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Abstract

We study the demand for retirement products given that individuals have access
to innovative plans depending on the realized survival probabilities, like tontines,
in addition to traditional annuities. Preferences of agents are modeled by a gener-
alized life-cycle utility function allowing for temporal risk aversion, i.e. agents are
risk averse about their lifetime. We identify conditions for pricing bounds under
which agents exhibiting temporal risk aversion prefer partial tontinization com-
bined with partial annuitization to full annuitization. In an extended model with
differential mortality and wealth, we analyze a utilitarian social planner’s retire-
ment product demand, focusing on wealth transfers between the groups.
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1 Introduction

Due to low interest rates, tightening solvency regulations and increasing life expectancies
across OECD countries (cf. |[OECD| (20164)), guaranteed pension benefits have become
harder to sustain (cf. OECD) (2016b))). Academics and practitioners are analyzing the
resulting consequences along with different solutions[] One out of many promising pos-
sibilities to tackle these issues is developing risk-sharing schemes, i.e. innovative retire-
ment products which allow to share longevity risk among providers and/or individuals
(cf. (OECD]| (2020))). While the economics literature on retirement products (e.g. Yaari
(1965), Davidoff et al.| (2005), Hu and Scott| (2007)), Bommier et al.| (2011))) mainly dis-
cusses regular annuities, in the actuarial literature, quite some innovative retirement
products whose benefits depend on the realized survival probabilities and the mortality
experienced have been discussed in the last yearsP| In such a retirement plan, a pool
of individuals shares the mortality /longevity risk, whereas the “providers” play exclu-
sively an administrative role and carry no risk. It is pointed out in (OECD| (2020) that
adding risk-sharing components to retirement plans is an important tool for potential
increases in retirement benefits, while at the same time guaranteed benefits must be
ensured. Markets containing both annuities and innovative products like tontines ensure
that individuals can optimally benefit from the advantages of both products. Therefore,
we aim to combine the above two streams of literature and study the demand for guar-
anteed and mortality-linked retirement benefits if preferences of agents are modeled by a
generalized life-cycle utility function allowing for temporal risk aversion, i.e. agents are
not only risk averse about consumption, but also risk averse about their lifetimes. We
consider the demand of a single agent and that of a social planner acting on behalf of

different cohorts with differential mortality and wealth levels.

Ever since Yaari’s pioneering article (Yaari (1965)), the fixed income generated by an
annuity has been recognized as the optimal source of retirement income. However, em-
pirically, a low demand has been observed for annuities (see e.g. Hu and Scott| (2007)
and Inkmann et al.| (2010)), a phenomenon known as the “annuity puzzle”. One possi-

ble reason for this discrepancy between theory and practice might be the model setup in

IFor example, |Cai et al| (2006) analyze how well young adults in urban China insure their older
family members against poverty at old ages in case pension systems fail. |Galasso| (2008)) analyzes the
postponement of retirement as a possible solution to aging societies. [Brown| (2013)) analyzes the potential
reactions of California State teachers to pension reforms caused by the changing demographics.

2Such products are typically known as group self annuitization, pooled annuity funds and tontines
(see e.g. [Piggott et al(2005]), [Sabin| (2010), Milevsky and Salisbury| (2015) and [Chen et al.| (2019)).



Yaari (1965), which, although analytically convenient, imposes rather strong assumptions
like temporally separable utility functions and perfect annuity markets. |Davidoft et al.
(2005) find that, in a complete market providing annuities which can serve any desired
consumption profile, full annuitization remains optimal, even if utility functions are no
longer additively separable and annuities are no longer fair. In incomplete markets, i.e.
assuming that only some annuities, like constant annuities, are offered, full annuitization
is no longer optimal, but partial annuitization mostly is. Bommier| (2006, [2010) and
Bommier et al.| (2011), on the other hand, consider again a complete annuity market
setting and emphasize the importance of temporal risk aversion (people being risk averse
about their lifetimes), pointing out that Yaari’s assumption of temporal risk neutrality
is rather restrictive and comes with strong consequences.ﬁ Most importantly, under tem-
poral risk aversion, the optimal annuitization profile turns out to be decreasing over time
since temporal risk aversion along with mortality risk leads to a stronger discounting over
time (see also [Bommier| (2006))). [Bommier and Schernberg (2021) find that agents ex-
hibiting temporal risk aversion prefer a retirement income dynamically adjusted to most
recent information about life expectancy to an ex-ante fixed income. Staying with an
agent exhibiting temporal risk aversion, in this paper, we study the optimal retirement
decision when individuals have access to mortality-linked retirement products providing
random retirement benefits, in addition to traditional annuities. In contrast to Bommier
and Schernberg| (2021)), we focus on determining the optimal fractions invested in both
traditional annuities and longevity-linked products like tontines. In the social planner’s
optimization problem, our emphasis lies in finding out how heterogeneous initial wealth

levels of various groups determine the wealth transfer between the groups.

Assuming a “priceless life context” as introduced in [Bommier| (2006), which means that
agents would be willing to give up most of their consumption in exchange for a longer life,
we study the demand for retirement products both from an agent’s and a social planner’s
viewpoint. Relying on the approximation technique introduced in Bommier et al.| (2011)),
we are able to approximate the expected lifetime felicity of an agent using an additive
utility function and consequently derive explicit solutions for the consumption profiles
if annuities and tontines are traded exclusively in the market. If both tontines and
annuities are simultaneously tradable for individuals, numerical procedures are required
to work out the consumption profile of each retirement product, and consequently to

determine the optimal fractions of wealth invested in annuities and tontines. Despite

3In particular, experimental studies confirm that individuals do not exhibit temporal risk neutrality
but temporal risk aversion, see e.g. |Andersen et al.| (2018).



the non-existence of explicit solutions to the optimal consumption patterns, we are able
to determine an upper and lower bound for the safety loading charged for the annuity,

between which it is optimal to invest a positive amount in annuities and tontines.

We find that the more temporal risk averse individuals are, the more they would prefer
to invest at least a fraction of wealth in tontines, even in perfect annuity markets. This
differs from the optimal decision of individuals showing temporal risk neutrality (i.e.
who are risk neutral with respect to their future lifetime), which is investing 100% of
their wealth in annuities (cf. [Yaari (1965) and (Chen et al. (2020)). On the other hand,
we find that it is never optimal to invest all wealth in a tontine, i.e. at least partial
annuitization remains optimal. This suggests that the investment in tontines would not
crowd out the existence of traditional annuities. This paper therefore provides a solution
to temporal risk averse individuals, who are not fond of buying annuities exclusively. In
particular, we find that agents with only a moderate degree of temporal risk aversion
already tend to invest relatively high fractions of wealth in a tontine. Economically, these
results are plausible since temporal risk aversion leads agents to behave less patiently in
their consumption behavior compared to agents with temporal risk neutrality. Therefore,
such agents do not enjoy the guaranteed benefits of annuities as much as agents with
temporal risk neutrality. Similarly, agents with temporal risk neutrality, who desire
higher consumption rates at older ages than agents with temporal risk aversion, suffer
more strongly under the volatile future benefits of tontines. More intuitively, agents
exhibiting temporal risk aversion might believe that they have a better chance to outlive

their peers in a tontine than to live long enough to receive a profit from the annuity.

Inspired by e.g. |Attanasio and Hoynes| (2000) and Bommier et al.| (2011)), we also consider
an extended model with two groups of individuals, allowing for differential mortality,
wealth and safety loadings. In addition to the analysis of demand, in the social planner’s
problem, we look into wealth transfers among various groups of agents. We find that,
mostly, the living-longer-type benefits from the living-shorter-type, a result which has
already been found by Weil and Fisher| (1974)), Brown| (2002) and |Bommier et al.| (2011))
for annuities. To be precise, this direction of wealth transfer holds, if the wealth level of
the living-longer-type does not exceed that of the the living-shorter-type. If more wealth
is assigned to the living-shorter type, the wealth transfer can be reversed. In this sense,
the individual wealth levels mainly determine which group transfers wealth to the other
group. Depending on the precise parameter setup, temporal risk aversion can then either

increase or decrease the wealth transfer.

The remainder of this paper is structured in the following way. In Section 2] we introduce

3



the base model and solve the optimal retirement planning problem for a single agent in an
annuity market, a tontine market and a market containing both products. In Section [3]
we consider a utilitarian social planner in an extended model with differential mortality,
and solve the corresponding optimal retirement planning problems in the annuity and
the tontine market as well as the market containing both products and analyze wealth
transfers between groups with differential mortality. Section {4] concludes the article and

is followed by a technical appendix.

2 Individual retirement planning

Let T, be the random remaining lifetime of an agent aged x years and {pzi¢}e>0 be
the (possibly stochastic) force of mortality process of the agent. Denoting by & :=
o ({ux+s}{0§s§t}) the filtration containing the information about the mortality rates

Lzrt , we define the survival curve:

Further, we define the conditional survival probabilities S(t) := e~ Jo paesds

Assumption 2.1. We assume that S'(t) = dS(t)/dt <0 and that S(c0) =0.

Assumption simply means that under each scenario, the probability of survival (con-
ditional on that scenario) decreases over time and that under no scenario, individuals

can live forever. Note that Assumption [2.1/implies that %% < 0 and s(c0) = 0 as well.

at
It can, for example, be achieved by assuming pi,,¢(w) > 0 for all ¢ and single events w.

In the following, we generalize the utility preferences from Yaari’s pioneering article Yaari
(1965) to preferences allowing for temporal risk aversion. Let «(t) be a subjective dis-
count factor, u be a strictly increasing and concave utility function and C = {C(¢)}+>0
be a (possibly stochastic) random consumption profile. Following Bommier et al.| (2011]),

the lifetime felicity of an agent with a remaining lifetime of T}, years is given by

U(C,T,) = & ( /0 - a(t)u(C(t))dt) .

In the typical expected lifetime felicity framework (see e.g. Yaari (1965)), agents have

a linear lifetime felicity. Each moment of life gives them an instantaneous felicity



a(t)u(C(t)), which is then additively aggregated in order to get the lifetime felicity.
However, as Bommier et al.| (2011)) point out, agents cannot know ex-ante what their
lifetime felicity will be, given the uncertainty about life duration (and about consump-
tion) and might at most know the distribution of lifetime felicity. Using a general function
of ® enables us to also consider risk aversion with respect to the future lifetime. In the
typical expected lifetime felicity framework where a linear ® is used, the agent is risk
neutral about the lifetime, while a concave function ® would indicate a positive risk

aversion about the lifetime.

Assumption 2.2. We assume that ® is twice differentiable satisfying ®” < 0 and
®(0) € (—o0,00).

We allow for linear and concave functions ®. Note that we may additionally assume
®(0) = 0 without loss of generalityl[]]

The expected lifetime felicity function is then given by

EU(C) = E [cp ( /0 " a(t)u(C(t))dtﬂ |

To simplify this expression further, we need to make assumptions regarding the consump-
tion process C'. In this paper, we are particularly interested in considering a combined
retirement income consisting of an annuity and a tontine. We start off with the sin-
gle products and the corresponding optimal consumption profiles before coming to the

combined problem.
Let us introduce one last assumption, after which we will move to the individual opti-
mization problems.

Assumption 2.3. We assume that u;/,((?)c is independent of ¢, i.e. we assume a constant

inter-temporal elasticity of substitution. This is equivalent to assuming a constant relative

risk aversion, resulting in

cl-
T:;7 77& 177>Oa

u(c) =
In(c), v=1.

“In principle, we can assume any finite real number for ®(0), i.e. ®(0) € (—o0,00)\{0}. Then,
instead of considering ®(c) , we can consider ®(c) := ®(c) — ®(0) which resembles identical preferences
as ® and fulfills ®(0) =0.



Furthermore, throughout the paper, we disregard financial market risk to focus exclu-

sively on mortality risk.

2.1 Tontines

We consider a tontine contract in which a homogeneous pool of infinitely many agents,
who are assumed to be identical copies of each other, shares the mortality risk. In such
a pool, the idiosyncratic risk is fully diversified. The aggregate mortality risk, however,
affects all the agents in the same direction and can therefore not be diversified. At time
0, the agents specify a deterministic payout function d(t). As time passes, agents who
die early pass their benefits on to agents dying at older ages. In order to make our model
stay tractable, we have assumed an infinitely large pool sizeﬂ which leads to the result
that the mortality of the agents evolves exactly according to the conditional survival
curve S(t), resulting in the consumption rate C(t) = d(t)/S(t) of a single individual.
As the conditional survival probability S(t) is a random process, the future consumption
stream is random, compared to regular annuity products with deterministic consumption

profiles.

Now consider an agent endowed with an initial wealth W, which will be invested in the
above tontine with an infinite pool size. To determine the single up-front premium, we
assume that the insurer relies on the expected value principle with a proportional loading
04 . In total, the premium charged for the tontine is therefore given by
d - — [Lr(s)ds d(t) - — [Lr(s)ds
Py =(1+0,)E e Jo “S(t) - —=dt| = (14 6q) e Jo - d(t)dt,
0 S(t) 0
where we assume that r(t) is a deterministic interest rate curve. We arrive at the

following optimization problem for the agent at time 0:

max EU(C) = E [cp ( /0 " s (%) dt)]

00 . W
subject to / e~ Jo s L q(p)dt < °_.
0 1+ 04

To achieve analytical solutions, we approximate the expected lifetime felicity in a similar

®According to the findings of the existing literature, e.g. |Chen et al. (2019), with a pool size of 200,
the unsystematic longevity risk is almost negligible.



way as |Bommier et al|(2011]). The overall expected lifetime felicity is given by

EU(C) = |@ ( /0 " a(t)u(C(t))dt)}

o [ (2 4) o]

~E /OOO fose - S(t) - @ (/Otoz(s)u (%) ds) dt] . 2)

Conditioning on the path of the force of mortality process allows us to rearrange the
expected lifetime felicity using the conditional density of the remaining lifetime T .
Once a path of g,y is given, the density of T, is given by p,.;S(t). The expression
te+1S(t) can then be interpreted as the infinitesimal probability of dying at age x + ¢,
resulting in the lifetime felicity of & ( fg a(s)u (d(i))) ds) :

S(
Lemma 2.4. Assuming a priceless life context as introduced in |Bommier| (2000), we

obtain the following additive approximation of .'

EU(C) ~ /0 " (Halt)u (d(b)) dt, (3)

Proof: See Appendix [A.T]

The assumption of a “priceless life context” means that agents would be willing to give
up most of their consumption in exchange for a longer life. Note the following remarks
about the term S(t):

e Equation tells us that we can transfer the expected lifetime felicity of an agent
exhibiting temporal risk aversion and owning a subjective discount factor a(t) to
the expected lifetime felicity function of an agent exhibiting temporal risk neutral-
ity, but owning now a different subjective discount factor [(t)a(t). In particular,
assuming that ® >0, it holds S(t) > 0 for all ¢ > 0, since S’(t) < 0.

e If & is a linear function, 5(t) is equal to a constant. This corresponds to the case

in which the agent has a linear lifetime felicity.



e If &” <0, we find that

po=-55 [ 5 ([ atar)as<o

because of Assumption 2.1 Therefore, if ®” < 0, B(t) is decreasing in .

We now consider the individual optimization problem assuming that the individual has
an exclusive access to tontines. Using the approximation [3] we arrive at the following

optimization problem:

max /0 e (Da(tu (d()) dt

d(t)

subject to (1 + (5d)/ e~ Jor()ds d(t)dt < W.
0

Theorem provides the solution to Problem .

Theorem 2.5. The solution to the above optimization problem 18

e—fotr(s)ds _%
() - ((1 Hoa ) , )

Ry (t)a(t)

where the Lagrangian multiplier \q is, for all v > 0, given by

o] — gr s)ds _%
i = 1+5d/ o Jeroas | [((LFGa)e b dt
Wo  Jo Ko (t)au(t)

For v # 1, the expected discounted lifetime felicity is then given by

Ad - W
1—v 1+64

Ug =

Proof: See Appendix[A.2]

e We have seen that ((t) is decreasing in ¢, assuming that ®” < 0. Furthermore,
S(t) is decreasing in t. This implies that «,(t) is decreasing in ¢t as well. There-
fore, if we further assume that «(t) = e~ Jo r(s)ds , we can conclude that the optimal

payout function is decreasing in t.



e The optimal payout function under temporal risk neutrality is given by

1 - fot r(s)ds _%
d*(t): (( +5d))\de ) ’

E[S(#)a(?)

where the Lagrangian multiplier \; is, for all v > 0, given by

o] — [Yr(s)ds _%
)\d _ 1 + 5d / 67 f()t r(s)ds . (1 + 5d)€ fo ( ) dt
Wo Jo E[S(t)] )

o

Assuming that «o(t) = e~ Jor(s)ds , this payout function is also decreasing in ¢. How-
ever, since [(t) is decreasing in ¢, k,(t) decreases more steeply than E[S()7],
i.e. temporal risk aversion leads to a more steeply decreasing payout function com-

pared to temporal risk neutrality.

Below, we provide a numerical example, where we rely on a shocked Gompertz model.
For details on the (deterministic) Gompertz model, see Gompertz (1825)) and |Gumbel
(1958). Following e.g. |Lin and Cox| (2005), we apply a random shock e to the Gompertz
mortality rates assuming that e is a continuous random variable with density f.(-),
support on (—oo,1) and moment generating function m.(t) := E[e']. Mortality rates

are then given by

1 x+t—m

fore = (1 = 6)56 * (7)

where b is the dispersion coefficient and m is the modal age at death. This model is
motivated by the fact that, in many countries, insurers are required by regulation to test
their balance sheets against a variety of shock scenarios. This is for example the case in
the U.S., Canada and the European Union. For ¢ = 0, we obtain the (deterministic)

Gompertz model as special case. Furthermore, we rely on the parameters summarized
in Table [l

We rely on these parameters due to the following reasons:
e We assume that & is an exponential utility function with constant absolute risk

aversion ¢ > 0. Following |Bommier et al.| (2011)), we choose 6 in such a way that

a plausible discounting rate is achieved [

SFor simplicity, in the following, we will refer to 6 as the degree of temporal risk aversion. Note



Initial wealth Temporal risk aversion Utility function
Wo =100 | ®(y)=1— L% 6=0.035 u(y) =4, y=3
Risk-free rate Subjective discount rate Safety loading
r(t) =r =0.01 a(t)=e dg =0
Initial age Gompertz law Longevity shock
xr =65 m = 88.721, b =10 € ~ N(_oo1) (—0.0035,0.0814%)

e We assume a constant risk-free interest rate close to zero, based on the prevailing
low interest rates in many developed countries. The subjective discount factor a(t)

is equal to the risk-free interest rate, which allows us to focus exclusively on the

Table 1: Base case parameter setup.

effects of temporal risk aversion.

e For the Gompertz parameters m and b, we follow Milevsky and Salisbury| (2015).

Concerning the longevity shock e, we follow (Chen et al.| (2019)).

In Figure [I] we show the optimal payout functions under temporal risk neutrality and

temporal risk aversion. By varying the parameter 6, we can study the consumption

Figure 1: Optimal payout function d*(¢) over time under temporal risk aversion and

d ()

40 50

temporal risk neutrality (TRN). The parameters are chosen as in Table [1]

profiles of different agents who do not have an additive lifetime felicity. A 6-value
approaching zero (consequently, ®" going to 1) makes the lifetime felicity function closer
to the additive felicity function. During the first ten years, the payout function under
temporal risk aversion is slightly above that obtained under temporal risk neutrality.

After ten years, this relation is reversed. If 6 grows larger, the resulting lifetime felicity

that this definition differs from the risk aversion with respect to the age at death as defined in |Bommier

(2006).
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moves further away from the linear lifetime felicity, and the optimal consumption deviates
more from the optimal payout function under temporal risk neutrality. Risk aversion
about the lifetime works similarly to a larger subjective discounting rate, in line with the

remarks made about (3(t) below equation (4)).

2.2 Annuities

In this section, we consider a deterministic consumption profile ¢(¢). In the following, we
review and extend some results of Bommier et al. (2011), with the difference that more
general stochastic, instead of deterministic, mortality rates are applied. As an additional
extension, we include general safety loadings in all our derivations. Without systematic
mortality risk and setting the safety loadings equal to zero, we are back in the setting of
Bommier et al.| (2011)).

Denoting by 9, the proportional loading charged for the annuity, the premium charged

for an annuity is given by
Py=01+ 5a)/ e~ Jor(e)ds. s(t) - c(t)dt.
0

Mitchell et al| (1999)) find “that the average annuity policy available to a 65-year-old
man in 1995 delivered payouts valued at between 80 and 85 cents per dollar of annuity
premium.” Furthermore, Sabin| (2010) writes that annuities are typically 14% higher than

fair.

Assuming that an agent endowed with the initial wealth W, invests exclusively in an-

nuities, we arrive at the following optimization problem:

max EU(c) = E [cp ( /0 - a(t)u(c(t))dt)}

c(t)

subject to (1 + 5a)/ e~ Jor()ds s(t) - e(t)dt < Wy.
0

To approximate the expected lifetime felicity function, we define the term

50 = [ v ([Catir)as (5)

which is related to B(t) by Lemma . Following analogous steps as in Appendix ,
and applying Lemma [A.T] we end up with the following additive approximation of the

11



expected lifetime felicity function:

EU(c) = /000 s(t) - B(t)a(t)u(c(t))dt. (9)
Note the following remarks about 3(t) :

e We can transfer the expected lifetime felicity of an agent showing temporal risk
aversion and owning a subjective discount factor «(t) to an expected lifetime
felicity of an agent showing temporal risk neutrality, but owning now a different
subjective discount factor ((t)a(t). In this sense, analogous conclusions can be

drawn as for the tontine.
e Note that ((t) is equal to a constant if ® is a linear function.

e Similarly as in Bommier et al.| (2011), we find that

F(1) = —Z((;; /1t ) %@” ( /0 ta(f)df) s,

which is smaller than zero if we assume ®” < 0. Hence, in this case, ((t) is

decreasing in t.

Given the approximation @7 we now arrive at the following optimization problem:

c(t)

max /00 s(t) - B(t)a(t)u(c(t))dt
R (10)
subject to (14 5a)/ e~ Jor()ds . s(t) - e(t)dt < Wy.

We are able to solve this optimization problem of an individual agent explicitly.

Theorem 2.6. The solution to optimization problem s

) — . 5 )\ae—fgr(s)ds 7% .
C()—((JFQ)W) ) (11)

where the Lagrangian multiplier \, is, for all v > 0, given by

00 . —fg r(s)ds _%
Ao = L+ % / e~ Jor®ds (1) . (1 +§“) ‘ dt
Wo Jo B(t)al(t)

~

12



For v # 1, the expected discounted lifetime felicity is then given by

>\a WO
1—’7 1"‘5&.

Uy =

Proof: See Appendix[A.4]

There are the following special cases:

e In the special case where «(t) = e~ Jor®ds and @ is a linear function, the optimal
payout function ¢*(¢) is constant. This is the famous result stated in Yaari (1965):

Constant annuitization is optimal if there is no bequest motive.

o If a(t) = e~ Jor()ds and @ < 0, the optimal consumption profile is decreasing
over time, because (3(t) decreases in t. This differs from the optimal solution for
an agent with a linear lifetime felicity. Similarly to the tontine, being risk averse
about the lifetime makes agents less patient: They prefer to consume more in earlier

retirement ages.

In Figure[2] we show the optimal consumption profiles for ¢, = 0. We observe that, under

(1)

4.0

35

3.0

Figure 2: Optimal consumption profile ¢*(¢) over time under temporal risk aversion and
temporal risk neutrality (TRN). The parameters are chosen as in Table [I|and §, = 0.

temporal risk aversion, consumption is decreasing over time. Note that, if ® is a linear
function, the optimal consumption is constant and equal to Wy/ fooo e "s(t)dt = 5.45.
Hence, we can draw similar observations as from Figure[I] i.e. the presence of temporal

risk aversion leads agents to behave less patiently.

To sum up, a temporal risk averse individual does not consider the most frequently traded

annuity products with constant benefits as optimal. This result can be considered as one

13



possible interpretation why people do not trade extensively in annuities. In the following,
we aim to find out whether the lifetime felicity of temporal risk averse individuals can

be improved, when they can additionally trade in tontines.

2.3 Combined investment

In contrast to the existing literature in this field, we are interested in finding out whether
annuities can be supplemented by a mortality-linked product for an individual showing
temporal risk aversion. In other words, we assume that agents have access to both
tontines and annuities and aim to find out whether and how these individuals can benefit

from a combined investment in both plans.

A portfolio consisting of an annuity and a tontine results in the following consumption

rate of a living agent at each time ¢ > 0:

C(t) == Cad(t) +

Below, we present the optimization problem for an agent endowed with W, who aims

to invest in such a portfolio:

ot ) B {‘D (/OTz ot (Cad<t> f d§?§§)> dt)}

subject to (14 (5a)/ e o (45 (1) coq(t)dt + (1 + (5d)/ e~ Joris)ds. daa(t)dt < W
0 0

Following the steps in Appendix we obtain the following additive approximation of
the expected lifetime felicity of the portfolio:

EU(C)~E {/OOO S)B(t)a(t)u <cad(t) + dgé?) dt} : (12)

Therefore, we now arrive at the following optimization problem:

max E [ /0 T SBMalt)u (cad(t) + dg‘é?) dt}

Cad(t),daa(t)

subject to (1 + (5a)/ e o T(s)dss(t)cad(t)dt +(1+ (5d)/ e~ Jor(s)ds . daq(t)dt < W.
0 0

(13)
Since the utility function of a sum is unequal to the sums of the separate utility levels

14



for power utility, we are unable to derive an explicit optimal consumption profile to
optimization problem ([13)). Nevertheless, depending on the magnitude of the safety
loadings, we can still derive theoretical results on the comparison of annuities, tontines
and a portfolio of the two, and learn when it is optimal to invest in a real portfolio,
i.e. a positive amount in both tontines and annuities. In Theorem 2.7 we summarize the

results.
Theorem 2.7.

1. If and only if

() )
0o <9, = tzg E B0 (14da) — 1, (14)

the optimal solution to Problem is given by cqa(t) = c*(t), dea(t) =0, d.e. it

15 optimal to invest all the initial wealth in the optimal annuity.

2. If and only if

80 > 04 := SUp i1 (t)

U —nv(t)s(t) (14 04) — 1, (15)

the optimal solution to Problem is given by duq(t) = d*(t), caa(t) =0, i.e. it

18 optimal to invest all the initial wealth in the optimal tontine.

3. If both conditions and are not fulfilled, it is optimal for the agent to invest

positive fractions of wealth in both the annuity and the tontine.

Proof: See Appendix [A.5]

Remark 2.8. In the special case where ® is a linear function, E[B(t)] and B(t) are
equal to the same constant. Therefore, (14)) can be rearranged to d, < d4 |Z| In the
presence of temporal risk aversion, the demand for annuities and tontines each can either

be increased or decreased, depending on the mortality law and the resulting structure of

B(t), B(t) and K (t).

In Table , we analyze the critical bounds of the annuity loading and numeri-

cally. We observe that 4, is below 0 (4, is assumed to be zero in this example) and that

"Thus, Theorem is a natural extension to Proposition 3.3 in|Chen et al.| (2020) who consider finite
pool sizes and linear lifetime felicity functions.
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6 | TRN  0.035 0.07 0.105 0.14
a 0 —0.0014 —0.0027 —0.0039 —0.0051

a o0 o0 o0 ©e ©e

J
)

Table 2: Analysis of the bounds and depending on the temporal risk aversion
6. The parameters are chosen as in Table [I}

it decreases in the degree of temporal risk aversion 6. That fact that the critical value
of 9, is mostly negative means that investing exclusively in annuities is not optimal, as
along as a non-negative safety loading is charged for the annuity. In other words, even in
a perfect annuity market, it is not optimal to invest all the initial wealth in the annuity.
Furthermore, §, = oo tells us that no agent is willing to invest exclusively in tontines,
regardless of the temporal risk aversion. These results are economically plausible since,
under our parameters, we have observed that an agent with temporal risk aversion de-
sires a decreasing consumption profile. Therefore, this agent does not enjoy guaranteed
annuity benefits as much as an agent with temporal risk neutrality. Similarly, an agent
with temporal risk neutrality desiring a flat consumption profile suffers more strongly
under the volatile future benefits of the tontines. Another explanation might be that
agents with temporal risk aversion believe that they have a higher chance to outlive their
peers and thus to benefit from a tontine than to live long enough to receive a profit from

the annuity.

Based on this numerical analysis, we can conclude that tontines are more attractive to in-
dividuals who are subject to temporal risk aversion and tontines become more attractive
as the degree of temporal risk aversion increases. In total, we can interpret our results
such that tontines provide a retirement income solution to temporal risk averse individ-
uals, who are not fond of buying annuities exclusively. If individuals are risk neutral
about their lifetime, the condition for investing exclusively in annuities is fulfilled
more easily, depending only on the magnitudes of the loadings d, and ¢é4. In contrast, if
individuals are risk averse about their lifetime, the introduction of a retirement market
for innovative products like tontines does not crowd out annuities, but leads individuals

to prefer a combination of the two to an annuity.

To illustrate the increased attractiveness of tontines under temporal risk aversion further,
Figure 3| provides the optimal payout functions in the portfolio for an agent with temporal
risk aversion. We observe that the agent receives no annuity but only tontine payments
during the first years of retirement. Then, the agent receives a mixture of both, where

the payout function in the tontine approaches zero and rather high payments from the
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Figure 3: Optimal payout functions in the portfolio for an agent exhibiting temporal risk
aversion. The parameters are chosen as in Table [T}

annuity are received. Based on the optimal payments ¢ ,(t) and d’,(t), we are able to
compute the present values of the annuity and of the tontine, respectively. The overall
fraction of wealth invested in the annuity is given by 52%, meaning that the rather
moderate level of temporal risk aversion § = 0.035 along with v = 3 already reduces

the fraction of wealth invested in an annuity by 48%.

To quantify the utility gains generated by the inclusion of the tontine, we introduce the
wealth equivalent WE as the initial wealth level required in an exclusive annuity market
to achieve the same level of expected lifetime felicity as in the combined optimization
problem with initial wealth W,. Let U,; be the optimal discounted lifetime felicity
resulting from the combined investment problem ((13)). Then, for v # 1, the wealth
equivalent is defined by

S6 /Ooe—fér(s>ds.s(t). () Oy g ) WE
1-v |\ WE J, Bt)a(t)

Solving for WE delivers

(1 + 5&)(1 - V)Uad

WE = _ i
= [y r(s)ds (1482)e— Jor()ds \ 7
<(1+5“)f0 eThron o) (W) dt)

In Table [3, we provide the wealth equivalents dependent on the standard deviation of
the shock €.
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Present value of
Standard deviation WE annuity payments

o =0.0814 100.002 51.96
o=2-0.0814 100.010 51.63
o=4-0.0814 100.057 49.36
o=06-0.0814 100.121 48.43

Table 3: Wealth equivalents dependent on the standard deviation of the shock €. The
remaining parameters are taken from Table [I}

For a deterministic shock (¢ = 0), the tontine and the annuity are identical, which
explains the relatively low wealth equivalents for standard deviations closer to 0. As the
standard deviation increases, the difference between the tontine and the annuity becomes
more pronounced and, consequently, the wealth equivalents increase. The present value
of the annuity payments decreases slightly in the standard deviation, as the potential for

higher benefits increases.

3 Government’s problem

It is well-known that many individuals purchase lower retirement benefits than optimally
suggested by the economic literature. Therefore, it should be in a government’s interest
to achieve retirement income structures which are in all the individuals’ best interest.
In addition to the individual optimization problem, we therefore consider a utilitarian
government whose objective is to maximize the sum of the individual utility functions.
We distinguish agents with differential mortality and wealth level, and study the impact
of these two factors on the individuals’ welfare, in addition to safety loadings and cohort

sizes.

Assumption 3.1. We consider two groups of agents i = H, L , where we assume

/%Ig{-yt (w) < M£+t (W)

for all single events w, i.e. agents of type H have (on average) a longer remaining

lifetime than type- L -agents.

Furthermore, we introduce the survival probabilities for a member of the groups as
si(t) = E[S;(t)] = E [e‘ Jo “grsds] , i = H,L. Again, we will first focus on the single

plans before coming to the combined investment in both annuities and tontines.
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3.1 Tontines

We consider a social planner maximizing the sum of the individual utility functions,
taking both groups into account simultaneously. Let ny and n; be the percentages of

agents in the two groups. The problem of the social planner is then given by

max np /000 liﬁ(t)a(t)u (dr(t))dt + ng /000 /ff(t)oz(t)u (dy(t))dt

dp(t),dm(t)

subject to np(1 + 55)/ e~ Jor()ds dp(t)dt +ng(1l+ 55)/ e~ Jor()ds . dy(t)dt
0 0

(16)
Theorem 3.2. The solution to optimization problem 1S
. . -1
(1+6) AGe Jaras\ 7

d; (t) = : (17)

kY (Halt)

where the Lagrangian multiplier \§ is given by

o — [Yr(s)ds\ ¥
G _ L Hy—1 H = Jor(s)ds <1+5£)6 i
A (e Wy +naWy') | ne (1+67) /O ¢ ( rwL(t)a(t) «

Y

dt

oo — [Tr(s)ds _%
H ff(f r(s)ds | (]' + 65]) e
+nyg (1 + 6d ) /0 e < liH(t)Oé(t)

Y

For v # 1, the collective expected discounted lifetime felicity is then given by

A

Uy =
d 1_7

Proof: See Appendix [A.G]

Note that the optimal consumption profiles obtained from the government’s problem
differ from the individually optimal profile @ only in the Lagrangian multiplier \§
which is typically different from A4 .

Remark 3.3. If ® is a linear function and &% = 6%, we get

dy (1) < dy(1), (18)
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since E[Sr(t)"] < E[Sg(t)?]. Hence, if we assume additionally that W > W{ | this
implies that each type- L -individual transfers some wealth to type- H -individuals. How-
ever, if WE < W | type- L -individuals can benefit from type- H -individuals, as we will

show below.

In the following, we consider a numerical example. We rely on the base case parameters
summarized in Table [I] and consider the additional parameters summarized in Table [4]

In Figure [4] we show the optimal payout functions dj(t) and dj;(t) over time. In Panel

Pool size Initial wealth Safety loadings Modal ages
ng=ny, =05 | W =WE=100| 6% =6 =0 | my =83.721, m, = 84

Table 4: Additional base case parameters to Table [T}

6

5
5

4
4

3

2

2
Payout function

Payout function
3

1

0

(a) Temporal risk aversion (b) Temporal risk neutrality

Figure 4: Optimal tontine payoff over time for the two groups ¢ = H, L . The parameters
are chosen as in Table [I] and [l

(a), we observe that dj(t) and dj;(t) intersect. In Panel (b) however, we directly observe
inequality .

To quantify the wealth transfers, we consider the present values of consumption for

different agents under different parameter setups in Table [f]
e Base case: Type- L -agents suffer losses and type- H -agents benefit from the social

planner joining the two groups. Under temporal risk neutrality, the wealth transfers

increase compared to the case with temporal risk aversion.

20



H L

WH =W{E =100, ng =np =0.5
6 =0.035 | 53.60 46.40

TRN 54.41 45.59
Wi =200, W& =100, ny =ng = 0.5
6 =0.035 | 80.40 69.60

TRN 81.61 68.39
Wi =W =100, ng = 0.75,n, = 0.25
6 =0.035 | 77.61 22.39

TRN 78.17 21.83
WH =W{§ =100, ng = 0.25,n;, = 0.75
6 =0.035 | 27.80 72.20

TRN 28.46 71.54

Table 5: Present values of consumption for agents of the two groups. The parameters
are chosen as in Tables [ and [l

e Impact of the initial wealth: Moving from the setting W = WF = 100 to
WH =200 and W& = 100, we observe that type- L-agents now benefit from type-
H -agents. Furthermore, we observe that 69.60/150 = 46.40/100 and 80.40/150 =
53.60/100, i.e. the optimal solution to problem does not take into account
individual wealth levels, but only the total collective wealth. Additionally, we
observe that temporal risk neutrality now lowers the wealth transfer compared to
temporal risk aversion. Similarly, we observe that 68.39/150 = 45.59/100 and
81.61/150 = 54.41/100.

e Impact of the cohort size: For both cases ny = 0.75 and n; = 0.25 and
ng = 0.25 and ny = 0.75, type- H -agents benefit again from type- L-agents.
Note that 72.20/75 > 22.39/25 and 27.80/25 > 77.61/75, i.e. if there are less
type- H -agents, these gain higher benefits from the type- L -agents, which, due to
their relatively high pool size, suffer relatively smaller losses. On the other hand,
if there are less type- L -agents, these suffer a relatively larger loss but the gain to
type- H -agents becomes smaller, because they have to share it across a larger pool.
In both cases, temporal risk neutrality increases the wealth transfers. Note that it
also holds 71.54/75 > 21.83/25 and 28.46/25 > 78.17/75.

All in all, we have seen that the individual wealth levels mainly determine which group

transfers wealth to the other group. Depending on the precise parameter setup, temporal
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risk aversion can then either increase or decrease the wealth transfer. For our analysis, we
have used ny and n; as weighting factors in the social planner’s utility function. If it
is the social planner’s goal to eliminate wealth transfers between the groups, the planner
can either use weighting factors taking account of the wealth levels, or use individual

budget constraints instead of a collective one.

3.2 Annuities

The social planner again determines the retirement benefits paid to the two groups such

that the overall level of expected lifetime felicity is maximized:

CL(t),CH (t)

max ng /OOO s()B,(a(t)u(cp(t)) dt +ny /OOO si(t)Byt)a(t)u (cy(t)) dt

subject to ng(1+ 55)/ e~ Jor()ds sp(t) - cp(t)dt +np(l + 55)/ e~ Jor()ds . sp(t) - cy(t)dt
0 0

(19)
Theorem 3.4. The solution to optimization problem 18
, _1
(1+6) Ager Jirar)

ci(t) = — : (20)

Bi(t)a(t)

where the Lagrangian multiplier \S is given by

oo —[rr(s)ds\ 7
G _ Wk WwH) ! L — [Ir(s)ds . _ (1+07)e b
A= | (oW ma W) e (14,) /0 ’ zld) ( Br(t)a(t) &

Y

oo . 1+ 6H) e~ fot r(s)ds _%
+ng (1+ 08 / gy (L0 dt
na(L+0.) [ e 1\ 5, o

For v # 1, the collective expected discounted lifetime felicity is then given by

G AaG H L
Ua = 1_7 (nHWO +nLW0)-

Proof: See Appendix [A.7]
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Again, the optimal consumption profiles obtained from the government’s problem ([19)

differ from the individually optimal profile only in the Lagrangian multiplier \%.

Remark 3.5. There are the following special cases:

o If at) =€~ for@)ds and & is a linear function, the optimal payout function c;(t)

18 constant.

o If ® is a linear function, it holds c;(t) = ¢ (t). This is particularly different
from the tontine, where dj(t) < dj(t) for a linear ®. Hence, similarly to the
annuity, if W < WL | type- L -individuals transfer some of their wealth to type-
H -individuals. Conversely, if WH > WE | it is possible that the wealth transfer is

reversed.

Although there are some differences in the optimal consumption profiles of the annuity
and the tontine, the numerical results regarding wealth transfers are qualitatively iden-
tical for both products. In order to make the paper focused, we therefore leave out the

numerical analysis in this place.

3.3 Combined investment

Given the optimal solutions to the social planner’s problem for the single products, we
now consider again a social planner having access to both annuities and tontines at the
same time. It is of particular importance for a government to determine the conditions
under which annuities and under which tontines should be preferred. The optimization

problem is give by:

max niE l /0 " SL (DB (B)alu <cgd(t) + Cgﬂd(t)) dt]

ek (),dL, (t),cH, (1), a5, ()

+nuE [ /0 " Su(t)Br (Dot (cfd(t) - dadl?) ) dt]

Su(t)
subject to ng(1+ 55)/ e o r®dsg (el (t)dt 4 np (1 + 65) / e~ Jor()ds . d- (t)dt
0 0

+ng (14 87) / e o s g () el (t)dt + ng (1 4 62) / e~ Jor(e)ds. d2 (t)dt
0 0

<n W§+ngWg'.
(21)
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Again, we are unable to derive a generally optimal consumption profile to optimization
problem . Nevertheless, we can still derive theoretical results on the comparison of

annuities, tontines and a portfolio of the two. In Theorem [3.6] we summarize the results.
Theorem 3.6.

1. If and only if

5 < 5 %gg 5[(<1)}(1+6§))—1, i=H,L (22)

the optimal solution to Problem is given by cg (t) = ci(t), d(g (t) =0, i.e it

a

15 optimal to invest all the initial wealth in the optimal annuity.

2. If and only if

(i) k(1)

55) >0 = sup he

! (1+60y—1, i=H,L (23)
20 K (1)si(t)

the optimal solution to Problem is given by dfg (t) = di(t), Eu%( t)=0, ie. it

18 optimal to invest all the initial wealth in the optimal tontine.

3. If both condition and are not fulfilled, it is optimal for the agent to invest

positive fractions of wealth in both the annuity and the tontine.

Proof: See Appendix[A.§
Note that the conditions and exactly coincide with and , respectively.

In Figure[5] we provide the optimal payout functions for both groups. We observe similar
patterns as in Figure 3] The present values of consumption resulting from the annuity
and the tontine for the living-longer-type agents are 59.89 and 54.38. The present values
of consumption of the living-shorter-type agents are given by 54.01 and 31.71 for the
annuity and the tontine. In particular, the wealth transfer is almost identical to the

separate products.

In Table [0, we provide the wealth equivalents for type- H -agents, type- L-agents and
the collective along with the corresponding present values. All in all, we observe similar

patterns as in the individual case.
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2 3

1

0

(a) Group H (b) Group L

Figure 5: Optimal payout functions in the portfolio for an agent exhibiting temporal risk
aversion. The parameters are chosen as in Table [I}

’ Standard deviation \ WE \ Present values of annuity and tontine payments

Type-H-individuals

o =0.0814 100.0023 (55.85, 51.37)

o=2-0.0814 100.0103 (55.27, 51.92)

oc=4-0.0814 100.0508 (52.90, 54.12)

o =06-0.0814 100.1245 (51.70, 55.11)
Type-L-individuals

o =0.0814 100.0023 (53.57, 39.21)

o=2-0.0814 100.0101 (53.08, 39.73)

oc=4-0.0814 100.0500 (51.14, 41.83)

o=06-0.0814 100.1232 (50.39, 42.80)

Collective

o =0.0814 100.0023 (109.42, 90.58)

o=2-0.0814 100.0102 (108.35, 91.65)

oc=4-0.0814 100.0504 (104.05, 95.95)

o=06-0.0814 100.1239 (102.09, 97.91)

Table 6: Wealth equivalents dependent on the standard deviation of the shock €. The
remaining parameters are taken from Table [1}

4 Conclusion

This paper studies the optimal demand for retirement products in the presence of tem-
poral risk aversion in a market offering both annuities and mortality-linked products like
tontines. We consider the optimal retirement decision of a single agent as well as of a
social planner maximizing the sum of the individual utility functions under differential

mortality and wealth. We consider the optimal retirement decision in an exclusive annu-
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ity market, an exclusive tontine market and a market containing both types of products.

Our theoretical and numerical results suggest that agents’ demand for tontines increases
under temporal risk aversion. While it has been shown that no tontinization and full
annuitization is optimal in the absence of safety loadings (e.g. |Chen et al.| (2020))), we
determine conditions for pricing bounds under which agents subject to temporal risk

aversion prefer to invest positive fractions of wealth in both annuities and tontines.

Similarly to individual agents, a social planner might prefer to both annuitize and ton-
tinize some wealth instead of full annuitization. Furthermore, in most cases, we observe
wealth transfers from living-shorter-type agents to living-longer-type agents in both an-
nuities and tontines to a similar extent. The wealth ratio of the two groups turns out
to be the main driving factor for the direction of the wealth transfers. If the living-
longer-type owns more initial wealth than the living-shorter-type, it is possible that the
wealth transfer goes from the living-longer-type to the living-shorter-type. Additionally,
we find that temporal risk aversion and the group sizes can increase and decrease wealth

transfers, while they do not have a major impact on the direction of the wealth transfer.

As an extension to this article, unit-linked products like variable annuities could be added
to the markets. It would be interesting to see whether such products can outperform

annuities and/or tontines under temporal risk aversion.
Acknowledgments

This work was performed on the computational resource bwUniCluster funded by the
Ministry of Science, Research and the Arts Baden-Wiirttemberg and the Universities
of the State of Baden-Wiirttemberg, Germany, within the framework program bwHPC.
Furthermore, we want to thank the participants of the 24th International Congress on
Insurance: Mathematics and Economics, of Ulm-Kaiserslautern-Workshop on October 4,
2021, and of the Actuarial Science Seminar of University of Connecticut on October 11,
2021 for the fruitful discussions and comments that helped us improve earlier versions of

this manuscript.
Declaration of interest

Declaration of interest: none

26



References

Andersen, S., Harrison, G. W., Lau, M. 1., and Rutstrom, E. E. (2018). Multiattribute
utility theory, intertemporal utility, and correlation aversion. International Economic
Review, 59(2):537-555.

Attanasio, O. P. and Hoynes, H. W. (2000). Differential mortality and wealth accumu-

lation. Journal of Human Resources, 35(1):1-29.

Bommier, A. (2006). Uncertain lifetime and intertemporal choice: risk aversion as a

rationale for time discounting. International Economic Review, 47(4):1223-1246.

Bommier, A. (2010). Portfolio choice under uncertain lifetime. Journal of Public Eco-
nomic Theory, 12(1):57-73.

Bommier, A., Leroux, M.-L., and Lozachmeur, J.-M. (2011). On the public economics
of annuities with differential mortality. Journal of Public Economics, 95:612-623.

Bommier, A. and Schernberg, H. (2021). Would you prefer your retirement income to

depend on your life expectancy? Journal of Economic Theory, 191:105126.

Brown, J. (2002). Differential mortality and the value of individual account retirement
annuities. In The distributional aspects of social security and social security reform,
401-446. University of Chicago Press.

Brown, K. M. (2013). The link between pensions and retirement timing: Lessons from

california teachers. Journal of Public Economics, 98:1-14.

Cai, F., Giles, J., and Meng, X. (2006). How well do children insure parents against
low retirement income? An analysis using survey data from urban China. Journal of
Public Economics, 90(12):2229-2255.

Chen, A., Hieber, P., and Klein, J. K. (2019). Tonuity: A novel individual-oriented
retirement plan. ASTIN Bulletin: The Journal of the IAA, 49(1):5-30.

Chen, A., Rach, M., and Sehner, T. (2020). On the optimal combination of annuities
and tontines. ASTIN Bulletin: The Journal of the IAA, 50(1):95-129.

Davidoff, T., Brown, J. R., and Diamond, P. A. (2005). Annuities and individual welfare.
American Economic Review, 95(5):1573-1590.

27



Galasso, V. (2008). Postponing retirement: the political effect of aging. Journal of Public
Economics, 92(10-11):2157-2169.

Gompertz, B. (1825). On the nature of the function expressive of the law of human mor-
tality, and on a new mode of determining the value of life contingencies. Philosophical
transactions of the Royal Society of London, 115:513-583.

Gumbel, E. (1958). Statistics of Extremes. Columbia University Press, New York.

Hu, W.-Y. and Scott, J. S. (2007). Behavioral obstacles in the annuity market. Financial
Analysts Journal, 63(6):71-82.

Inkmann, J., Lopes, P., and Michaelides, A. (2010). How deep is the annuity market
participation puzzle? The Review of Financial Studies, 24(1):279-319.

Lin, Y. and Cox, S. H. (2005). Securitization of mortality risks in life annuities. Journal
of Risk and Insurance, 72(2):227-252.

Milevsky, M. A. and Salisbury, T. S. (2015). Optimal retirement income tontines. In-

surance: Mathematics and Economics, 64:91-105.

Mitchell, O. S., Poterba, J. M., Warshawsky, M. J., and Brown, J. R. (1999). New
evidence on the money’s worth of individual annuities. American Economic Review,

89(5):1299-1318.

OECD (2016a). OECD Factbook 2015-2016: Economic, Environmental and Social
Statistics.  OECD Publishing, Paris. Available at http://dx.doi.org/10.1787/
factbook-2015-enl

OECD (2016b). OECD Pensions Outlook 2016. OECD Publishing, Paris. Available at
http://dx.doi.org/10.1787/pens_outlook-2016-en.

OECD (2020). OECD Pensions Qutlook 2020. OECD Pensions Out-
look, OECD Publishing, Paris. Available at https://www.oecd.org/finance/
oecd-pensions-outlook-23137649.htm.

Piggott, J., Valdez, E. A., and Detzel, B. (2005). The simple analytics of a pooled annuity
fund. Journal of Risk and Insurance, 72(3):497-520.

Sabin, M. J. (2010). Fair tontine annuity. Awvailable at SSRN: https://ssrn.com/
abstract=1579932.

28


http://dx.doi.org/10.1787/factbook-2015-en
http://dx.doi.org/10.1787/factbook-2015-en
http://dx.doi.org/10.1787/pens_outlook-2016-en
https://www.oecd.org/finance/oecd-pensions-outlook-23137649.htm
https://www.oecd.org/finance/oecd-pensions-outlook-23137649.htm
https://ssrn.com/abstract=1579932
https://ssrn.com/abstract=1579932

Weil, R. L. and Fisher, L. (1974). TIAA/CREF: Who gets what? An analysis of wealth

transfers in a variable annuity. The Journal of Business, 47(1):67-87.

Yaari, M. E. (1965). Uncertain lifetime, life insurance, and the theory of the consumer.
The Review of Economic Studies, 32(2):137-150.

A Technical appendix

A.1 Proof of Lemma [2.4]

By integration by parts and using Assumption we rearrange ([2]) to:

EU(C) =E [ /O O < /0  as)u (%) ds) oty <%) dt] ()

We can now follow similar steps as in Appendix A.1 in|Bommier et al. (2011): In partic-
ular, we assume a “priceless life context” as defined in Bommier| (2006)). In other words,
we assume that u(y) =1+ Yw(y), where 1 is a constant close to zero and the function
w(-) is bounded. Then, we can rewrite (24)) to

/OOO S(t) - &' (/Ota(s) (1 + (%)) ds) a(t)dt
o [ st ([ ot (14w (503 ) as) ot (50 ) |

Next, we assume that agents would accept giving up most of their consumption to live

EU(C) =E

longer, which translates into ¥ — 0. We can then approximate the function ®’ using a

Taylor expansion. Ignoring the terms of order greater than 1 in ¢, this delivers

/Ooo S(t) - ¥ (/Ota(s)ds> a(t)dt + w/ooo S(t) - @' </Ota(s)ds) a(t)w <%> dt
+ 1 Ooo S(t) - ( /0 ta(s)w (%) ds) " ( /0 ta(s)ds) a(t)dt] .

EU(c) =~ E
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Here, we change the order of integration in the third term to obtain the following ap-

proximation of the expected lifetime felicity:

/005(7:)-@'(/ als)d ) dt+z/1/ (/ (s)ds)a(zﬁ)w(%)dt
vo [Tu(g) ([ awsee ([ atmar)as) <>dt]

_E /Ooo S(t) - @ </Ota(s)ds> a(t)dt + w/ooow (%) alt)

- <S(t) P ( /O ta(s)ds) + /t " a(s)S(5)d" < /O Sa(7)d7> ds> dt].

Applying the integration by parts technique, we obtain

S(t) - @ (/Ota(s)ds) + /too a(s)S(s)®" (/Osade) ds = — /too ()@’ (/Otoz(s)ds) .

This delivers the following approximation for the expected lifetime felicity:

/Ooo S(t) - @ (/Ot a(s)ds) a(t)dt + 1 /OOO w (%) a(t)S(t) - 5(t)dt] ’

where (3(t) is defined as in (4)). Using again u(y) = 1+ ¢w(y) delivers

/OOO S(t) - @' (/Ota(s)ds) a(t)dt

n /0 T (%) a(t)S(t) - Bt)dt — /0 h a(t)S(t)ﬁ(t)dt].

Dropping the constants in this expression, we end up with the additive lifetime felicity

EU(C)=~E

EU(C)=E

EU(C)=~E

function

which is equal to (3)). O
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A.2 Proof of Theorem [2.5
The first order condition is given by
oy (B)au(t) (d(t)) = (1 + dg) Age™ Jo ()%,

Hence, we obtain the optimal payout function @ Plugging @ back into the budget

constraint delivers

1
S " 1 _ftr(s)ds —;
WO = (1 + 6d)/ e_fo r(s)ds (( + (5d) >\d€ 0 ) &
0

o (£)a(h)
L L0 [ (L da) e Jorti
= ()\d) = WO /0 e liv(t)a(t) dt.

For ~ # 1, the expected discounted lifetime felicity is then given by

N - e fot r(s)ds 7%
/0 Koo (E)u(t)u(d* (t))dt :/O iy (t)at)u (((1 +(Z)(?;la(t) ) ) N

-1 o0 — [fr(s)ds _%
_ ()\Cl> 7 / e f(f r(s)ds ((1 + 5d) € Jor) ) dt
7 Jo

1- K (t)a(t)
()\d)lii 1 WO
— . A Yo
11—~ (Aa) 1+ 04
Y Wo
T l—y 146

A.3 Lemma A.l
Lemma A.1. [t holds E[S(t)3(t)] = s(t)A(t).

Proof. A straightforward calculation delivers:

E[S(1)3(t)] = E [— /t T Ss) @ < /0 s a(T)dT> ds}

_ /t TE[S(s))- <1>’( a(T)dT) ds
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_ _/too J(s)- D (/OSQ(T)dT) ds

— B(#)s(0).

A.4 Proof of Theorem [2.6

The first order condition is given by

Bt)a(t)u (c(t)) = (14 6,) Age o 7()ds

Hence, we obtain the solution to Problem as . Plugging the optimal consumption
back into the budget constraint delivers

oo + ffot r(s)ds 7%
Wy = (1 4 5a)/ e~ Jo r(s)ds S(t) . ((1 + 51) )\a6 > At

0 Bt)a(t)
L 14+46, [ ~ Er(s)ds . (146,) e [rr(s)yds\ 7
& (A)7 = W /0 e s(t) ( 0P dt.

For v # 1, the expected discounted lifetime felicity is then given by

_ B - B e—fotr(s)ds _%
/0 s(t)ﬁ(t)a(t)U(C(t))dtZ/o s(t)B(t)a(t)u <(1+5%)(j);(t) ) «

1*% 0o . —fg r(s)ds 7%
_ ()\a> / e Io r(s)dss(t) ((1 +§a) € ) dt
0

1—1 B(t)a(t)
1—1
_ (Aai ()7 Wo
1 "}/ 1 + (5(1
A W
N 1-— Y 1 + 5(1

A.5 Proof of Theorem 2.7

The proof can be carried out in a similar way as in (Chen et al.| (2020)).
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1. The objective function to Problem (13| can be written as

f:AmEp@ammmGM®+%gv}“

+ A <W0 — (14 44) / e Jor@dsg(1)coa(t)dt — (1 + 6,) / e~ Jor()ds . dad(t)dt> .

0 0

Setting the first-order conditions equal to zero, we obtain:

32;5(2?) - {O‘(t)s QN (Cad(t) + ds?g))} LA+ 8,)e sy —
62:T(t> = {O‘(W@W (Cad(t> + dg‘zg)ﬂ CA(1 + Gg)e s — g,

Now we set cuq(t) = ¢*(t), dua(t) = 0 and A = A, to obtain a condition under
which the annuity is optimal, using Lemma [A T}

= E[a()SE)B(H)U (¢ ()] = A1+ 8,)e Jo 7 5(¢)

0cqq(t)
_ )\a(l + 5a)8(t)€7 Jir(s)yds _ )\a(l + 6a)€*f(f T(S)dss<t) —0.

Further, we obtain

OF o o
P — Ele@B@ ((0)] = Xl +da)e Jir(s)a
= @ e~ fot r(s)ds| o fot r(s)ds
E [B(t) Aa(1 4+ 04) ] Aa(1+ 8,)
=\e" Jo r(s)ds B(t) _ !
=\ ((1 +0.)E {_B_(t)} (1+ 5d)) < 0.

Now let us take a look at the second-order derivative:

azﬁy—EP@ﬁW/GMQ+%%»§%}<O

since u” < 0. If the second-order derivative is strictly negative, this implies that
the first-order derivative is strictly decreasing in dyq(t). If OF(«)/0daq(t) < 0,

the expected lifetime felicity could be increased by choosing the payout function

daa(t) even lower, which is not possible because we exclude negative retirement
benefits. If 0F (a)/0dua(t) =0, daa(t) = 0 is the optimal solution and, therefore,

the annuity is the optimal retirement product. Therefore, the annuity is optimal if
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and only if

=

(14 0,)E {%} < (1+0d4) forallt>0.

2. Now we set cqq(t) = 0, duq(t) = d*(t) and A = Ay to obtain a condition under

which the annuity is optimal:

oF__ a u - e~ Jor()dsg
G =B s (G )] - M1+ a)e Brovs

= Ky (Dt (d* (1) — Aa(1+ 0,)e™ o7 P5(2)

t ¢ ¢
= Bl ) 1 s)e B (14 6, ()

= )\de_f(fT(S)ds (/437+1<t) (1 + 5d) _ (1 + (Sa)S(t)) )

Further, we obtain

azdf( 5= E [Oé(t)ﬁ(t)u’ (S(t) )} — (1 Gg)e Ji s

Now let us take a look at the second-order derivative:

. aﬁ =k [a<t>5<t>5<t>u" (cad@) i dS(g))} <0

since u” < 0. If the second-order derivative is strictly negative, this implies that
the first-order derivative is strictly decreasing in cqq(t) . If 0F (a)/Ocqq(t) < 0, the
expected lifetime felicity could be increased by choosing c¢,q(t) even lower, which is
not possible because we exclude negative retirement benefits. If 0F («)/0cquq(t) =
0, caa(t) = 0 is the optimal solution and, therefore, the tontine is the optimal

retirement product. Therefore, the tontine is optimal if and only if

Ky+1(t)
iy (1)

(14 64) — (14 84)s(t) <O0.
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A.6 Proof of Theorem [3.2
The first order condition is given by

(Ol (@ (1)) = (1+8]7) Afer v,

Y

Hence, we obtain the optimal payout function . Plugging back into the budget

constraint delivers

n Wy +ngWy =ng (1+6)) / e~ Joris)ds. <(
0

0o . 1+ 5H) AGe— fot r(s)ds 7%
+ng (1+ 6% / e~ Jor(s)ds . ( d/d dt,
w (143 J )

, 1

14 65) AGe~ fi ) 7

% dt
KL (t)a(t)

which is equivalent to

2=

dt

. © s 1+5L effotr(s)ds 7%
)" = (om0 (1 07) [ o '<( /-eg()t)a(t)

0
0o . 1+ 5H) e fot r(s)ds _%
+ng (1467 / e~ Jor(s)ds . ( d dt
u(l+o0) | ()

For v # 1, the collective expected discounted lifetime felicity is then given by
U§ = nH/O r () a(t)u (dy (1)) dt + nL/O rE(a(t)u (d] (t)) dt

B oo . (1 +5£I) )\dGeffOtr(s)ds Ty
= nH/O Ky (t)a(t)u ( (o) dt

oo . (1+5C[l/) )\dGe—fgr(s)ds T
b [ st@aton ( wE(B)al) «

0D ([ g () e e
= nH/O Ky (t)a(t)( R (0)a() ) dt

0o 14 6L —fot r(s)ds 1_%
+nL/ ﬁﬁ(t)a(t) (( +0i)e ) dt
0

rr (H)a(t)
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wH (t)a(t)
00 . 14+ 5L) e~ fot r(s)ds\ 7
1 L Jo r(s)ds ( d
—I—nL( +5d)/0 e ﬁg(t)a(t) d¢
(/\dG)l_% G\: H L )‘dG H L

A.7 Proof of Theorem [3.4]

The first order condition is given by
Biba(bu (ci(t)) = (1400 AGem or@d i = 1 L,

which is equivalent to . Plugging this expression back into the budget constraint

delivers

0o . 1+ 5L) ACGe— fg r(s)ds 7%
nWE +ngWl =np (14 6% / e~ Jor@ds g (3. ( L dt
WiV = s (100 ) ' BLt)alt)

& t 14+ 5H) NG —fg’ r(s)ds _%
+ng (1 -+ 55) / e*fo r(s)ds SH(t) . ( + i) a€ dt,
0 Bu(t)a(t)

which is equivalent to

2=

dt

B 0o . 1+ (')‘L) e~ fot r(s)ds _%
AC)7 — Wk WH 1 14 5L / ~Jor(®)ds g (4) . ( _a
( a) (nL o FnaW, ) nL( + a) i e s(t) 3, (00

o t 1 H —fgr(s)ds _%
+nH(1+5f)/ e I s g py . (( +_5a)e ) Y

0 Bu(t)a(t)

For v # 1, the collective expected discounted lifetime felicity is then given by

US = ng / " sn (B (Balt)u (¢ (1) dt + ny / " su (B, (Da(tyu (¢ (1) dr
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B ) _ (1 + 55) )\567 f(f r(s)ds _%
. /0 s (B, (Halbu (( S ) ) dt
0o . (1 + 5(5) )\aGe— fot r(s)ds _%
T /0 sl)fult)edte (( Br(t)al(t) «

00 (e (e i\
_ (nH /0 SH(t)ﬁH(t)oz(t)< ST ) dt

2=

¢yl R 1+ 6H) e~ Jor()ds >
_ (AY) (nH (1 +5£J)/ o= Jo r(s)dsSH(t) (( +0,)e )
0

1—x BH(t O‘(t)
o0 . 1+ oL — [y r(s)ds -5
+nz (1 +5§)/ e Joreddsg, (1) ( +_“) ‘ dt
0 Br(t)a(t)
(/\aG>1_% G\ % H L )‘g} H L
— 1_7 ()\a)v (nHWO —|—nLWO):1_7(nHWO —|—nLWO)_

A.8 Proof of Theorem 3.6

1. The objective function to Problem can be written as

Fen, / E {a@)sL(t)ﬂL(t)u (Cfd@ i flséf)) ﬂ !

v [ 8 fasu(05utu (0 + £243) | a

+ A (nHWJI +nWE —np(1+65) / e b r®dsg ()l (t)dt
0

—ng(1+05) / e Jords . gL (#)dt
0

—ng(1+ 55) / e~ ho T(S)dSsH(t)cgl(t)dt
0

—ng (1464 / e~ Jor(s)ds . dé@(t)dt) .

0
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Setting the first-order conditions equal to zero, we obtain for ¢« = H, L

0F  _ (i) d)(t) _ e _
8(:53(75)_1@_ a(t)Si(t) Bi ()’ ( (t)+5(t>>] AL+ 60)e "si(t) =0

[ ()
a.ft —E [a(t)B (0! (<3<t>+ a! ) A(L+ 8¢ i — g,

Now we set c\)(t) = ¢;(t), d')(t) = 0 and A = AC to obtain a condition under
which the annuity is optimal, using Lemma [A.T}

OF

5o ~ EOS OO ()] = A1+ e O 0

= 21+ 6)s;(t)e” Jor(s)ds _ A1+ 60ye Iy (s (1) = 0.

Furthermore, we obtain

OF _ G (@) o~ Jyr(s)ds
240 Ela(t)8:(t)u’ (¢} ()] — A (1 +657)
ﬁl( ) G (i), — [ir(s)ds| _ \G (@) e Jir(s)ds
|:Bz(t))\ (1+9;7)e } A, (L+6,7)
= \Gem Jor(o)ds ((1 +6E [gg} —(1+ 55“)) <0.

Analogously to Theorem [2.7], the annuity is therefore optimal if and only if

(1+6D)E [gim <(1+46%) forallt>0,i=H,L.

2. Now we set c( J(t) =0, d((;d( t) = di(t) and A = \§ to obtain a condition under

which the annuity is optimal:

oF { (d*(t)):| o L
—— =K 5z t v — )91 +5((lz) e fo r(s)dssi ¢
= wL (D (d; (1)) = AG(1+ 00 Jo g, (1)
t o o
%())\f(l + 55(;))6_ Jor(s)ds _ )\g(l + 5((;))6— Io T(S)dssi(t)
Ky (¢)
(4)
t t . ) |
= Age horee (%1()(1 +60) — (1+ 5§;>)si(t)> <.
Ky (1)

38



Furthermore, we obtain

OF  _wlomg o (EDN] 361 1 50y i reas
041 & [oaon ()| -0+

= a(t)rD () (d(t)) — AG(1 4 8y Jor()ds —

Analogously to Theorem [2.7], the tontine is therefore optimal if and only if

(i
K t ) A

%(())(1 +60) = (14 60)s;(t) <0 forallt>0,i=H,L.
Ky (T
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