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1 Introduction

Housing and mortgage wealth are top contributors to total gross household wealth. For
instance, OECD (2021) observes that the primary residence for a mean household
equals 37% of total gross household wealth. This is also why many retirement studies
argue to consider housing in the optimal retirement consumption and investment
decision.! However, many studies ignore the impact of interest rate changes on monthly
mortgage payments as well as total household wealth. Moreover, in many institutional
settings, people typically (i) finance their house with a mortgage with required
repayments, (ii) contribute a certain percentage of salary to a retirement account, and
(iii) invest retirement wealth according to the portfolio strategies set by a pension fund
board. Hence, it is of great importance to analyze the effect of these three constraints
on people’s welfare in an environment with stochastic interest rates.

To obtain welfare losses, we first analytically derive the optimal non-housing
consumption and portfolio decisions for a homeowner without a mortgage and without
any constraints regarding minimum pension savings and investment strategies. We
assume that this homeowner finances her house by her human wealth. The derivation of
the optimal (unconstrained) decisions is non-trivial. ~ Subsequently, we derive the
analytical closed-form non-housing consumption and portfolio decisions in case a
homeowner with a mortgage and required repayments faces a minimum pension savings
rate. Next, we compute the welfare costs associated with these two constraints. Finally,
we compute the welfare losses associated with a suboptimal investment strategy. In
particular, we assume that a pension fund imposes the investment strategy of a
homeowner with a mortgage on a homeowner without a mortgage.

We find that the welfare loss can be as large as 2.41% (5.02%) if a homeowner finances
its house with a fixed-rate (adjustable-rate) mortgage and faces a minimum pension
savings rate of 10%. This welfare loss increases sharply if a homeowner is required to save
an even higher percentage of salary to the retirement account. Intuitively, homeowners
experience huge costs as they need to pay off their mortgage in a certain time period
(usually 30 years), while, at the same time, they are required to save for their retirement.
As a consequence, young homeowners have limited budgets available, and due to this,

perfect consumption smoothing is usually unattainable.

1See, e.g., Campbell and Cocco (2003), Sinai and Souleles (2005a), Cocco (2005), Yao and Zhang
(2005a), Corradin, Fillat, and Vergara-Alert (2014), Berger, Guerrieri, Lorenzoni, and Vavra (2018),
Oledr, de Jong, and Minderhoud (2017); Kraft, Munk, and Wagner (2018), and Duarte, Fonseca,
Goodman, and Parker (2021).



Furthermore, the welfare loss of imposing the investment strategy of a homeowner
with a mortgage on a homeowner without a mortgage is up to 1.92%. In case of a 30-year
fixed-rate mortgage, the monthly mortgage payments remain the same throughout the
mortgage life — which also equals 30 years in our illustrations — regardless of interest rate
dynamics. However, if the interest rate increases, the mortgage market value — i.e., the
discounted value of future mortgage payments — decreases. This suggests that a fixed-
rate mortgage can be seen as a short position in a bond portfolio. Hence, a homeowner
with a mortgage should consider its presence when determining the investment strategy
of her retirement wealth. As a result, the investment strategy of a homeowner with a
mortgage deviates from the investment strategy of a homeowner without a mortgage.
In case of an adjustable-rate mortgage, the impact of an interest rate change on the
mortgage market value is not directly clear. Indeed, both monthly mortgage payments
and the discount factor change following an interest rate change. In general, it is welfare
improving for a homeowner with a mortgage to consider the presence of the mortgage in
optimizing her investment strategy.

Our work is related to the literature on household heterogeneity in optimal savings and
investment behavior (see, e.g., Van Ewijk, Mehlkopf, van den Bleeken, and Hoet (2017),
Been, van Ewijk, Knoef, Mehlkopf, and Muns (2021) and Ciurila, de Kok, Rele, and
Zwaneveld (2022)). Van Ewijk et al. (2017) study the main advantages and disadvantages
of offering more choice in contributions and asset allocations to participants. They find
that the size of the welfare gains is most pronounced for flexibility regarding pension
contributions. Our work adds by providing closed-form formulas for optimal non-housing
consumption, optimal investment strategies and welfare losses. Been et al. (2021) show
to what extent ignoring home ownership results in sizeable welfare costs. They study
the welfare gains of liquidating housing wealth to finance consumption — the pension
member sells their owner-occupied property for 50% at retirement or borrows against
50% of their housing wealth over the life-cycle — for a representative Dutch household
sample. Instead, our work contributes by studying the impact of requiring a homeowner
with a mortgage to contribute a certain percentage of salary to a retirement account.
Finally, Ciurila et al. (2022) tailors the pension contributions and pension benefits to three
aspects: (i) wage earnings rise over the working life span, (ii) number of children, and (iii)
the level of educational attainment. These authors show that the optimal pension scheme
has lower pension benefit levels and increasing pension contributions during the working
life span. We abstract away from these three aspects but contribute by integrating home

ownership in the pension system.



Furthermore, there is a well-developed literature on portfolio choices without
mortgages and with time-varying interest rates (see, for example, Campbell and Viceira
(2001), Brennan and Xia (2002), Sangvinatsos and Wachter (2005), Koijen, Nijman,
and Werker (2010), and Munk and Sgrensen (2010)). Portfolio choices with housing
(and optimal mortgage design) have been addressed before in Campbell and Cocco
(2003), Sinai and Souleles (2005a), Cocco (2005),Yao and Zhang (2005a), Corradin
et al. (2014), Berger et al. (2018), Oledr et al. (2017), Kraft et al. (2018), and Duarte
et al. (2021). Papers that jointly consider housing and interest rate risk are limited;
some notable examples are Van Hemert (2010), Kraft and Munk (2011) and Campbell
and Cocco (2015).

Van Hemert (2010) solves a dynamic asset allocation problem in which the
individual optimizes her portfolio and housing choices, while also considering bond and
mortgage decisions. Kraft and Munk (2011) obtain explicit closed-form solutions for the
consumption, housing and investment decisions in a model that features stochastic
stock prices, interest rates, labor income and house prices. Kraft and Munk (2011)
allow for both renters and home ownership. Campbell and Cocco (2015) study optimal
mortgage default and refinancing decisions in a life-cycle model that features labor
income, inflation, interest rate and house price risks. We focus on the welfare costs
associated with home ownership.

The remainder of the paper is organized as follows. In Section 2, we present the
model. Section 3 presents the optimal non-housing consumption and portfolio choice
for a homeowner without a mortgage. Section 4 analyzes the impact of requiring a
homeowner with a mortgage to contribute a certain percentage of salary to a retirement

account. Section 5 provides the welfare analysis. The paper ends with a conclusion.

2 Model

This section explains the main assumptions and introduces the individual’s maximization
problem.?

The individual buys a house at age 20 (i.e., ¢ = 0) and lives in the house for her
complete remaining lifetime. Hence, she is a homeowner and we are not concerned with

the rent-versus-buy decision.® This section assumes that the individual buys the house

20ur model is closely related to Koijen, Van Nieuwerburgh, and Yogo (2016), Berger et al. (2018),
Been et al. (2021), and Duarte et al. (2021).
3For example, Yao and Zhang (2005b) and Sinai and Souleles (2005b) focus on the rent-versus-buy



without a mortgage (unconstrained case).? In Section 4, we assume that the house is
financed either with a fixed- or an adjustable-rate mortgage (constrained case). The home
value is constant and we do not consider maintenance costs. Indeed, as the individual
lives in the house for her complete remaining lifetime, house price risk is irrelevant in
our setting. This motivates the assumption of a constant home value. Furthermore, we
abstract away from tax-favorable treatment of home ownership.

We assume that the individual lives for 7" periods (with 7" > 0) in a dynamic life-cycle
setting. In our model, ¢ denotes the age of the individual which is equal to the effective
age minus age 20. The individual works full-time from ¢ = 0 to £ = T},. She thus spends
T — Ty years in retirement. Moreover, the individual receives income from labor. In this
paper, we consider a funded second-pillar pension.

Our main goal is to study the impact of (i) a mortgage with required repayments,
(ii) mandatory contributions to a retirement account, and (iii) suboptimal investment

strategies on the individual’s welfare.

2.1 Financial Market

We consider two state variables: the financial market interest rate r(f) and the stock
price S(t).

The financial market interest rate evolves according to:
dr(t) = k(1 — r(t))dt + 0,dZ.(t), (2.1)

where k > 0 models the speed of mean reversion, 7 represents the expected long-run
financial market interest rate, o, > 0 captures the interest rate volatility and Z,.(t) is a
standard Brownian motion.

The stock price dynamics is given by
dS(t) = S(t) (r(t) + Asos) dt + S(t)osd Zs(t), (2.2)

where \g represents the expected excess stock return per unit of volatility, g > 0 denotes
the stock price volatility, and Zg(t) is a standard Brownian motion.

The individual invests in three assets: a bank account (with price B(t)), a nominal

decision.
4She can afford to buy the house at time 0 without a mortgage since her total wealth at time 0 is
assumed to be larger than the house value.



zero-coupon bond with time to maturity A (with price P,(t)) and a stock (with price
S(t)). The price dynamics of the bank account and the nominal zero-coupon bond are

given by

(2.3)
dPh(t) = Ph(t) (T(t) — )\rUer,h> dt — Ph(t)O'rDmhdZT(t),

where ), is the market price of interest rate risk and D, j, = (1—e™*")/x € [0, h] represents
the interest rate duration of the bond.
The stochastic discount factor M(t) satisfies (He and Pearson (1991)):

AM(t) = —r(H)M @)t + e"M(H)AZ(2), (2.4)

where dZ(t) = (dZ.(t),dZs(t))T denotes the vector of Brownian motions and
v = (s, @) represents the vector of factor loadings. This vector of factor loadings is

computed as follows:

p=—p"A (2.5)

where A\ = (Ag, A,)T represents the vector of market prices and p denotes the correlation

matrix of the Brownian increments:

(1 psr
p= <,05r ) > : (2.6)

Here, pg, represents the correlation between dZg(t) and dZ,.(t). We assume that the

Brownian motion increments are uncorrelated, i.e., pg, = 0.

2.2 Preferences

The individual derives utility from non-housing consumption ¢(¢) and housing
consumption h(t) (i.e., square meters of living space). Housing consumption is
exogenously chosen and deterministic (i.e., h(t) = h for all t). We do not include a

bequest in the utility function.’

5At the end of her life-cycle T, the house will be bequeathed to her heirs. However, we do not
explicitly consider this in the utility function, as we assume the individual cannot control bequeathed
wealth.



For v € (0,00) \ {1}, the expected lifetime utility of the individual is described by

U=E {/0 e_&l iV (c(zﬁ)ahl_c“)l_7 dt|, (2.7)

where 0 > 0 is the subjective rate of time preference, « is the relative preference for
non-housing consumption, and § = 1 + «a(y — 1) is the relative risk aversion coefficient
(RRA).

2.3 Dynamic Budget Constraint

Denote by w(t) = (wp(t),ws(t))T the vector of portfolio weights, with wp(t) the fraction of
total non-housing wealth invested in the bond and wg(t) the fraction of total non-housing
wealth invested in the stock. Total non-housing wealth is used to finance non-housing

consumption. Then, total non-housing wealth evolves according to:
dW(t) = (r(t) + w®)T [ut) — r(t)])) W(t)dt + w(t)™S( )W (t)dZ(t) — c(t)dt, (2.8)

with

u(t) = (T“) — Mol “’h> and S(t) = (‘D mhOr O) . (2.9)

T(t) + Agog 0 Og

2.4 Dynamic Optimization Problem

The individual maximizes her utility subject to the dynamic budget constraint (2.8).

Hence, the dynamic optimization problem is given by

T
1 -
max [E {/ e~ 0 (c(t)ahl_a)l Tt
0

(t),w(t):0<t<T 1—7
st dW(t) = (r(t) + w()T [u(t) — r(t)]) W(t)dt
+w(t)T2()W (H)dZ(t) — c(t)dt.

(2.10)

To solve the dynamic optimization problem (2.10), we transform the dynamic
optimization problem into a static optimization problem. We analyze the optimal
solution in Section 3, which we refer to as the unconstrained solution. In the
unconstrained case, the individual buys the house at time 0 using her total wealth. Her

remaining total wealth is used to finance non-housing consumption.



3 Optimal Unconstrained Policies

We now present the optimal non-housing consumption and portfolio strategy when the
individual buys the house at time 0 without a mortgage (unconstrained case). She can
afford to buy the house at time 0 since her total wealth at time 0 is assumed to be larger
than the house value. Her remaining wealth, i.e., human wealth® minus the house value,
will be used to finance her non-housing consumption. In other words, in the unconstrained
case, the individual, in fact, receives a lower salary and obtains a house in return. Note
that the unconstrained case is not realistic, as banks do not allow to exchange future

wages for a house. In Section 4, we consider a realistic case.

3.1 Wealth Decomposition

Before we present the optimal unconstrained policies, we first explore the different
components of total non-housing wealth W (t). Let us introduce total wealth TW (¢)
which we can decompose into wealth to finance non-housing consumption and wealth to
finance housing consumption. Furthermore, it is well-known that total wealth TW (t) is
equal to financial wealth F(t) plus human wealth H(t); see Bodie, Merton, and
Samuelson (1992). At time 0, total non-housing wealth equals W (0) and total housing
wealth equals HV(0). Hence, total wealth at time 0, i.e., TW(0), is given by

TW(0) = W(0) + HV(0) = F(0) + H(0).

We observe that total non-housing wealth at time 0, i.e., W(0), is given by

W(0) = F(0) + H(0) — HV(0) = F(0) + (1 - Fg/(é()))) H(0) = F(0) + H(0),

with H(0) = (1 — HV(0)/H(0)) H(0). Let us define adjusted human wealth as follows:

Ht) = (1 _ Igég)) H(t). (3.1)

In other words, in the unconstrained case, the individual, in fact, receives a new lower
salary w(t) = (1 — HV/H(0)) w(t) and obtains a house in return.

SHuman wealth is equal to total wealth at time 0.



In what follows, we assume riskless labor income. That is,

wlt) = w ?ft € [0, Tw], (32)
0 ifte (Ty,T.

Human wealth H(t) at time ¢ equals the discounted value of future labor income:

H@%ié_E{%%%%%@+mym211i&@w@+MM“ (3.3)

Human wealth evolves according to
dH(t) = (r(t) — M\ow Dy () H(£)dt — o, Dy () H(£)AZ,(t) — w(t)dt, (3.4)

where the duration of human wealth is given by

T—t

ﬁH(t) _ Jo Tfn,hph(t)w(t + h)dh‘
Jo " Pa(tyw(t + h)dh

(3.5)

Appendix A derives (3.4) and (3.5). Finally, we note that financial wealth evolves as

follows:

dF(t) = (’f‘(t) + ap(t))\TUTDH’h S c~ds<t)/\50'5) F(t)dt

3.6
()0 DanP(OAZ (1) + Ts(osFOAZs(0) + (wlt) — ci)dt,

where Wg(t) and wp(t) denote the optimal fractions of the financial wealth invested in

the stock and the nominal bond, respectively.

3.2 Optimal Unconstrained Consumption

Theorem 1 states the expression for the optimal unconstrained non-housing consumption

choice cyg(t) (here, N R stands for no restrictions).

Theorem 1 (Optimal unconstrained non-housing consumption) Consider an individual
with the CRRA wutility function (2.7) who solves the optimization problem (2.10). Then

the optimal unconstrained non-housing consumption is given by

enn(t) = C (" M) 7,



where ( = y‘é and y > 0 s the Lagrange multiplier associated with the static budget
constraint. More specifically, we have that
_ w(0)
E [ ST (e M ()77 M (t)dt

Proof. See Appendix B.
As becomes clear from Theorem 1, the individual can achieve a smooth non-housing
consumption pattern. Indeed, she does not face any restrictions regarding mortgage

payments, minimal pension savings and investment strategies.

3.3 Optimal Unconstrained Asset Allocation

We now present the optimal unconstrained asset allocation.

3.3.1 Portfolio Choice in terms of Total Non-Housing Wealth

Theorem 2 presents the optimal asset allocation as percentage of total non-housing wealth.

Theorem 2 (Optimal asset allocation as % of total non-housing wealth) Consider an
individual who solves the optimization problem (2.10). Then the optimal fractions of

total non-housing wealth W (t) invested in the stock and the nominal bond are as follows:

A
wenr(t) = ﬁ’
A ﬁA () (3.7)

_ + ,
00-7“ Dn,h Dn,h

wpnr(t) =

where BA(t) denotes the optimal duration of the conversion factor (C7).

Proof. See Appendix C.2.

If @ = 1, then our asset allocation (3.7) follows from Brennan and Xia (2002). We
observe that the individual invests in the stock to pick up the equity risk premium.
Furthermore, we see that the individual holds two bond demands: a speculative demand
and a hedging demand. The first term represents the speculative bond demand to pick
up the interest rate premium, while the second term denotes the hedging bond demand

to hedge against interest rate declines.



3.3.2 Portfolio Choice in terms of Financial Wealth

Theorem 3 states the optimal asset allocation as percentage of financial wealth.

Theorem 3 (Optimal asset allocation as % of financial wealth) The optimal fractions of

financial wealth F(t) invested in the stock and the bond are given by

WsNr(t) = wS,NR(t)I;/T%),
W(t) Dg(t) H(t)

wpNr(t) =wpnr(t) F(t) - D.n F(t)

(3.8)

where Dy (t) denotes the duration of human wealth given by (3.5), H(t) represents
adjusted human wealth given by (3.1), and wsnr(t) and wpNgr(t) follow from Theorem
2.

Proof. See Appendix C.3.

As becomes clear from Theorem 3, the individual applies a life-cycle investment
strategy, which is well-known from the literature; see, e.g., Bilsen, Boelaars, and
Bovenberg (2020). However, due to the homeownership, the impact of human capital on
the optimal bond demand is lower. Indeed, since part of human capital is used to buy

the house, the value of the bond-like asset labor income becomes, in fact, smaller.

4 Optimal Constrained Policies

This section assumes that the individual finances the house with an adjustable-rate
mortgage or a 30-year fixed-rate mortgage. Furthermore, we assume a minimum
pension savings rate. Section 3 already derived the first-best solution cyg(t) without a
mortgage and a minimum pension savings rate. Although the first-best solution is
theoretically optimal, pension participants typically uses a mortgage with required
repayments to finance their house. Furthermore, they have to compulsory save for their
pension. For example, in the Netherlands, individuals typically finance their house with
a mortgage that needs to be paid off within 30 years and save the contribution rate set
by their pension fund. Imposing such restrictions can result in sizable welfare losses.
This is, in particular, the case if the optimal constrained consumption cg(t) (here, R
stands for restrictions) deviates substantially from the first-best unconstrained

consumption cyg(t). We assume that the individual contributes at least $py;, of labor

10



income to a retirement account. To obtain welfare losses, we compare the certainty
equivalent of the constrained non-housing consumption cegr with the certainty

equivalent of the unconstrained non-housing consumption ceyg.

4.1 Wealth Decomposition

As mentioned before, we can decompose total wealth into wealth to finance non-housing
consumption and wealth to finance housing consumption. In this section, we assume that
this last wealth component equals the so-called mortgage market value V,,(¢). Indeed,
money spend on paying off the mortgage can be seen as housing consumption. As a result,
wealth to finance non-housing consumption, which we refer to as total non-housing wealth,
equals financial wealth plus human wealth minus the mortgage market value. We now
define the mortgage market value. We distinguish between two cases: an adjustable-rate

mortgage and a fixed-rate mortgage.

4.1.1 Adjustable-Rate Mortgage

Our mortgage valuation framework is in line with Goncharov (2003), Goncharov (2004),
and Goncharov (2006).” These papers assume that a homeowner continuously pays
mortgage payments v,,(t) > 0 during the mortgage life-time [0,7x|. These mortgage
payments v,,(t) depend on the initial mortgage loan amount, the mortgage interest rate
rm(t) and the mortgage loan term Tyx. We assume that the mortgage interest rate is
equal to the financial market interest rate at time ¢, i.e., r,,,(t) = r(¢). Furthermore, the
initial mortgage loan amount equals the house price per square meter times housing
consumption h (i.e., square meters of living space). Hence, the loan-to-value ratio at
time 0 is 100%.

To derive the mortgage payment v,,(t), we introduce O(t) which represents the
outstanding principle at time t. For the remainder of the paper, we assume that the
individual cannot pay more than the regular mortgage payments agreed upon in the
contract (i.e., no prepayments). The total mortgage payment equals the difference
between the mortgage interest payment r,,(¢)O(t)dt and the change in the principle
balance as result of principle repayment dO(t) < 0:

U (t)dt = r, (H)O(t)dt — dO(t), t € [0, Tx], (4.1)

"Other papers focusing on the mortgage valuation framework are Pliska (2006) and Gorovoy and
Linetsky (2007).

11



where the initial outstanding principle equals the initial mortgage loan and the mortgage
is fully amortized (i.e., O(Tx) = 0). This implies that we can write the outstanding
principle at time ¢ as the difference between the present value of the initial outstanding

principle and the present value of the cumulative mortgage payments:
t t t
O(t) = O(0)elo rm(@du _ / U (5)es rm(duqg (4.2)
0

We assume that the arbitrage-free condition holds. Then the mortgage payment at time

t is computed as follows (see Appendix D)

r(t)O(t)
om(t) = T o (4.3)
The mortgage market value is defined as
=t TM(t+h)
Vin(t) = E;, | ————vn(t+ h)| dh. 4.4
0= [ B e (4.4

We observe that a decline in the interest has two effects on the mortgage market value. On
the one hand, a decrease in the interest rate implies a decrease in the mortgage payments,
and accordingly, leads to a decrease in the mortgage market value. On the other hand, a
decrease in the interest rate implies an increase in the stochastic discount factor which,
in turn, implies an increase in the mortgage market value. The individual prefers to
consider the interest rate sensitivity of the mortgage market value when determining the

investment strategies of financial wealth.

4.1.2 Fixed-Rate Mortgage Contract

Alternatively, the homeowner can finance the house with a fixed-rate mortgage. We
assume that the fixed-rate period is set equal to the mortgage term. As a result, the
mortgage payments are constant during the entire mortgage term. Moreover, we assume
that the arbitrage-free condition holds. We can express the mortgage market value as

follows:

Voo (t) = /0 g, {%vm] dh — /0 S Pa(t)dh, (4.5)

12



where the constant mortgage payments are given by (see Appendix D)

rmO(0)

1 —emTx’

(4.6)

m

Note that we determine the mortgage interest rate r,,(t) = r,, in such a way that the no
arbitrage condition holds true. From (4.5), we observe that a decline in the interest rate
leads to an increase in the mortgage market value. As in Section 4.1.1, the individual

wants to hedge against this interest rate risk.

4.2 Dynamic Optimization in the Constrained Problem

We now discuss the dynamic constrained optimization problem. The unconstrained
non-housing consumption cyg(t) is found by solving problem (2.10). The constrained

maximization problem for the pension participant is given by

T
1 _
max [E {/ e 0 (c(t)ahl_a)l 7 dt
(t),w(t):0<t<T 0 1—7

st dW () = (r(t) + w()T [u(t) — r(t)]) W(t)dt (4.7)
+w®)TSOW)AZ(t) — c(t)dt,
c(t) < w(t) = vm(t) = smnw(t), t € [0, Ty,

where s, denotes the minimum percentage of labor income the individual contributes
to a retirement account. We note that labor income w(t), the mortgage payment at time
t, vy, (t), and the minimum pension savings constraint sy, are exogenously determined.
Also note that v,,(t) = 0 after time Ty, i.e., the mortgage need to be fully paid off within
Tx < Ty years. In the numerical illustrations, the minimum percentage of labor income
that is added to the pension account, i.e., Smin, is assumed to be equal to 10%. Moreover,
if we rewrite the mortgage payment and pension savings constraint, it becomes directly
clear that this constraint captures that at least 10% of labor income is added to the
pension account: s(t)w(t) = w(t) — v, (t) —c(t) > 0.10w(t) for t < Ty,. After retirement,
the individual withdraws money from her pension account. Hence, pension savings after

retirement become negative.

13



4.3 Optimal Constrained Consumption

Theorem 4 states the expression for the optimal constrained non-housing consumption

choice cg(t).

Theorem 4 (Optimal constrained non-housing consumption) Consider a homeowner
with a mortgage with the CRRA wtility function (2.7) who solves the optimization

problem (4.7). Then the optimal constrained non-housing consumption cgr(t) is given by

g [ {¢ (M) 7 w(t) — v (t) — swnt(t) b, if t € [0,Tw],

CR =

C (MM (1) 7, ift € (Tw, T),

where ( = y‘é and y > 0 1is the Lagrange multiplier associated with the static budget

constraint.

Proof. See Appendix E.

We can compute the value of the stochastic discount factor for which
cr(t) = w(t) — vyu(t) — Smmw(t) holds true; intuitively, the mortgage payment and
pension savings constraint becomes binding if the optimal unconstrained non-housing
consumption cyg(t) is no longer feasible.

We are also interested in the case in which the homeowner with a mortgage is not
restricted by a minimum pension savings rate.  Then the optimal non-housing

consumption is given by

min {g (SM ()77 wi(t) — vm(t)} . ifte [0, Ty,

; (4.8)
C(eMM(t) °, if t € (T, T,

CR(t) =

where ( = y*% and y > 0 is the Lagrange multiplier associated with the static budget

constraint.

4.4 Optimal Constrained Asset Allocation

We note that the optimal constrained investment strategies follow from the principle of
hedging. More specifically, the individual chooses the investment strategies such that
changes in total non-housing wealth match changes in the market value of optimal

constrained non-housing consumption. Let us denote the optimal fractions of total

14



non-housing wealth invested in the stock and the nominal bond by wg g(t) and wp r(?),

respectively. Theorem 5 now presents the asset allocation in terms of financial wealth.

Theorem 5 (Asset allocation as a % of financial wealth) Consider a homeowner with
a mortgage who solves the optimization problem (4.7). Then the optimal fractions of

financial wealth F(t) invested in the stock and the nominal bond are given by
W(t)
F(t)’

Wiy (DrH() + %)
F(t) D, F(t) ’

CUS,R(t) = wS7R(t)
(4.9)

(:)p,R(t> = wP,R(t)

where lA)H(t) is the duration of human wealth given by (5.5).

Proof. See Appendix F.

First, we investigate the impact of a fixed-rate mortgage on the optimal bond demand
wpr(t). In that case, the mortgage payments v, are not exposed to interest rate changes.
However, the mortgage market value V,,(t) increases if the interest rate decreases, i.e.,
OV (t)/0r(t) < 0. Since the mortgage is a loan, we can see the mortgage market value
as a short position in a bond. This causes the share of financial wealth invested in the
bond to increase.

Second, we investigate the impact of an adjustable-rate mortgage on the optimal bond
demand wpg(t). In that case, the mortgage payments v,,(t) are exposed to interest rate
changes: a decrease in the interest rate r(t) implies a decrease in the mortgage payment
vm(t), and accordingly, leads to an increase in the mortgage market value V,,,(¢). However,
this cashflow effect counter interacts with the discount effect. In most cases, the discount
effect dominates the cashflow effect, so that 0V,,(¢t)/0r(t) < 0. Indeed, part of the
mortgage payment v,,(t) is a repayment which is insensitive to interest rate changes. A
lower interest is good news (lower mortgage payments) for an adjustable-rate mortgage
while this is not the case for a fixed-rate mortgage. So, an individual with an adjustable-
rate mortgage has less need to invest in long-term bonds to hedge against low interest
rates.

Finally, we note that an individual invests less in the nominal bond due to the presence

of human capital, see Bilsen et al. (2020) for a detailed analysis on this subject matter.
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5 Welfare Losses

This section illustrates the welfare losses.

5.1 Additional Assumptions and Baseline Parameters

This section describes the additional assumptions and baseline parameter values needed
to illustrate the (un)constrained non-housing consumption.

The individual buys a home at age 20.° The individual’s remaining working period is
45 years (i.e., Ty = 45) and the individual’s remaining life expectancy is 65 years (i.e.,
T = 65). We assume that 7 = 5. The homeowner’s relative preference of non-housing
consumption and the subjective rate of time preference are set at a = 0.8 and § = 3.0%,
respectively.” The homeowner finances the house with an adjustable-rate mortgage or
a 30-year fixed-rate mortgage. We assume that the mortgage term is 30 years (i.e.,
Tx = 30). For the sake of convenience, the maximum home loan a homeowner is eligible
for is capped at five times the annual labor income, which is set equal to unity.!’ In line
with Brennan and Xia (2002) and Bilsen et al. (2020), the speed of mean reversion, the
expected long-run short-term interest rate, the interest rate volatility, the market price
of interest rate risk and the initial financial market interest rate are set at k = 0.0347,
7 = 0.01, o, = 0.01, A\, = -0.075, and r(0) = 0.01, respectively. Moreover, the stock
price volatility and the market price of equity risk are set at og = 0.20 and Ag = 0.18,
respectively. The illustrations in the following sections are based on a minimum pension

savings rate of 10% (i.e., Spmin = 0.10).

5.2 Welfare Losses due to Constraints

This section documents the welfare losses due to the presence of a mortgage with required
repayments and a minimum pension savings constraint. In Appendix G, we discuss

the results when home ownership is exogenously chosen at age 30 rather than age 20.

8 Associaton of Realtors (2021) reports that 82% (48%) of all home buyers in the age category 22 — 30
(31 — 40) are first buyers. Moreover, the median income of a home buyer is $80,000 for the age group
20 — 30 and $105,600 for the age category 31 — 40 in the US.

9The weight for non-housing consumption is set at 0.80 in Cocco, Gomes, and Maenhout (2005),
Van Hemert (2010), Kraft and Munk (2011) and Chetty, Sandor, and Szeidl (2017), while Campbell and
Cocco (2015) and Hambel, Kraft, and Meyer-Wehmann (2020) set the non-housing weight at 0.70 and
Cocco (2005) at 0.90. Berger et al. (2018) and Duarte et al. (2021) set the non-housing weight at 0.8875.

0E.g., Caloia (2022) shows an average (median) loan-to-income ratio of 3.84 (4.3) in 2018 based on
Loan Level Data collected by the Dutch Central Bank (DNB).
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Furthermore, this appendix gives more details on how to compute welfare losses.

Figure 1 shows the non-housing consumption paths for a homeowner with an
adjustable-rate mortgage or a 30-year fixed-rate mortgage. The solid lines indicate the
unconstrained non-housing consumption paths (see Theorem 1). In that case, the
individual is able to reach a smooth non-housing consumption pattern. Moreover, the
dash-dotted lines indicate the non-housing consumption paths for a homeowner with a
mortgage with required repayments who does not face any constraints regarding
pension savings (see (4.8)).  Finally, the dashed lines indicate the non-housing
consumption paths for a homeowner with a mortgage with required repayments who
faces a pension savings constraint (see Theorem 4).

In a good scenario, non-housing consumption displays a stair-step shape when
restricted by both constraints, as shown in Panels (a) and (b). Indeed, the homeowner
prefers to have a large unconstrained non-housing consumption, but she cannot reach
this large non-housing consumption due to required mortgage payments and required
pension savings. The first step is caused by the mortgage combined with the pension
savings constraint, while the second step is solely attributable to the 10% pension
savings constraint. In a bad scenario, the constraints are, at almost every age, not
binding anymore, as shown in Panels (¢) and (d). Indeed, the homeowner prefers to
have a small unconstrained non-housing consumption, which can be reached even with a
mortgage and a pension savings constraint. In a moderate scenario, as seen in Panels
(e) and (f), the constraints are less likely to become binding compared to a good
scenario.

Table 1 reports the welfare losses (in terms of relative decline of certainty equivalent
life-time non-housing consumption) associated with the constraints. Although the
presence of a mortgage leads to welfare losses, combining this with the 10% pension
savings constraint, results in more substantial welfare losses. These welfare losses
become even more pronounced when having a bigger mortgage loan and, in case of an

adjustable-rate mortgage, a larger interest rate volatility.

5.3 Welfare Losses due to Suboptimal Investment Strategies

This section documents the welfare losses due to suboptimal investment strategies. In
particular, we apply the investment strategy of a homeowner with a 30-year fixed-rate
mortgage (see Section 4.4) to a homeowner without a mortgage (see Section 3.3.2). This

is relevant because the investment policy of a collective pension fund does typically not
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Figure 1. The figure shows the optimal non-housing consumption for a homeowner with an adjustable-
rate mortgage or a 30-year fixed-rate mortgage. The baseline parameters are described in Section 5.1.
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Panel A: Mortgage

(0., LTT)  Adjustable-Rate Mortgage Fixed-Rate Mortgage
(1%, 4) 0.63 0.42
(1%, 5) 0.93 0.50
(1.25%, 4) 0.77 0.37
(1.25%, 5) 1.30 0.44

Panel B: Mortgage + 10% Pension Contribution Constraint

(0., LTT)  Adjustable-Rate Mortgage Fixed-Rate Mortgage
(1%, 4) 3.09 2.30
(1%, 5) 4.26 2.75
(1.25%, 4) 3.29 2.01
(1.25%, 5) 5.02 2.41

Table 1. This table represents the welfare losses due to the presence of a mortgage with required
repayments and due to the presence of both a mortgage with required repayments and a 10% pension
savings constraint for two different interest rate volatilities o, € {1%,1.5%} and two different loan-to-
income ratios LTI € {4,5}. The baseline parameters are described in Section 5.1.

depend on individual characteristics such as homeownership and type of mortgage. For
example, in the Netherlands, the board of a collective pension fund investigates to what
extent pension fund members are willing to take risk and decides on the collective asset
allocation. However, pension fund boards typically make no distinction between the
investment policy of homeowners with a mortgage and the investment policy of individuals
without a mortgage, although buying a house is a major investment for many pension
fund members.

Table 2 illustrates the welfare losses (in terms of relative decline of certainty equivalent
life-time non-housing consumption) for different mortgage terms, different loan-to-income
ratios and different interest rate volatilities. We observe that these welfare losses become
more sizeable for longer mortgage terms, higher mortgage loans, and higher interest rate
volatilities. For the baseline case (i.e., 0, = 1%, LTI = 4), we find a welfare loss of 1.19%.
We note that in case of an adjustable-rate mortgage, welfare losses are smaller as the

mortgage market value is less sensitive to interest rate changes (see also Section 4.4).

6 Conclusion

This paper investigates the welfare losses of (i) financing a home with a mortgage with

required repayments, (ii) saving a certain percentage of salary to a retirement account,
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Fixed-Rate Mortgage Term
o, LTT) 10 Year 15 Year 20 Year 30 Year

(

(1.0%,3.0) 007 019 036 081
(1.0%,40) 010 027 051 1.19
(1.5%,3.0) 009 025 0.51 1.28
(1.5%,4.0) 013 037  0.74 1.92

Table 2. This table represents the welfare losses associated with imposing the optimal investment
strategy for individuals without a mortgage on homeowners with a fixed-rate mortgage. The table
provides welfare losses for two different interest rate volatility o, € {1%,1.5%}, two different loan-to-
income ratios LTT € {3,4}, and four different fixed-rate mortgage terms (10, 15,20, 30 year). In case of
a fixed-rate mortgage, the interest rate is fixed during the entire loan term. The baseline parameters are
described in Section 5.1.

and (iii) following the investment strategy set by a collective pension fund board.

We find that welfare losses (in terms of relative decline of certainty equivalent life-
time non-housing consumption) vary between 3.09% — 5.02% (2.30% — 2.75%) for a 30-
year fixed-rate (adjustable-rate) mortgage. When the optimal investment strategy for
individuals with a 30-year fixed-rate mortgage is imposed on homeowners without a
mortgage, this results in welfare losses varying between 0.81% — 1.92%. For lower fixed-
rate mortgage terms, the welfare losses become less pronounced.

Our results suggest that offering homeowners with a mortgage the option to contribute
less to the pension account or to decide on their investment strategy is welfare enhancing.
Although considering homeownership in a collective pension scheme improves welfare,
there are still some challenges on how to address the heterogeneity in mortgage conditions.

There are several limitations of our paper. First of all, home ownership is chosen
exogenously at age 20.'! This is relatively young, and the Appendix investigates a later
age as well. Second, she remains in the same house over the entire life-cycle. And finally,

we do not take house price risk into account. We leave these challenges for future research.

Since the house market is illiquid, we have abstracted away from the buy-versus-rent decision.
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A Dynamics of Human Wealth

The human wealth equation is given by (3.3). Applying It6’s Lemma on H (t) = ¥(t, Py(t)), we

find that

_ oY o
AH (1) = Gpdt+ 5p-sdPu() +

1 0%

2ot @R

where the partial derivatives are given by

a a T—t
aif _ at/o Py(Hyw(t + h)dh = —w(t),

o B -t g B T
OP(t) —/0 aP, (1) (Ph(t)w(t+h))dh_/0 w(t + h)dh,

0%

IO

Hence, the dynamics of the human wealth H(t) evolve according to:

T—t
dH(t) = — w(t)dt + / w(t + h)dhd Py (t)
0

T—t
= —w(t)dt + (r(t)H(t) — ArOy

T—t
- UrdZT(t) Dn,hw(t + h‘)Ph(t)dh
0

— —w(t)dt + (r(t) - a,,ﬁH@)AT) H(t)dt — 0, D (t)H()AZ, (1),

D, pw(t + h)Ph(t)dh> dt
0

with the duration of human wealth given by

COlogH(t) [y "w(t+ h)Pu(t) Dy pdh
or(t) [Tt 4+ h)Py(t)dh

Dp(t) =

(A1)

(A2)

(A3)

B Unconstrained Non-Housing Consumption Choice

This appendix derives the optimal unconstrained non-housing consumption choice for a

homeowner without a mortgage. The static optimization problem is given by

T
1 _
max E [/ i — (c(s)"‘hl_"‘)1 T ds
c(t):0<t<T 0 1—7

T
st E [ / c(t)M(t)dt] < H(0) + F(0) — HV(0).
0
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Here, HV represents the house value. The Lagrangian is given by

L =E [/OT e : i S (c(t)*nt=) ' dt]

+y <H(O) +F(0)-HV —E [/OT c(t)M(t)dtD (B2)

- / "k {e—étl(c@)ahl—a)l-7 - yc(t)M(t)] dt
0 1 -~
+y (H(0) + F(0) — HV(0)),

where y > 0 represents the Lagrange multiplier associated with the static budget constraint.

The individual’s main purpose is to maximize e“stm(c(t)o‘hl'“‘)l‘"Y — yc(t)M(t). The first-

order condition gives
e ac(t)*I NI =0=1) — ¢ ar(2). (B3)
Hence, the unconstrained non-housing consumption is given by
&t -
_(_yeM(1)
CNR(t) == <Oth(1_a)(1_’7) . (B4)

Substituting the optimal unconstrained non-housing consumption in the static budget

S

constraint, we find the Lagrange multiplier

-0
W (0)

oot -
E [ff (i) M(t)dt]

y:

with W(0) = H(0) + F'(0) — HV(0) denoting total non-housing wealth at time 0.

C Unconstrained Portfolio Choice

C.1 Market Value of Non-Housing Consumption

To determine the optimal unconstrained portfolio choice, we first need to determine the market

value of non-housing consumption at time t. The market value of non-housing consumption at
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time ¢ is given by

T M(s)
V(it)=E / ds]
=Bl ) 3™
_1
_p | [ M) (e M(s) T
"1 M) \ah(-0-7)
TM(S) yeés _%
=B (ah(l—a)(l—'y)) ds
1
_ eStM(t e
_E (s) 5 (ahy(lfa)((lf)v)> yeds 7éd
— ) \ e o \3 \arl-a0 ) P
(ah(l—iaxl—w )

= CNR(t)Et

S

/f<Mii;>‘Ms]

= CNR(t)ANR(t).

To solve (C1), we need to derive the market-consistent discount rate:

Ang(t) = /tT E; [<J\A§Ei))) - 66(5—90:| ds.

We have that

-l e

7 / o (A dZ,(t +u) + Asd Zs(t + U))} ;
0
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with A2 = A2 + \%. Substituting (C3) in (C2) to find

s—t) _ —0+1 /OSt (r(t—i—u) + ;ﬁ) d“}

T 5(
ANR(t) :/ Et exXp 0 - 0
) - -
_ s—t . s—t
9“/ MdZ, (t+u) — 921/ )\stg(t—l—u)Hds
0 - 0

X exp {—
—0
T _ _ s—t
:/ exp{é(s et)}exp{_ 9—51/ (Etr(t—l-u)-i-;)\%) du}x
t - - 0
o s—t1
E, [exp {— 9; 1 / (Ar 4+ 04Dy s—t—u) dZ, (t + u)
- 0
o s—1
o Z 1/ )\gdZs(t—i-u)H ds
- 0
T _ _ s—t
:/ exp{é(s t)}exp{— 9+1/ (Etr(tJru)—i- 1)\%> du} X
¢ —0 -0 Jo 2
2 S—
L <9_1> / t)\?gdu} ds.
0

1/0—1\% [+t )
o\ o r anu o
exp{2< > /0 (A +o 7)du+2 7

(C4)

0

Computations yield
T s—t
Ann(t) = / exp{— / du(t)du}ds, (C5)
t 0

with
—0+1 1-60+1
dy(t) = t Evr(t+u) — Aoy Dy — = + (07Dy u)2
-0 ' 2 -0 ’
—0+ 1)2 —h+1

) —0+1
5 7>\r T‘DI{ (T
6 (g2 I [( 9 By

(C6)

1
Y

The optimal duration of the conversion factor is given by

DA(t) _ _6103;4(]53@)
_ et du(t)du} ds (C7)

T
1 ft Dy s—t exp { 0

—0 ftT exp{— Os_t du(t)du}
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C.2 Portfolio Choice in terms of Total Non-Housing Wealth

The market value of optimal non-housing consumption V' (t) = f(t, M(t),r(t)) evolves according

to

dv(t) = ?)Jtcdwr 8]?4]Et)dM(t) + 8fé)dr(t) + (...)dt o)

= (...)dt+ (— 5 1\84{75) A M (t) + ;{t ) ar> dZ,(t)— az\ij;t) AsM(t)dZs(t).

Comparing with the dynamic budget constraint in (2.8), we find that

af s M(t)
ws,NR(t) = “OM) os WD)
of A M@ of 1 (C9)
weNR(t) = OM(t) 0rDp W(t)  0r(t) DenW ()’

Define the function

V(t) = ft, M(t),r(t))
= CNR(t)ANR(t) (010)

— (W) - ANg().

ah(1—a)(1—y

First, we derive the partial derivatives of this function with respect to the stochastic discount

factor M (t) and the interest rate r(t). By taking the partial derivative of f with respect M (t),

we find
of 1 yeSt M (t) =51 yedt (s
OM(t)  —60 \ ah(-a)(1—) ah(—a)(1=7) NE(?)
L yet M) =7 Anp(t) (C11)
=0 \ahl-2)(1-) M(t)
_ 1 V@)
T M)

Differentiating f with respect to r(t), we arrive at:

T s—t s—t
of _ —CNR(t)/ b —g ! / e "duexp {—/ du(t)du} ds
t = 0 0

or(t)
= —cnr(t) /tT 0+ 1D,.i78_t exp {— /OSt du(t)du} ds (C12)

—0
= —DA)V(t).
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Substituting these partial derivatives in (C9), the optimal fractions of total non-housing wealth

invested in the stock and the nominal bond are given by

As 1
t) =222
CL)S,NR( ) o 97 (Clg)
1A\ Dt
wpNR(t) = A1)

THUTDH,}Z Dm,h .
C.3 Portfolio Choice in terms of Financial Wealth

Total non-housing wealth W (0) at time 0 is defined as follows:

W (0) = F(0) + H(0) — HV = F(0) + (1 - }%) H(0) = F(0) + H(0),

with H(0) = (1 — HV/H(0)) H(0). Let us define adjusted human capital as follows:

H(t) = (1 — %) H(t).

In other words, in the unconstrained case, the individual receives a new lower
w(t) = (1 —HV/H(0))w(t) and obtains a house in return.

Financial wealth F'(t) evolves as follows

AF(t) = (r(t) — Dp(t)Aror Dy + Ts(t) Agos) F(t)dt

(C14)
—wp(t)o, Dy p F(t)dZ,(t)+ws(t)os F(t)dZs(t) + (w(t) — c(t)) dt.
We find that the total non-housing wealth dynamics are given by
AW (t) =dF(t) + dH (t)
—(.)dt+ [—ap(t)aTDmF(t) - JTBH(t)fI(t)] dZ. (1) (C15)
+ ws(t)osF(t)dZs(t).
Comparing with the dynamic budget constraint
dW(t) = (r(t) — wp(t)A\ror Dy, + ws(t) Agos) W(t)dt (C16)

—wp (), Dy W (H)AZ, () +ws ()osW (1A Z(t) — c(t)dt,
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we find that the allocations of financial wealth to the stock and the nominal bond are given by

ws,NR(t) = ws Nr(t) Vlff((tt)),

@RNR(ZL/) = wP,NR(t) I;/(tt)) o DD}i(;i) IF{((E)) ’

)

(C17)

D Mortgage Payment

This appendix derives the mortgage payments. Recall that an individual buys a house at t =0
and lives in her home for the complete remaining lifetime. The house is financed either with a
fixed- or an adjustable-rate mortgage. The fixed-rate mortgage (FRM) refers to a home loan
with an interest rate that is fixed over time; the adjustable-rate mortgage (ARM) refers to a
home loan with an interest rate that adjusts over time.

Before we start, we recall that the present value of n fixed monthly payments with an

amount xz and a monthly interest rate 7 is given by

_a=(+)™)

L= (D1)
i
From this, it follows that the fixed monthly payments on the loan amount, L, is given by
i L
S — D2
S B e (D2)

We start with some small adjustments to the formula:

(i) Replace ¢ with r(t)/N, where r(t) represents the annual interest rate and N the annual

frequency of compounding periods (N = 12 in case of monthly payments).

(ii) Replace the total number of periods n with N - T'x, where Tx represents the mortgage

loan term.
(iii) Replace the loan amount L with the outstanding principle balance at time ¢, i.e., O(t).

It follows from the adjusted formula that the fixed payment () corresponding to the frequency
N is given by

r(t)O(t)

M)

Note that N - z(NN) represents the total amount paid per year. Then the limiting value of the

(D3)

z(N) =
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annual mortgage repayment is given by

o L r(t) - O(t) _r(t)-O(t)
om(t) = Ny N #(N) = N 2\ VT 1= er®Tx (D4)
1- (1 + }Q)
In case of a FRM, the payment rate v, is determined at t = O:
 m0(0)
Um = T T (D5)

E Constrained Non-Housing Consumption Choice

This appendix derives the optimal constrained non-housing consumption. The corresponding

Lagrangian £ is given by
L =E [ /0 ' 6_5t1i7 (c(t)*ht=)' 77 dt]
by <H(O) +F(0) = Vi (0) — E [ /0 ' c(t)M(t)dtD

_ /O ' {e—étl (c(t)y*hl=o) ™7 = yM(t)c(t)] dt

1 -7~
+y (H(0) + F(0) — Vin(0)) ,

(E1)

where y > 0 represents the Lagrange multiplier associated with the static budget constraint.
Then the individual’s main purpose is to maximize e ~%u(c(t), h) — yM (t)c(t) subject to c(t) <
W(t) — Uy (t) — Sminw(t) for t € [0, Tyy], while it aims to maximize e~®*u(c(t), h) — yM (t)c(t) for
t € (Tw,T). For t € [0, Tw], the optimal non-housing consumption cg(t) needs to satisfy the

following conditions:

fét

u'(cr(t), h) = yM(t) + =(t),

cr(t) S w(t) — vm(t) — sminw(?),
z(t)(w ( ) = vm(t) = sminw(t) — cr(t)) =0,
z(t) =

(E2)

where x(t) represents the Lagrange multiplier associated with the constraint. After solving

these conditions, we find the following optimal non-housing consumption

cr(t) = min {(u')*l (ye&M(t)> Jw(t) — vm(t) — sminw(t)} . (E3)
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For t € (Tw, T], we find the following optimal non-housing consumption:
en(t) = ()" (ye™M(1)). (E4)
In summary, the optimal non-housing consumption can be written as

min {(v/) 7 (ye®" M (t)) ,w(t) — vm(t) — smmw(t)}, if t € [0, Tw],

cr(t) =
R( ) (Ul)_l (yeétM(t)) : ift e (TVVaT])

(E5)

with y the associated Lagrange multiplier.

F Constrained Portfolio Choice

We start by deriving the dynamics of the mortgage market value. A homeowner selects to

finance the house with an adjustable- or a fixed-rate mortgage:

e The adjustable rate mortgage market value is given by (4.4) and can be rewritten as:

V)=o) [ [ 33 220 "

where the adjustable-rate mortgage payments can be described as a function of the interest
rate, i.e., vy, (t) = f(r(t)). Applying It6’s Lemma to the function V,,(t) = ¥(¢,r(t)), we

obtain
o o 1 9%
dV,,(t) = 5 —dt + ot )dr(t) + 200 ()2 sd[r, 7] )
v o 1 9% oY
((% + T k(7 —r(t)) + Sa0rt ))203> dt + 0 ordZ,(t).
In other words, we have that
AV (t) = (...)dt + 8(; "ég) ordZ,(t). (F3)

e The fixed-rate mortgage market value is given by (4.5). Applying It6’s Lemma to the
function V,,,(t) = ¢ (¢, Pn(t)), we find that

0 1 02
w dPh(t)+28(thi))2

% —dt +

Wnlt) = 574+ 35.@

d[Py, Pylt, (F4)
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where the partial derivatives are given by

Tx—t
% _ 8/ P(t)vmdh = —vpy,
0

ot~ ot
8w B Tx—t o B Tx—t
OP,(t) /0 0Py (1) (Fr(yem) dh = /0 vmch
82w B
B

Hence, the fixed-rate mortgage market value V;,,(t) dynamics is given by

Tx—t
AV, (t) = — vy dt + / U dhd Py (t)
0

Tx—t
—udi 4 (r(t)Vm(t) Aoy / Dﬁ,hvmph(t)dh> dt
0

(F5)
Tx—t
— UTdZT(t)/ Dy, pvm Py (t)dh
0
— — updt + <r(t) - arﬁm(t))\r> Vi (£)dt — 0 Do (8) Vi () Z0 (2),
with the duration of the mortgage market value denoted by
~ 0log Vi, (t)
Dp(t) = ————F—=
®) or(t)
(F6)

T v Py(8) Dy pdh
S o Pytdh

The total non-housing wealth W (t) is defined as the sum of the financial wealth F'(¢t) (with
dynamics (3.6)), human wealth H(¢) (with dynamics (3.4)) minus the mortgage market value
Vi (t) (with dynamics (F5)). We find that the total non-housing wealth dynamics are given by

AW (t) = dF(t) + dH(t) — Vi (t)

() dt + [Bp()o, DepF(t) — o Dy (0)H (1) — 00 520 ] d 2, (1)

) Hws(t)osF()dZs(t) (Adjustable-Rate Mortgage),

) eyae+ [—@p(t)arD,i7hF(t) — o, Dy () H(t) + arﬁm(t)vm(t)} dZ,(t)
+@s(t)osF(t)dZs(t) (Fixed-Rate Mortgage).
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Comparing with the dynamic budget constraint

AW (t) = (r(t) — wp(t) Aoy Dy p + ws(t)Asos) W(E)dt

(F8)
—wp(t)or D, W (t)dZ, (t)+ws(t)osW (t)dZs(t) — c(t)dt,
we find that the allocations of financial wealth to stock and nominal bond are given by
- W (t)
t) = t)——
ws,r(t) = ws,r(t) 1 nk
Dy () H (t) 4 Zym () F
e () wp,r(t) V;/((f)) - ( H(L (h)F(t)ar(t) ) (Adjustable-Rate Mortgage), (F9)
WPR\L) = 5 N
’ Dy (t)H(t)=Dm (t)Vim(t) -
wp,r(t) I}/((f)) _(Pn Do (D ) (Fixed-Rate Mortgage).
G Welfare Analysis
G.1 Definition
Proposition 6 (The welfare analysis). The welfare losses are computed as follows:
Wi — SENR T CCR (G1)

CENR

where ceyr and cer are the unconstrained certainty equivalent consumption and constrained

certainty equivalent consumption.?

G.2 Mortgage and Minimum Pension Contributions

This appendix shows the computations due to the presence of a mortgage and minimum pension

contributions. For i € {NR, R}, the certainty equivalent is found by solving the equation:
T T
E [/ eatu(ci(t),h)dt} :/ e %u(ce;, h)dt. (G2)
0 0

Using the finding that

T . ahl—a 1—y T
/ e u(ce;, h)dt = [(ce) } / e Odt, (G3)
0 1 -7 0

12The certainty equivalent of a stochastic non-housing consumption stream c(t) (¢ > 0) is defined as
the amount ce such that the agent is indifferent between ¢(t) (¢t > 0) and receiving ce with certainty.
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the certainty equivalent level for i € {NR, R} is given by

1
(1= E [fy e tulei(®). hyat] ] 77
p1—a)(1-7) foT e—0tdt '

(G4)

ce; =

Recall that u(c;(t),h) = [(c;i(t))*h1=*]1=7 /(1 — 7), then the certainty equivalent levels for i €
{NR, R} simplify to

1
E[ Te*‘“(ci(t))a“”)dt} a(1=)

0
f(;[ e—0td¢

ce; =

G.3 Sensitivity Of Welfare Losses To Age Home Buyer

This section performs a sensitivity analysis of our welfare losses with respect to the age of a
home buyer. Associaton of Realtors (2021) reports that the typical home buyer is 33-years
old in 2021. In previous years, the typical home buyer is somewhat younger, and therefore,
we assume that our first-time buyer is 30-years old (i.e., ¢ = 0). The home is financed with
an adjustable- or a 30-year fixed-rate mortgage. The individual’s remaining working period is
35-years (i.e., Tyy = 35) and the individual’s remaining life expectancy is 55-years (i.e., T' = 55).
Initial financial wealth F'(0) is set equal to two times the annual labor income. The remainder

of the assumption and baseline parameters follow Section 5.1. Table 3 reports the welfare losses.

32



Panel A: Mortgage

(0., LTT)  Adjustable-Rate Mortgage Fixed-Rate Mortgage
(1%,4) 0.34 0.21
(1%, 5) 0.49 0.24
(1.25%, 4) 0.42 0.17
(1.25%, 5) 0.73 0.20

Panel B: Mortgage + 10% Pension Contribution Mandate

(0., LTT)  Adjustable-Rate Mortgage Fixed-Rate Mortgage
(1%,4) 1.65 1.14
(1%, 5) 2.39 1.34
(1.25%, 4) 1.77 0.89
(1.25%, 5) 297 1.05

Table 3. This table represents the welfare losses due to the presence of a mortgage with required
repayments and due to the presence of both a mortgage with required repayments and a 10% pension
savings constraint for two different interest rate volatilities o, € {1%, 1.25%} and two different loan-to-
income ratios LTT € {4,5}. The baseline parameters are described in Section 5.1. The home buyer is
aged 30-years rather than 20-years. We assume that initial financial wealth is set equal to two times
the annual labor income. The individual’s working period is 35-years and the individual’s remaining life
expectancy is Hb-years.
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