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Abstract

In this article, we investigate a CRRA investor as a representative of pen-
sion plan participants, who has a finite investment horizon and is subject to the
proportional transaction costs. He attempts to maximize his utility by trading
between stock and money market account. A set of ordinary differential equa-
tions are derived first for analytical solution. We then alternatively propose the
binomial tree method in order to numerially solve the dynamic maximization
problem. Result shows that optimal investment policy is horizon-dependent:
the no-transaction region slightly broadens over time and only in the very last
moment the investor dramatically reduces transaction. When allowing for in-
termediate consumption, the investor finds it optimal to keep a larger fraction
of wealth in the money market account and reduce trading frequency. In par-
ticular, any shock in transaction cost rate, risk, risk premium, relative risk
aversion coefficient and time discounting parameter affects shorter-horizon in-
vestor more distinctly for both cases.

Key words: pension funds, optimal investment policy, lifecycle investment,
proportional transaction costs, finite horizon, no-transaction region, binomial
tree method.
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1 Introduction

Traditional economic models on optimal investment and consumption policy have
been extended on many directions ever since Merton (1971,1973) published his pio-
neer article. In these benchmark models investors can trade asset continuously at any
time without incurring any kind of costs. However, in the capital market, an asset
is also featured by its liquidity in addition to the commonly used risk and return.
Trading is most of the time costly.

Working with models that incorporate liquidity considerations, in whatever shape,
requires a thorough re-examination of mainstream theory of financial markets. It is
particularly relevant to pension funds when considering the impact of reduced liquid-
ity and feedback effects in the markets. Pension funds allocate the wealth of their
funds to many different classes of investments on behalf of their plan participants.
The central question is: how to incorporate illiquidity into the current valuation and
optimal investment strategy.

There are various ways to model illiquidity in an optimal investment problem. We
decide to use transaction cost as a proxy for illiquidity due to the following two advan-
tages: first it allows for mathematical flexibility and tractability; secondly it enables
references and comparisons with a large body of previous literature. Constantinides
(1979,1986) has shown that the optimal transaction policy is to maintain the ratio
of the dollar amount invested in the riskless asset to that in the risky asset within
a certain range, represented by the buy boundary and sell boundary. Consequently
three regions are identified depending on the portfolio ratio: the no-transaction re-
gion, the buy region and the sell region

We formulate the continuous-time dynamic maximization problem and derive the
optimal conditions. In particular, we investigate a CRRA investor as a representative
of pension plan participants, who has a finite horizon and is subject to proportional
transaction costs when trading stock as well as money market account. Mathemati-
cally these conditions are boiled down to a set of ordinary differential equations. In
contrast to the infinite horizon model in which stationary solutions can be obtained,
the value function and the corresponding two boundaries strongly depend on hori-
zon, hence it is extremely time-consuming to analytically solve this system. Liu and
Loewinstein (2002) solved the deterministic finite horizon problem by making use of
the exponentially distributed horizon but their picture of the sell and buy boundary
is incomplete.

Alternatively we consider a numerical method in this paper, namely the binomial
tree method, to search for the two moving boundaries at each period. This method
is first proposed by Gennotte and Jung (1992). As its name implies, the binomial
tree is a diagram representing possible paths that are followed by the stock price up



to the terminal time. It is a commonly used approach for option pricing. We divide
the investment horizon into a large number of small time intervals. Therefore both
time and state are discretized, which enables a numerical approximation. Working
backwards from the terminal time, all the boundaries could be located. The ad-
vantage of numerical method is obvious: it allows for more flexible specifications of
capital market. On the other hand the stability of numerical solution is in general
not guaranteed, especially for high dimension problems.

Liu and Loewenstein (2002) claimed that proportional transaction costs together
with a finite horizon would imply a time-varying, largly buy-and-hold trading strat-
egy. Appying binomial tree method we successfully find out the overall pattern of
the moving boundaries and analyze the impact of transaction cost rate, risk, risk pre-
mium and relative risk aversion on the no-transaction region. However, we find no
supporting evidence on the second statement that it is consistent with the life-cycle
investment advice.

Another contribution of this paper is that we examine the optimal investment
policy when allowing intermediate consumption, which has not been done yet. One
might expect that transaction costs have two opposite impacts on consumption. The
income effect depresses current consumption while the substitution effect shifts con-
sumption to the earlier stage. Both consumption and investment decisions have to be
made simutaneously in real life: how much to consume and whether to adjust port-
folio composition. Again the finite horizon closed-form solution is difficult to obtain
so that we find a way to realize it by using binomial tree method. A new dimension
is thus introduced to the tree representing the consumption policy.

The remainder of the paper is organized as follows. Section 2 reviews the liter-
ature on the optimal investment policy concerning illiquidity and transaction costs.
Section 3 describes the continuous time model in which the investor has finite hori-
zon. Four cases are considered: no-transaction costs case, proportional transaction
costs case, life-cycle investment with and without transaction costs. Section 4 gives
the mathematical formulation of dynamic programming and binomial tree method
that we apply to find numerical solution. Section 5 presents the key results of the
binomial tree method. Section 6 discusses possible extensions and summarizes the

paper.



2 Literature review

2.1 Asset pricing, optimal investment policy considering illig-
uidity

The presence of illiquidity in the capital market complicates the problem of asset pric-
ing and optimal investment policy. Traditional models assume that agent can trade
asset continuously at any time without occuring costs, as in Merton (1971,1973), who
showed that optimal portfolio consists stock and bond at a constant ratio, and in ad-
dition, optimal consumption is affine in total wealth. However, existence of human
wealth, housing, proprietorships certainly casts doubts on the assumption. More-
over, stocks, bonds, and financial derivatives cannot be traded without any costs.
Obviously asset allocation without taking account of illiquidity is suboptimal and
consequently asset pricing models need to be adjusted accordingly. Since late 60’s,
research on asset illiquidity and its implication has emerged intensively in the finance
literature and gradually gained more popularity.

Among all, two approaches to model illiquid asset, namely transaction costs and
lock-up period, attract most attention. Transaction costs apply while trading takes
place, including fixed transaction cost and proportional transaction cost. The pioneer
work of Constantinides (1979, 1986) proved that optimal consumption policy and in-
vestment policy deviate from no transaction costs case when considering proportional
transaction costs. The optimal investment policy is characterized by two reflecting
barriers, such that investor stops trading asset in the no-transaction region. Since
investors accomodate large transaction costs by drastically reducing trading volume
and frequency, transaction costs only have a second order effect on equilibrium price.
Constantinides’ study and the subsequent works, such as Dumas and Luciano (1991),
Liu and Loewenstein (2002), Liu (2004) have become the building blocks of optimal
investment policy considering transaction costs which our model is based on. We will
review relevant literacture in more details in the next section.

Amihud and Mendelson (1986) established a theoretical model to investigate
return-spread relationship. By introducing the expected spread-adjusted return, they
derived clientele effect and spread-return relationship in asset pricing with bid-spread
ask. Clientele effect means that assets with higher spread are allocated in equilibrium
to portfolios with longer expected holding period, while spread-return relationship
addresses that in equilibrium the observed market gross return is an increasing and
concave piecewise linear function of the relative spread. The implication of their
model is that investors with longer expected holding periods will earn higher returns
net of transaction costs in market equilibrium.

To further address the asset pricing issue with liquidity risk, Acharya and Ped-
ersen (2005) derived a liquidity-adjusted CAPM. Different from the aforementioned



literacture, liquidity-adjusted CAPM states that the required execess return is the
sum of expected liquidity costs and four types of risk-premium. Thus additional risks
caused by illiquidity are also priced. For the sake of simplicity, we will disregard
liquidity risk in our model. Only expected level of illiquidity, which we models as
transaction costs, is already sufficient to induce significant deviation from no trans-
action costs case.

Using transaction cost as a proxy for illiquidity allows for endogenous holding
period. Alternatively, illiquid asset is non-tradable during the lock-up period. The
latter definition may give rise to one obvious disadvantage: since lock-up period is
predetermined, investor cannot rebalance their portfolio by adjustment. Following
the definition by Longstaff (1999), the illiquid asset can only be traded at a certain
date. Both optimal portfolio choice and asset evaluation become strikingly different
from fully liquid case. The less patient agent tilts his portfolio towards the liquid
asset, to prepare for supporting an optimal consumption path, for the illiquid asset
cannot generate cash flow during the lock-up period. The liquid asset becomes more
valuable while the illiquid asset becomes less valuable when introducing illiquidity in
general. Similarly, Schwartz and Tebaldi (2004) assumed that illiquid asset cannot
be traded, but generates a liquid dividend. Schwartz and Tebaldi (2004) found that
the optimal asset allocation and consumption critically depend on the endowment
and characteristics of the illiquid asset.

There are also other variations to model illiquidity. Being unable to initiate or
unwind a portfolio position instantly is often observed in financial market. Longstaff
(2001) investigated optimal portfolio selection when investors are restricted to trading
strategies that are of bounded variation. The investor exposed to this kind of risk
tends to take less risk, and large price discount is possible. The contribution of this
article is that it focuses on the endogenous effects of illiquidity on trading strategies
and security values.

2.2 Optimal investment policy on the presence of transaction
costs

As discussed above, there are various ways to model illiquidity in an optimal invest-
ment problem. We decided to use transaction cost as a proxy for illiquidity due to the
following two advantages: first it allows for mathematical flexibility and tractability;
secondly it enables references and comparisons with a large body of previous liter-
acture. We can show that the optimal investment policy is horizon-dependent and
largely buy and hold near the terminal time. All the papers reviewed in this sec-
tion differ on two dimensions: whether it allows for intermediate consumption, and
whether it assumes infinite horizon or finite horizon.

Following Constantinides (1979, 1986), finance literature have mainly focused on



the infinite horizon maximization problem. In this group of models, it is commonly
assumed the investor has a CRRA utility preference (on final wealth or consumption
stream) which he maximizes by trading risky and riskless assets subject to trans-
action costs. Davis and Norman (1990) considered a infinite horizon maximization
problem with intermediate consumption. Davis and Norman (1990) showed that
the proportion of wealth held in stock should be kept between the upper and lower
barrier. Dumas and Luciano (1991) studied maximizing expected terminal utility
of wealth without intermidiate consumption as the horizon gets very large. They
obtained a stationary portfolio rule in the limit. The portfolio policy is in the form
of two control barriers between which portfolio proportions fluctuate. Compared
to Constantinides (1986) who only provided approximate solutions, Davis and Nor-
man (1990), Dumas and Luciano (1991) derived closed-form solutions. However, the
asymptotic analysis presented in these articles and other infinite horizon type models
all suffer from contradicting the horizon dependence of optimal investment. When
combining transaction costs and finite horizon, results of optimal investment policy
can show substantial difference.

According to the limited quantity of literacture, optimal investment policy in a
finite horizon problem has been treated analytically and numerically. Our model is
first inspired by Liu and Loewenstein (2002), who examined the optimal investment
problem for an individual attempting to maximize his expected CRRA utility with-
out intermediate consumption at an uncertain time, which is assumed to be the n-th
jump time of an independent Poisson process (thus the horizon is exponentially dis-
tributed). It can be shown that the optimal transaction policy is to maintain the ratio
of the dollar amount invested in the riskless asset to that in the risky asset within
a certain range, represented by the buy boundary and sell boundary. Moreover, the
trading boundaries for the exponentially distributed horizon converge to those of the
deterministic finite horizon. Liu and Loewenstein (2002) concluded that the presence
of transaction costs together with a finite horizon would yield consistent results with
life-cycle investment advice which suggests younger investors allocate more wealth to
stocks than older investors and all investors follow a largely buy and hold strategy,

Gennotte and Jung (1992), also examined the effect of proportional transaction
costs on optimal portfolio selection for an agent maximizing his expected utility of
terminal wealth. As the boundaries characterizing optimal investment policy can-
not be derived analytically, Gennotte and Jung (1992) developed an efficient and
tractable numerical algorithm to obtain the boundaries, namely, binomial approxima-
tion. Backward induction is applied to derive the boundaries. This approach has an
obvious advantage: it allows for flexibility regarding asset return dynamics. Depend-
ing on the parameter values, the multi-period binomial distribution converges to one
of several common distributions governing evolution of asset returns. Davis, Panas
and Zariphopoulou (1993) took advantage of convergence of discretization schemes
based on the binomial approximation of the stock price in order to solve the european



option pricing problem with transaction costs, for computing the price involves solv-
ing two stochastic optimal control problems. Similarly, Balduzzi and Lynch (1999)
discreted both time and state to numerically compute the optimal investment policy
for an investor with finite horizon.

Chellathurai and Draviam (2007) considered a finite horizon portfolio selection
problem without intermediate consumption when fixed and/or proportional trans-
action costs are presented. Chellathurai and Draviam (2007) derived a set of time-
dependent differential equations which coincide with those of Davis and Norman
(1990). A monotone upwind finite-difference scheme is developed to discretize the
differential equations. Chellathurai and Draviam (2007) concluded that in the pres-
ence of proportional transaction costs, trading is infinitesimal when it takes place,
while in the presence of fixed transaction costs, the random trade is instead lump-sum.

Several extensions were made to the simple case which only concerns two assets,
proportional transaction costs and constant investment opportunity set. Liu (2004)
showed optimal policy with multiple assets involves a constant amount investment in
each stock, and the optimal consumption is an affine function of total wealth, much
similar to the results of Merton. When both proportional and fixed transaction costs
are presented, the optimal policy for any stock is characterized by four numbers, the
buy boundary, sell bounday, buy target and sell target. Optimal policy is to trans-
act immediately to the buy target or sell target when reaching the corresponding
boundary. Moreover, Liu (2004) showed that correlation between assets does not
alter the general rule. Jang, Koo, Liu and Loewenstein (2007) found that in contrast
to the standard literature, transaction costs can have a first order effect, and investor
responds to changes in either regime by adjusting consumption and investment poli-
cies if the market conditions change over time. These models only consider infinite
horizon problem, but they make known that to investigate how multiple assets, fixed
transaction costs and regime-switching affect optimal investment (and consumption)
policy would be both interesting and worthwhile.



3 Model

3.1 No transaction costs case

Assume in the economy pension funds can trade two assets continuously. The first
asset is a money market account growing at a constant rate r, while the second asset
is a risky security (the stock). The pension fund takes these prices as given and
chooses quantities without any transaction cost. Further assume that the securities
pay no dividend, and taxes on capital gains are zero. ! Uncertainty in the model
is generated by a standard Brownian motion w. We write down the two equations
governing the dynamics of the money market account and the stock:

dBt = TBtdt
dSt = /LStdt + O'Stdwt

Denote the admissible trading strategies by (D, ). The processes D and [ are
the cumulative amount of sales and purchases of the stock. The two processes sat-
isfy D(0) = I1(0) = 0 and both are nondecreasing, right continuous adapted. The
evolution of the amount invested in the money market account and the stock can be

expressed as:?
dbt = Tbtdt — dIt + th

ds; = psidt + osydw, + dIy — dDy

Pension funds all face a risk-return trade-off of providing a safe pension at low
cost. The decision-making in a multiple member and multiple objective pension plan
depends on the pension fund governance, the financial position of the fund and risk
attitudes. Typically solvency positions, indexation quality and asset-liability risk are
considered as primary objectives.

It is difficult to build a full-fledged objective function for a pension fund with
heterogeneous members and a sponsor. For tractable quantitative derivation and in-
sightful analytical solutions to optimal investments of a pension fund, the preferences
are usually simplified to CRRA utility function of final wealth, that is, u(W) = W

1—y
forv>0,v#1.3

On behalf of the plan participants, the pension fund chooses optimal investment
strategies D and I so as to maximize the final wealth at a deterministic time 7.

!An extension to the case of dividend payment or taxes on capital gains would be of some
interests.

25 and b are traditional notations for the fraction of wealth invested in stocks and money market
account, but in this article we use them to denote the amount invested in stocks and money market
account

3The emphasis on final wealth or funding ratio ignores intermediate payout.



Define the value function at time ¢ as:

b 1=
Vb, s, t;T) = MaxE[M
(D,I) 1—7

]

Assumption 1: the parameter values satisfy:

w—=r

P <1

0<

It guarantees that b and s would be chosen to be strictly positive.

The pension fund’s problem can therefore be written as:

b 1=
V(b s, t:T) = Max g[2 50"
(s£:>0) 11—

]

subject to:
d(by + s¢) = r(by + sp)dt + (1 — 7)8¢dt + o spdwy

The wealth of the pension fund W = s + b, with dynamics given by:

th = (’l“bt + ,lLSt)dt + O'Stdwt

(3)

To solve the dynamic optimization problem, we first derive the Hamilton-Jacobi-

Bellman(HJB) partial differential equation. Start with the Bellman equation:

V(b s, t;T) = MaxE[V(V/, s, t + AL T)]

(4)

where s’ and b’ denote the amount invested in money market account and stock

at time ¢t + At. Hence:

0=MaxE[V(V,s' t+ At;T) = V(b,s,t;T)]

Dividing by At and let it go to 0, the Bellman equation becomes:

1
0 = Max— E[dV
axg EldV]

Ito’s lemma states:

av av 1 d*V

__ oV Nadl L 2
v = 7 dt + deW + 5 2 (dW)
Rewrite this by substituting the SDE (stochastic differential equation) for dWW:
. dV v 1, ,d*V av
dV = ( o + (rb+us)dW +50°s dWQ)dt+adedw

Applying it to the Bellman equation, we get the HJB equation:

10



Vi + Viw (rb + ps) + %VWW0252 =0 (6)
with the terminal condition:
Wp'™7
L—v
To get rid of b, use the condition W = b+ s. Equation (57) thus becomes:

Vs, b,T;T) =

1

Vi+Viw(rW 4+ (un—r1)s) + §VWW0232 =0 (8)
Observing the homogeneity of the objective function, the restriction and the ter-
minal condition, we conjecture that value function V' must be linear to Vll/:; Rewrite

V(s,b,t;T) as H(t;T) - MI/:V to replace the value functions in the HJB equation:

wit= ol
H' N +HW (W + (p—1)s) — EHW_7_10282 =0
-7
First order condition on s gives the optimal amount invested in stock:
* w—=r

st = W 9
= ©

It can be easily shown that optimal investment policy is characterized by one
constant, that is, the ratio of the two asset values:

* W —
o = 8_ — 7027r — K " (10)
b (1—-E5)W  ~vyol—p+r

The result is also given by Merton(1971,1973) that without transaction costs op-
timal policy involves investing a constant fraction of wealth in the stock, independent
of the investor’s horizon. As long as this ratio is positive, the pension fund always
holds the stock in its portfolio.

Now we will proceed to find the solution to the HJB equation.* Substituting s by

its optimal value ’; — W in the HJB equation and rearranging terms gives:
/ ( - 2
p—r)
Hr+ H———=0 11
-~ + Hr + o2 (11)
We also obtain the differential equation of function H:

H'
——=r(l—-v)—90 12
) (12)

4The derivation of value function is necessary for comparison purpose. Allowing for intermediate
consumption in section 3.3, we will prove that instead of a constant H, the coefficient function
becomes horizon-dependent.

11



where

1 [
5= -tk (13)
Together with the terminal condition:

H(T;T) = % —1 (14)

it implies that the horizon-dependent solution to the investment problem is:

1—
V(s b t: T) = etr-n-o@-n V"7
? 27 1 _ 7

This is the maximized lifetime expected utility at time ¢ under optimal investment
policy.

3.2 Proportional transaction costs

In this section we examine the optimal investment policy when proportional transac-
tion costs are presented. As shown by Constantinides(1979, 1986) and Taksar, Klass
and Assaf(1983), among all, an investment policy is simple in a sense that it is charac-
terized by two reflecting barriers, the buy boundary A and the sell boundary ), with
A < \. The investor stops transacting as far as the the portfolio ratio 2—2 falls in the

no-transaction region [\, A], while he immediately transactes to the closest boundary
when the ratio falls outside. In line with the proportional nature of transaction costs,
the optimal trading size in continuous time model is always infinitely small so as to
keep the portfolio ratio in the interval of no-transaction region.

To capture the idea that purchasing stock and bond both involves transaction
costs, the proportional transaction cost rate k is defined as the amount of one asset
the investor can buy by selling one unit amount of the other, with 0 < k < 1, as in
Dumas and Luciano (1991) where they introduced the term ’conversion ratio’. This
definition reflects the two-way property of transaction costs.’

Now we can restate the pension fund’s problem.
The finite horizon value function:

b 1=
V(b s, t;T) = Max E[M
(bt,st:t>0) ]_ - ’y

] (15)

5There are several ways to model proportional transaction costs. For instance, to capture the
idea that the pension fund can buy the stock at the ask price S{* = S;, while sell it at the bid price
SP = (1—k)S;, proportional transaction cost rate is defined as the bid-spread ask rate k. According
to this definition, transaction costs only take place when selling the stock and deplete the money
market account.

12



subject to:
dbt = Tbtdt — d]t ‘I— (1 — k)th

dst = [LStdt + UStdwt ‘I— (1 — k)d_[t — th

Assumption 2: the value function V' (b, s, t;T) is once continuously differentiable
in b and twice continuously differentiable in s.

At each point in time, the three regions are identified depending on the portfolio
ratio: the no-transaction region, the buy region, and the sell region, as in Davis and
Norman(1990), Liu and Loewenstein(2002). At the no-transaction region, the value
function must satisfy the modified HJB equation:

<A (16)

For lg’ > ), in the buy region, the marginal rate of substitution of the money
market account for the stock must equal ﬁ:ﬁ
b

Vo= (1= k)Vi 5>X (17)

For g < A, the marginal rate of substitution of the money market account for the
stock must equal 1 — k:7

b
(I-RkV =V, —<2A (18)
In addition, the terminal condition must be satisfied
b 1=y
V(s,b,T:T) = (T1+—ST) (19)
-7

SWhen in the buy region, sell dI amount of b to purchase (1 — k)dI amount of s. The value
matching condition is satisfied such that there is no jump in the value of the problem.

Vi(b,s)=V(b—dI,s+ (1 —k)dI)

Expanding the right hand side, it follows that marginal cost of decreasing investment in the
money market account equals 1 — k times marginal benefit of increasing investment in stock.
"Proof is similar by using the quality:

V(b,s) =V(b+ (1 —k)dD,s — dD)

13



The terminal condition reflects the fact that at the time the representative indi-
vidual retires (the horizon point), the pension fund has to turn all the investment
into cash and pay out as pension benefits.

It is difficult to solve this system of partial differential equations(PDEs). We
introduce a new value function in order to get an equivalent system of ordinary dif-
ferential equations(ODEs). The value function V(s,b,¢; T') is homogeneous of degree
1 —~ for all positive numbers in (s, b), as shown by Fleming and Soner (1993). Define
h = g, for a new value function g : (—o00, +00) x [0, 7] — R,® homogeneity gives: °

V(b s, t;T)=s""g(h,t;T) (20)

The no-transaction region, buy region and sell region thus can be characterized
by two horizon-dependent boundaries \(¢; T') and A(¢,T"). By applying the chain rule,
we find the new value function and its derivatives with respect to h and ¢:

V=5
Vi=s"g
Vo =5"gn

Vi=(1—7)s7g—bs g,

Vis = v(y — 1)3’7’1g + 2’ybs’7’2gh + b23’7’3ghh

Substituting the new value function and its derivatives into the modified HJB
equation and the two equations of marginal substitution on the buy region and sell
region, one obtains a system of ODEs.

On the no-transaction region:

1 _
— g0’ h* + gu(yo® — (u—r))h+g(1 =) (p—702/2)+g: =0 A&T) <h <A T)

2
(21)
On the buy region:

(o + Wan(h B T) = (L= )g(h,6T) >0 T) (22)

8Solvency would require g : (k —1,00) x [0,7] — R
W(b,s,t;T) = s'=7g(h,1,t;T), from now on we compress g(h,1,t;T) to g(h,t;T) for the sake
of simplicity

14



On the sell region:
(1= k4 W)gu(h, T) = (1= g(h, 5T) b < A(LT) (23)

In addition, same as in the previous problem, the terminal condition must be
satisfied:
(hT + 1)1_7

|

In the infinite horizon models, the search for the limite is identical to the search
for the stationary solution, for which i) the value function V' (b, s,t;T) is independent
of time ¢; ii) the buy boundary A and the sell boundary ) are independent of time,
in addition to being independent of s and b, as in Dumas and Luciano(1991).

g(h, T;T) = (24)

In contrast, the finite horizon model highlights horizon dependence of the value
function g(h,t;T) and the corresponding two boundaries A(t; T), A(¢,T). Since the
two free boundaries are moving over time, it is difficult to solve the ODEs system
depicted above. In section 4 we use numerical approximations to compute the optimal
investment policy when the pension fund is assumed to have a finite investment

horizon.

3.3 Lifecycle investment without transaction costs

From this section on we consider the optimal investment policy as well as the consumption-
savings decision from a lifecycle perspective. The lifecycle model allows for flexible
intermediate consumption. Pension funds, especially collective DC plans should take
optimal consumption choice into account while making strategic decisions on behalf

of their participants. As documented by earlier literacture, proportional transaction
costs reduce the consumption rate, though some debated on whether the effect is
weak or not.

Following Merton (1971), assume there is a single perishable consumption good
as numeraire. The pension plan participants derive utility from intertermporal con-
sumption ¢ of this good and the terminal wealth at time T". Pension plan participants
are impatient. Their time preference can be summerized by a discount rate p. The
consumption is made through the money market account. The participant has a
CRRA utility function over consumption and terminal wealth, as defined in the pre-
vious section. We ignore labor income in this context.

Assumption 3: The participant makes intermediate consumption decision on the
admissible consumption space C, which satisfies fot les|ds < o0, Vt € [0,T].

Assumption 4: Consumption is made through the money market account.

15



The pension fund’s problem becomes:

T 1— b 1—~
J(c,b,s,t;T) = Max E[/ et e_pTM] (25)
(Ct,bt78t2t>0) 0 1 — ’y 1 — ’y

subject to:
dbt = Tbtdt — Ctdt — d-[t ‘I— th
ds; = psidt + osydw, + dIy — dDy

The constraints above are equivalent to:
th = (T'bt + HUSt — Ct)dt + UStd'LUt (26)
The value function should also satisfy the terminal condition:

(bT + 8T>1_’Y

Jebs TiT) = ==

(27)

The first term of the value function J represents discounted utility from consump-
tion flows, while the second term captures the idea that terminal wealth gives utility
to the participant as well, for he can finance his retirement consumption by using the
benefit payments from time 7" onwards. To solve optimal consumption and invest-
ment policy, the technique of stochastic dynamic optimization is used again.

Start with the Bellman equation:

= 1
Ty =M —F N At; T 2
Hebis ) =Max{— + 1 BUC S AT (29)

The actual utility over the time interval of length At is %At, and the discount-

ing over such time interval is expressed by ﬁ;ﬁ‘t’ Therefore the Bellman equation
becomes:

1=y

C
J(e,b,s,t;:T) =M t
(¢,b:,T) ch{l—y +1—|—pAt

Multiplying both LHS and RHS by a factor of 1+ pAt and rearranging the terms,
we get:

E[J(,V, st + At;T)]} (29)

I—y
pJ At = Max { f 7At(1 + pAt) + E[AJ]}

Dividing by At and let it go to 0, the Bellman equation becomes:

Max{ <+ L
pJ = BX{1—7+E [J]} (30)
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Ito’s lemma states:

dJ dJ 1, ,dJ dJ
dJ = (% + (rb+ pus — C)W +350°s sz)dt+USde

Applying it to the Bellman equation, we get the corresponding HJB equation:

=

|

We derive optimal consumption policy from the HJB equation. First order con-
dition with respect to consumption on the HJB equation yields:

1
+ i+ Jw(rb+ ps —c) + §JWWU252 —pJ =0 (31)

0 '
_&1—7

— Jw

which gives the optimal consumption:

_1

¢ = (Jw) ™ (32)
Substituting optimal consumption into HJB equation yields:
c* 1—v
L=y

To eliminate b from the equation, use the condition W = b+ s:

1
+ i+ Jw(rb+ pus —c*) + §JWW0232 —pJ =0

x1—ry

L—x

1
+ i+ Jw (W + (p—r)s—c*) + §JWW02$2 —pJ =0
We conjecture that the value function J must be linear to ”1/27 It takes the
form J(c,b,s,t;T) = M(t;T) - Wl/i: for a horizon-dependent function M (¢;T) > 0,
vVt € [0, 7).

Replacing ¢* by (JW)_% = M_%W, J; by M’V[l/ij and J by MV[{;W in the HJB
equation, it follows that:

1—v
M~ Wi . Wi
W M MW (rW (1) s— MW )= L MW" 6%s%— pM

1—7 1—7 2 1—7

=0

First order condition on s gives the optimal amount invested in stock:

s =1"Tw (33)

yo?

We have same result as in the previous section that without transaction costs
optimal investment policy involves investing a constant fraction of wealth in the
stock, independent of the investor’s horizon. As long as p > r, the pension fund
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always holds the stock in its portfolio. Allowing for intermediate consumption does
not change optimal investment policy. The ratio of the amount invested in stock and
money market account is:

* “7§W _
’ﬂ'* = S— _— o9 — = ILL " (34)
b (A-L)W  yot—p+r

Now replacing s by the optimal value s* = ’;;;" W in the HJB equation and
rearrange, we find the ODE of M on ¢:

-]

. M — )2
M I VA V4 il S VO

1— 1—9 202 1—x
Formalizing it to:
dM RE (1 —y)(u—r)?
—=—M " —((1- —p)M 35
o ot (T =)+ 2707 p) (35)
with the terminal condition:
M(T,T) =1 (36)

We can derive M at each time ¢ numerically by discretization M; = M,_; + AM; and
work backward from the terminal time. Optimal consumption contains a horizon-
dependent fraction of wealth, which is independent of wealth at hand:!°

¢t = M(t,T) "W, (37)

3.4 Lifecycle investment with transaction costs

Considering the proportional transaction costs described in section 3.2, one may not
feel too surprised to see that optimal investment policy is characterized by a no-
transaction region, a buy region and a sell region. But the new message brought by
a lifecycle model is that if the introduction of transaction costs also has an impact
on optimal consumption policy, then pension fund participants should take this into
account when making consumption-savings decisions. In the simple lifecycle model of
constantinides (1986)!!, consumption policy is set to be a constant fraction of riskless
asset. We release this assumption in the following analysis.

10Tt can be easily shown that in the infinite horizon case, optimal consumption is a constant
proportion of wealth:
Q—7(p—r)?

202 W

1
G ==(p—10—=7)r—
# ’Y( ( )

as given by Merton (1973)
HTabor income is safely ignore again.
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As for whether transaction costs affect consumption positively or negatively, we
still do not reach any concrete conclusion up till now. What we can say is that trans-
action costs have two opposite effects on consumption. The income effect depresses
consumption since transaction costs deplete the capital gains and hence wealth at
hand. On the other hand, the substitution effect shifts consumption to the earlier
stage as current consumption becomes less costly than future consumption in terms
of transaction costs.

Based on section 3.2 and 3.3, we are now able to build a model to quantify the
impact of transaction costs on optimal investment and consumption policy.

The pension fund’s problem is:

T 1—~ b 1y
‘](Ca b7 S, t; T) - Max E[/ @_ptlct_dt + e—pTM
0

38
(ct,bt,st:t>0) -7y 1—7 ] ( )

subject to:

dbt = Tbtdt — Ctdt — d[t -+ (1 — kf)th
ds; = psdt + osidwy + (1 — k)dI, — dD;,

The value function should also satisfy the terminal condition, that all the stock
holding must be transformed to cash at time 7"

(bT + ST)I_'Y

J(c,b,s,T;T) = .
-7

(39)

The two boundary equations in the sell region and the buy region are the same
as in section 3.2. In the no-transaction region, the corresponding HJB equation is
similar to that in section 3.3. To obtain the HJB, apply Ito’s lemma:

dJ dJ dJ 1 dzJ dJ
dJ = (— b—c)— 4+ 2o dt —d
J (dt+(r c)db+usd8+205d82) +asd8 w

to the Bellman equation (30). We have:

1—v 1 b —
10_ (b =) T b Juc’ —p] =0 A< T<X (40)
b _
J= (=R 2 >3 (41)
b
A-KJh=J ~<A (42)

Substituting optimal consumption into HJB equation ¢* = (Jb)_% yields:

(J, 7)1

1 1
= + Jp + Jy(rb — J, ”)+Jsus+§J380232—pJ:0 2 <
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The value function J(e, s,b,¢;T) is homogeneous of degree 1 — v for all positive
numbers in (s, b). Define h = 2, for a new value function f : (—oo, 400) x [0,T] — R
so that J(c,b,s,t;T) = s'™7 f(c, h,t;T) The no-transaction region, buy region and
sell region thus can be characterized by two horizon-dependent boundaries X(t; T)
and A(t,T). We derive the new value function and its derivatives as follows:

J=s"f
Jy= s,
Jy=5""f

Jo=(1—)s7f —bs771f,

Jss = (v — 1)3_7_1f + 29bs T2, + V25T fun

Substituting the new value function and its derivatives with respect to h into the
modified HJB equation and the two boundary equations on the buy region and the
sell region, one obtains a system of ODEs.

On the no-transaction region:

Y _1 o1
T 3ot 0 = (u= )b+ F((L= )= 10%2) = ) + £ = 0
AtT) < h <X T) (43)
On the buy region:
1 —
On the sell region:
In addition, the following terminal condition must be satisfied:
h 1)t
) = LI (46)

This set of ODEs are similar to that derived in section 3.2 except for the first
term in HJB equation due to intermediate consumption. The two moving boundaries
which depend on the horizon largely complicate comuptation of closed-form solution,
thus we look upon numerical approximations to find a solution. We present the
algorithm to obtain these boundaries in section 4.
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4 Numerical approximation

To our knowledge, no closed form solution exists for the finite horizon maximization
problem on presence of transaction costs, as the two free boudarie move over time.
It is therefore tempting to use numerical methods, such as finite difference method
and binomial tree method, as in Chellathurai and Draviam (2007), Gennotte and
Jung (1994). These methods are widely used for option pricing when the holder
has early exercise decisions to make prior to maturity. In this chapter, we present
a algorithm to derive the two boundaries between which portfolio ratio is allowed
to fluctuate. Dynamic programming technique is applied to restate the problems
described in section 3.2 and 3.4, and then we develop a multi-period binomial tree
model to approximate the underlying stock return dynamics, in our case, a log normal
distribution.!?

4.1 Dynamic programming formulation

We first of all rewrite the continuous time model to a discrete time model. At date
t=0,1,...T"— 1, pension fund can rebalance the investment. For the sake of conve-
nience, we still keep using the same notations as in the previous section.

The problem of the pension fund is:

1=y
V(b,s,t:T) = Max E[M

47
(bz,st:t>0) 1 - ’y ] ( )

The proportional transaction costs take place both when selling and purchasing
the stock, thus we distinguish the following two cases:

The wealth dynamics of money market account and stock in discrete time when

purchasing the stock:
bt+1 = (bt — ut)’r‘
St+1 = (St + (1 — k)ut)th

The wealth dynamics of money market account and stock in discrete time when

selling the stock:
bt+1 = (bt + (1 — lf)ut>7"
St+1 = (St - Ut)2t+1

where w; is positive in both cases.

Next we format the problem by the dynamic programming algorithm:

V(bt7 St, t’ T) - Ma’X Et [V<bt+17 8t+1’ t + 17 T)] <48>

12\We will show later that by choosing appropriate values for the parameters, the multi-period
binomial distribution could converge to one of many common-seen distributions for the stock return.
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with the boudary condition:

(br + ST)lf'y

V(br,sr,T;T) = 1

(49)

Recalling that the optimal investment policy is characterized by two numbers,
which divide the investment space to three regions, the sell region, the buy region
and the no-transaction region. In the discrete time setting, the same rule applies.
The buy boundary and sell bounday are both functions of time (horizon), which we
denote by A, and ), respectively. Furthermore, denote the money market account to
stock ratio at time ¢ as h;, and accordingly a new value function g(h,t;7) so that

V(bs, 54,8, T) = s 7g(hy, t; T), with the boundary condition g(hy, T;T) = M,

1—
noticing that V' is homogeneous of degree 1 — v on by, s;. ’
Preliminary result shows:
g(xt, t, iz—‘)S;_’Y 1f ht > Xt
V(bt7 S¢, t, T) = Et[V(th, StZtJrl,t + 1, T)] lf At S ht S >\t (50)
g\, t;T)s; 7 if hy < A,

On the no-transaction region, i.e. \, < hy < s, no trade is made and the amount
invested in money market account and stock evolves according to the return dynamics.

On the buy region, i.e. h; > A, pension fund chooses optimal control u; to re-
balance the portfolio. Stock holding increases to s; + (1 — k)u;, while the amount
invested in money market account decreases to b; — u;. Noticing that )\, maximizes
the value function g(h,t;T). Pension fund always finds it optimal to rebalance the
portfolio in order to reach the ratio A, at time ¢. The relationship of g(h,t;T) and
g(M\, t;T) can be found.

On the sell region, i.e. h; < A, selling u; amount of stock incurs transaction costs
kuy, the amount invested in money market account only increases to by + (1 — k)uq.
It is always optimal to transact to the sell boundary. The relationship of g(hy,t;T)
and g(A,, t;T) is also found.

g(hs, t;T) is completely determined by h;. At the terminal date, g(hr,T;T) rep-
resents indirect utility attached to an unit investment in stock. The derivation of
the moving boundaries reduces to the identification of function g for all ¢ and h;. In
the next section, we use backward induction to compute these values for which three
equations characterize the indirect value function g.

Proposition 1: The rules governing the indirect utility function at buy boundary,
no-transaction region and sell boundary can be expressed as:
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(U110 05, 4oy if B> A

Ae(1—F)+1 _
ghe, t;T) = Et[(h?ilr)l_vg(htﬂ,t +1;T)] if A <h <N\ (51)
(=) g(A, 15 T) if hy <)

Proof: See Appendix 1.

4.2 The binomial tree method

Binomial tree is a diagram representing possible paths that might be followd by the
stock price up to the terminal date. Binomial tree approach is a popular technique
for pricing options, first proposed by Cox, Ross and Rubinstein (1979). By assuming
that the stock price follows a multistep binomial tree, we can treat each node of
the tree separately and work back from the terminal date. A large number of steps
consisted in the binomial tree certainly improves accuracy of the approximation, but
also requires considerable computational effort. Figlewski and Gao (1999) proposed
adaptive mesh model to graft a high resolution tree on to a low resolution tree. More-
over, trinomial trees can be used as an alternative to binomial trees.

To illustrate the binomial tree model, we first divide the investment horizon into
a large number of small time intervals. The stock price can either go up or go down
at each time point. The stock earns a return of u for an up movement and a return of
d for a down movement. The probability of an up movement is denoted by p, while
that of down movement by 1 — p. The riskless money market account always earns a
return of . To exclude arbitrage, assume d < r < u.*

The precision of the results increases with the number of initial values. Starting
from any time ¢, conditionally on the value h;, h;; follows a binomial distribution:

b %ht with probability p
t+1 — Zhy with probability 1 —p

We refer to the ¢ — th node at time ¢ as the (¢,7) node, where 0 < t < T and
1 <i<t+ N, where N is related to the precision of the search and increases linearly
on time. Introduce new notations h;; and g(h¢, i) to represent the portfolio ratio
and indirect value function at the (¢,7) node. Following the algorithms of Gennotte
and Jung (1994), we start from deriving the no-transaction region one period be-
fore terminal date, since directly starting from the terminal date and searching for
the boundaries one period before terminal date without any restriction dramatically
increase computational effort. The boundaries at period T'— 1 are given by:

13We implicitely assume d, u, p are all constant. In a more generalized form, these parameters can
be time-dependent

23



— B uM —d where _ plu—r(1+k)) -3
Aoy = S gy Where M ((1—p><r<1+k>—d>) (52

B uM —d where 1T — p(u—r(l—k)) -3
Ara = Sy Ve M ((1—p><r<1—k>—d>) (53)

To find g(hy,7) at all nodes, we compute g(hy_1,7) by using the boundary condi-
tion:
(hp—1; + 1)
[t
The grid points starting from the smallest value increase with ¢:

g(hr-1,1) = (54)

i—1

MT =10 =2 (5)

where the positive integer L sets the precision of the search. With larger L,
the boundaries become smoother. On the other hand, we have to make sure that
following either an up or down movement the points at a earlier period lead to ratios
belonging to the next period. Therefore the number of points decreases with the speed
proportional to L as we move backwards. * Moreover, using binomial distribution,
the portfolio ratio on all nodes can be computed straightforward. For example, the
ith node at time 7' — 2 is given by:

1—1

WT =20 =201 (1) (7)

Optimal investment policy is derived backwards from period 7'—1 on to the initial
time. Noticing that the number of nodes on the binomial tree decreases as we work
backwards, it might be the case that there is not enough point left at some period.
In this situation, we modify the set of initial values on T"— 1 and repeat the same
procedure which we will demonstrate in detail. By selecting a set of initial points
around the no-transaction region, we can always obtain the boundaries.

Then we derive the value function two periods prior to the terminal time g(hr_o, 7).
Under the assumption that no transaction takes place at time T'—2, we use the second
expression from equation (51) to compute each g(hy_o,1):

hr_s; . S
g(hr—9,i) = Et[(hT—Q’T)lﬂg(hbej)] where j =1i,i+ L
T—1,j
An up movement from node (7" — 2,4) arrives at the node (7' — 1,4) and a down
movement at the node (7" — 1,7 4+ L). The expectation is a weighted average with

weight p and 1 — p:

We verified that L = 100 is sufficiently high to yield a smooth curve

24



T T
hr_1,; = EhT—Q,iy hr_1i1n = EhT—Q,z‘

Equation (51) therefore reduces to:

g(hr_o,) = pu'Vg(hr_1,i) + (1 — p)d* "g(hr_1,i+ L) (55)
Repeat this procedure for each period and for all nodes at time 7" — 2 so that we

can attach values under no-transaction assumption to these nodes on the binomial
tree.

Now we turn to the procedure to find buy boundary and sell bounday two periods
priror to the terminal time 7" — 1. If the optimal investment policy is to transact (ei-
ther purchase or sell stock), trade from one node to its neighbors must yield positive
profit. (We have computed the value function at each node.)

We start from the first node, i.e. ¢ = 1, which is characterized by the smallest
possible portfolio ratio. If we select appropriate set of initial values, the sell boundary
should locate in the interior of the set. Pension fund has incentive to sell stock on this
extreme scenario in which stock performs very well. The value function g(hgp_o,1)
is known as we have computed before. On the sell region, i.e. hp_o; < A, the
value function resulting from selling an additional amount of stock must increase.
We compute this value function by using the third expression in equation (51), with
hy replaced by hr_s1, A, by hr_29, and g(A,,t;T) by g(hr_2,2):

hr_oqn +1—k
hr_go+1—k

g(hr—9,1) = ( ) E) (56)

hr_21+1-k

The Coefﬁcient (m

)77 reflects the cost of rebalancing the portfolio.

Compare the value function resulting from selling an additional unit of stock
(equation (56)) with the value function derived from no-transaction (equation (55)).
If the former is larger, repeat this procedure for increasing values of hp_g; to hy_g 41,
until additional stock sale cannot increases the value function. The level of hp_s; for
which this first occurs is the sell boundary at time 7' — 2: A\, — 2.

The buy boundary can be derived in a similar fashion for which we start from
the largest possible portfolio ratio and compute the value functions resulting form an
additional amount of stock purchase. Now we know both boundaries Ap_s and A,
at time T' — 2. Using the following criteria, replace the value function at all nodes
(T — 2,14) by the largest possible value:

(r=2i0oBH Iy (K0 ) i hpog; > Aros

Ar_o(1—k)+1 B
g(hr_2,7) = < does not change if Ap_g <hr_o; < Ap_g (57)
hr_gi+1—ky\1_ .
( ATT_Z-:_l—k P9 Ap_y) i hroa; < Apy
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Note that g(Ar_s) and g(Ay_,) represent the value function derived at the buy and
sell boundaries. We use these new values to derive g(hz_3,4) under no-transaction
assumption. Repeat the above sequential procedure for each period from 7" — 3 to 0
so that the moving boundaries are identified.

Now we wish to choose the parameters r, u, d, p in a way such that the multiplica-
tive binomial probability distribution converges to the lognormal distribution in the
limit.!®

Recall the stock earns a return of u for an up movement with probability p and a
return of d for a down movement with probability 1 — p. If every year consists of n
period, we consider dividing up the original longer time period (a year) into n shorter
periods At (a month, a day or even less). When n goes to infinity, the multiplicative
binomial probability distribution leads to lognormal distribution. It is much easier
to perform the calculation with the natural logarithm of the rate of return, which is
log(u) with probability p and log(d) with probability 1 — p.

Let the stock price at the beginning of this year and next year be Sy and 5.
Consequently the annual log stock return is log <§—é> Let j denote the number

of upward movements occuring during each year. Hence we can write down the
expectation and variance of log annual stock return:

E (log (%)) — log (%) E(j) + nlog(d)

vor (1og (£2)) = (100 (£))"+ Varty

where E(j) = np and Var(j) = np(1 — p) since each of the upward movements
has probability p.

Recall the lognormal case:
dSt = [I,Stdt + O'Stdwt

or equivalently
dlogS; = pdt + odw,

The drift g and volatility o? reflect the empirical values of expectations and
variance of log annual stock return. To find appropriate values for the parameters

15Cox, Ross and Robinstein (1979) showed that both a continuous process (lognormal distribution)
and a jump process can be derived from the multiplicative binomial process by simply choosing
appropriate u and d. In the case of jump process, the stock price usually moves in a smooth
deterministic way, but occasionally experiences sudden discontinuous shocks. In this article, we
only explore the lognormal case.
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u,d,p, we want the mean and variance of the continuously compounded return to
coincide with that of the actual stock prices as n goes to infinity. Combining all of

this, we have:
E <log (%)) =n (plog (%) + log(d)) =u

Var (109 (5)) = (1 =) (1og ()" =

Moreover, we have d = % Thus, two unknowns with two equations, a little algebra
gives the only correct values for the parameters:

1
u=eVA d=¢ VA p= 5(1+H\/A_t) (58)
o

The parameters are chosen in such a way that the limiting expectations and vari-
ances coincide. However, expectation and variance only describe certain aspects of
the probability distribution. We need to verify that the multiplicative binomial distri-
bution converges to the lognormal distribution by examining the remaining important
aspects, especially, the skewness of the distribution and other higher order moments.
Cox, Ross and Rubinstein (1979) have verified that the multipicative binomial distri-
bution indeed includes the lognormal distribution as a limiting case, since the higher
order properties of the distribution, such as skewness become less and less important
relative to its standard deviation as n goes to infinity.

For the money market account, we also need to decide the riskless return for the
same time interval At. Unlike in section 3, we will use the symbol 7 to refer to the
empirical annual interest rate. The continuously compounded rate of return must
coincide with that of the actual riskless return, then:

r=¢ (59)

There is one potential problem when using binomial process to approximate log-
normal distribution, that is, for cetain range of values of the parameters, trade may
never occur. If ;75 > u, the marginal investment in the stock yields u, which at most
equals the return on money market account — in the up state, and it is strictly
inferior in the down state. Hence optimal investment policy at all portfolio ratio is
not to purchase stock. If d > r(1 — k), the marginal investment in the stock yields d,
which at least equals the return on money market account (1 — k) in the down state,
and it is strictly superior in the up state. Hence optimal investment at all portfolio
ratio is not to sell stock.

To make sure that boundaries at each time exist (or possibly exist), in addition
to the non-arbitrage assumption which requires d < r < u, we impose an extra
condition:
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d
— <r<u(l—-k
T % (1—k)
Note that from equation (58) as the number of periods n goes to infinity, all u, d, r
tend to 1, while p tends to % For sufficiently large n, the boundaries do not exist
for all values of proportional transaction cost rate k. We use a moderate number of

periods which balances accuracy of results and validity of the method.

4.3 Apply binomial tree method to the lifecycle model

Allowing for intermediate consumption brings a new dimension to the search for
optimal investment policy. We skip the large body of similar derivation to those
formulated in section 4.1 and 4.2, and only write down the expressions of indepen-
dent interests in this section. We start by deriving the set of equations which govern
the evolution of indirect utility function. Same notations are used here as in section
3. Homogeneity guarantees J(cs, by, s, 6 T) = s'77 f(cy, hy, t; T) with the boundary
condition g(hp, T,T) = %, since at the terminal time all the wealth will be
consumed.

The dynamic programming algorithm is written as:

Ctl_’y

1
J(ci, by, s¢,t;T) = Max + ——E | J(ciq1, bip1, S0, + 15T 60
(et T) = Max §5— 4 B bn s+ LT) (60)
We define the no-transaction region with respect to investment, but not consump-
tion. Even without rebalancing the portfolio composition, both h; and h;y; change
due to intermediate consumption. Therefore, h; 1 = bts’ct Zi+1, which can be further

simplified by using binomial tree method. It boils down to a weighted average, since
2441 18 either u or d depending on the state.

On the buy region, ie. hy > A..  Similar to section 4.1, the relationship of
f(ye, he, t;T) and (g, A, t; T) can be found. Notice here we have:

bt — Ut — C¢ T
se+ (1 —k)uy 241
The nominator of the first term on RHS includes three variables, the money
market account b;, sales of the money market account u; and consumption ¢;. Con-

sumption only depletes the money market account and thus cannot exceed the money
market account.

ht+1 -

On the sell region, i.e. h; < A, using the same logic, the relationship of f(y;, by, t;T)
and f(y:, A, ;T') can be found.
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Proposition 2: When allowing for intermediate consumption, the rules governing
the indirect utility function at buy boundary, no-transaction region and sell boundary
can be expressed as:

(Mht(lkm)ytut(lkm))l_” (@ 6T) = )+ w2 i hy > X,
y Nty by 1—v

( ?S(lx(lfk)+1)fm(ft(1fk)+l) 1=y
oty 1—y _
flee he, 5 T) = Tt #pEt[(%r)l_Vf(ctH,htH,t+ L;T)] if Ay <he <\
Me(hit1=h) =y Qet1=k) ) 17 . w' 1=y :
Grmmmagig)  (adesD) =5=) 4550 0 <,

(61)
Proof: See Appendix 2.

Now we turn to investigate the application of binomial tree method again. Since
intermediate consumption is allowed, now two decisions have to be made at each node
of the binomial tree: how much to consume and whether to adjust portfolio compo-
sition. A new dimension is thus introduced to the tree representing the consumption
policy. The investment and consumption decisions are made simutaneously in reality.
We replicate this procedure as follows:

Starting at any node (¢,4), immediate consumption has three effects that it real-
izes instant utility, reduces future consumption and brings down the portfolio ratio
hii. The third effect is implemented by moving along the 7 dimension for a given time
t. Given such trade-off, optimal consumption policy balances these three opposite
effects on the value function. It’s neither too high, so that the portfolio ratio remains
in a appropriate range, nor too low, so that impatient participants get satisfaction
from intermediate consumption. Optimal consumption is time-dependent: a higher
proportion of wealth is consumed as getting closer to the terminal time. And finally
it reaches the highest level, 100 percent, at the terminal time. Backward induction
enables computation of optimal consumption alongside the binomial tree.

A few technical details need to be mentioned here briefly. The set of consumption
policies in our model cannot cover all possibilities. The reason is that all the control
variables are discretized, with some artificial bounds. The values lying beyond the
bounds are not accessible. Take the node with smallest portfolio ratio at time 7 for
example, no consumption is available since by assumption it represents the lowest
holding in money market account and consumption would further reduce such hold-
ing.

The rest of the search is same to that of the no-consumption case. To derive
the sell and buy boundary, we start from the smallest and highest portfolio ratio,
respectively. A boundary is obtained when marginal purchase or sale cannot improve
the indirect value function. All the moving boundaries can be identified by backward
induction.
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5 Results and further analysis on optimal invest-
ment policy

In the Section 4 we have demonstrated the binomial tree method that yields a good
approximation of the sell and buy boundaries along time. In this section we examine
the pattern of the boundaries” movements over time and provide further analysis of
the optimal policies for the pension fund on behalf of its participants who only have
finite investment horizon.

We choose T = 5, and each year consists of 20 periods. The binomial tree hence
has 100 steps, which is believed to generate reasonable results. Furthermore, we
observe that increasing number of periods per year does not change the results. Since
the boundaries converge to certain point as we move away from the terminal time
to a remote period, we set the time horizon T" not too large. The properties of the
moving boundaries are summerized bellow:

5.1 Overall pattern of the moving boundaries

The no-transaction region broadens as the investor approaches the terminal time.
Figure 1 reports the sell (upper) and buy (lower) boundaries of the portfolio ratio for
parameter values r; = 0.04, u = 0.10, o = 0.30, v = 3, k = 0.001.'® when propor-
tional transaction costs apply to both stock and money market account. Since the
expected return earned over the remaining time decreases as one moves torwards the
terminal time, the incremental return gained from adjusting the portfolio declines.
Especially near the terminal date, incremental return becomes minimal. This is why
investor tends to transact less and less as time passes by and eventually avoids trad-
ing. Such behavior is more distinct near the terminal time that the boundairies start
to explode without bounds.

The sell boundary shifts upwards alongside time monotonically, from 0.2918 at
period 1 to 0.4603 at the last period, consistent with the evidence documented in the
literature. On the other hand, the movement of the buy boundary is non-monotonic,
opposed to results given by Liu and Loewenstein (2004), Gennotte and Jung (1994).
It first slightly goes up from 0.2887 at period 1 to 0.3043 at the end of the fourth year,
since then it fluctuates between 0.3041 to 0.3045 for about half a year, and quickly
decreases to 0.2001 for the remaining periods of time.

Combining these facts, no-transaction region slightly shifts upwards to the stock
for most of the time and eventually gets wide enough to restraint from trading, indi-
cating that the optimal investment policy for the pension fund is to move out of money
market account and into the stock gradually and slowly over a very long horizon then

16 A1l the parameter values are on a annual base
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Figure 1: The no-transaction region broadens as number of remaining periods to
terminal time decreases. The assumed parameter values are ry = 0.04, u = 0.10,
o =0.30,v=3, k=0.001

reduce trading dramatically near terminal time. Interestingly, the no-transaction re-
gion narrows and converges to a constant width as the number of remaining periods
increases, consistent with the infinite horizon model. The speed of the convergence is
rather fast that it happens within a few years, as found by Gennotte and Jung (1994).

Therefore, our model does not support the view that presence of transaction costs
together with a finite horizon would yield consistent results with life-cycle investment
advice. Life-cycle model predicts that youth invests more in risky assets than the
elderly and the investment gradually shifts to riskless asset in the lifespan, however
our model suggests that only in the very last moment investor dramatically reduces
transaction. Indeed no-transaction region broadens over time, but the timing when
it significantly appears to a large extent characterizes the optimal investment policy.
In our model, it occurs nearly at the end of the investment horizon.

5.2 Changes in transaction costs

The sell and buy boundaries are sensitive to the transaction costs. With higher
transaction costs, the width of the no-transaction region increases at all time. The
rationale is that trading becomes infrequent if each incurs higher costs. Transaction
costs also shift the no-transaction region towards the money market account because
the demand for stock is decreasing in the transation cost rate, as reported by Con-
stantinides (1986). However, these effects are not uniform over time. The width of
no-transaction region is more sensitive to transaction costs when getting closer to the
terminal time, indicating that pension fund should adjust optimal investment policy
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Figure 2: The no-transaction region widens at all time as proportional transaction
costs increase. The assumed parameter values are ry = 0.04, u = 0.10, o = 0.30,
v =3, k=0.001 and 0.003

more for shorter-horizon (within a few years) participants when transaction costs
change. In section 5.1 we mentioned that near the terminal time the boundairies
start to explode without bounds, thus one can expect a heavier effect of transaction
costs accordingly.

Graphs below will only show the pattern of the boundaries from the third year
on, since at earlier time it has no particular interests as the no-transaction region
narrows down and converges to a certain width.

Figure 2 compares the no-transaction region with different transaction costs, k =
0.001 and £ = 0.003. For £ = 0.003, The sell boundary and buy boundary at
the last period are 0.8652 and 0.0178 respectively, significantly different from those
derived with £ = 0.001. In contrast, boundaries converge as the number of remaining
periods increases, so they do not exhibit too much difference at an early period.
The convergence slows down when transaction costs increase.!” In addition, the buy
boundary is decreasing in transaction cost rate faster than the rate at which the
sell boundary is increasing in transaction cost rate, especially near terminal time.
(The sell boundary only doubles while the buy boundary decreases to one order of
magnitude smaller.)

1"The speed of convergence increases when o increases, or vy increases. See figure 3 and figure 5.
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Figure 3: The no-transaction region narrows and moves downwards as volatility of
the stock increases. The assumed parameter values are ry = 0.04, p = 0.10, 0 = 0.30
and 0.15, v = 3, k£ = 0.001

5.3 Changes in risk and risk premium

Changes in risk and risk premium of stock affect the optimal investment policy, which
is not a surprising result for anyone with a little knowlegde of optimal investment
theory. A risk-averse agent requires a positive risk premium for the risks involved in
holding the stock.

In our model, volatility of the stock o represents the level of risk. Figure 3 demon-
strates the effect of volatility on no-transaction region. When ¢ increases from 0.15
to 0.3, both boundaries move downwards and the width of no-transaction region nar-
rows down. This implies that the risk-averse investor is more in favor of the money
market account when stock becomes more risky and thus he tends to invest less in
the stock on average. In addition, he trades more frequently in order to keep the
portfolio ratio more stable when stock becomes more risky. This opposes the result
of Liu and Lowenstein (2004), who found that no-transaction region widens when o
increases.

Once again, we observe a time-dependent effect of risk: in particular, the bound-
aries become extremely sensitive to ¢ upon the termial time, which coincides with
the result of Liu and Lowenstein (2004), that the boundaries decrease at a signifi-
cantly higher rate for a shorter-horizon investor as the risk increases. The optimal
investment policy of pension fund should react accordingly for participants with dif-
ferent horizon. Especially for short-horizon participants, optimal investment policy
is sensitive to risk.
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Figure 5: The no-transaction region narrows and moves downwards as the relative
risk aversion coefficient increases. The assumed parameter values are vy = 0.04,
@ =0.10, 0 =0.30, y =3 and 8, £ = 0.001
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Now we turn to examine the change in risk premium. Throughout the paper, we
keep the interest rate a constant ry = 0.04, so risk premium only depends on the
expected return of the stock. Figure 3 demonstrates the effect of expected return
of the stock on no-transaction region. When expected return of the stock increases
from 0.08 to 0.1,'® stock become more attractive, all else being equal, so the investor
would move out of the money market account and move into the stock. The no-
transaction region consequently shifts upwards. The width of no-transaction region
is left unchanged. However the horizon-dependence of the effect on no-transaction
region is not significant. The buy and sell boundaries with risk premium of 0.04 are
parallel to those with risk premium of 0.06.

5.4 Changes in relative risk aversion coefficient

A more risk-averse investor tends to invest more in the money market account to
avoid undesirable risk of holding stock: the fluctuation of the portfolio value. Figure 5
shows the effect of increasing relative risk aversion coefficient v on the no-transaction
region. When ~ increases from 3 to 8, both boundaries move downwards and the
width of no-transaction region narrows down, indicating that the investor with a
higher risk aversion coefficient holds less stock in his portfolio, and trades more in
order to keep a more stable portfolio ratio. The effect is also horizon-dependent. It
appears to be more distinct for shorter-horizon investors. Pension fund thus should
take into account of the horizon when considering optimal investment policy for dif-
ferent risk-averse participants.

Moreover, an increase in o and 7 has similar effect on no-transaction region.
Comparing Figure 5 and Figure 3, we could see the similarity.

5.5 Analysis of the moving boundaries when allowing for in-
termediate consumption

Same as before, the no-transaction region broadens when getting closer to the ter-
minal time. Figure 6 reports the sell and buy boundaries for the parameter values
ry = 0.04, T = 0.10, 0 = 0.30, v = 3, k = 0.001, p = 0 Consumption does not
change the property that the total expected return decreases as one moves towards
the terminal time, so that the incremental return gained from adjusting the portfolio
declines. Therefore, investor tends to trade less and less when allowing for interme-
diate consumption.

The sell boundary shifts upwards monotonically as time goes by, and the pattern
is particularly obvious from the third year onwards. On the other hand, the behavior
of the buy boundary is quite irregular. It slightly goes up for three years, and then

18This is equivalent to that the risk premium increases from 0.04 to 0.06, given a interest rate of
0.04
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Figure 6: The no-transaction region broadens as number of remaining periods to
terminal time decreases when allowing for intermediate consumption. The assumed
parameter values are vy = 0.04, = 0.10, 0 = 0.30, v = 3, k£ = 0.001, p = 0

flutuates intensively around this level.! Therefore, the widening of the no-transaction
region is solely determined by the sell region.

Compared to the no-consumption case, several new features draw our attention.
First, the no-transaction region moves downwards. Since consumption only depletes
money market account (cash at hand), and optimal investment policy is determined in
such a way that maximizes the expected utility of the lifetime’s consumption stream,
the investor therefore needs to maintain substaintial amount of wealth in the money
market account, in order to support a desired level of consumption. Stock has to be
sold before realizing for consumption. If cash at hand is not enough and transaction
cost rate is high, the investor will find himself refrained by the liquidity constarint,
which reduces the lifetime utility. The stock to money market account ratio is sys-
tematically lower than that of the no-consumption case for this reason.

Secondly, the buy boundary stays at a very low level for the lifetime. It is always
below the buy boundary of the no-consumption case, though flutuates intensively.
This is due to the fact that investor favors money market account more, so that he
only buys stock when the portfolio ratio reaches a very low level.

Thirdly, the sell boundary starts to shift upwards much earlier when intermedi-
ate consumption is allowed. The buy boundary remains at a very low level at all
time, thus the no-transaction region widens much earlier too. Compared to the no-
consumption case, the width of the no-transaction region is 0.1230 at the beginning

9Relative to the low level the buy boundary remains at, the flutuation is rather intensive.
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of the third year, almost expanded by a factor of 2 (the width is only 0.0069 for
the former). The intuition is straightforward: adjusting portfolio has two effects: it
increases the return over the remaining time, and it incurs proportional transaction
costs. With intermediate consumption, the incremental return gained from adjusting
the portfolio declines even faster as time goes by, because consumption reduces the
total wealth. We also find that the optimal proportion of wealth (and money market
account) consumed by the investor is mostly an increasing function of time, which
even strengthens the second effect. Hence, the investor finds it optimal to avoid trad-
ing at a much earlier stage.

Once more, increasing risk and relative risk aversion coefficient have similar ef-
fects on the width and location of the no-transaction region: it shifts downwards and
narrows down, which we will not further discuss. Figure 7 and Figure 8 demonstrate
these effects. The effect is more obvious if we plot it in terms of portfolio weight
instead of portfolio ratio. See Appendix 3 for an example.

However, the effects of proportional transaction cost rate and expected stock re-
turns show impressive difference. Figure 9 and Figure 10 demonstrate the effects of
increasing transaction cost rate from 0.001 to 0.02, and increasing expected stock
return from 0.10 to 0.12. In a finite-period model, we see from the graph that the
effects of both increasing transaction cost and expected stock return become much
smaller when allowing for intermediate consumption, almost neglegible before the
fourth year. The buy boundary is not sensitive to transaction cost rate and expected
stock return, while the sell boundaries only display significant difference near the
terminal time.

The width of the no-transaction region is particularly sensitive to the time dis-
counting parameter. Figure 11 shows the effect of increasing the time discounting
parameter from 0 to 0.2. A high p implies a impatient preference, with which the
investor tends to consume a large proportion of his wealth. Adjusting the portfolio
thus only yields relatively small incremental gain. Consequently the sell boundary
starts to shift upwards much earlier.

Combining all these evidences, we conclude that optimal investment of the pen-
sion fund becomes much different when considering intermediate consumption of the
participants. The portfolio ratio systematically goes down for all parameter values.
Pension fund also finds it optimal to avoid trading at a much ealier stage. Moreover,
optimal investment policy is sensitive to stock volatility, relative risk aversion coeffi-
cient and time discounting parameter, and is not sensitive to proportional transaction
cost rate, expected stock return, especially at an early stage.
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turn increases when allowing for intermediate consumption. The assumed parameter
values are 7y = 0.04, 4 = 0.10 and 0.12, 0 = 0.30, v = 3, £ = 0.001, p =0
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Figure 11: The no-transaction region slightly broadens as the time discounting param-
eter increases when allowing for intermediate consumption. The assumed parameter
values are 7y = 0.04, p = 0.10, 0 = 0.30, v = 3, £ = 0.001, p = 0, and 0.2

6 Discussion and conclusion

In this article we study the optimal investment policy for pension funds when re-
garding transaction costs. We have shown that in contrast to the infinite horizon
case, the optimal investment policy, reprensented by the sell (upper) and buy (lower)
boundary, is strongly horizon-dependent for an investor who attempts to maximize
his utility on a finite horizon. Pension fund, on behalf of its participants who only
have finite investment horizon, should refrain from trading when the portfolio ratio
falls in the no-transaction region, which is by large time varying.

Four specific cases are examined respectively: no-transaction cost case, propor-
tional transaction costs case, life-cycle investment with and without transaction costs.
According to the set of ordinary differential equations direved for the buy region, no-
transaction region and sell region, we do confirmed that optimal investment policy is
horizon-dependent. However, since analytical solving this dynamic control problem
is extremly time consuming, as pointed out by Gennotte and Jung (1992), we alter-
natively adopt a numerical method, namely binomial tree method, to search for the
moving boundaries. Working backwards from the second last period, the searching
procedure is simple and efficient: both boundaries can always be properly located at
each time point.

As for the no-consumption case, the no-transaction region broadens and slightly

shifts upwards as the investor approaches the terminal time. Eventually the bound-
aries explode without bounds. The sell boundary shifts upwards alongside time mono-
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tonically, while the movement of the buy boundary is non-monotonic. Combining the
behavior of sell and buy boundary, it suggests that the optimal investment policy for
pension fund is to move out of the money market account and into the stock gradually
over a long time then reduce trading dramatically near the terminal time. Consis-
tent with the stationary solution of the infinite horizon model, the no-transaction
region narrows and converges to a certain width as the number of remaining periods
increases.

Life-cycle model suggests that youth invests more in risky assets than the elderly,
however our model shows that only in the very last moment investor dramatically
reduces transaction. Therefore our model does not support the conclusion of Liu and
Loewenstein (2002) which states that presence of transaction costs together with a
finite horizon would give consistent results with life-cyle investment advice.

Moreover we have checked how changes in parameter values might affect the
optimal investment policy. First, with higher transaction costs, the width of the no-
transaction region increases and the demand for stock is decreasing. Secondly, when
the volatility of the stock increases, both boundaries move downwards and the width
of the no-transaction region narrows down, implying that the investor favors money
market account more and trade more frequently. Thirdly, the no-transaction region
shift upwards when expected return of the stock increases, meaning that the investor
moves out of the money market account and into the stock. Fourth, an increase in
relative risk aversion coefficient has similar effect on no-transaction region with an
increase in volatility. Except for the increase in expected return, all these effects
appear to be horizon-dependent, more distinct for shorter-horizon investors. Pension
fund thus should take into consideration of the horizon when making optimal invest-
ment policy for its participants.

Following the no-consumption case, optimal investment policy when allowing for
intermediate consumption can also be found in a similar fashion. Once again the
sell boundary shifts upwards monotonically, while the behavior of the buy boundary
is irregular. Compared to the no-consumption case, several new features draw our
attention. First, the no-transaction region moves downwards. The reason is that
investor needs to keep a large fraction of wealth in the money market account in
order to sustain the optimal consumption. Secondly, the buy boundary stays at a
very low level at all time, and the investor only buys stock when the portfolio ratio
drops to a very low level. Thirdly, the no-transaction region widens much earlier,
because incremental return gained from adjusting the portfolio declines as wealth
gets consumed overtime.

Furthermore, optimal investment policy is only sensitive to stock volatility, rel-

ative risk aversion parameter and time discounting parameter. We conclude that
considering the intermediate consumption of the participants, optimal portfolio ratio
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for pension funds goes down and trading becomes less frequent at a much earlier stage.

There are several directions in which the model presented in this article can be
refined. First, to sketch a more general picture of optimal investment policy in a finite
horizon, extension to multiple risky assets can be done. Magill and Constantinides
(1976) pointed out that n assets imply 3" possible transaction region. Even the
stationary solution is extremely difficult to obtain. In particular, pension fund par-
ticipants often have large specific investments in human capital and housing, so the
optimal investment policy should also take these factors into account. Our method
can be directly applied to the case with deterministic labor income. Nevertheless
incoporating risky human capital and housing largely complicates the problem. It is
a special case of the multiple risky assets model.

Secondly, it is still not clear how the investor adjusts consumption optimally when
he is subject to proportional transaction costs. As we mentioned before, income ef-
fect and substitution effect work simutaneously at opposite directions. In this article
we emphasis on optimal investment policy rather than consumption policy, though
we have confirmed in the numerical results that consumption indeed increases over
time. Futher research could focus on precisely investigating the causal relationship
of transaction costs and consumption rate.

Thirdly, Some methodological concerns of the numerical method remain open
to discussion. Instead of money market account to stock ratio, using the portfolio
weight as the state variable might markedly improve numerical stability. The former
can be extremely large, while the latter always falls between 0 and 1. In the no-
consumption case, our result is inaccurate for large Merton values, which could be
possiblly avoided by converting portfolio ratio to portfolio weight at the dynamic
programming formulation stage. Additional to this, we still need to elaborate more
on the behavior of the buy boundary in the life-cycle model. Last but not the least,
the finite-difference method seems to be a tempting alternative to the binomial tree
method, especially when considering intermediate consumption.
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A Appendix 1

On the no-transaction region, i.e. A, < hy < ¢, the amount invested in money market
account and stock evolve according to the return dynamics:

Vb, s, t;T) = B[V (ber, Seze41,t + 1;T)]
Transformation of the value function V' to g both on LHS and RHS implies:

g(he, t;T) = Ey[s] (s12041)' g (huya, t + 15 7)) (62)
For a given hy, hyyq is a random variable, determined by:
r

hiy1=h—

Zt+1
so that we can write z;,1 as a function of the portfolio ratio z;,1 = th—l r. Replac-

ing 241 in equation (62) by the portfolio ratio, we have:

g(he, t; T) = By (-—r) g(hpsr, t + 1T (63)

t+1

On the buy region, i.e. hy > A

V(bt7 St t) T) = g(xta ta T)Sl_’y

where \; maximizes g(hy,t;T).
V(bt, St, t, T) = Max Et[V((bt — Ut)T, (St + (1 — ]{?)Ut>2t+1,t + 1, T)]
Transformation of the value function V' to g both on LHS and RHS implies:

9(u, t;T) = Max Eyfs} " ((se + (1 = b)) 241) 7 g(hesn, t+ LT (64)

For the same reason, h;,; is determined by:

h . bt — Ut r
aal S¢ + (1 — k)ut 241
Hence replacing (s; + (1 — k)uy) 2441 in equation (64) by % gives the following
expression:
1, (b —ug)r
ol ) =Max B [s7 (P iy 1) (65)
Ut t+1
r u
=Max Ei(5 )' 7 (he = =) g(hesa, t+ 1 T)] (66)
Ut t+1 St

Noticing that \, maximizes the value function g(hs, t;T), on the buy region, pen-
sion fund always finds it optimal to rebalance the portfolio in order to reach the ratio
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A at time ¢t. The optimal control at time ¢ is therefore determined uniquely by h,
and \; and can be expressed as a function of the state variables.

From h; = IS’—: and \, = Stf&_—_“,;)m, we get u; = ((f_t;)% Plugging into equation
(66), it can be easily shown:

T _ Xt(ht<1 — k) + ].) _

he t:T) = Ef(—) (2= Sg(hp, t +1;T 67

g, 5T) = B (RS ) gl 1 1T (67
— T _ Xt(xt(l - k?) + 1) _

M, t;T) = Ey(— )77 (F= “g(hypr, t + ;T 68

900 5T) = B ) L) el 4T (69

The second equation is obtained from the first equation, with A, replaced by ;.

Combining the above two equations, the relationship of g(h,t;T) and g(\, t;T)
is found:

he(l —k)+1
M1 —k)+1
On the sell region, i.e. hy < A

glhy, t;T) = ( YW g\, T)  for hy > N (69)

V(bt7 St t) T) = g(Aﬂ t’ T)Sl_ﬂy

where A, maximizes g(hy, t; 7).

V(bs, st,t;T) = Max Ex[V ((be + (1 — k)ug)r, (s — ug)ze1,t + 1; 1))

Transformation of the value function V' to g on both sides gives:

g(he, t;T) :fox Eys] ™ ((se — ) 2e41) 7 g(husr, £+ 1, T)] (70)
b 1—k
Max By (U (h ST 1 oy 4 1:T) (71)
Ut t+1
P Ml — k)
—E,[(— )" (2= )Y (h t+1:T 72
t[(htﬂ) ( N1k ) 7g(heyr, t 4+ 1;,T)] (72)

The first equality holds by the use of homogeneity of the value function V. The
second equality holds because h;11 = tU-Ru . 1 while the third equality holds

St—ut Zt4+1
because hy = g—i and )\, = W
Replacing h; by A,, we have:
D VOV N e N
M, t;T) =E (== (b, t+ 1T 73
93 ET) = Bl T () Tl 4 1] (7
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The relationship of g(hy, t;T) and g(A,, t;T) is also found:

hi +1—k

N1 k)lﬂg(At,t;T) for hy < A (74)
Ay

g(he, t;T) = (

Proposition 1 is proved.

B Appendix 2

Similar to section 4.2, on the no-transaction region we have:

ce\1—y
1 h
= (St) + Ey( :
1—7 1+p

hit1 = bt;ct Zi+1, which can be further simplified by using binomial tree method.

It boils down to a weighted average, since z;,1 is either u or d depending on the state.

fle, e, t;T) ) f (G g, t+ 1T (75)

ht+1

On the buy region, i.e. hy > A\

() 1
Jhe, t; T) =M 2t +
f(Ct t ) Ct,?li( 1 - Y 1 + P

E; [Stv_l ((St“‘(1_k)ut)zt+1)1_7f(ct+la hiy1, t+1;T)]
(76)

where:
bt — Ut — C T

N S¢ + (1 — k)ut . Zt4+1

ht+1

bt —u¢—ct)r

Replacing (s;4(1—k)uy)zi41 by ¢ , the following equation can be obtained:

hit1
(&)t 1 r U + ¢
h,t; T) = Max ~ Y (hy———2) hii1,t4+1;T
flew, by, t;T) Ct%:( 1—~ ‘1+4p t ht+1) (he 5 ) f(etgrs g 141 T
- (77)
To eliminate u;, we review the relationship of h; and A;:
by — by —
hy =2, A= .
Sy s+ (1 — k)
Substituting u; = ((lh_t;% into the equation, and writting ¢+ as y, we get:

ytli’y 1 E T 1— )\_t(h't(l — k) + 1)

+ N - it (& 7h 7t+1,T
11— 14p t[ ht+1 )\t(l—k)—i—l yt) f( t+1 I+1 )]

(78)
A little algebra would yield the relationship of f(y, he,t;T) and f(7, M, t; T):

f(yta ht7 ta T) -
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1—

f(ye, he, t;T) = (ﬁ(@(l k) 1) —pA(L k) + 1))

N Y 7
M1 = k) +1) = (A1 — k) + 1) (f(yt’ At T) )+

1—x 1—x
(79)
On the sell region, i.e. h; < A, using the same logic, the relationship of f(y;, hy, t;T)

and f(y:, Ae, t;T') can be found:

M(he+1=k) =X+ 1— k)7 yi' 7 1=
f(ytvhtﬂt;T) - (_ N .f(yb/\t?t;T) - +yt
MM +1—Fk) =M +1—k) 1—v/) 1—4
(80)
Proposition 2 is proved.
C Appendix 3
—+— buy boundary gamma=3
05+ —+— zell boundary garmma=3 -
—— huy boundary gamma=8
—— huy boundary gamma=8
.g |
1 1.w5 2 258 3 35 4 4.5 5

Figure 12: The no-transaction region shifts downwards and narrows down as the rel-

ative risk aversion coefficient increases when allowing for intermediate consumption.

The assumed parameter values are ry = 0.04, p = 0.10, ¢ = 0.30, v = 3 and 8§,
=0.001, p=0

Increasing relative risk aversion coefficient shifts the no-transaction region down-

wards and narrows down its width. The pattern is more obvious when using portfolio
weight, which always lies between 0 and 1. Figure 12 reports this effect.
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