficiency and Individual Rationality. Note that k = k
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corresponds with the case that the prior risk profiles are already Pareto optimal. An important
remark is that k itself has no direct interpretation since, for instance, it depends on some scaling
of the utility functions. However, if we determine k, we can immediately calculate the posterior
risk profiles. So, the question left is which element of K is fairest? We first provide an example.

Example 6.2 Recall Example 3.11, where the firms use exponential utility functions with
λ1 = 1 and λ2 = 2 and, furthermore,

P =

 1
3
1
3
1
3

 , X1 =

 1
2
3

 and X2 =

 3
2
1

 .

We obtain that the prior expected utility levels are given by E[u1(X1)] ≈ −10.1 and E[u2(X2)] ≈
−77.6. Then, we have a look at excess utility gains via risk reallocations. Note that (0, 0) is the
disagreement point. Then, we obtain that the admissible area A is given as in Figure 4. Next,

0 1 2 3 4 5 6
0

10

20

30

40

50

60

∆ U
1
®

∆ 
U

2®

A

Figure 4: Admissible area A corresponding to Example 6.2.

we plot the excess utility levels as function of k > 0. We show this in Figure 5. We obtain in
this figure that K ≈ [0.03, 0.34]. But important to remark is that the excess utility levels are not
directly comparable, since the utility functions are different. 5

Next, we discuss the Nash-Bargaining (NB) solution concept. This concept is introduced by
Nash (1950b [19]). This is a key solution concept for cooperative bargaining problems.

Definition 6.3 The Nash-Bargaining solution corresponding to an admissible area A is given
by

NB(A) =
(
∆U1(X̂

post
1 ),∆U2(X̂

post
2 )

)
such that (

X̂post
1 , X̂post

2

)
= argmax

Xpost
1 +Xpost

2 ≥X1+X2

∆U1(X
post
1 )∆U2(X

post
2 ),

and ∆Ui(X̂
post
i ≥ 0.
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Figure 5: par1 and par2 as function of k corresponding to Example 6.2. The decreasing function
is par1 and the increasing function is par2. The exponential forms follow directly from the use
of exponential utility functions.

Uniqueness is guarantied by convexity of A (Nash (1950b [19])). Nash characterized this solution
concept using axioms. It is easy to show that the Nash-Bargaining solution assigns a Pareto
optimal reallocation. Therefore, we can define the Nash-Bargaining solution in terms of k. If we
derive a fair value of k, we can immediately calculate the Pareto optimal posterior risk profiles.
We define Nash-Bargaining function by

NBf(k) = par1(k)par2(k),

for all k > 0. Then, the value of k corresponding to the Nash-Bargaining solution is given by

kNB = argmax
k∈K

NBf(k).

We show in Figure 6 and Figure 7 how this solution is obtained for Example 6.2. Then, we find
that kNB ≈ 0.088 and, so, we obtain that the posterior risk profiles are approximately given by

Xpost,kNB

1 ≈

 1.86
1.86
1.86

 and Xpost,kNB

2 ≈

 2.14
2.14
2.14

 .

Since the risk profiles are pooled and, then, redistribute, all Pareto optimal posterior risk profiles
are risk-free in this example. Also, we observe that Firm 1 benefits from being less risk-averse
than Firm 2. Roth (1979 [23]) showed that if the Firm 2 is more risk-averse, the Nash-Bargaining
solution assigns more to Firm 1. So, as showed by Crawford and Varian (1979 [3]), firms have
an incentive to lie about their true utility function in case of the Nash-Bargaining solution. It is
namely optimal for them to pretend to be risk-neutral.
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Figure 6: Nash-Bargaining solution corresponding to Example 6.2 is the location of the maximum
of NBf(k).
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Figure 7: Nash-Bargaining solution corresponding to Example 6.2.

Theorem 6.4 For k < k, we have that kNB ∈ K is the unique solution satisfying the following
implicit formula

kNB =
par1(k

NB)

par2(kNB)
.

Proof Let k < k. Here, we optimize the ∆U1(X
post
1 )∆U2(X

post
2 ) per state of the world. Let

Xpost
1 +Xpost

2 = X1 +X2. Then, for every ω ∈ Ω, we see Xpost
1 (ω) as a decision variable. Then,

the first order conditions with respect to Xpost
1 (ω) are given by

∂

∂Xpost
1 (ω)

E[u1(X
post
1 )− u1(X1)]E[u2(X1 +X2 −Xpost

1 )− u2(X2)]

∣∣∣∣
Xpost

1 =Xpost,kNB

1

= 0,
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for all ω ∈ Ω. We can write this as follows:

u′
1(X

post,kNB

1 (ω))par2(k
NB)− u′

2(X
post,kNB

2 (ω))par1(k
NB) = 0,

for all ω ∈ Ω. So, we have u′
1(X

post,kNB

1 (ω)) = par1(k
NB)

par2(kNB)
u′
2(X

post,kNB

2 (ω)) for all ω ∈ Ω. Hence,

the result follows from Theorem 5.4.
Since par1(·) is continuous and strictly decreasing and par2(·) is continuous and strictly

increasing (Lemma 5.10 and Lemma 5.9), we have that par1(k
NB)

par2(kNB)
is continuous in K\{k} and

strictly decreasing. So, the system has at most one solution. Since limk↓k
par1(k)
par2(k)

= ∞ and

par1(k)

par2(k)
= 0, the solution is unique according to the intermediate value theorem. �

Note that kNB will result in

max
Xpost

1 +Xpost
2 =X1+X2

∆U1(X
post
1 ) + kNB∆U2(X

post
2 ) = 2par1(k

NB).

Moreover, we have

u′
1(X

post,kNB

1 (ω))

u′
2(X

post,kNB

2 (ω))
=

par1(k
NB)

par2(kNB)

for all ω ∈ Ω.
Next, we look at another well-known bargaining solution concept, namely the Raiffa-Kalai-

Smorodinsky rule (RKS). Raiffa (1953 [21]) suggested this solution concept, while Kalai and
Smorodinsky (1975 [12]) characterized it axiomatically. Moulin (1984 [17]) supported this concept
based on a non-cooperative bargaining game. He called this game the game of auctioning fractions
of dictatorship. The idea is to look at the maximum that the firms can claim. This point is
called the ethical point and denoted by

(u1, u2) =
(
par1(k), par2(k)

)
≥ 0.

The ratio of these values is used to construct a Pareto optimal solution.

Definition 6.5 The Raiffa-Kalai-Smorodinsky solution is given by

RKS(A) = (αu1, αu2) ,

where α ∈ [0, 1) is such that (αu1, αu2) ∈ Par(A).

Kalai and Smorodinsky (1975 [12]) proved existence and uniqueness of the this solution concept.
We provide the construction of this rule in Figure 8.

Theorem 6.6 For k < k, we have that kRKS ∈ K corresponding to the Raiffa-Kalai-Smorodinsky
solution is the unique value satisfying

par1(k
RKS)

par2(kRKS)
=

u1

u2
.

Proof Since there is a unique α such that (αu1, αu2) ∈ Par(A), we have for kRKS that αu1 =
par1(k

RKS) and αu2 = par2(k
RKS). Solving of these equation yields the result. Uniqueness

follows from the intermediate value theorem, since it holds that par1(·)
par2(·) is continuous and strictly

decreasing. �
Next, we compare the RKS solution and the NB solution concept. In Figure 9, we show how
kRKS and kNB are determined. In this example, we see that kRKS < kNB . Therefore, we have

that Xpost,kRKS

1 < Xpost,kNB

1 . So, if the RKS rule is used in this example, it is again profitable
for Firm 2 to mimic the utility function of Firm 1 .
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Figure 8: Raiffa-Kalai-Smorodinsky rule corresponding to Example 6.2.
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Figure 9: Determining kNB and kRKS corresponding to Example 6.2. The increasing function
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