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Abstract

Since it was proposed by Roy (1952), the idea fdtgdirst has seen an increasing
popularity, especially in case of retirement. Thesis solves a life cycle model of
consumption and portfolio choice in the presenceaddafety first constraint on the
intermediate consumption. Because of the absence dbsed-form solution for the
optimization problem, we impose an assumption tt@investors are myopic and we use
an approximation based on the log-linearizationhmetin Campbell and Viceira (1999)
and Viceira (2001). The model predicts the incoagion of the safety first idea into the
individual's decision making has an impact on btte optimal asset allocation and
consumption. The safety first concern depressesdhsumption motive and raises the
conservativeness of the portfolio choice, whichtiply provides an explanation for

the ” limited stock holding”.
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Safety First Approach in a Life Cycle Model

1. Introduction

Starting from the late 1960’s with papers by Mer{®@869) and Samuelson (1969),
there have been an increasing number of papersndridual optimal saving and
investment over the life cycle. Earlier studiesdicethat the optimal fraction to equity
should either be a constant (Merton, 1969), orideckith age (Bodie et al, 1992), which
coincides with the well known strategy suggestedfibgncial advisors that investors
should place (100-age) % of their wealth in a vaelersified equity portfolio (Malkiel,
1996). However, the predictions of these models stite at odds with the empirical
evidence on stock holdings, namely the limited lstoxarket participation (Bertaut and
Haliassos, 1995, Blume and Zeldes, 1993), a hurapesh life cycle pattern (Ameriks
and Zeldes, 2001, Faig and Shum, 2002, Heaton amas|. 2000, and Poterba and
Samwick, 2001), and a significant heterogeneitystafckholdings (Curcuru, Heaton,
Lucas and Moore, 2006). Therefore, many theoristgehbeen inspired to develop
optimization models that capture important featweseality, such as stochastic labor
income, borrowing constraints and transaction costspreferences other than the
Expected Utility family. But the literature doestmeach a consensus and the gap has not
yet been filled completely, which still calls foew researches to bridge the theoretical
models and the real world.

The idea of safety first was first proposed by Rt952). According to his idea,
individuals consider outcomes below a certain valsi@ “disaster”. He argues that when
making decisions about uncertain prospects, indal&l are intended to minimize the
probability of reaching disaster. Based on Roy’'guarent, Levy and Levy (2009)
examine the idea of “safety first” both theoretigand experimentally. They conclude
the important role of safety first in agents’ demmsmaking.

Moreover, safety first is empirically meaningfugpecially in case of retirement. As
suggested by Bodie (2008), a minimum income guaeashould be the default option in
retirement saving and investment. Guarantees cr&tainty, which has a profound
impact on the practice since less financial edooas needed and the information cost is

lower. Besides, an on-going discussion on redesggBiutch pension schemes advocates
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that the pension plan should switch from Definechi@bution to Defined Benefit as
people age — a real application of safety firstaid#o the life cycle.

This thesis aims to contribute to the literaturecbynbining the safety first approach
with the life cycle model. It will focus on answegi the two core questions: what is the
optimal portfolio allocation and what is the optinceansumption path over the life span,
for the standard investors and for the safety firgéstors, respectively. By a comparison
of the individuals’ decisions, we are able to redbk conclusion on whether the
incorporation of the safety first approach into thdividual's decision making has an
impact on the optimal asset allocation and consiempiver the lifespan, which might
further provide an explanation for the limited &t@articipation.

The literature (for example, Davis and Willen, 2p0&ate that the dynamic
optimization under a borrowing constraint has raset-form solution. An optimum can
only be obtained when the numerical methods ard. Mereover, the introduction of an
extra nonlinear safety first constraint adds mamaglications to solving the problem, so
that even the numerical methods will be much mafécdlt to execute. Given the
consideration of the computational feasibility attdit the focus of this thesis is to
investigate the role of safety first in agent’s idemn making, we simplify the dynamic
optimization problem into a sequence of two peraggtimizations, by assuming that
investors are myopic, having a planning periodraé gear. This assumption is generated
in the light of Bernartzi and Thaler (1995), wh@pose the idea of myopic investor and
point out that individuals have a short evaluatimrizon. Of course, it also brings a
limitation to the model: the solution is not anioptm throughout the life cycle, but only
a static and periodical optimization.

In our model, at each decision period, individuate supposed to make their
decision based on the consideration on the cupendd and one period ahead. Such a
decision process is rolled over until the agenfg’ énd. We further impose an extra
constraint for the safety first investors: to cohthe probability of reaching disaster, that
is, the consumption-wage ratio falling below thegenously determined reference point,
to be smaller than a critical level. Due to the Im@arity of the safety first constraint, no

exact analytical solution is available, while a muital method is time consuming and
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inefficient. Therefore, we follow Campbell and Viige (1999) and Viceira (2001), and
use a log-linearization approximation method tokvaut an analytical solution.

According to our model, safety first does influertm@h the optimal consumption
and optimal portfolio choice. When having concems the tail risk of relative
consumption to income, agents become more risksa\and allocate a less proportion of
their financial wealth to the risky asset. Thus,a»erage, safety first investors have less
equity participation. Note that the optimal poritbokchoice stays constant over time,
because the investment opportunity set is not vianging.

In addition, agents are reluctant to consume attineent period so as to accumulate
enough wealth for ensuring a certain level of comstion in the next period. Given our
assumption on the decision horizon, which is onar yghead, agent starts making
adjustment for their retirement at age 64. Howetrer,safety first investors demonstrate
a completely different consumption behavior forne tstandard investors. Instead of
investing, safety first investors would rather aome more and have a smaller exposure
to financial market, while standard investors consuless and save more financial
wealth to invest, which can hedge the loss of ineofifhe opposite decision is actually
driven by the safety first concern of the investtoing portfolio composition is fixed over
time, thus as less financial wealth is investethenfinancial market, the absolute amount
that is allocated into the risky asset is lessctvinesults in smaller risk exposure.

Nevertheless, the model has its limitations. Foftall, neither wage risk nor
longevity risk is included in our analysis, for thake of simplicity. Secondly, we assume
a simple setting of the financial market, which sloet incorporate the mean reversion of
the equity premium or the stochastic interest rhtest but not least, our result is not
robust to the value of some parameters, which Eewem for future research.

The thesis will be presented in the following stase. Section 2 gives a literature
review on the life cycle model and the safety fapproach. We present our model and
solve the optimal path analytically in Section 3cton 4 visualizes the optimal
consumption and portfolio choice when the modedakbrated. Finally, we conclude in

Section 5.
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2. Literature Review

In this section, we will briefly give a literatuneview of life cycle models and
applications of the safety first approach.

2.1 Life cycle

Merton’s continuous finance theory (1969, 1971,391975) establishes a general
framework which discusses the optimal consumptiod @ortfolio choice over the
lifetime. Given certain model assumptioni is claimed that the demand for the risky
assets is constant over time. One of the crucilubrealistic assumptions is the absence
of labor income. Bodie et al. (1992) further incangies the flexibility of labor supply
into the individual’s decision making. They conadutthat the fraction of an individual's
financial wealth optimally invested in equity shdthormally” decline with age, which
coincides with the well known strategy suggestedfibgncial advisor that investors
should place (100-age) % of their wealth in a waelersified equity portfolio (Malkiel,
1996).

However, these predictions are inconsistent with émpirical evidence. First, it is
well documented that a large fraction of the US ybajon holds little or no stocks
(Bertaut and Haliassos 1995, Blume and Zeldes, )1¥3&ondly, several studies report
that typically the risky asset holding is low atupg ages and then either increasing or
hump-shaped over the life cycle (see, for exampieedks and Zeldes, 2001, Faig and
Shum, 2002, Heaton and Lucas, 2000, and Poterb&amvick, 2001). Furthermore,
there is a significant heterogeneity of stockhaldimmong the stock market participants
(Curcuru, Heaton, Lucas, and Moore, 2006).

In response, great efforts have been made to réveglortfolio problem with a focus
on 1) incomplete markets in which background riska affect portfolio rules, and 2)

alternative specifications of preference.

! Asset returns are independently and identicalbtriiuted, agents have hyperbolic or constant

absolute risk aversion utility function, no labocome and markets are frictionless and complete.
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2.1.1 Incomplete market

The incompleteness of a market can stem from skesetaces, namely stochastic
labor income, a limitation of individuals’ marketading activity, for example, short sale
constraints, transaction cost and illiquidity, etc.

Wage risk

In a life cycle asset allocation context, laborome plays a crucial role since it might
result in wealth accumulation, and the level assét df the labor income varies over the
lifespan, which to a large extent provides theorale for age-dependent portfolio
choice.

Apart from Bodie et al. (1992), other papers whodmsider the labor income risk
include Campbell et al. (2001), Cocco et al. (20@gvis and Willen (2000), Haliassos
and Michaelides (2003), Viceira (2001), etc. Thetalies show that labor income can
act as a substitute for risk-free asset holdingschvmakes the individuals in the pursuit
of more aggressive investment in the risky assei@ssto acquire a sufficient amount of
risk. Only counterfactually high correlations beemeshocks to labor income and stock
returns, or the possibility of disastrous laboroime shocks (see, for example, Cocco et
al., 2005) can explain the limited stock marketipgration.

However, the labor income specification in thesedet® may be unnecessarily
restrictive (Benzoni et al., 2007), because theéamtaneous correlation between stock
returns and the changes to labor income at theeggtgd level is insignificant, resulting
in a low long-time correlation as well. On the gany, Benzoni et al. (2007) specify
aggregate labor income to be cointegrated withdéivids and predict a hump-shaped
equity holding over the life cycle. Because of keg run cointegration of labor income
and stock market performance, the human capitapf@sounced stock-like features and
commands a higher discount rate for young agentsreas it acquires bond-like
properties and thus is discounted at a lower rateofder agents. Their recent work
(Benzoni and Chyruk, 2009) further discusses hawgdain labor income risk helps to
explain the limited stock market participation plezzret, not all the literature reaches
the same conclusions that the long-run correlatibehocks to labor income and stock

returns is positive and high. For instance, the ehaadl Lustig and Van Nieuwerburgh
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(2006) indicates that the innovations in human theahd financial asset returns are
negatively correlated.

Transaction Cost

A large literature has suggested that small entstsccan be consistent with the
observed low stock market participation rates. &wmmmple, Vissing-Jorgensen (2002)
documents the evidence of structural state depeedenthe stock market participation
decision, supporting the importance of fixed tratisas costs. Gomes and Michaelidis
(2005) introduce a fixed entry cost for agents thaht to invest in risky assets for the
first time and find that, to some extent, this ¢oaias young households from investing
in the stock market. More prudent investors aredhes who participate in the stock
market as they accumulate more wealth and, thexefave strong incentives to pay the
fixed entry cost. However, their model still coufdetually predicts that young agents
that have already paid the participation cost ihwvesst of their portfolio in equities,
which leaves the limited participation puzzle unlaxped.

Borrowing Constraints and Housing

Another way to explain the limited or non partidipa in the stock market is the
borrowing and short sale constraints. As reportgdfdr instance, Jappelli (1990) and
Duca and Rosenthal (1993), there is a decliningdemce of binding borrowing
constraints with age. Thus, young agents can héralisow against the collateral of their
human capital due to the adverse selection andlrharard problem. Moreover, when
their borrowing rates are higher than the expeetpdty return, their demand for equity
holding is discouraged (Davis and Willen, 2006).

Cocco et al. (2005) examine the life cycle portdfoimplications of endogenous
borrowing limits and document that investors withbaunded income process hold
negative wealth when young and do not invest initexgu Davis and Willen (2006)
conclude that realistic borrowing costs dramatycakduce equity holdings. On the
contrary, Bovenberg et al. (2007) discuss the oagh an exogenous borrowing
constraint and find the restricted access of youngekers to capital markets harms their
welfare because it constrains not only risk taking also intertemporal consumption

smoothing for young agents.
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Other researches also examine the crowding-outctefflem housing when the
investor is borrowing constrained. Flavin and Yahias (2002) suggest that young
agents typically have large holdings of real estafative to their net worth, which
creates a highly leveraged position for them. Timgatively affects the agents’ risk
tolerance and forces them to use their net wortitter pay down their mortgage or buy
bonds instead of buying stocks. Cocco (2005) shitvas house price risk crowds out
stockholdings, and this crowding out effect is &répr lower financial net-worth. Yao
and Zhang (2005) incorporate a rental market fanshg services and examine the
optimal dynamic portfolio decision for both owneasd renters. They find that when
being indifferent between renting and owning, ttemkowner holds a lower equity
proportion in his financial net worth as a resulthe substitution effect between housing
and stocks. Yao and Zhang (2008) introduce cosfipancing of existing mortgage and
argue that the investor with a high housing valaeworth ratio has a large portion of his
wealth tied to illiquid home equity. Hence, theguee the fraction of net worth invested
in stocks when borrowing against stocks or humanitalais not possible. However, their
predicted net worth equity proportion and liquidalte equity proportion are still higher

than the observed counterparts.

2.1.2 Alternative Preference Specification

So far, the majority of researches in this fiel@ tise standard Expected Utility, for
example, the Constant Relative Risk Aversion (CRR#jty. One disadvantage of this
representation is that it links risk preferenceshwime preferences. Specifically, the
coefficient of relative risk aversion (RA) is thesciprocal of the elasticity of
intertemporal substitution (EIS). What this implissthat if an individual is averse to
variation of consumption across different statea particular point of time then he will
also be averse to consumption variation over tikh@wever, there is no fundamental
economic reason why this must be so (Mehra andcétes2003). Therefore, an
alternative venue to explain the “stockholding pezis to explore various specifications
of individuals’ preferences, which are not in tienslard Expected Utility family.

Gomes and Michaelides (2005) take advantage ofs#paration of risk aversion

coefficient and elasticity of intertemporal subgiin (Epstein and Zin, 1991) to build up
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a heterogeneous agent model, which predicts thadimlds with low RA and low EIS

smooth idiosyncratic earnings shocks with a smaffdp stock of assets and most of
them never invest in equities. Another way of chiagghe classical preference structure
is to introduce habit formation. Gomes and Mich#edi (2003) consider the internal
ratio-habit formation preference in a life cycle adeb They conclude that households
increase wealth accumulation early in life becabhsepresence of the habit term, which
leads to a stronger incentive to smooth consumpfitius, the habit formation model

decreases its ability to match the observed enagbiniegularities. On the contrary,

Polkovnichenko (2007) explores the implication dfliéive and internal habit formation

preferences and shows that young investors shaonldl fnore conservative portfolios

than middle-aged investors because they have rtoag@imulated enough wealth to
sustain consumption sufficiently above habit.

In addition to the standard utility functions, whicare smooth and twice
differentiable, the prospect theory developed bgrsky and Kahneman (1992) suggests
a kinked utility function, with the kink at a re@erce point. Unlike the preceding two
specifications, the kinked utility function has ri#en adequately investigated in a life
cycle framework. However, it has been well incogted and applied in the asset pricing
and optimal portfolio choice literature. BernatmdaThaler (1995) argue that people are
reluctant to invest in stocks because of a comignabdf loss aversion and a short
planning period, thus requiring a higher risk pnemion equity. Barberis, Huang, and
Santos (2001) explore a setting in which investtegve direct utility from not only
consumption but also from fluctuations in theirafincial wealth. Berkelaar, Kouwenberg,
and Post (2004) also document the substantial teffedtoss aversion on the optimal
investment strategy. However, their findings ttmat initial portfolio weight of stocks of a
loss-averse investor typically increases with theestment horizon are still at odds with

the empirically limited participants of young agent
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2.2 Application of Safety First

The idea of safety first was first proposed by R&952). According to his idea,
individuals consider outcomes below a certain valsi@ “disaster”. He argues that when
making decisions about uncertain prospects, thevithahls' first consideration is to
minimize the probability of reaching disaster.

Since then, the idea of safety first started toeapgpn various strands of the literature.
Telser (1955) gives the first extension and appbocaof the safety first idea and
investigates the economic implication on hedginge Rnd Turnovsky (1970) study the
relationship between safety first criteria and d@d mean-variance optimization. They
find, in the absence of a riskless asset, thatri@gpondence can be established between
the safety first criterion and expected utility rmakation when that maximization
results in concave indifference curves in the mgtandard deviation space. In addition,
Levy and Sarnat (1972) also examine the compaisiween expected utility and the
safety first principle. Arzac and Bawa (1977) deyebptimal portfolio choice using the
safety first rules. Their conclusion is that the RM\ seems to be robust to safety first
investors under the assumption of a normal retistmibution. All in all, the early works
on safety first approaches highlight its generélira potential and relevance to the
traditional decision making criteria under uncertgi for example, the stochastic
dominance criteria (Bawa, 1978).

Later, several studies extend the idea of safet fnto a multi-period setting.
Goetzmann and Broadie (1992) combine elementsefitngle period safety first idea
with multiperiod insurance strategies like constamportion portfolio insurance (CPPI)
and time invariant portfolio protection (TIPP) ademonstrate how a dynamic insurance
program can be implemented within a mean-variameendwork. Milevsky (1999)
extend the classical results of Samuelson (1968)Nerton (1971), which are derived
under conventional utility assumptions, to an imdiixal optimizing a safety first objective
function. He explores the effect of the investmieoitizon on the asset allocation choice
of a safety first investor. Stutzer (2003) develapsew investment decision framework
related to safety first rules: the investor maxiesizhe probability that the growth rate of

the invested wealth will exceed some pre-determiaggkt growth rate.
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Given the burst of financial crises, the safetgtfidea again attracts a lot of attention.
Based on Roy's argument, Levy and Levy (2009) eramfisafety first” both
theoretically and experimentally. They propose apeeted utility-safety first (EU-SF)
model where decisions are made based on a weighitgdge of the safety first criterion

and standard expected utility maximization.

10
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3. Model

In this section, we are going to present differéfg cycle models to make a
comparison. We start with the theoretical benchnmaddel in subsection 3.1, which is
consistent with the dynamic optimization in a contus time setting. In subsection 3.2,
we illustrate a simple two period model with a $afiérst constraint on the intermediate

consumption.

3.1 Theoretical Benchmark Model
Following Merton (1969) and Bodie et al. (1992)eanf the most straightforward

ways of modeling life cycle optimization problemtesuse a continuous time setting, for
the reason that a closed form solution on the ldsasdynamic optimization is available,
if there is no additional constraint other than bhuelget constraint. (For example, when
the borrowing constraint is imposed, only numerigsalution is achievable.) Based on
Huang, Milevsky, and Wang (2008), we will first exime the continuous model as our
theoretical benchmark model,

In this section, we make the following assumptiomsdividuals are utility
maximizers. The utility of the individual takes tfeem of a standard power utility, which
has a constant relative risk aversion coefficiehy .oThe individual's objective is to
maximize the discounted lifetime expected utilibet B stand for the subjective time
discount factorC, is the consumption in period Agents start working at time retire at
timeR, and live up to tim& . Then the objective function is given by:

1y

E, U: e U (Ct)ds} , WhereU (C,) = i ,

Individuals make decision on consumption and invesit. In the financial market,
there are only two assets that individuals can sadmm, a riskless and a risky one. We
assume they can be traded continuously without teamysaction cost or tax. For the

riskless asset, with pri&, the return is a constamt. The initial price of the riskless

asset is normalized to 1, i.e8, =1. At each period, the payoff is generated by the

11
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product of the risk free rate and the initial prieehich is expressed in the following
equation:
dB =r,Budt.

The price§ of a risky asset follows a geometric Brownian Matiavith a driftiz and
volatility g. The only uncertainty is generateddZywhich is a standard Wiener process.
In the simulation, we start with an initial priceX®0 for the risky, i.eS, = 100

dS = uSdt+0SdzZ .

Furthermore, we assume that there exists a riskleascapital gaiiY, from current
timetto retirement perio®&, which can be regarded as labor income, with asteom
growth rate ofg (for the sake of simplicity, we assumés larger than the risk free
rater, ), satisfying

dy, = gY,dt, fort <R.
DefineW as an individual’s financial wealth and letbe the fraction of savings that
Is invested in the risky asset. Then the dynamii¢ceeofinancial wealth reads:
dW, =[(1-a)r, +gquWdt + (Y, -C,)dt + oW dZ, (1)
fort <R, and
dW, =[(1-a)r, + wulW,dt —C,dt + owyW,dZ , (2)
forR<t<T.

The first part on the right hand side of (1) is thepected return on the investment,
the second part is the change in wealth from savamgl the last term reflects the
volatility of the risky asset. The equation for ttetirement is almost the same, except
that in retirement, no labor income will be realizéY, =0). They are the budget
constraints of the maximization problem for prarezhent and post-retirement period,
respectively.

Since the wealth dynamics of the post-retirememiodein equation (2) is just a

special case of the pre-retirement dynamic in (@hereY, = O, | will focus on the

optimal solution under the budget constraint (1).

12
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To apply the stochastic dynamic programming, tHaes&unction is defined as:
T
JW,Y,t) = maxE{.[ e"’SU(Ct)ds}
t

which is subject to the constraint (1) and (2), whiee individuals are in the employment
and the retirement period, respectively.
The control variables are the consumptpand the portfolio allocation parameter

while the state variables are the current valu®tal wealtiw, and the wag¥ . Then we

derive the Hamilton-Jacobi-Bellman (HJB) differahtequation to solve the dynamic
optimization (see Appendix A for the detailed datign).

Applying Ito’s lemma, the optimality conditions dffw,Y,t)is then formulated in

terms of the HJIB equation (3). Time subscripts dmepped for simplicity, and the
remaining subscripts denote partial derivatives.

0=max{e U (C) + I, [(A- W)r; + W ~C+Y|+ 3+ J,gY + 05070 W23, }  (3)

Based on the HJB equation, we can further comphgeoptimum for the control
variableC, anda, .We take the first order condition (FOC) on thetcolnvariables of the

HJB equation (3), which gives

(€))7 =€,
a)[VV:_J_W/u_rf 4)(
I O

Thus, substituting the optimal value for the cohtrariables in (4) into the HJIB
condition (3) yields:

r1 2 -r.)2
o=%/e'ﬂf(eﬂaw) V43, (TW+Y) +, +JYgY—O.SJJW u (5)

WW g

Observe the presence of thinction in (5), the form of théfunction should be
obtained in order to work out the optimal conditidiiotivated by the closed-form

solution for the constant wage used in Merton (J9%We assume that th&function

13
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takes the following form, which is common in théetature (for example, Huang,
Milevsky, and Wang, 2008).

h®W + k(Y]

JW,Y,t) = =

(6)

After guessing the form of thkfunction, we substitute (6) into (5) and derive the

exact expression for tlifunction. For the employment period,

e _1Y [W, + g }I‘ (]-_e(g_r )(R_t))Yt]l_y
JW,Y,t)=e™ ! ,whent<R,
A 1-y
and for post-retirement period, it is
M _q le—y
JW,Y,t)=e™? A t _ whenR<t<T.
where
_ -r.)?
A:—£+1_y rf+0_5u .
y Y yo

Given the formula for the derived utility functiahW,Y,t), the corresponding

optimal consumptions and allocation to the riskyedsire determined. According to (4),

we have

o= A {V\/ﬁ 1 (1_e<g—rf)(R—t))Yt}
g_

e -1 r
(7)
1 (g )R-y | (M~ T)
= W + 1_e f Y ]
W, {t g—rf( )t} /02
for t<R, and
A
CtD = eA(T—t) _1VV“
8
i = 1) ©
t t yo_z 1

forR<t<T.
14
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One caveat worthy our attention is that the bormgwdonstraint is not imposed in this
model, which may result in an unrealistically higbnsumption at the beginning of the
agent’s career. As a consequence, the optimal idecfer a young worker will be
borrowing money to sustain the desired level ofsoomption, which may cause a
negative financial wealth. In fact, a stream oérbiture tries to illustrate this issue by
introducing a borrowing constraint into the lifectyy model (see the literature review in
section 2.1.1). However, a more realistic constraiomes at the expense of the
computational simplicity: a constraint on borrowiagds the complications of the model,
which leads to no closed-form solution. As a consege, an optimum is only available
when a numerical method is conducted, which is more consuming (Davis and
Willen, 2006). Given that the focus of this thdsiso investigate the role of safety first in
agent’s decision making, we will only discuss thiiition for this benchmark model, and
no simulation or the graphical comparison will beyided.

We first discuss the optimal choice for the retiesnperiod. It is notable that, for the
post-retirement case, when there is no (wage) iecone optimal portfolio choice is just
the same as that in Merton’s problem (1971), wittoastant proportion of the financial
wealth invested in the risky asset. Since themgoisncome after retirement, we cannot
derive any expression for the consumption-incontie.rénstead, only the consumption-
to-financial wealth ratio is available, which is @creasing function of time. The reason
Is that, during retirement, when there is no wagmine, agents’ consumption is getting
more and more heavily dependent on their finaneiglth. Since the financial wealth
will decrease, the increasing proportion provideislence for the individual’s incentive
of consumption smoothing.

On the other hand, the optimal choice is more caagd for the employment period.
We rearrange the expression in (7) to derive thenah consumption-income ratio and

optimal portfolio composition in the form of the alth-income ratio:

C__ A W, 1 (1= eT T RD)

w}g_ (,U_rf)_'_ 1 1 @0 R (u=ry) Y,
ST L g D N
yo g-r oo W,
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According to (7’), the portfolio choice before retinent is time dependent. More
precisely, the allocation of the risky asset ignedr function of the inversed wealth-
income ratio. The intercept is indeed the samehasoptimal portfolio choice in the
retirement period, when labor income diminisheszéoo. Agents in the employment
period are intended to invest an additional amdarthe risky asset, which depends on
the inversed wealth-income ratio. The slope istp@sand increasing as time approaches
to retirement (the growth rate of wage is assurndgktlarger than the risk free rate). The
intuition is simple. When people get closer to ¢inel of employment, they become more
sensitive to the proportion between their incomgative to their financial wealth in
making the investment decision. All in all, the io@l allocation of financial wealth to
the risky asset contains a constant portfolio, Whg regardless of the income, and a
hedge portfolio against the changes in the humaitatawith respect to the financial
wealth.

As to the optimal consumption, the first expressmr{7) indicates that it is a time
varying proportion of the total wealth, which castsiof the financial wealth and the
human capital of the agents. The proportion alspegses over time, once more implying
an increasing dependence of consumption on thé wealth when the agent ages.
Rewriting the expression of optimal consumptiorhpat(7) gives the first expression in
(7). The pre-retirement consumption-income rafiailinear function of wealth-income
ratio. As the slope is positive (sindés negative, both the nominator and denominator
are negative) and time dependent, the effect ahfiral wealth on the optimal choice of
consumption reinforces over time. It is due to thet that before retiring, the human
capital of an individual has been realized graguathile the financial wealth has been

accumulated, thus, the effect of the financial webecomes more dominating.

3.2 Two Period Model

As discussed in the previous section that the dymaptimization under a borrowing
constraint has no closed-form solution, there igloabt that after holding an extra and
nonlinear safety first constraint, even the nunaroethod will be much more difficult
to execute. Based on the consideration of the ctatipnal feasibility, we simplify the

dynamic optimization problem by putting forward flelowing assumption.
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We assume each investor is myopic, having a planperiod (one year) and a
perfect foresight for his planning period. This imp that when making a decision, he
only considers the current and the next period. ddtaal consumption or investment of
the next period may be different from his plan mpextation. Figure 1 illustrates the
rolling planning procedure of the myopic invest@tarting from periotd when the agent
enters the employment period, he makes the dec@iotihe consumption and portfolio
allocation for the decision year (current yearsdzhon the consideration of the decision
year (current year) and the planning year (next)y&fhen he moves to the next year,

the same decision process is repeated, his deg@giod is thert +1, and his planning

period is rolled over to perioth- 2. We assume that the decision making process will

continue up to his death at peribdand even during retirement, he retains this Habit

decision making.

Figure 1 Rolling Two Period Model

This figure demonstrates the decision making podghe agents, which is rolled over repeatedly
throughout the life time.

Decision Period Planning Period
t t+1 _—

\ \

|
1
t+1 t+2 _— R T
Decision Period Planning Period Retirement Life expectancy

-~ 4

Through such an assumption, we are able to simiiigyoptimization problem over
the life cycle into a sequence of two period opmion problems. Indeed, this
assumption is generated in the light of Bernamzi &haler (1995), who propose the idea
of a myopic investor and point out that individuasve a short evaluation horizon. Of
course, this assumption brings a limitation to ni@del: the solution is not an optimum
throughout the life cycle, but only a static andigaical optimization.

The assumptions on the individuals’ working life édhe same as that in section 3.1,
except that we assume that individuals are entitiedreceive a constant annual
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endowment (or pension income) during their retiretnevhich is equivalent to a
specified replacement ragéimes the wage income of the last working period,
Y, =Yg, RSt<T.
Following the same assumption of the utility fuoati the individual's objective in
the two period model is to maximize the sum ofulikty on the consumption in the first
period, and the expected value function of avadlablealth in the second period.

HereM,,, stands for all the wealth that the agent has irsé@®nd period.

C g Mt
1-y " 1-y

During the first period, agents receive labor inedm which is riskless and has a

9)

growth rate oG until retirement. After substracting the consumptfor that periodg,,
agents allocate their saving-C, to the financial assets. A borrowing constraint is

imposed to reflect more realistic problems for itéividuals, especially the younger. In

the second period, they are capable to use alwdathM which consists of a

t+1 7

realization of labor incomé,,, and the accumulated gain on the financial matledtthe

return on the portfolio that they have chosen anftrst period yield a gross returnRf, .
Thus, the agents are subject to the intertempaoi@dgét constraint:
(Cos My = (Y, ~CIRL + Yo, (10)
ithv Y,,, = @+ G)Y,. (11)

The assumption of the financial market is the saseection 3.1. Denog as the
one period gross return on the riskless asset,nwkiequal t@" when it is continuously
compounded, and lgt be the gross return of the risky asset. Using Itetrama, the
return of the risky assef, is log-normally distributed. In addition, the meand the
variance of its log return, defineds=1og(R’,), iS #-050° and ¢?.

Assumexis the proportion of savings invested in the rislgget at time The one

period return on the portfolio is given by:

1= R + (R, —Ry). (12)
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Last but not least, safety first investors are actbjo a safety-first constraint. From
the definition of safety first, people consider th@gcome of an uncertain prospect under
a certain value as a disaster, and they want tamiza the probability of reaching
disaster. Therefore, there is a large variety efftrmat of the safety first constraint. In
our case, we impose the safety first constrainthenintermediate consumption, which
takes the form

Prt(h<c)sa. 3j1
t+l

Herecrefers to an exogenously determined reference Jpairda is the investor's
critical level on the probability of reaching ditas A disaster is defined as the situation
when the consumption-wage ratio in the planningogefalls below the reference point.
Agents’ safety first preference is reflected inithetention to control the probability of
reaching disaster to be lower than the criticaélev. In order to draw the most common
conclusion, we further imposeto be smaller than 0.5, which means that agentsaanke
about the left tail risk.

In fact, the safety first constraint is formulat@dhilarly to a value-at-risk constraint.
Inspired from the application of value-at-risk cast in the asset pricing field (for
instance, Basak and Shapiro, 2001; Krokhmal, Palshcand Uryasev, 2001), we choose
this specification to keep consistent with theréitare and to use the techniques that have

already been developed.

3.2.1 Log-Linear Approximation Method

There are no exact closed-form solutions for this period optimization problem
due to the presence of non-linear terms. SolvingHe optimal policies requires some
numerical methods, but it will be extremely timensoming when the two-period model
is rolled over. Therefore, we choose to follow Caelpand Viceira (1999) and Viceira
(2001), and use a log-linear approximation metloosbive the problem.

Similar to Campbell and Viceira (1999), the probleam be log-linearized because
the assumptions on preferences, labor income, lEndthvestment opportunity set ensure

that the consumption and savings to invest arectlstripositive. The log-linear
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approximation to the intertemporal budget constraimiven by (see Appendix B for the

detailed derivation)
K+ g+ pt+l(Ct+l - yt+l) 2 (Ct - yt) - rtfl =0 (14)
Here, lowercase letters denote the variables ins loand g =Ilogl+G).
Furthermorek , p,,, andp, are the log-linearization constants (see AppendioBhe

details)

— exp[E(Ct Y )] — exp[E(Ct+1 B yt+l)]
t eXp[E(Ct Y )] -1’ i eXp[E(Ct+1 - yt+1)] -1’

k=-p.,l090., + (0., ~Dlog(p,, -1) + Q- p,)logld~ o) + p, log(-p,).

An approximate expression for the expected logrnetd the portfolio is also derived
according to Campbell and Viceira (1999)
Erl =r +a(u-r,)+ 0501l w)o? (15)
Combining (14) and (15), we get the log budget tan# in a linear form of asset
returns, consumption, and labor income. In additionthe intertemporal budget
constraint, we have a safety-first constraint o@ pfanned consumption-wage ratio as
formulated in (13). Since the return on the poitf&’, follows a lognormal distribution
and the labor income is nonstochastic, the didiobwf the planned consumption-wage
ratioC,,,/Y,,,is lognormal. We substitute the expression of tteped consumption-
wage ratio in (13) based on the intertemporal btidgastraint (10), use the quantile as
an alternative expression of the probability, anenttake the logarithm on both sides.

After several steps of rearrangement (see AppeBdiar the derivation), the resulting

safety-first constraint is
E[rtfl + Za \Ivart(rtfl) <log(c-1) +g-log[1- exp(ct - yt)] (16)
where Z , is thea-th quantile of a standard normal distribution.

Observe that the log-teriog[1-exp(c, - y,) appears again in the expression, we once

again apply the log-linearization method to appmage, which will be discussed in
section 3.2.3. Before that, we will first discube tase of a standard investor, who has no

safety first constraint.
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3.2.2 A Standard Investor’s Problem
In this section, we are going to derive the optipath without including a safety-first
constraint, as a benchmark for the two-period modetase of no safety constraint, the

Euler equation of the optimization problem in (@ies the standard form

1=E (ﬁ(%l] R..),

wherei =g, f,P, standing for returns on risky asset, risk freeegsand the overall

portfolio.

Taking the logarithm on both sides, we get the efamula
i 1 i
O=logB- VE, (Ct+1 - Ct) +Er, t Evart[rtﬂ - y(Ct+l -G g (17)

Substracting the log Euler equation for f form that fori =e, the following

equation holds
e 1 e e
Et g —T¢ Evart (rt+1) = J’COVt (Ct+1 -G, rt+1)' (18)
Moreover, substituting,, with the log budget constraint (14) gives
e 1 e —_ e
Et iy — T4 +§Vart (rt+l) - ya)‘/art (rt+1)!

and the optimal portfolio rule

o = 2 -1 (19)

H=Ty +102
2

where A = stands for the Sharpe ratio of the risky asset.

o

Since the assumption on the financial market inspliat the investment opportunity
set is constant, the optimal portfolio allocatdsad fraction to the risky assets, which is
comparable to the well-known Merton’s portfolio. @hagents get wealthier, the total

wealth that they invest in the risky asset willreese accordingly.
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The optimal consumption policy is given by the Iggler equation (17) for = p.

After substitutée,c,,, using the log budget constraint (14), we have

CtD = ﬁ X
t+1 t (20)
((1_ IOHl)Et rtfl - Pra (1_L) Zvart (rtfl) - Prg |Ogﬂ_ k+ (pt+1 _1)9] Y,
4 2y Pra 4

The optimal log consumption in a two-period modelai linear function of wage
income. The slope of optimal consumption with respe wage income is exactly equal
to one, which implies that the consumption-wagéret a constant. Note that such a
result might be the consequence of the assumptiortie model setup, for example, the
investment opportunity set remains constant ovaoge and there is no stochastic wage.

However, in the last working period, individualse aaware that there will be less
income in the next period because their income bellthe product of the replacement
ratio and their income in the last employment prio.e., the growth rate of

incomeg becomes negative. As a result, the consumptionatgewatio would be lower

according to (20). Such a change in the consumgieimavior leads to an increased
proportion of income that is invested in the rislggets, since the optimal weight remains
constant. It is driven by the investors’ hedginghded: in the last working period, people
want to hedge as much as possible the reductiomdome through investment.
Nevertheless, the short reaction is purely drivgrobr assumption that individuals are
only capable to forecast one year before. We extiettthe solution for the dynamic
optimization over the life cycle will predict a muearlier start of an adjustment and
preparation for the retirement.

When agents arrive at their retirement, they rez@iconstant endowment annually.
The expression (20) predicts that the consumptiagearatio increases from the level of
age 64 to a certain point, which must be lower ttheat in the working period because
there is no growth in their income. When agents entwv the retirement, the hedging
demand diminishes because income is stabilizecha§aice the portfolio composition is
still the same as before, the total investmenthi@ tisky assets reduces because the

income has been decreased.

22



Safety First Approach in a Life Cycle Model

3.2.3 A Safety First Investor’s Problem
When the constraint in (16) is bindfgve have

Et rtfl + Za'\/Va‘rt (rtfl) = lOg(C _1) +9- IOg[l_ exp(ct Y )] (21)
Taking into account that the non-linearity in coastt (13) may lead to no analytical

solution of the optimal path, we again apply Cantipkend Viceira (1999)'s
approximation technique, and get

Erb +2Z,yVar (rf) —-m-logc-1)-g+p,(c -y,) =0. (22)
wherem= (1- p,)log(1- p,) + p, log(-p, ).
Using the same approximation as (15), the expnedsiothe mean and the variance
of the log portfolio returm,?, are obtained, which can be used to derive thedtarofc,
Erl =r +a(u—-r.)+05wl-wo?, Var, (rP) = wVar, (r5,) = w’o?.
In order to get the expressioncnf, we combine (22) with the log-linearized budget
constraint (14), and find
K+ 0a B €y = Yeu) + Zo 4 Var () —m—log(c-1) = 0. (23)
After obtaining the functions af andc,, in terms ofe, we plug them into the

optimization problem in (9), and then the resultiimgt order condition with respect

towis

CI¥[(u-1,) +050° —awo® + 2,01+ FECL Pz, 0=0. (24)

t+1
t+1

This implies that the optimal portfolio rule is

1y
GE P (CMJ

oo PalC) T A+Z,

s o o

2 For some certain values af for example whem goes to the positive infinity, the constraint can
also be non-binding. We will first analyze the nairoase when the constraint is binding, and theoudis
the reasonable range @fn section 4.5.
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According to the Euler Equation, whiea f , the following equation holds,

Coa) v_ 1 _
Et(ﬂ(élJ ):R_:e ’
t f

therefore, the optimal portfolio allocation to rysksset is

1
5" Pexpt, 1Y)z,
0 _ pt+1 y /]+Za
we" = + .
g g

(25)

From expression (25), it is only obvious that tiptimal portfolio consists of a larger

proportion of risky assets when the Sharpe ratbthe risky asset increases. Hetgis

the a-th quantile of a standard normal distribution. Ap&om the subjective time
discount factof3 and risk aversion level, we have noticed that the optimal weight to
risky asset under the safety first constraint $® dhrgely dependent on the ratio between
the rhos in the subsequent years. Before preseatfngher analysis, first understanding
the intuition of the rho-ratio is worthwhile.

According to the expressions @f, andp,in (14), they are constants derived from

the log-linearization method (see Appendix B foe tletails), which only depend on the
unconditional expectation of the consumption-wagatior for periodt+1 and

t, respectively. Therefore, they are endogenous. Mongortantly, the values have
different signs, leading to a negatjgg p,.,. The reason is as follows: in the first period,
the agents’ consumption is subject to their wageonme, thus, -y, should not be
positive angp, should be negative. In the second period, indii&lgan consume up to
their whole wealthM ., (m_, is its logarithm), which including their actual cumption
(sincep,,, is planned in the first period, it is very well possible texdate from the actual
value in the second period) and savings. Henggyéss a positive value {a,,. Given the

setup of our two period model (constant investnogortunity set, no stochastic wage,

and myopic investors), and the intuition of the-rato, we expect it to be a constant
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over time’. In section 4, an empirical analysis for the rhter will provide more
comprehensive interpretation.

After analyzing the rho-ratio, we can concludehas stage that the optimal portfolio
weight of financial wealth to risky asset is a dans throughout the individuals’ lifespan.
Regarding to the one-to-one relationship betweenotitimal portfolio choice and other
endogenous parameters, for instap@nda , it is pretty unclear analytically because of
the possibility that some parameters are endoggnadetermined by others. For
instance, since labor income is assumed to beegskbnly one risk exists in the market -
the equity risk, which determines the uncertaintythe next period’s consumption.
Therefore, the concern on the tail risk of the pkthconsumption-wage ratiamay be

endogenously related to the constant relativeaigksiory . Besides, the presence of the

rho-ratio makes it even harder to explore the daysetfect of these parameters on the
optimal portfolio choice. We will leave these dissions to the next section, where the
study of the linkage between the optimal weight atiter parameters will be conducted
numerically.

One important point worthy strengthening is tharéhshould be a reasonable range
for the level of the critical value, since it is a necessity for the safety first ¢aaist (13)
(or equivalently, the log-linearized safety firsinstraint (16), we will refer to (16) in the
following discussion) to be binding. By definitionr,should have a positive value. It
cannot, however, go beyond a certain level, whghhe boundary condition for the
constraint (16) to bind. In other word, whers given a sufficiently large value, the left
hand side of the expression (16) is not necessabetlower than or equal to the right
hand side. As a result, the safety first constrdogs not play a role in the optimization,
which makes the case of a safety first investoveoges to that of a standard investor. In
section 4.5, we will investigate the possible cheiofa.

When comparing the optimal portfolio allocationweeén (19) and (25), i.e., without
and with the safety-first constraint, the role lbé tsafety-first constraint in shifting the
investors’ choice towards risky asset is not obsioWwe derive the difference of the

fraction in (26) and it is notable that the numeras not necessarily negative. The sign

3 Of course the rhos could be time vaying becausectimsumption-wage ratio or the wealth-wage
ratio may change over time. But we expect the tatioe a constant.
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of the numerator is again determined by the magdaitf the rho-ratio, once the values of

other parameters are set.

1 _
B Pexpt, TNz, +(y-Da+ 12,
)4

AP zwg - = P (26)

yo

Next, we move to the investigation of the optimahsumption path for the safety
first investor. Given the complexity of the expriessfor the optimal weight, we would
rather analyze it qualitatively based on equatidh),(instead of presenting an exact
expression. All in all, during employment, the comption-wage ratio is also a constant
since the optimal portfolio composition remains hareged. It is the same as the outcome
from the standard investor's problem. The reasostrigightforward: according to the
financial market setup, the investment opportusiéy does not show a time-varying
feature. Intuitively, the consumption-wage ratiotie safety first model should have a
smaller value than that from the model in sectidh23 since people are more cautious
about their relative consumption in the secondquakri

Up to now, all the analyses are still based on ¢ngployment period. When
retirement is taken into account, the consumptiagevratio will change, because of
people’s awareness in the last period of the wgrkife. At age 64, individuals adjust
their consumption to prepare for the decrease obrive in the next period, when
retirement starts. Given expression (21), whengttosvth rate decreases to zero during
the retirement period, or even it becomes negaitivéhe last working period, the
consumption-wage ratio in the previous period stéstincrease. It implies that people
tend to consume more and invest a smaller propodfaheir income at age 64, if they
want to ensure that they will have a certain lesfetonsumption-wage ratio in the next
period.

A comparison between the result of the retiremeniopl with that in subsection 3.2.2
yields a conclusion that, when the riskiness of phenned consumption (relative to
income) is concerned, agents with safety first gmesice would rather consume more

than before, and become reluctant to invest initky asset.
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4. Simulation

In this section, we assign the parameters valuas @ne consistent with the
literature and then simulate the outcome for thémgd portfolio choice and consumption

path. The table below summarizes the value andigésa for each parameter.

Table 1 Summary of Parameter Value

The table contains a summary of the value for gaslmeter that is going to use in the calibration.
See text for the motivation of the choice of théueaFor the rest, the value is chosen consistéht thve
literature.

Preference Parameters

o 0.05 Critical level on consumption-wage ratio

B 0.98 Time discount factor

Y 5 Relative risk aversion

. 1.4 Reference_ point of _ Working Period
13 consumption-wage ratio Retirement

Financial Market Parameters

r 0.01 Risk free rate

H 0.05 Expected return of risky asset

o 0.2 Volatility of risky asset

Other Parameters

n 0.6 Replacement rate

T 25 Age that agent starts working

R 65 Retirement age

T 85 Life expectance

One important remark is that the value of the exiee point should be chosen very
carefully because it is crucial in the safety ficenstraint. In order to cope with it, we
refer to the empirical data to determine the védhrec. A detailed description of the
computational procedure will be demonstrated irtigect.1. According to its definition
in this paper, we finalize the value of c to be bdfore retirement and 1.3 after
retirement. The reason why the value is lower iirement is straightforward: agents
receive a less income and become less aggresgiasdieg their wealth-wage ratio being
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above a certain level. Note that each number hera ireal-terms, since we do not
consider inflation risk.

The rest of this section is structured as folloWs start to figure out the empirical
value for the rho-ratio, which is of great importanin determining the value for the
optimal weight under the safety first constrainhem in section 4.2, we simulate the
performance of the financial market for each perod calculate the optimal portfolio
choice. Section 4.3 discusses the optimal consompath over life time and section 4.4
illustrates the planned consumption. Section 4riains a sensitivity analysis for some

preference parameters of interest.

4.1 Empirical Value of the Rho-Ratio

In order to get some empirical interpretations tté# tho-ratio, we collect data on
consumption, wealth, and income data from U.S. Bepant of Commerce, Bureau of
Economic Analysi§ All the data are on an annual basis, from 1950009, and in a
chained (2005) dolldterm. More specifically, we ugeer capita personal consumption
expenditure as a proxy for consumption, which includes thescomption expenditure on
non-durable goods and services. As to the measumgersonal incomeper capita
disposable personal income is selected. Lastlyer capita gross domestic product is also
collected to be a fair proxy for wealth. It is alsseful to point out that personal wealth in
our model might be lower than the gross domestidyet because there is no social
welfare. Roughly speaking, the range of the congiomgpncome ratio is from 0.8 to 0.9,
and that of wealth-income ratio is from 1.3 to (thhat's why we choose 1.3 for a critical
point in working life and 1.4 for that in retirentgn

According to the formulas of the rhos in sectio.3, we first calculate the value

of p,andp,,, for each year, and then take the ratio between theémo subsequent years.

The results are visualized in Figure 2. Both theiesand the ratio of rho tend to be more

stable in the most recent years. As we suspeatidtee at the beginning of the period is

* http://www.bea.gov/national/nipaweb

® A method of adjusting real dollar amounts foflation over time, so as to allow comparison of
figures from different years. Chained dollars galigrreflect dollar figures computed with 2005 & t
base year.
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somehow influenced by the statistical method “Cédirdollars”, so we pay more
attention to the recent periods.

The rho for the wealth-income ratio stays aroundaviich is consistent with the
common economic intuition that the wealth-incomgoratself is very stable. On the
other hand, the rho for the consumption-incomeriatimore volatile, but the fluctuation
magnitude is not large. The persistence of the thv@éatome ratio and consumption-
income ratio also guarantees the extent of accurbowr log-linearization methodology.

As to the ratio betwegn andp,,,, it fluctuates around -1, which demonstrates & ver

stable feature.

Figure 2 Time Evolution of rho_t, rho_t+1 and rho-ratio

This figure demonstrates the value of rho_t, rha_&hd the corresponding rho-ratio for the period
from 1950 to 2009. Data is collected from U.S. Dépant of Commerce, Bureau of Economic Analysis.
See text for detailed description. The value isdated based on the formulas given in sectior83.2.

O rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr 11111 rrrrrr T T TrTrTT

—4—rho_t —M—rho_t+1 rho-ratio

-10

1950
1952

1954
1956

1958

1960
1962

1964
1966
1968
1970
1972
1974
1976
1978
1980
1982
1984
1986
1988
1990
1992
1994
1996
1998
2000
2002
2004
2006
2008

Nevertheless, before we use the value to simulsergsults, it is worthwhile to
mention the inaccuracy of those proxies. For examgioss domestic product might not
be a good indicator of the personal wealth sinegetlis no central planner involved in

our model. In addition, according to our model aggtion, the rho for the next period is
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only a plan, but not realized yet, while our engatidata provides the actual information,
which may lead to a deviation as well. Thus, weidketo take the value -0.85 for the
rho-ratio. However, because of value of the rharet virtually unkown, our choice of

the rho-ratio is really important to determine thygimal weight. One caveat is that the

optimal weight is very sensitive to the choicela# tho-ratio.

4.2 Optimal Portfolio Choice
Based on the parameter set described in Table thanchoice of the rho-ratio, we
calculate the optimal portfolio choice for the natnmvestor and safety first investor.

The result is shown in Figure 3.

Figure 3 Optimal Portfolio Choice

This figure contains a comparison between the nbimaastor and the safety first investor in ternfis o
their optimal portfolio allocation. The criticaMel of safety first investor is 0.05.
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According to Figure 3, the optimal fraction of theancial wealth to be allocated to
the risky asset is 30% for non-safety first investdut 18.92% for safety first investors.
It is rather consistent with our intuition: aftesrssidering the risk of the consumption-

wage ratio dropping below a certain level, the tyafiest investors are more risk averse
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than their counterparty, which result in a lesspprtion of risky holding in their
portfolio. Note that the life cycle pattern of tfraction is a flat line for both of them

since the investment opportunity set is not timeava, and we assume no wage risk.

4.3 Optimal Consumption

As discussed in section 3.2.3, we know that bgthnd p,, are endogenous
parameters. After the value of the rho-ratio isaoi®d, the values gb, andp,,,can be

figured out by iteration (Viceira, 2001), becauke expressions of optimal consumption

in (20) and (21) contain the rhos, while the exgi@ss forp,,, andp,in (14) are functions
of the log consumption-wage ratio, which providesoalinear mapping op,,; andp, on
themselves. We first give an initial value far, and the value fop,, is calculated

automatically given the value of the rho-ratio rown. Then based on the parameter set
we compute the optimal consumptions and then geewa value for the rhos. The
iteration continues until the absolute differensawo subsequent iterations is less than
0.01. Thus, the convergence is achieved and theeViak the optimal consumption is
obtained.

A comparison between the optimal consumption fdetgfirst investors and their
counterparty is illustrated in Figure 4. As preddtthe flat consumption-wage ratio leads
to an increase in the consumption as the wage iaa@ses until one period before the
retirement. Note that the consumptions for bothegters are below the income all the
time, ensuring a borrowing constraint of the induals to be held. A notable distance
between the consumption of the safety first inuesstmd the standard investors indicate
the importance of the safety first constraint ie thdividuals’ decision making: when
people care about their consumption (wealth) inrteet period, they tend to be much
more conservative in their current consumption.

The most striking changes occur in the last emptninperiod. At age 64, people
take into account their decreased income in thé pertod — the starting of retirement —
and make adjustment accordingly. However, two tygfesvestors behave differently: an
ordinary investor consumes less and saves moreci@avealth to invest in the financial

market, while a safety first investor inversely somes more and has less financial
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market participation. The totally opposite decisioare attributed to the additional
concern about the tail risk of the planned consuwmptvage (wealth-wage) ratio.
Investors, who do not care about the consumpticealiv) in the next period, may save
more financial wealth and participate in the finahearket so as to hedge the decrease
in the income. On the other hand, agents with Hfetg first preference in mind may
consume more and are reluctant to have the financsket exposure. Because the
composition of the portfolio is not time varyindpet absolute amount that is allocated to
the risky asset is smaller if they invest less ifitmncial market. As a result, when
confronted with a reduction in income, they wouddher consume more than investing.
Nevertheless, even in the last period of workifigy kafety first agents still consume less

than their counterparty, implying the effect of 8adety first constraint.

Figure 4 Optimal Consumption Path

This figure gives a comparison of the optimal canption between safety first investors and the
normal investors. In addition, the age-dependergenia also included as a reference. All the resars
obtained from the calibration as described in éx. t
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In the retirement, both types of agents keep tb@nsumption proportional to their
(pension) income constantly. The gap between tiseduced, indicating that safety first

agents consume relatively more. The rationale esstime as before: they want to have
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more consumption instead of financial investmernite® the fixed portfolio allocation,
less investment means less equity exposure, andsagan control as much as possible
the uncertainty in their consumption (wealth) ie thext period.

However, it is important to point out that, in iegl people start planning for their
retirement much earlier than just one year aheadth8 seemingly striking spikes in

Figure 4 are expected to be more spread.

4.4 Planned Consumption
Given agents’ choices of consumption and portfaliocation in the current period,
let’s look at the agents’ plan of their total wéallh the next period. Figure 5 unveils the

outcome.

Figure 5 Expected Consumption

This figure gives a comparison of the planned congion between safety first investors and the
normal investors. In addition, the expected wagsde included as a reference. All the resultsohtained
from the calibration as described in the text.
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Similar to the optimal consumption in the decisp@riod, the expected consumption
is also following the increase of the expected meofor the planning period. The
expected consumption of the safety first invessanuch higher than that of the standard

investors: it stays above 1.5 in employment peaiod reduces to be slightly above 1.3 in
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retirement, while the normal investor only has aalnamount of surplus in their
consumption relative to the income all the time.

At age 64, when the retirement is approachingettpeected consumption also drops
markedly, both for the safety first and the staddemvestors, but the magnitude of
reduction is more substantial for the former. Thepd are driven by two reasons. Firstly,
the expected wage is reduced when the retiremarts sEven if the consumption-wage
ratio remains unchanged, the value of the expemtedumption will drop. Secondly, for
the safety first investors, the expected consumptiust be lower since they decide to
consume a larger proportion of their income in rthacision period and have less
investment. For the ordinary investors, who haws leonsumption and more financial
market participation in the last working periode thlanned consumption is amplified
enormously. However, the increase is not sufficientompensate the decrease in the

income. But nevertheless, it drops less severettiatrof the safety first investor.

Figure 6 Planned Consumption-Wage Ratio

This figure gives a comparison of the planned comgion-wage ratio between safety first investors
and the normal investors. In addition, the refeeelige for the safety first investor is also inadddas a
benchmark. All the results are obtained from tHération as described in the text.
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In order to further analyze the consumption-wage rand test whether our safety
first target is satisfied, we include the comparisbthe consumption-wage ratio between
the two types of investors. As shown in Figurel@ three lines in the top and in the
bottom are from the safety first investors and stendard investors, respectively. The
solid line in the middle is the expected consumptand the dotted lines are the
corresponding 5% and 95% quantile. The three lBmesiot clearly distinguished because
the standard deviation of the planned consumptiagewnratio is quite small. For the
safety first investor, the medium standard deviatiwver the life span is only 0.26%,
while that for the normal investor is 0.43%. Altlghuhard to observe graphically, the
planned consumption-wage ratio for the safety itoreis indeed much lower than their
counterparty.

The reference line is also illustrated as a benckiriet comparison. Being above the
reference line for all the age group and lessiribkrited, the planned consumption-wage
ratio for the safety first investor is exactly demtrating a safety first feature, which
satisfies the demand of controlling the probabibfyreaching disaster required by the
safety first investor.

The drop and the spike in the ratio are the redudt® the opposite change in the
consumption behavior in the decision period, whéchlso discussed in section 4.3. They
are also consistent with our observation in Figuyrerhere the expected consumption for

the safety first investor decreases more notalaly the non-safety first counterparty.

4.5 Sensitivity Analysis

In this subsection, given the importancerofwe will first check whether or not our
choice ofo is reasonable. As discussed in section 3.2.3 nffweence otr on the optimal
weight ends whea is too large, since the safety first constraintl wibt bind and the
optimization becomes the same as that for a stdndaestor. Based on the set of the
parameter value in Table 1, and the formula of apémal weight for a safety first
investor in (25), we vary the value ofand calculate the corresponding optimal portfolio
allocation to the risky asset. Figure 7 descrileertiationship betweenand the optimal
portfolio choice. The portfolio weight for a stamdanvestor is also include, which is a

straight line at 0.3. The concave and dotted loretie safety first investor demonstrates
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that whenx increases, the optimal weight to the risky assetishalso increase, which is
consistent with the intuition that, the agentsxdtlzeir critical level indicates a high risk
tolerance. The concavity indicates the marginaafbf the choice af on the portfolio
allocation is more substantial whenis already low. It is also quite intuitive becatlse
high persistence of the consumption-wage ratio iespthat the distribution of the
consumption-wage ratio is highly centralized arodhe mean, and has a less widely

spread tail. Hence a small change in the quardideahrelatively large impact.

Figure 7 Influence of Alpha on the Optimal Weight

Figure 7 gives a graphical demonstration of theatfbf the value for alpha on the optimal weight to
the risky asset. The tow dotted lines are fromdpmal portfolio weight for a safety first investand a
standard investor, respectively. When alpha in@gds a certain level, the safety first constrannot
binding and there is no difference between thefplartchoice between the two types investors, whih
reflected by the solid line.
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Nevertheless, whamis increased to approximately 0.07, the two doliees come
to a cross, stating a boundary valuerofif a continues growing, the constraint will not
bind and there is no difference between the sdiiestyinvestor and the standard investor.
Thus the optimal weight for a safety first investoust diminish to that of a standard

investor. Putting all together, the solid line iigdte 7 shows the optimal weight of the
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safety first investor when the safety first consitrégs binding, no matter what is the value
ofa.

Thus, the necessity of keeping the safety firsist@mt binding leads to a non-linear
relationship betweemand the optimal portfolio choice. As illustrated Figure 7, our
choice of the value far, which is 0.05, falls in a reasonable range. Basedhat, we
will present a sensitivity analysis of the optinpartfolio allocation and consumption,

when the values of the preference parameters, yanaeid, are changed. Note that the
sensitivity analysis ofwill not be conducted, given the importancexanh this thesis
and the potential endogeneity problem betweandy . The input value and the outcome

are summarized in Table 2.

Table 2 Summarized Outcomes of Sensitivity Analyses

This table contains the sensitivity of the optirma@ahsumption and optimal weight towards the changes
of the parameter value. The life time is dividetbithree parts, pre-retirement: the period from 2540
age 63, age 64, and post retirement.

a B
0.04 0.05 0.06 0.97 0.98 0.99
Optimal Weight 9.79% 18.92% 25.48% 16.85% 18.92%9.67%
Pre- Consumption-Wage -0.5316  -0.5481 -0.56(11 -0.545D.5481 -0.5513
retrement Expected Consumption-Wage  0.4581  0.4724  0.4835 90.46 0.4724  0.4751
Age 64 Consumption-Wage -0.2808 -0.2898 -0.2910 -0.2883.2898 -0.2901
Expected Consumption-Wage 0.3353 0.3426  0.3468 10.34 0.3426  0.3439
Post- Consumption-Wage -0.3657 -0.3762 -0.3834 -0.3748.3762 -0.3774
Retirement Expected Consumption-Wage ~ 0.3178  0.3270  0.3333 58.32 0.3270  0.3281

When we decrease the critical level of the consionpivage ratioo from 0.05 to
0.04, the optimal weight reduces to 9.79%. It implihat more concern about the tail risk
of consumption-wage ratio will result in a more taws investment. On the contrary, the
allocation to the risky asset increases to 25.48Benwthe probability constraint is
released to 0.06. Furthermore, if the time discdactorSis increased from 0.98 to 0.99,

the optimal portfolio will consist of 19.67% rislasset, a slight increase from 18.92%. It

is due to the fact that, whéincreases, people care less about when to consAsna.

result, they can afford more investment risk thiougdjusting their consumption.
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Nevertheless, the safety first investors are stdkre risk averse since the weight is still
lower than 30%, which is the portfolio compositiointhe normal investor. A comparison
between the outcomes from the two parameters yiblasy has a larger effect on the
optimal weight, pointing out the importance of gafety first constraint.

As to the consumption-wage ratio in the decisiongoe an increase imleads to a
decrease in the optimal consumption because thestiovs constraint on the planned
consumption-wage ratio is less severe, more fighnask exposure is acceptable.
Whengis increased to 0.99, meaning consumption in diffetimes does not differ quite
much, current consumption is reduced, as expeatedyder to absorb more equity
shocks. Due to a smaller consumption in the detiperiod and a larger allocation to the
risky asset, the planned consumption-wage ratio lifespan is larger whemincreases.

A similar change is also observed when we incréasealue fo3. All in all, the overall

life cycle pattern for the consumption-wage ratemains the same no matter the
parameter value increases or decreases. Ther#fersensitivity analysis concludes that

the result is quite robust to the valueabnds .

Note that we only focus on the sensitivity of thkoice of some preference

parameters, namely andg, in this section. Of course other parametersekample the

rho-ratio and the reference pointare also crucial to the optimal solution: theueabf
the rho-ratio plays an important role in determgnthe optimal portfolio weight, while
the reference point has a large impact on the @btbonsumption path. Indeed, given the
expression (25), the optimal asset allocation iy gensitive to the value of the rho-ratio.
But nevertheless, due to the fact that they ateally unknown (at least to me), we just

use the empirical data to calibrate the model.
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5. Conclusion

Since it was proposed by Roy (1952), the idea fdtgdirst has seen an increasing
popularity. Especially after the burst of the finah crisis in 2008, it becomes more
interesting to investigate. Besides, safety filsbglays an important function in the
retirement of an aging population, because it aanseducing the uncertainty of the
future prospects.

This thesis solves a life cycle model of consumptmd portfolio choice when a
safety first constraint on the future intermediatnsumption is incorporated. In the
absence of a closed-form solution for the optinndratproblem, we impose an
assumption that the investors are myopic and weansgpproximation method based on
the log-linearization in Campbell and Viceira (192hd Viceira (2001). The model is
proposed as a preliminary investigation on theceftd the safety first on the agents’
decision making over the lifespan.

With realistic parameter values, the model predibst the incorporation of the
safety first idea into the individual's decision kirey has an impact on the optimal asset
allocation and optimal consumption. When havingoeons on the tail risk of relative
consumption to income, the safety first agents tvexonore risk averse and are less
motivated to allocate their financial wealth to theky asset than the standard agents.
The optimal portfolio composition remains constaxeér time, because the investment
opportunity set is not time varying. Thus, on agerasafety first investors have less
equity participation, which provides an explanationthe limited stock participation.

In addition, safety first concerns also discourdiye agents’ current consumption.
They are reluctant to consume at the current pesmds to accumulate enough wealth
for ensuring a certain level of consumption in thext period. When retirement is
approaching, the agent starts preparing at agbddfuse the assumption on the planning
horizon is only one year ahead (Of course, agaet®xpected to start preparation much
earlier in reality). Two types of investors demoatd completely different consumption
behavior. Instead of investing, the safety firsteistors would rather consume more and
have a smaller exposure to the financial marketlenthe standard investors consume

less and save more financial wealth to invest, Wwiscused to hedge the loss of income.
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The strikingly opposite decision is actually driveg the safety first concern of the
investors: the portfolio composition is fixed oweme, thus as less financial wealth is
invested in the financial market, the absolute amdhiat is allocated into the risky asset
is less, which results in smaller risk exposure.

Consequently, the planned consumption-wage ratiatlfe safety first investor is
indeed demonstrating a safety first feature: wit@ tean, 5%, and 95% quantile being
above the reference line for all the age group, amstandard deviation of 0.26%, it
satisfies the demand of controlling the probabibfyreaching disaster. Moreover, it is

also robust to the changes in the preference paessoeandf. On the contrary, the

planned consumption-wage ratio for the standareéstor is much worse, with a higher
standard deviation and a much lower value — alvb@ysw the reference line.

Nevertheless, there is always a trade-off betweka sophistication and
computational simplicity of a model. The availatyilof the analytical solution brings
along some limitations to the model. First of gliven our assumption of the myopic
investors, our solution is not an optimum throughthke life cycle, but only a static and
periodical optimization. We expect that more ragienpeople will have their decisions
much closer to the one that is derived from a dyoasptimization, which should be
superior to our case. Secondly, we exclude anydraakd risk. Neither wage risk nor
longevity risk is included in our analysis. Moreovere assume a simple setting of the
financial market, which does not incorporate th@meeversion of the equity premium or
the stochastic interest rate. A possible extensmrd include either additional risk that
has been mentioned. Last but not least, our résudased on our specification of the
safety first constraint and it is sensitive to tmice of some parameters, for example,
the rho-ratio. A different specification will ledad a different optimal portfolio choice and
consumption. For instance, an alternative of trexi§igation is to impose the safety first
constraint on the accumulated wealth upon retirémedividuals should at least afford
to purchase an annuity, which guarantees theimmectihroughout the retirement.

40



Safety First Approach in a Life Cycle Model

References

Arzac, E.R., and Bawa, V.S., 1977, “Portfolio cleiand equilibrium in capital
markets with safety-first investorsJournal of Financial Economics, 4 (3), pp.277-288.

Barbaris, N., M. Huang, and T. Santos, 2001, "Rrosfheory and Asset Prices",
Quarterly Journal of Economics, 116, pp. 1-53.

Basak, S. and A. Shapiro, 2001, “Value-at-risk-daBesk Management: Optimal
Policies and Asset PricedReview of Financial Sudies, 14: pp 371-405.

Bawa, V.S., 1978, “Safety-first, stochastic domicerand optimal portfolio choice”,
Journal of Financial and Quantitative Analysis,13 (2), pp. 255-271.

Benzoni, L., P. Collin-Dufresne, and R. S. Goldst&i007, “Portfolio Choice Over
the Life-Cycle when the Stock and Labor Markets@ointegrated”Journal of Finance,
62(5), pp. 2123-2167.

Benzoni, Luca and Chyruk, Olena, 2009, “Investingrathe Life Cycle with Long-
Run Labor Income Risk ”, Available at SSRN: htigsth.com/abstract=1172702

Bodie, Z., D. Ruffino, and J. Treussard, 2008, “@ayent Claims Analysis and
Life-Cycle Finance” American Economic Review, 2008 Papers and Proceedings

Bodie, Z., R. Merton and W. Samuelson, 1992, “Lalapply Flexibility and
Portfolio Choice in a Life-Cycle ModelJournal of Economic Dynamics and Control,15,
pp.427-450.

Bodie, Z., (2002), “Thoughts on the Future: Lifeal®y Investing in Theory and
Practice”,Financial Analysts Journal, Vol. 59, No. 1 (Jan. - Feb., 2003), pp. 24-29.

Bovenberg, L., R. Koijen, T. Nijman, and C. Teubpng2007, “Saving and
Investment over the Life Cycle: The Role of Indivad and Collective Pension Funds”,
Netspar, Panel Paper 1.

Browning, M. and T. Crossley, 2001, "The Life-Cyd®odel of Consumption and
Saving",Journal of Economic Perspectives, 15, pp.3-22.

Campbell, J., J. Cocco, F. Gomes and P. Maenh@®],2'Investing Retirement
Wealth: A Life Cycle Model”, in John Campbell andaiin Feldstein, eds: Risk Aspects
of Social Security Reform, University of Chicage®s, Chicago.

41



Safety First Approach in a Life Cycle Model

Campbell, J.Y. and Viceira, L.M., 1999. “Consumptiand Portfolio Decisions
When Expected Returns are Time VaryinQuarterly Journal of Economics 114, pp.,
433-495.

Cocco, J. F., 2005, “Portfolio Choice in the Prese of Housing”,Review of
Financial Studies, 18(2), pp. 535-567.

Cocco, J. F., F. J. Gomes, and P. J. Maenhout,, ZA@amsumption and Portfolio
Choice over the Life Cycle’Review of Financial Sudies, 18(2), pp. 491-533.

Flavin, M. and T. Yamashita, 2002, “Owner-Occupitalising and the Composition
of the Household Portfolio over the Life CycleAmerican Economic Review, 92(1),
pp. 345-362.

Goetzmann, W.N., and Broadie, M., 1992, “Safetstfportfolio choice”, Working
Paper, Columbia First Boston Series in Money, Eotos and Finance FB-92-23.

Gomes, F., and A. Michaelides, 2003, “Portfolio ko with Internal Habit
Formation: A Life Cycle Model with Uninsurable Labdncome Risk”, Review of
Economic Dynamics 6, pp. 729-766.

-- -- ---, 2005, “ptimal Life Cycle Asset Allocation:
Understanding the Empirical EvidenceJournal of Finance, Vol. 60, No. 2, April,
pp.869-904.

- -- --, 2008, “Aset Pricing with Limited Risk Sharing
and Heterogeneous Agent&gview of Financial Studies, 2(1), pp. 415-448.

Huang, H., Milevsky, M. A. and Wang, J. 2008, “Palib Choice and Life
Insurance: The CRRA Caselburnal of Risk and Insurance, 75: 847-872.

Krokhmal, P., J. Palmquist, and S. Uryasev, 2002rfolio Optimization with
Conditional Value-at-risk Objective and Constrajdturnal of Risk, 4: pp. 11-27.

Levy, H., and M. Levy, 2009, “The Safety First Exped Utility Model:
Experimental Evidence and Economic Implicationddurnal of Banking & Finance,
33(8), pp.1494-1506.

Levy, H., and Sarnat, M., 1972, “Safety first: Axpected utility principle” Journal
of Financial and Quantitative Analysis, 7 (3), pp. 1829-1834.

Merton, R., 1969, “Lifetime Portfolio Selection wrdUncertainty: The Continuous-

Time Case”Review of Economics and Statistic, 51, pp. 247-257.
42



Safety First Approach in a Life Cycle Model

Merton, R., 1971, “Optimum Consumption and PortdfoRules in a Continuous-
Time Model”,Journal of Economic Theory, 3, pp. 373-413.

Milevsky, M.A., 1999, “Time diversification, safefyrst and risk”, Review of
Quantitative Finance and Accounting, 12 (3), pp. 271-281.

Paiella, Monica, 2001, Transaction costs and lidhg&ck market participation to
reconcile asset prices and consumption choiceswi&ing paper 01/06.

Polkovnichenko, Valery, 2007, “Life cycle portfoliohoice with additive habit
formation preferences and uninsurable labor incosi€, Review of Financial Sudies,
20(1), pp. 84-124.

Pyle, D.H., and Turnovsky, S.J.,, 1970, “Safetytfirand expected utility
maximization in mean-standard deviation portfoli@algsis”, Review of Economics and
Satistics,52 (1), pp. 75-81.

Roy, A., 1952, “Safety first and the holding of &isS, Econometrica, 20 (3), pp.
431-449.

Viceira, L. M. (2001), “Optimal Portfolio Choice ifd_ong-Horizon Investors with
Nontradable Labor IncomeThe Journal of Finance, 56: 433-470.

Vissing-Jorgensen, Annette, 2002, “Towards an egilan of household portfolio
choice heterogeneity: Nonfinancial income and pgudition cost structures”, Working
paper, Northwestern University.

Yao, R., and H. H. Zhang, 2005, “Optimal Consumptamd Portfolio Choices with
Risky Housing and Borrowing Constraint&éview of Financial Sudies, 18(1), pp. 197—-
239.

43



Safety First Approach in a Life Cycle Model

Appendix

Appendix A. Derivation of Hamilton-Jacobi-Bellman Equation

To apply the stochastic dynamic programming, tHaevéunction is defined as:
T
JW,Y,t) = maxE, De‘ﬁsu (Ct)ds} :
t

The control variables are the consumpg@nd the portfolio allocation parameter
while the state variables are the current valumtl wealtlw and the wage. Then we

derive the Hamilton-Jacobi-Bellman (HJB) differahtequation to solve the dynamic
optimization. First start with the bellman equation

JW,Y,t) = maxE [IJW,Y,t+At)],
which leads to

maxE,[J(W,Y,t +At) - I(W,Y,t)] =0.

Divide At and let it go to zero, we get
maxd—lt E [dI(W,Y,t)]=0.

According to Ito’s lemma,
dI(W,Y,t) = J.dt +J,,dW + J,dt + J,dY + 05J,,,d(W)>.
Applying it to the bellman equation, the optimalignditions ofJ(W,Y,t)is then
formulated in following HIB equation, which givésetequation (3) in the text.
0=maxe U (C) + Iy, [(A- W)r; + W ~C+Y|+ 3+ J,gY + 05070 W23, } (Al)
Time subscripts are dropped for simplicity, and teenaining subscripts denote
partial derivatives. Based on the HIB equationcame further compute the optimum for
the control variable ande .We take the first order condition (FOC) on the tooin
variables of the HIB equation (A1), which gives
e”U.(CchH-J, =0
J(u-r)+wo* W, =0.
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Rearranging the FOC, we have that
(CHRETIRN
W= Iw AT (A2)
Jw O°
which is included in the text as (4). Thus, substig the optimal value for the control
variables in (A2) into the HJB condition (Al) yistd

y1

2
2Ee?d,) " 3, ((W+Y)+J, +J,gY - 05J (u=r)’

0.2

0=—Y¢

(A3)

W
Observe the existence of théunction in (A3), the form of thé function should be
obtained in order to work out the expression fer dptimality. Motivated by the closed-
form solution for the constant wage used in Mer{d®71), we assume that the
J function takes the following form, which is comman the literature (for example,
Huang, Milevsky, and Wang, 2008).
IW,Y, 0 = h(t)[wf_k}ft)Y]l_y . (A4)
After guessing the form of thkfunction, we substitute (A4) into (A3). The HJIB

condition then becomes a function lvandk. The prime symbol denotes the derivative

with respect to time.

1 1

0= (ef’*)VhV(W+kY)+(rw+Y)+ﬂ(W
1-y 1-

KY)

N2
sk + 05 E W k) EN gy,
)4 g

Define the income-wealth ratio as % then the HJB equation becomes

h (L+kx) (u-r.)?
1-

0=V (e“) VhV(1+kx)+(r+gx)+ +xk'+05= (1+kx)—2f+kgx.
1-y y o

This can be viewed as a linear equationxfand for the solution to exist, we must
have that the coefficients vanish for all possiaéie ofx, which leads to the following
two Ordinary Differential Equations (ODE) fhandk :

11 , —r.)2
Yy (eﬁ[) Yh Y +r +£_1 + 051—(# ) 0,
1-y hl-y y o

-r,k+1+k'+kg=0.
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Using the zero terminal condition, the closed-faotution of the above ODE can be
obtained for the pre-retirement period:
AT-t) _ 1Y)
ht;T) =e™ [—e 1] K(t;R) =—— (90 )
A g-r
where

_ -r.)?
A:—£+l_y r +O5u .
y yo
Thus, after the forms oh(t) and k(t) are derived, the exact expression for
theJ function is given for the employment period basedar earlier discussion in (A4),

1

AT _ 1Y W, g-r (e(g_r JED _1)Yt]1_y
JW,Y, 1) :e‘ﬁ‘[ A J ! n ,whent <R,
-y
and that for post-retirement period is
AT-t) _ 1\ v
J(\N,Y,t):e"’]‘(e 1] W ,WwhenR<t<T.
A 1-y
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Appendix B. Log-Linearization Approximation Method
B.1. Derivation of the Log-Linear Intertemporal Budget Constraint

Rewrite the budget constraint (10) as

Cu Y C
- =01-1RP Bl
(Ym )Yt ( Yt)R”l Gy
and in logs, we have

log[expC.., = Vi) ~11+ g =log[1l-expE — Yl + 1 (B2)

where the lowercase letters denote the variableslogs, for example, we
definec,,, =log(C,,, )and g =log(1+G).

It is noticeable that the nonlinear function of theg consumption-labor ratio
log[exp(C.., — Y..,) —~1]appears on both side of the equation (B2). Follgw@rampbell
(1993), it can be linearized by applying the fiostier Taylor expansion around the mean

value of(c,,, — V., ), i-e. E(C,; — V.., )- The resulting approximation is

log[exp(C,.; = Yi.1) —1] = log{exp[E(c..; = Vi)l ~1}
exp[E(Ct+1 - yt+1)] [(Ct
exp[E(Ct+1 - yt+1)] _1 "

Similarly, we can get a linear approximation ltmg[1-exp(, — y,)] . Rearranging the

- yt+1) - E(Ct+1 - yt+l)]

equation using the approximation term, the folloyvapproximation must hold

K+ 9+ 0,1(Gs = Yeud) =26 — ¥) — 15 =0

where
— exp[E(Ct+l_yt+l)] ,
" eXpE(G., ~ Vo)l -1
o = exp[E(c -yl ’
" expE( -yl -1
and

k=-p,41090.,; + (0., ~Dlog(p., 1) + 1- p)logl- o) + p, log(-p,)
This gives the equation (14) in the text.
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B.2. Derivation of the Log-Linear Safety-First Constraint
Given the intertemporal budget constraint in themnfoof (B1), the constraint (13) is

equivalent to

PHL-SHRL - +1<d<a
t

t+1

- PylRy, <OV O < (®3)
C
-3
Y,
Denote thega -fractile of the distribution oR%, to beq, (R%,), the constraint (B3)
can be reformulated as:
(c-DH(+G)

(B4)
Ct
-3

qa(Rﬁl) s
Note that the distribution of the portfolio retuRf}, is lognormal. In order to obtain
the quantile of a lognormal distribution, the fisdep is to derive the mean and variance

of the log portfolio return?, . Applying Campbell-Viceira’'s log-linearize techoig, the

mean and the variance of the log portfolio retufncan be approximated:
Erl =r +a(ErS, 1)+ 05wl— w)Var,(rs,)
=r, +aw(u—r,)+ 05w(l-w)o?
Var, (1)) = aVar,(rs,) = wo?

Taking the exponential of & -quantile from a normal distribution gives the
expression of the -quantile from a lognormal distribution. L&} denote thex -quantile
of a standard normal distribution, the constraB#)(is equivalent to
(c-DHA+G)

Ct
- Vt)

0, (R%) =exilr, + iy =1,) + 050(L- &)0” + Z,a0]< (B5)

Since a logarithm function is monotonic, taking tbgarithm on both sides of (B5)

we have expression (16) in the text.
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