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Abstract

In this paper we investigate how collective investment strategies can incorporate the het-
erogeneity of individuals with respect to risk aversion, the investment horizon, and initial
wealth.

Assuming that the preferences of individuals can be compared to each other by means of
their certainty equivalents, we will propose three different collective investment strategies:
the inequality averse collective investment strategy, the welfare effect averse collective in-
vestment strategy, and the welfare loss averse investment strategy.

The inequality averse collective investment strategy that has initially been proposed by Bal-
ter et al.| (2021) optimizes the collective investor’s power utility given the distribution of
individual’s certainty equivalents. We extend this model by allowing for heterogeneity with
respect to the investment horizon and initial wealth. Given these individual characteristics,
a collective investor who is very inequality averse assigns relatively more weight in his ob-
jective to individuals with low certainty equivalents, which corresponds to individuals with
high risk aversion, low initial wealth, and/or a short investment horizon. Therefore, the
investment strategy of such a very (in)equality averse collective investor heavily depends
upon the participants with the most extreme risk aversion, investment horizon and initial
wealth.

Thereafter, we extend the existing literature by introducing collective investment strategies
that aim at minimizing the extent to which a deviation from the optimal individual invest-
ment strategy "hurts” individuals. Consequently, a welfare effect averse collective investor
aims at finding the investment strategy that maximizes his power utility given the distri-
bution of individuals” welfare effects. This welfare effect represents the ratio between an
individual’s certainty equivalent under the collective investment strategy and the certainty
equivalent belonging to the optimal individual investment strategy. Such a collective in-
vestor with a high welfare effect aversion assigns relatively more weight in his objective to
individuals with a low welfare effect, which corresponds to individuals who have a rela-
tively long investment horizon and risk aversion that is slightly lower than the average risk
aversion in the fund. Since such an investor considers that assigning more weight to one
individual characteristic automatically yields a lower welfare effect for an individual with
the “opposite” characteristic, this investment strategy generates more moderate results.

Similarly, a welfare loss averse collective investment strategy minimizes the collective in-
vestor’s utility based upon the distribution of individuals” welfare losses. However, in this
case, welfare losses are expressed as the percentage change of individuals’ certainty equiv-
alents. Consequently, this collective investment strategy weights the relative difference in
certainty equivalents differently compared to the welfare averse collective investor. As a
result, a collective investor with high welfare loss aversion assigns the much weight in his
objective to the individual with extreme individual characteristics.

Consequently, this paper proposes several new models and extensions that allow us to set
the first steps in designing the optimal collective investment strategy that incorporates the
heterogeneity of individuals with respect to welfare effects, risk aversion, initial wealth, and
investment horizons.



Acknowledgements

Throughout the writing of this master thesis, as graduate intern at Achmea, I have had the
honor to collaborate with several extraordinary people who inspired me by their passion
and expertise.

First of all, I would like to thank my supervisor from Tilburg University, Dr. Anne Balter, for
introducing me to this new field of research and guiding me along the way. Her expertise
and extensive feedback inspired me to develop new collective investment strategies and
extend models that were not even published yet. At the start of my thesis, she provided me
with a few slides that introduced the idea of an inequality averse collective investor (Balter
et al., 2021), which I have extended for heterogeneity with respect to initial wealth and the
investment horizon. Since we are at the forefront of exploring how collective investment
strategies for heterogeneous individuals should be designed, these slides combined with
the paper of Kryger and Steffensen! (2010) were the only two sources related to this topic
that were available to me when I developed the models that have been proposed in this
thesis.

Furthermore, I would like to express my appreciation to Achmea and especially to my com-
pany supervisor Agnes Joseph, who inspired me to broaden my perspective and whose con-
structive feedback brought my work to a higher level. Her involvement, practical insights
and passion were invaluable to this master thesis and my personal as well as professional
development.

Finally, I would like to thank my family and friends for their support. Your fun distractions
and discussions made my student life complete and helped me to get to where I am today.

I am grateful for the support that I received from these extraordinary people, who allow me
to obtain my master’s degree in Quantitative Finance and Actuarial Science.



CONTENTS

Contents
1__Introduction|
2 Model Approach|
RI Modelassumptions| . . . .. ................ ... ...
2.2 Optimal strategy individualinvestor] . . . . . ... ...... ... .. ... ...
24  Merton risk exposure collective investor 4|. . . . . .. ... ... oL
2.5 Defaultparameters| . . . . . ... ... L
3 Inequality averse collective investment strategy|
B.I TInequalityaversion| . . .. ..............................
B2 Objectiveandresults| . . .. ......... ... .. ... .. ... .. ...
B3 Applications| . . .. ... ...
B.4 Conclusion inequality averse collective investor] . . . .. ... ... ......
4 Welfare effect averse collective investment strategy|
4.1 Welfare effectaversionl . . . . . ... ... ... o oo oo
4.2 Objectiveandresults| . . . .. ... ... ... ... .. .0 0L
4.3 Applications| . . . . ...
4.4 nclusion welfare eff r llective in
[5 Welfare loss averse collective investment strategy|
6.1 Alternative welfarelossaversion] . . . . .. .. ..................
P.2 Objectiveandresults| . . .. ... . oo oL
b3 Applications| . . .. ... ...
A4 nclusion welfare | ver llective investor] . . ... ... ... .....
b__Conclusions and recommendation|
A Appendix|
IA.1 Derivation of the certainty equivalent . . . ... ... .... ... .. .....
A.1.1 General utilitycasel . . . ... ... ... o oL
A.12 Specialcase:y; =1|. ... ... ... ... ... . .. . L.
A.2 Derivation optimal individual investment strategy|. . . . . .. ... ... ...
A.3 Derivation optimal collective investment strategy (Objective 1)[. . . . . . . ..
A31 Generalutilitycase . . . .. ... ... ... ...
A32 SpecialCase: 7 =1 . . . . .. ...
A3.3 Alternativecasesl . . . . ... ... ...
IA.4 Derivation optimal collective investment strategy (Objective 2)|. . . . . . . ..
A.4.1 Generalizing the welfare effect OWWE™). . .. .. ... ..........
A42 Generalutilitycase . . .. ... ... L o oo
A43 Specialcase: ¢ =1 . ... ... ... ..
A.44 Alternativecases . . . . . . .. ...
IA.5 Derivation optimal collective investment strategy (Objective 3)[. . . . . . . ..
[A5.1 Alternative definition welfareeffect] . . . ... ... ...........
A5.2 General utilitycasel . . . . . ... ...
A.5.3 Specialcase: ¢4 =1 . ... .. ...
A.5.4 Alternativecasesl . . . . .. ... ...




1 INTRODUCTION

1 Introduction

The Dutch pension system is currently experiencing a shift from collective defined contri-
bution (CDC) to defined contribution (DC) pension schemes. As a result, most risks that
were initially borne by pension funds will be transferred to individuals such as investment
and interest rate risks. Furthermore, pension payments will directly depend upon the in-
vestment outcome whereas pension funds used to adjust the pension premiums in the past
such that a specific pension payment could be attained. Consequently, it has become in-
creasingly important to measure the risk attitude of each individual adequately and to use
these individual characteristics when implementing the fund’s collective investment strat-
egy. However, even though the Dutch legislation will oblige |'| pension funds to consider
their clients’ risk attitude in the future the law does not prescribe a way of measuring and
dealing with these risk preferences. Hence, the policy of the collective investor is crucial
when it comes to the implementation of his investment strategy. For instance, one collec-
tive investor may want to protect individuals who cannot bear large risks, whereas another
collective investor may choose to assign more weight in his objective to the risk attitude of
an individual who has already accrued a lot of pension capital. As a result, these two col-
lective investors can opt for different investment strategies even if the characteristics of the
individuals in their funds are identical.

A lot of research is available that propose qualitative and quantitative methods to mea-
sure individuals” preferences regarding risk. For instance, Becker et al.| (2016) proposed a
survey approach that measures the risk preference of individuals based upon lottery ques-
tions. However, according to Dellaert et al| (2016) the interpretations of such lottery ques-
tions need not be reliable since financial illiteracy, as well as behavioral biases of individu-
als, have much influence on the way that individuals answer such surveys. Alternatively,
Dellaert et al. (2016) developed a quantitative method called "the pension builder", which
shows several densities of the individual’s future pension payments that are based upon the
individual’s characteristics. Given these densities, the individual must choose which risk-
reward density appeals the most to her after which questions are asked to check the validity
of the individual’s choice. Consequently, this quantitative method directly provides a clear
overview of the risk-return trade-offs that individuals are willing to take with respect to
their pensions, which can be converted into a risk aversion parameter. Nevertheless, litera-
ture does not tell us much about how these risk attitudes can be used to obtain the optimal
collective investment strategy of a fund. Therefore, this paper will focus on how a collective
investor can obtain his optimal investment strategy considering heterogeneous individuals.

Given the risk aversion of an individual, Merton (1969) proposed an investment strategy
that maximizes the CRRA utility of an individual investor, which can be attained by invest-
ing a constant fraction of an individual’s pension capital over the entire investment horizon
of that individual. Many papers such as Bodie et al.| (1992) as well as Bovenberg et al.| (2007)
extended this model by maximizing the utility that individuals retrieve from their terminal
wealth including human capital. However, utility functions merely represent the ranking of
the preferences of one individual rather than a monetary unit, which would have allowed us
to compare utilities between individuals. Therefore, Kryger and Steffensen (2010) convert
the individual’s utilities into the same monetary unit by means of the certainty equivalent.
Based upon the heterogeneity of all individuals in the fund, which is captured by their cer-

IThe Dutch authorities state that the collective investment strategy must be based on the risk attitude of the
individuals that participate in that fund. See https://www.rijksoverheid.nl/documenten/publicaties/
2020/06/22/hoofdlijnennotitie-pensioenakkoord for more details


https://www.rijksoverheid.nl/documenten/publicaties/2020/06/22/hoofdlijnennotitie-pensioenakkoord
https://www.rijksoverheid.nl/documenten/publicaties/2020/06/22/hoofdlijnennotitie-pensioenakkoord
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tainty equivalents, Kryger and Steffensen| (2010) propose a collective investment strategy
that maximizes the sum of certainty equivalents of these individuals. Since individuals with
lower risk aversion parameters are willing to bear more risk in exchange for a higher ex-
pected return, their certainty equivalents are higher compared to the certainty equivalents
of individuals with a high risk aversion. As a result, the investment strategy that is gener-
ated by the objective that has been proposed by Kryger and Steffensen! (2010) automatically
assigns more weight to individuals with lower levels of risk aversion assuming that the indi-
viduals have the same initial wealth and investment horizon. Notice, that we consider how
much weight a collective investor wants to assign to certain individual characteristics in his
objective. How we distribute the wealth that results from this collective investment strat-
egy among individuals is not considered in this paper. Consequently, when we talk about
inequality, one should be aware of the fact that we are not actually redistributing money
across individuals, but we are only determining how much weight should be assigned to
certain individual characteristics in the collective investor’s objective. It is up to the collec-
tive investor to decide to which extent he wants to assign weight to the individuals’ certainty
equivalents when determining his strategy:.

Balter et al.| (2021) propose a model, where the collective investor assigns utility to the cer-
tainty equivalents of the individuals that participate in a fund. In this model Balter et al.
(2021) assume that the collective investor’s desire to counteract inequality of certainty equiv-
alents between individuals can be captured by the power utility with inequality aversion pa-
rameter 77. Hence, 1 represents the extent to which the collective investor wants to equalize
certainty equivalents of individuals with respect to the collective investment strategy. Thus,
the more inequality averse a collective investor is, the higher the # will be and for 7 > 1 this
implies that he assigns less weight to lower risk aversion levels assuming that each indi-
vidual has the same initial wealth and investment horizon. But in practice, the assumption
that every individual has the same investment horizon and initial wealth is not realistic.
Therefore, Chapter B|will elaborate upon the implications of this inequality averse collective
investor and we will relax the assumptions that Balter et al.| (2021) imposed on initial wealth
and the investment horizon. As a result, we will propose a collective investment strategy
that does not only consider heterogeneity with respect to risk attitude but individuals are
also allowed to differ with respect to currently accrued pension capital and remaining years
until retirement.

However, these extensions also require a deeper understanding of the relations between
these individual characteristics and the reasons why collective investors might want to as-
sign more weight to specific groups of individuals. As suggested by the models of Kryger
and Steffensen| (2010) and Balter et al.| (2021), collective investors can assign weights to indi-
viduals in their objectives based upon the risk attitude of the individuals that participate in a
fund. Given these risk attitudes, a collective investor might also want to consider the risk ca-
pacity of the individuals because certain individuals simply cannot afford to take risks since
they are very dependent on the terminal wealth that results from the collective investment
strategy.

According to Leimberg et al.| (1993) individuals with much wealth generally appear to have
lower risk aversion levels. Consequently, in case a collective investor wants to protect par-
ticipants who have a low risk capacity, he might want to assign more weight in his objective
to these individuals who have relatively high risk aversion levels assuming that all individ-
uals have the same investment horizon. Alternatively, a collective investor might also opt
for a strategy that assigns weights based upon the amount of initial wealth that individuals
have since that reflects the exposure that an individual has to a fund.
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Moreover, the more years an individual has had to accrue pension capital, the higher the
initial wealth of that individual will probably be and the lower her remaining investment
horizon will be compared to younger individuals because she is closer to her retirement date.
Therefore, we expect that older individuals have a low investment horizon and high initial
wealth. So, when a collective investor wants to invest a certain fraction of the initially ac-
crued pension capital in risky assets over the entire investment horizon, we have to consider
that this strategy affects young individuals for a longer period of time compared to individ-
uals who will almost retire and leave the fund. Therefore, collective investors might have
an incentive to assign relatively less weight to individuals with a low investment horizon.
On the other hand, if an individual has an exceptionally low investment horizon collective
investors might want to protect those individuals from large exposure to risky assets since
these old individuals have less time to recover from a negative shock in the equity market.
This phenomenon is often discussed in case of life cycle investments but in this paper we
will only consider financial capital. In conclusion, the policy of the collective investor is cru-
cial when it comes to the desirability of certain effects that result in the collective investment
strategy.

Now that we have already introduced several models that might be applicable for individ-
ual and collective investors, we will start Chapter 2| by explaining the framework in which
these investment decisions are taken. Thereafter, we will elaborate upon the optimal in-
dividual investment strategy. Given this optimal individual strategy that coincides with
the investment strategy that has been proposed by Merton| (1969), we will explain how this
Merton strategy relates to the strategy of the collective investor and why it would be benefi-
cial for individuals to participate in a collective fund. Moreover, in Chapter 2 we introduce
two different definitions of welfare effects that will be used to measure to which extent a
deviation from the Merton strategy 'hurts” an individual. The first measure compares the
certainty equivalent of an individual, who invests according to the Merton strategy, to the
certainty equivalent of the same individual in case she follows the collective investment
strategy expressed as a ratio. The second definition measures the welfare effect as the per-
centage change in certainty equivalents between the individual and collective investment
strategy. The second definition has been inspired by Bovenberg et al. (2007) that use this
welfare effect to emphasize how much impact certain decisions have on the welfare of in-
dividuals. Thereafter, we will propose an alternative way of comparing the risk attitude of
an individual to the collective investment strategy. Lastly, we present default parameters
for economic variables that can be used in numerical examples to show how each collective
investment strategy affects individuals in a fund.

Chapter 3| focuses on explaining the intuition behind the model that has been introduced
by [Balter et al.| (2021), which aims at attaining the investment strategy that maximizes the
power utility of the collective investor given individuals” certainty equivalents. Further-
more, we will extend their model with respect to heterogeneity in the individual’s invest-
ment horizon as well as initial wealth. We will illustrate these effects by means of some
numerical examples. At the end of the chapter, the main results, and implications for the
decision process of collective investors will be presented.

As of Chapter [4, we will propose entirely new collective investment strategies that aim at
maximizing the collective investor’s utility which is generated from welfare effects of the
individuals. In Chapter 4}, this implies that we will focus on maximizing the utility of a
collective investor given the welfare effect that has been expressed as the ratio of an indi-
vidual’s certainty equivalents, which is followed by the main results, numerical examples
as well as concluding remarks.
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Thereafter, we will focus on minimizing the collective investor’s utility that is retrieved from
an individual’s welfare loss that has been measured as a percentage change in an individ-
ual’s certainty equivalents in Chapter 5, In principle, minimizing the collective investor’s
utility given the welfare effects is similar to maximizing the utility of a collective investor
given the welfare losses because a welfare loss is defined as minus one times the welfare
effect. However, an alternative measure of the welfare effect causes the weighting of in-
dividuals to differ from the one that has been presented in Chapter |4, which causes this
objective to react more abruptly. Finally, Chapter [5| will also be accompanied by a summary
of the most important properties of this model as well as practical insights.

Ultimately, in Chapter [f| we will provide our overall conclusion and recommendation for
the collective investment strategies that are presented in this paper. This chapter will end by
a discussion of the methods that are used as well as possible future research on this topic.
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2 Model Approach

In this chapter, we provide the framework that is used to find the optimal investment strate-
gies of individual and collective investors. We will start by introducing the model assump-
tions. Secondly, the individual agent’s objective will be presented as well as her resulting
optimal individual investment strategy. Thereafter, we will define two measures that quan-
tify the welfare effect that an individual experiences if the collective investment strategy de-
viates from the Merton strategy. Given these individual and collective investment strategies,
we will propose a new way to compare the risk attitude of an individual to the collective
investment strategy. Lastly, Section 2.5 presents reasonable default parameters that we will
use to show the implications of the proposed collective investment strategies.

2.1 Model assumptions

Since every assumption affects individual and collective investment strategies differently,
this section elaborates upon the different types of assumptions that can be divided into the
following categories: individual heterogeneity assumptions, financial market assumptions
and preference assumptions.

Individual heterogeneity assumptions

We consider a fund that consists of n individuals, who are heterogeneous with respect to
their initial wealth, investment horizon and risk attitude. Since individuals generally have
different ages and incomes, each heterogeneous individual i € {1,...,n} has accrued a dif-
ferent amount of wealth V;. at time ¢; = 0. The older a participant is, the higher this accrued
pension capital will be and the shorter her remaining investment horizon T; will be. Fur-
thermore, each individual might value risk taking with respect to Vp. differently, which is
captured by the CRRA utility function with risk aversion parameter ;. Given each individ-
ual’s initial wealth V;, investment horizon T; and risk aversion 1;, we will propose several
investment strategies for time t; € [0, T;] assuming that individual i will reach time T; with
certainty.

Financial market assumptions

Furthermore, we consider one risky asset (e.g., one stock or a portfolio of stocks) and one
riskless asset (e.g., savings account or bond) as described by Merton! (1969). Let us assume
that the risky asset does not pay out any dividends and that the price process is given by

dSti = “I/tStidtl‘ + (TStdefl. (1)

where u represents the expected return on the risky asset, ¢ is the volatility of the risky
asset’s return, Z;, is the standard Brownian motion and Sy, yields the price of the risky asset
at time t;. The price of the risky asset follows a geometric Brownian motion that is denoted

2yt o . ,
by: Si. = See 0502 where Sy represents the initial stock price at time ¢; = 0.

The riskless asset exhibits exponential growth that is given by the interest rate r and it does
not contain uncertainty. Hence, its price process is presented by Equation (2).

dBt,- = rBtidti (2)
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Given the price processes of the risky and riskless asset, the wealth dynamics of individual
i are captured by Equation (3). In this equation, 7t represents the constant fraction of initial
wealth that will be invested in the risky asset over time t; € [0, T;]. Consequently, this self-
financing portfolio has to be rebalanced continuously such that the same fraction of wealth
7t is invested in the risky asset, where the wealth of individual 7 at time ¢; is denoted by V;,.

dS;,
AV, = Vti(n?tl +(1—m)

dB,

E, ) )
In this paper, we will assume that assets can be bought in a market that does not incur
transaction costs, taxes, or service costs. Furthermore, we allow investors to buy fractional
amounts and no restrictions have been imposed on going short or investing more than 100%
of their wealth into the risky asset. Additionally, the market is assumed to be complete,
which implies that there are no arbitrage opportunities to be found in this market.

Preference assumptions

We will assume that the preferences of all individuals as well as the collective investor can
be captured by the CRRA utility function, which can be defined by Equation ().

vy o1
(Vi 1) = —p—— @
1

This function has several desirable features provided that ; > 0 as assumed by |Azar|(2010),
Kryger and Steffensen| (2010) and [Balter et al| (2021). First of all, the CRRA utility with
risk aversion parameter 7; is increasing in wealth. Thus, the higher the terminal wealth,
the higher the utility that is generated from this terminal wealth will be. Furthermore, the
power utility is a concave function for ; > 0, which implies that the marginal utility is
decreasing. Hence, an increase in terminal wealth from 10 euros to 11 euros will generate a
higher marginal utility compared to an increase in terminal wealth of one extra euro for an
individual who already has a terminal wealth of 100 euros. Throughout this paper, we will
consider risk aversion parameters between one and ten (y; € [1,10]), which has also been
used by |Azar| (2010) as well as Balter and Werker| (2019) . Consequently, risk aversion levels
around one can be referred to as "low" risk aversion levels, whereas risk aversion parameters
around ten are viewed as "high".

2.2 Optimal strategy individual investor

Given that individuals assign different values to terminal wealth depending upon their level
of risk aversion 7y;, we will determine the optimal investment strategy (7;) for individual
i. Suppose that the individual investor merely cares about obtaining the highest expected
utility of terminal wealth V.. Then, individual i aims at finding the investment strategy
77 for which her expected utility of terminal wealth is maximized given her risk aversion
7, initial wealth V{. and investment horizon T;. Since optimizing this individual’s certainty
equivalent is a one-to-one transformation applied to her expected utility, maximizing the
certainty equivalent of individual i yields exactly the same result. Therefore, the individual
investor’s objective is given by

max CE(7t},vi, Vo,, T;) (5)

*
T

10
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where the certainty equivalent of an individual investor with investment strategy 7", risk
aversion ;, initial wealth V{). and investment horizon T; is equal to Equation @

CE(rt},vi, Vo, T;) = Vo, * o Tt (=)t Ti= 57,0 ()T ®)

Solving Equation (5) for 7z} yields the optimal investment strategy for an individual investor
that is presented by

* H—-r
= ? (7)

Proof. See Appendix[A.2] O

Notice that this optimal individual investment strategy merely depends upon the individ-
ual’s characteristics through the risk aversion parameter ;. Hence, this optimal strategy is
independent of the individual’s initial wealth Vj. or investment horizon T;. Moreover, this
solution coincides with the optimal investment fraction that has been proposed by Merton
(1969) and hence we will often refer to this strategy as the Merton strategy.

Intuitively, this result implies that a relatively large percentage of the individual’s wealth
should be invested in the risky asset in case of a high excess return (u — r) or if the risky as-
set’s return is relatively stable (low ¢). Furthermore, the individual’s risk aversion 7; allows
the investment fraction 7} to capture the risk-return tradeoff that the individual investor
prefers. Consequently, the less risk individual i is willing to take, the lower the fraction of
initial wealth invested in the risky asset 77;° will be.

Since this investment strategy attains the individual’s optimum by considering the interests
of each individual i € {1,...,n} separately, this strategy will also be referred to as the first
best strategy in the remainder of this paper. However, in reality individual investors might
be better off in a collective fund since it is less time consuming, brings about less transaction
costs and overcomes behavioral biases that individuals face when investing individually.
Additionally, mandatory collective funds can enable several types of risk sharing between
and across (future) participants in the fund as elaborated upon by Bovenberg et al.| (2007).
Note, however, that extent to which collective funds protect individuals against certain risks
(e.g. inflation, longevity and investment risk) highly depends upon the pension scheme that
applies to the individuals in that fund.

The following chapters propose several investment strategies that a collective investor can
choose to implement for a fund of n heterogeneous individuals. For now, we will assume
that a collective investor determines one strategy for the entire fund. However, in practice,
they can also choose to cluster individuals based on their individual characteristics and offer
multiple strategies that are best for these clusters of individuals. Consequently, whereas the
Merton strategy would prescribe one investment strategy for each individual i, we assume
that the collective investment strategy imposes one collective strategy for all n individuals,
which is denoted by 7.

2.3 Welfare effects

In the previous section, we assumed that the collective investor opts for one investment
strategy that is the same for all individuals in a fund, but we must be aware of the fact
that this affects each individual differently. For instance, collective investors that follow the
strategy that has been proposed by Balter et al.| (2021), might be very inequality averse.

11
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In that case the collective investor will assign relatively more weight in his objective to in-
dividuals with a high risk aversion, which implies that the investment fraction 7= deviates
more from the Merton strategy of an individual with low risk aversion. The extent to which
an individual is ‘hurt’ by this deviation from the Merton strategy can be captured by the
relative difference between the individual’s certainty equivalent given the collective invest-
ment strategy 7t and the individual’s certainty equivalent given the Merton strategy, which
is referred to as the welfare effect. This section provides two definitions of such a welfare
effect. Firstly, we will consider the welfare effect that is expressed as the percentage change
in certainty equivalents.

Definition 2.1 (Welfare Effect as percentage). Let 7] be the optimal investment strategy for
individual i with risk aversion parameter 7;, initial wealth V), and investment horizon T;.
Furthermore, let 7t be the investment strategy that the collective investor chooses for all in-
dividuals in his fund. Then the welfare effect of individual i (WE;) is defined by

CE(ﬁ/ Yis VO,-/ Tl) - CE(TII*I Yis VO,-/ Tl)

WE; =
l CE(7t},vi, Vo, T;)

(8)

Remark. In case WE; < 0 individual i experiences a welfare loss, which can be defined as WL; =
—WE;. Since the strategy of the individual investor (7t} ) is first best in this framework, the collective
investment strategy (7t) will always yield a welfare loss that is greater or equal to zero by definition.

Notice that the welfare effect as expressed by Equation represents the percentage change
in certainty equivalents of individual i given two different investment strategies. Conse-
quently, it is desirable to keep this welfare effect percentage as close to 0% as possible. The
lower the welfare effect of individual i will be, the more the collective investment strategy
"hurts” individual i compared to the Merton strategy 7;".

Alternatively, we can measure the relative difference in welfare as a ratio of certainty equiv-
alents, which has been presented below

Definition 2.2 (Welfare Effect as ratio). The welfare effect of individual i that is defined by
the ratio of certainty equivalents of the Merton strategy 7/ and the collective investment
strategy 7t is defined by

CE(ﬁ/ Yir VO,'/ ’TZ)

9
CE(7tf,vi, Vo, T;) ®)

WER =

Remark. This alternative measure implies that there is a welfare loss in case WER < 100%. If
WER = 100%, this indicates that the investment strategies of the individual and collective investors
coincide. Since the welfare loss has previously been defined as WL; = —WE; we can also rewrite
the welfare loss as WL; = 1 — WER because WE; = WEF —1.

Since this paper introduces heterogeneity with respect to initial wealth and the investment
horizon, one should be aware of the fact that T; and Vo, will also affect the certainty equiva-
lent of an individual that has been defined by Equation (6). Considering these formulas we
can conclude that the welfare effect of an individual decreases for longer investment hori-
zons T; and that such welfare effects do not directly depend on initial wealth V), however, if
the investment strategy itself depends upon an individual’s initial wealth, Vp, will affect the
welfare effect through the collective investment strategy 7.

12
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2.4 Merton risk exposure collective investor

In this section we elaborate upon the implications of coinciding individual and collective
investment strategies. The intersection point of these strategies, namely, tells us for which
level of risk aversion 7; the Merton strategy exactly matches the collective investment strat-
egy, which captures the Merton risk exposure of a collective investor that is denoted by 4.
This can be expressed as follows

-r . —r
VA 5 = 7 <— ’)/ = ‘uA 5
Jo o

m(§) = 7 =

In the remainder of this paper, we will transform the collective investment strategy back
into this Merton risk exposure §(7) to illustrate that the individual who has 7; = § does
not experience a welfare loss.

2.5 Default parameters

In order to illustrate how the results presented above affect individuals through the invest-
ment strategies, y, 0 and r have to be chosen realistically. Throughout this paper, we will
use the nominal interest rate term structure of zero-coupon bonds as stated by the Dutch
Central Bankﬂ to determine the return on the risk-free asset r. Assuming that pension li-
abilities approximately match with a maturity of 20 years, we obtain a risk-free return of
0.362% (r = 0.00362). Moreover, we will consider the parameters for 4 and ¢ as they have
been advised by the Dutch Committee Parameters in 201% Consequently, the return on the
risky asset is assumed to be equal to 5.8% (i = 0.058) and the volatility of the correspond-
ing risky asset is given by 20% (¢ = 0.20). Furthermore, as explained in Section we
assume that every individual in the fund will reach the the end of their investment horizon
with certainty. For example, we may consider that investment horizon (T;) is defined as the
remainder of the working life such that T; = retirement age — age;.

2The Dutch Central Bank reports the nominal interest rate term structure of zero-coupon bonds
for different maturities on a monthly basis. This paper uses the nominal interest rate on 28-02-
2021 with a maturity of 20 years, which can be found on https://www.dnb.nl/statistieken/
data-zoeken/#/details/nominale-rentetermijnstructuur-pensioenfondsen-zero-coupon/dataset/
ed15534f-eab3-4862-a68e-f33effa78d6a/resource/60304cad-97ba-4974-a0ed-05597c91e37c

9The Dutch Committee Parameter base their advice on scientific insights and their advice is used to
distribute wealth across time and thus across generations. https://www.rijksoverheid.nl/documenten/
kamerstukken/2019/06/11/advies-commissie-parameters
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3 INEQUALITY AVERSE COLLECTIVE INVESTMENT STRATEGY

3 Inequality averse collective investment strategy

In this chapter, we will consider a collective investor that aims at counteracting inequality
in individuals’ certainty equivalents as proposed by Balter et al.| (2021) and we will extend
their model by allowing for heterogeneity in the individual’s investment horizon T; and
initial wealth Vp,. This goal can be attained by introducing a utility function of the collec-
tive investor with inequality aversion parameter 7, that captures the extent to which the
investor is willing to counteract inequality in the certainty equivalents of the heterogeneous
individuals. Thereafter, the objective of such an inequality averse collective investor will
be presented as well as solutions to the general and alternative cases. Lastly, several nu-
merical examples will be presented to illustrate how this investment strategy works and to
clarify how the individual’s investment horizon T; as well as initial pension capital V;. af-
fects this collective investment strategy. Recall that these collective investment policies only
influence the way that the total wealth is invested based upon individual’s initial wealth
Vo,, investment horizon T; and risk attitude ;. These investment strategies assign weights
to individual characteristics within the collective investor’s objective and do not actually
redistribute wealth across individuals.

3.1 Inequality aversion

As described in section each individual i assigns utility to terminal wealth depending
upon their risk aversion parameter 7y;, which is captured by the CRRA utility function. How-
ever, the utility of individual i merely gives an insight into the way that an individual ranks
her own preferences, whereas her certainty equivalent converts these utilities back to the
same monetary units. As a result, collective investors can use the certainty equivalents of
individuals to compare individuals” preferences to each other as proposed by Kryger and
Steffensen (2010).

Suppose that the collective investor has an inequality aversion of 7 > 1. Then, the collective
investor assigns more weight in his objective to an individual with a low certainty equiva-
lent compared to someone who has a higher certainty equivalent. How much these weights
differ depends upon the extent to which the collective investor wishes to protect individu-
als with certain characteristics. This preference for equality in certainty equivalents is cap-
tured by the power utility function with inequality aversion parameter 1. Consequently, the
higher the inequality aversion parameter 7, the more utility the collective investor retrieves
from relatively equal certainty equivalent of the individuals in the fund. In case = 0,
the collective investor is inequality indifferent, which implies that this strategy aggregates
the certainty equivalents of all individuals as initially proposed by Kryger and Steffensen
(2010). In case the collective investor is slightly inequality averse such that 7 € (0,1), then
the interests of individuals with higher certainty equivalents will receive more weight in the
collective investor’s objective. This effect decreases as 7 gets closer to one. Hence, the utility
of a collective investor can be expressed by Equation (24).

1—

[CE(ﬁ—/r)/i/ VOi/ T'l” - 1

1—7

o (CE(#, 71, Yo, T, 1) = (10

Remark. Note that this utility function converges to the natural logarithm of the individual’s cer-
tainty equivalent as 17 converges to one.

Theoretically, the collective investor might even be inequality loving, which is depicted in
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Figure|l|(a). This figure shows that there is an increasing marginal utility in case 7 is neg-
ative. Hence, every additional unit of certainty equivalence results in more than one extra
unit of utility. Moreover, this figure shows that the effect of having a positive # is much
smaller compared to having a negative 7 that are the same in absolute value terms.

Effect of inequality aversion on utility Effect of inequality aversion on utility
20,0 n=-05 — n=00
— n=-02 gl — n=20
751 — n=00 n=50
150 {—— n=02 — n=100
n=>05 b
125{— n=25

75
5.0

P
i

Utility from Certainty equivalent {wv[CER]}
=
[=]

Utility from Certainty equivalent (w[CE,n])

=]
=

Certainty equivalent {CE) Certainty equivalent (CE}

(a) Effect of the sign of inequality aversion (77) (b) Effect of positive inequality aversion ()

Figure 1: [llustration of the power utility of the collective investor

However, being an inequality loving collective investor generally does not make sense in
practice since this increases the average welfare loss of individuals that participate in the
collective fund. After all, the collective investor has an incentive to keep all individuals sat-
isfied since they might otherwise choose to invest by themselves or to let another collective
investor invest for them. Consequently, we will mainly focus on inequality averse collective
investors. As a result, the collective investor also experiences that the marginal utility de-
creases for reasonable values of 7 as depicted in Figure|l|(b). Notice that the utility range on
the y-axis of Figure|I|(b) has become significantly smaller in case of 7 > 0. This emphasizes
that the collective investor’s utility is highly dependent upon the inequality aversion pa-
rameter 77. Hence, the choice of the inequality aversion parameter is just as important as the
result. Therefore, collective investors are advised to choose the inequality aversion parame-
ter backwards. This means that they should determine to which extent they want to assign
weights to the individual’s characteristics and opt for the inequality aversion parameter 7
that helps them attain that goal.

3.2 Objective and results

Whereas the individual investor only cares about the utility that she retrieves from her termi-
nal wealth, the collective investor has a utility function of his own that he wants to optimize
given the certainty equivalents of all individuals that participate in his fund. Consequently,
after having defined the utility function of such an inequality averse collective investor, we
can determine which investment strategy 7t maximizes the collective investor’s expected
utility as presented by the next theorem.
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3 INEQUALITY AVERSE COLLECTIVE INVESTMENT STRATEGY

Theorem 3.1. Suppose that the collective investor wants to consider every individual’s risk aversion
i, investment horizon T; and initial wealth V;.. Then, the objective of an inequality averse collective
investor is given by

L 1 1— : AT — Lo 02 22T,
x T g o= Tit(p=r)ATi— 27110 7°T;) _ 4 11
mf?xizilwl*l_n[vo * e ] (11)

i

where w; represents the weight that is given to individual i.

Given these characteristics of heterogeneous individuals, the optimal investment strategy of the col-
lective investor 7t can be obtained by solving the following function for 7.

_ ~ 1 222
H—r Z?:l wiTi * V(}l U * 6(1_77)(7E+(V_r)nTi_§7iU 7°T;)

ft = (12)

2 1— _ . VAT — L. 02 22T
(o 217,1:1 wi,)/iTi * VOi n * e(l 1) (rTi+(u—r)AT;— 5702 A2 T;)

Proof. The derivation of this precommitment strategy can be found in Appendix O

Remark. The constant investment fraction that has been proposed in Theorem (3.1| has been derived
by taking the first order condition with respect to 7t. Therefore, this method need not yield unique
solutions for which the global maximum is attained since it can also return local maximums as well as
investment strategies for which the utility of the collective investor is minimized. Consequently, when
implementing this method the collective investor must check whether the resulting precommitment
strategy vyields the global maximum. In order to illustrate this absence of uniqueness for specific
distributions of <y, an example of such a situation has been included at the end of this chapter.

Based upon Equation we can conclude from numerical examples (where y = 5.8%, 0 =
20%,r = 0.362% and <; > 0) that a collective investor with an inequality aversion of 7 > 1
assigns more weight to individuals who have a relatively low certainty equivalent provided
that w; = L. However, having a low certainty equivalent can be caused by different indi-
vidual characteristics such as having a low initial wealth V;, having a high risk aversion
7; or by having a low investment horizon T; compared to the other heterogeneous indi-
viduals in the same fund. But these individual characteristics generally do not occur all at
once. For example, let us consider that an old individual has a short remaining working
life and therefore her investment horizon T; will be relatively low. Nevertheless, during her
working life she has already paid a lot of pension premiums so her accrued pension capi-
tal at this moment in time will probably be higher compared to someone who is younger.
On the other hand, if # < 1, the collective investor assigns more value within his objective
to participants who have relatively higher certainty equivalents. Since collective investor’s
assign weights based upon their inequality aversion 7, let us introduce the effects of these
individual characteristics one by one in separate corollaries.

In case the collective investor has an inequality aversion that matches 17 = 1, the expression
that has been presented by Equation can be simplified such that we obtain an analyt-
ical collective investment strategy that has been proposed in the next corollary. Given this
collective investment strategy one can directly obtain the corresponding risk aversion of
individual i whose Merton strategy exactly matches 7 as defined by 4 in Section[2.4,
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Corollary 3.1.1. Let us denote the optimal precommitment strategy of a collective investor with
inequality aversion § = 1 by 7t as follows

p—r i wT

T =
n
o2 Y wiyTi

(13)

Hence, the collective investment strategy 7t coincides with the Merton strategy of an individual whose
level of risk aversion is given by

= 2?:1 w;y; T;
T) = " (14)
rY( ) 2?21 w;T;
Proof. See Appendix for the proof of this result. O

This corollary shows us that in case = 1, the collective investment strategy does not di-
rectly depend upon the individual’s initial wealth, as long as w; does not depend on Vj,.
Moreover, Equation illustrates that the collective investment strategy 7 for n = 1 as-
signs relatively much weight to the risk aversion of the individual with the highest invest-
ment horizon. The same re-weighting with respect to investment horizons seems to apply to
Equation (12). However, since a low accrued initial wealth generally corresponds to a high
investment horizon, the effect of V. might offset the effect of T;. We will provide a numerical
example of such a situation at the end of this chapter. For now, we will start by considering
the effects of 7;, T; and Vj, separately.

First of all, let us consider the effect of heterogeneity with respect to the risk attitude of
individuals as proposed by Balter et al| (2021). Assuming that every individual in the fund
has the same investment horizon T; = T as well as the same initial wealth V. = V = 1.
Then the optimal precommitment strategy is presented by corollary

Corollary 3.1.2 (Balter et al.| (2021)). Suppose that the heterogeneity of individuals in a collective
fund is merely based upon differences in risk aversion. Then the optimal collective precommitment
strategy is given by

(]/l — 7’) 217‘121 w; * 3(17_1) (%’71‘027%2]“)

15
0 o o(1=1) (37:0272T) =

T =

Y1 WiYi
Moreover, in case 1 = 1 the precommitment strategy can be obtained analytically by Equation
assuming that Y ;" ; w; = 1 holds.

u—r 1

(16)
o2 Y wii

T =

Therefore, the corresponding risk attitude of an individual with Merton strategy 7t} that coincides
with 7t equals §(7T) = Yi' 1 wiyi.

Proof. See Appendix O

Hence, the risk attitude of a Merton agent whose investment strategy matches with 7 for
1 = 1 equals the weighted average risk aversion of individuals in the fund. If the collective
investor prefers more equality between individuals, its inequality aversion will be greater
than one, such that § € [}/ ; w;7yi, Ymax). Lastly, a collective investor with # < 1 will end up
with an effective risk attitude of ¥ € [Ypin, Yi1 wi7yi] -
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3 INEQUALITY AVERSE COLLECTIVE INVESTMENT STRATEGY

Consequently, Balter et al. (2021)) state that a collective investor with 77 = 1 decides to invest

T = —<li——— into the risky asset. In case 7 > 1, there exists at least one solution such
LY Wi

that the collective investment fraction 7t € [7,,;,,, 77|, where 7, = > _;2
max

Merton fraction of the individual with the highest risk aversion. Finally, if 7 < 1, there exists
at least one optimal precommitment strategy for which 7t € [7T, Amax), where ey = per

corresponds to the

Ymin0’
After having retrieved the effect that the distribution of risk aversion parameter has on the
optimal collective investment strategy, we will relax the assumption that has been imposed
on the investment horizon T;. Thus, each individual i € [1, ..., n] has her own investment
horizon depending on when she retires. Hence, we obtain the following solution to the
objective that has been presented by Equation (11).

Corollary 3.1.3. Consider n individuals with risk aversion parameters <y; and investment horizon
T;. Then the optimal investment strategy of the collective investor can be determined by solving the
following function numerically.

. U—r Z?:l wiTi * 3(1—77)(fﬂ+(ﬂ—f)ﬁTi—%'Yi¢72ﬁ2Ti)
T =

17
o L wiiTy (=) (Tt (u—r)ATi— 37,02 A2T;) (17)

Additionally, if n = 1, the optimal precommitment strategy coincides with the strategy that has been
presented in Equation (13).

Proof. See Appendix O

Since a long investment horizon increases the certainty equivalent of an individual, an in-
equality averse collective investor with 7 > 1 gives relatively more weight to the individual
characteristics of an individual with a relatively short investment horizon T;. This effect has
been enlarged by the fact that w; is multiplied by T; in front of the exponential function in
Equation (I7), which can be seen as a rescaling of w; compared to Equation (15). Conversely,
for 7 < 1 more weight will be assigned to individuals who have a long investment horizon
T; (assuming that y; > 0, 4 = 5.8%, 7 = 0.362% and o = 20% as mentioned in Section [2.5).

For different 7; and T, this effect of the investment horizon might even dominate the in-
fluence of the risk aversion parameters. We will illustrate this effect in the next chapter by
means of a numerical example. Based upon such numerical examples we can conclude that
the optimal investment strategy of an inequality averse collective investor strongly depends
upon the heterogeneity of individuals in the fund. Stated differently, if a collective investor
chooses 7 = 3 then the resulting investment strategy can deviate strongly depending on
the composition of the fund. Thus, before choosing an inequality aversion parameter 77, the
collective investor has to consider to which characteristics of individuals he wants to assign
the most weight in his objective.

Furthermore, notice that relaxing the assumption on the investment horizon indicates that
an inequality averse collective investor with 77 > 1 assigns more weight to the risk aversion
parameter of an individual who will only be joining the fund for a short amount of time (e.g.
T1 = 1), whereas the investment strategy will impact an individual with a long investment
horizon (e.g. T, = 40) much longer. This effect can be rescaled by choosing the individual
weights w; in such a way that the goal of the collective investor is attained. Alternatively,
a collective investor can decide to reconsider his collective investment strategy as soon as
individuals leave the fund such that e.g. the risk aversion of an individual who leaves the
fund does not influence the collective investment strategy anymore.
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Finally, we will relax the assumption that all individuals in the fund have the same initial
wealth (V. = Vy = 1), while imposing those individuals do have the same investment
horizon T; = T in order to isolate these effects from each other. In that case, the implicit
function for which the optimal precommitment strategy can be determined is stated by the
next corollary.

Corollary 3.1.4. Let us consider n heterogeneous agents with risk aversion parameter <y; and initial
wealth Vo, at time t; = 0. Then the optimal collective investment strategy can be obtained by

1— 1) (Lvy,02R2T
],[—1" Z;Z:lwl*vol ﬂ*e(ﬂ )(271 )

A= (18)

2 1 N
o v ‘71—71 —1)( 59;02A2T

If n = 1, the optimal collective investment strategy matches the one that has been given by Equation

:

From this corollary, we see that the amount of initial wealth that an individual has accrued,
has a substantial effect on the collective investment strategy. Note that older individuals
generally have a higher initial wealth at t; = 0 since they accrued more pension capital
over the years. Consequently, as high certainty equivalents get less weight in case of an
inequality averse collective investor with 77 > 1, this means that older people who generally
have a high pension capital will be considered less compared to individuals that just entered
the fund with only a little initial wealth. Consequently, the effects that arise from extending
the model with respect to initial wealth and the investment horizon may offset each other.
Therefore, we will also add a numerical example to show which effect generally dominates.

3.3 Applications

After having elaborated upon the investment strategies for individual and collective in-
vestors, numerical examples will be presented to clarify the effect that risk aversion v;, the
investment horizon T; and initial wealth Vj, of individuals have on the inequality averse
collective investment strategy. First of all, an example will be considered for homogeneous
individuals to show that collective investors have no incentive to deviate from the Merton
strategy in that case. Secondly, an example will be presented to illustrate which risk aver-
sion y; dominates for different inequality aversion levels 7 of the collective investor keeping
the investment horizon T; and initial wealth Vj, the same for all individuals as proposed by
Balter et al. (2021). Moreover, this example elaborates upon the convergence of solutions as
well as the speed of convergence for extreme #. Thirdly, a larger fund will be considered,
where i, and Ypqy lie further apart. Thereafter, the assumptions that have been imposed
on the investment horizon as well as initial wealth will be relaxed in several examples such
that it becomes clear how these individuals” characteristics (simultaneously) influence the
collective investment strategy we have elaborated upon in Section

Example 1: Collective fund with homogeneous individuals

In this example we will consider the case in which the collective investor invests for one
individual with a risk aversion parameter ; of 5. In this case, there is no incentive for the
collective investor to deviate from the Merton strategy. Consequently, the risk aversion of
an individual with the Merton strategy that coincides to this collective investment strat-
x __ p—r

egy §(7t) equals 5. Hence, the precommitment strategy is given by: 1 = 77 = v =
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0.058—0.0036 __
0.058-0.0036 — .4532.

Similarly, if we consider a fund of n individuals who have the same risk aversion v; the
collective investor also does not have an incentive to deviate from the Merton strategy of
these individuals. Therefore, the inequality averse collective investment strategy coincides
with the Merton strategy for homogeneous individuals. Since 77 and 7 coincide in both
cases, the individual in this fund does not experience loss or gain in welfare.

Example 2: Small collective fund with heterogeneity in 7; - Model Balter et al. (2021)

Whereas the previous example consisted of individuals with the same risk attitude, a fund
can also consist of people with a different y;, whose Merton strategies do not coincide with
each other. Suppose that we invest for a fund that consists of three individuals with risk
aversion parameters 3, 4 and 5. Consequently, the individual who prefers taking the least
risk has a 7; of 5 and the individual who is willing to take the most risk in exchange for a
higher expected return has a y; equal to 3. Let their investment horizons T; = T be 25 years
and let their initial wealth V. = V) be given by one. Lastly, we assume that each individual

has been given the same initial weight in the fund such that w; = %

yim) of the collective investar Optimal fraction of wealth invested in the risky asset
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& |
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(a) Risk attitude corresponding Merton agent 7(71)  (b) Optimal Collective investment strategy 7t

Figure 2: Effective risk attitude §(77) and optimal collective investment strategy 7t of the
inequality averse collective investor for w; = %, v=13,45],T=25and V) =1

Depending upon the inequality aversion 7, the collective investor will determine which in-
vestment strategy maximizes his expected utility, which can be used to obtain §(7). Figure
(a) presents the risk aversion of a Merton investor whose optimal individual investment
strategy 71/ coincides with the optimal collective investment strategy 7. If the collective
investor were to have an inequality aversion parameter of # = 1, his effective risk atti-
tude §(77) equals the weighted average of the risk aversion in the fund such that §(71) =
213:1 w;Y; = 4. The higher the v;, the lower the certainty equivalent of an individual will be
compared to someone who has a lower 7;.

Since an inequality averse collective investor with # > 1 wants to bring the certainty equiva-
lents of the individuals in his fund closer together, he assigns more weight to the individual
with the highest level of risk aversion such that §(7t) > Y. ; w;y; = 4, Conversely, as the
collective investor assigns more weight to higher certainty equivalents (7 < 1), Figure 2(a)
illustrates that §(77) < Y./ ;w;y; = 4. Additionally, if the collective investor were to be
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inequality neutral # = 0, then his objective would add up all certainty equivalents, which
would lead to a §(7) that lies slightly under the average risk aversion of all individuals as
proposed by Kryger and Stetfensen (2010).

Given the default parameters (y, , o), inequality aversion of the collective investor # and in-
dividual characteristics w;, v;, Vo, T; of the individuals that participate in the collective fund
Figure[2|(b) illustrates how this affects the optimal collective investment strategy 7t. This fig-
ure illustrates that in case 7 > 1, the optimal investment fraction is captured by 7 € [7,i,, 7T
and if 7 < 1 we consider 7t € [T, Tyax] as retrieved by Balter et al.| (2021).

Notice that as the inequality aversion goes to oo, the investment fraction converges to the
Merton strategy of the individual with the highest risk aversion. Furthermore, if the in-
equality aversion goes to —oo the collective investment fraction converges to the Merton
strategy of the individual who is willing to take the most risks.

Now that we know what the resulting optimal collective investment strategy looks like
for different 7’s, let us consider the certainty equivalents and individual welfare losses
that result from the chosen optimal collective investment strategy 7 for T; = 25 Vi and
Vo, = 1 Vi. Recall that the certainty equivalent of individual i is given by Equation (6)
and that the collective investment strategy 7 has been determined based upon three indi-
viduals with risk aversion parameters 3, 4 and 5 as well as the inequality aversion 7 of the
collective investor. Since, the optimal individual investment strategy aims at maximizing an
individual’s certainty equivalent, all individuals obtain their highest certainty equivalent in
case of the Merton strategy, which has been depicted by the blue line in Figure 3|(a). Hence,
the more this collective investment strategy deviates from the Merton strategy, the lower
the certainty equivalent of that individual becomes and the higher the welfare loss of that
individual will be as defined in Section[2.3]

Let us consider the collective investor’s optimal investment strategies for 7 = 0, 7 = 1 and
n = 10, as depicted in Table [1} in order to clarify how the corresponding certainty equiva-
lents behave. Moreover, these certainty equivalents will be used to illustrate the difference
between the defined welfare effects WE;, W& ZR and welfare loss WL,;.

A 19(A)
=0 |3430% | 3.96
=1 |3399% | 4

7 =10 | 31.70% | 4.29

Table 1: Collective investment strategy w; = %, v=103,45],Vo=1and T =25

Hence, in case 17 = 1, the optimal collective investment strategy is given by 7 = 34% which
corresponds to an individual with Merton strategy and risk aversion of 4. Furthermore,
the Merton strategy of an individual with <; = 3 is given by 77 = 45.3% and the optimal
individual investment strategy is given by 71;" = 27.2% for y; = 5. Consequently, assuming
that T; = 25, Vp, = 1, the certainty equivalents of these individuals with 7; and 7t} can be
calculated by means of Equation (6). The more the collective investment strategy 7r deviates
from the individual’s Merton strategy 77, the lower the CE(R, i, Vo, T;) will be compared
to CE(7t}, i, Vo,, Ti), which is shown in Table 2l Given these certainty equivalents we can
derive WE; and WER as defined in Section Therefore, we may conclude that in case
7 = 1, the individual with 7; = 3 obtained the lowest welfare effect and thus the highest
welfare loss. Notice that these definitions of WE; and WEF can also be used to maximize
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individual’s welfare effects collectively. In that case, however, we should be aware of the
fact that the ratio between W& and WE, is higher compared to the ratio between WER
and WER.

vi| 7 | CE(f,vi, Vo, T) | CE(R, i, Vo, o) | WE | WEE | WL,
i=1 | 3 | 45.3% 1.490 1.461 -1.91% | 0981 | 1.91%
i=2 | 4 | 34.0% 1.379 1.379 -0.00% | 1.000 | 0.00%
i=3 | 5 | 27.2% 1.317 1.302 -1.15% | 0.989 | 1.15%

Table 2: Impact of 7 = 1 on individual’s certainty equivalents and welfare effects

As n < 1, more weight in the collective investor’s objective is assigned to individuals with
a relatively low risk aversion <; within this fund. As a result, the welfare effects are higher
for ; = 3 and lower ; = 5 as depicted in Table 3|

vi| mf | CE(nt,vi, Vo, Ti) | CE(#,v:, Vo, Ti) | WE: | WEF | WL,
i=1] 3 [ 453% 1.490 1.463 -1.80% | 0.982 | 1.80%
i=2 [ 4 [ 34.0% 1.379 1.379 -0.00% | 1.000 | 0.00%
i=3] 5 [27.2% 1.317 1.300 -1.26% | 0.987 | 1.26%

Table 3: Impact of # = 0 on individual’s certainty equivalents and welfare effects

Conversely, as 7 > 1 relatively more weight in the collective investor’s objective is assigned
to the individual with the highest risk aversion given that T; = 25and V), =1 Vi. Hence,
Table |4 shows that the welfare loss of the individual with 7; = 5 has decreased the most in
comparison to the case where 7 = 1.

vi| mf | CE(nt,vi, Vo, Ti) | CE(/,v:, Vo, Ti) | WE: | WEF | WL,
i=1| 3 [ 453% 1.490 1.449 2.74% | 0.973 | 2.74%
i=2 [ 4 [ 34.0% 1.379 1.378 -0.10% | 0.999 | 0.10%
i=3] 5 [27.2% 1.317 1.310 -0.51% | 0.995 | 0.51%

Table 4: Impact of #7 = 10 on individual’s certainty equivalents and welfare effects

In case 7 = —50 we have shown in Figure 2| (b) that the investment strategy almost equals
the Merton strategy corresponding to y; = 3, so the red line in Figure 3|(a) intersects the blue
line for 7y; = 3. As a result, the welfare loss as defined by the percentage change in certainty
equivalents equals zero for 7 = —50 and v; = 3. Similarly, the welfare loss is almost zero
forn = 1and 7; = 4 as well as for # = 50 and 7; = 5. All other points on the line show
what the welfare loss of such a collective strategy would have been for individuals who do
not participate in the fund. Hence, we see that an investment strategy that corresponds to
vi = 3 ’hurts” an individual with 7; = 4 more compared to a less risky investment that
equals the Merton strategy for ; = 5. Thus, investing more in risky asset than desired
‘hurts” an individual more than investing less in the risky asset in case the deviation is the
same in absolute value. Hence, considering heterogeneity of risk aversion is essential since
it has a lot of impact on the welfare of individuals.
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Figure 3: Illustration of certainty equivalents and welfare loss for ¢ = [3,4,5],T; =T =25
and Voi = Vo =1

Example 3: Larger collective fund with a wider range of ;’s - Model Balter et al.| (2021)
In this example we consider a fund with 90 individuals who have risk aversion parameters
ranging from 1.1 to 10 in steps of one tenth such that ; = [1.1,1.2,...,9.9,10]’. Furthermore,
let us assume that all individuals have an investment horizon of T = 25 years and initial
capital of Vp = 1.

Figure [4] (a) shows that the speed at which the collective investment strategy converges to
Tlnax @s ] — —oo has increased substantially. However, the speed at which 7t converges to
Ttmin did not increase substantially as 77 — co.
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9t Mean risk aversion v .
) . i (forn=1)

- Highest individual ~ N
% PR = Merton for lowest ~
=1 ——— Lowest individual ~ .
S 8r 9 Merton for highest ~| 4
B 6 s |
. ®
= k<
= r [}
8 ° E 06|
5 4 E
g £
E 3l i 04

2t

0.2r
1E " " " " " " " " ! " " " " " " " " "
-50 -40 -30 -20 -10 0 10 20 30 40 50 -50 -40 -30 -20 -10 0 10 20 30 40 50
Inequality aversion (n) Inequality aversion (n)

(a) Risk attitude corresponding Merton agent 7(71)  (b) Optimal Collective investment strategy 7t

Figure 4: Risk attitude corresponding Merton individual 4(7t) and optimal collective

investment strategy 7t of an inequality averse collective investor with w; = %, v =

1.1,1.2,..,99,10] ,T=25and V) = 1

Moreover, recall that the optimal strategy of individual investor i was given by 7} = £

7i0?"
Hence, the optimal investment fraction for the individual with the highest risk aversion
(Ymax = 10) equals 7, = 7“ _22 = 0.1360, the optimal investment fraction of the individual
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with the lowest risk aversion (7, = 1.1) is Tyay = L;z = 1.2359 and the investment
min

fraction that belongs to the individual with the average risk aversion that coincides with the

case wherenp = 1is T = % = 0.2450. Note that 77 is closer to 71,,;;, compared to 7Ty .
i=1 111

These differences in investment fractions are depicted in Figure 4|(b) as well as the optimal
investment strategy of the collective investor. This figure also shows that the speed of con-
vergence of the inequality loving collective investor has increased significantly. For unique
solutions of 7t one would have expected this convergence to be much slower. However, in
reality the fact that there does not exist one unique solution 7 for all inequality aversion

levels causes this figure to look this way. We will elaborate upon this property in a technical
note presented below.

Given that Figure [ (b) presents the optimal investment fraction of the collective investor,
the investment fractions are further apart compared to Example 2. Moreover, in case the
collective investor would be inequality loving, the optimal investment fraction exceeds 1,
which means that more than 100% of the capital should be invested in the risky asset. Con-
sequently, the collective investor would have to borrow money on behalf of the individuals
to invest it in the risky asset in order to invest optimally.

However, investing in the risky asset still involves risks that individuals with a higher risk
aversion do not desire. Therefore, the point at which individuals with higher risk aversion
levels are indifferent between the risky asset and the riskless asset has declined significantly.
This indifference is captured by the certainty equivalent as illustrated in Figure 5/ (a). This
tigure shows that the increased exposure to risk in case of 7 = —50 causes a significant drop
in certainty equivalent as soon as the risk aversion of an individual deviates from the lowest
risk aversion level 7.

3 Evolution of CE over risk aversion () Welfare effect for different #
| . \ ' ! | | 0 | | ) ! ! 3
CE individual optimum
CE collective i = -50 -0 F
25 CE collective n=1 4
CE collective 7=50 20 +
[ o~
E 2} W30
E =
5 < 404,
= k=
> -
= 15k j&]
=l o -50
& : g
= o -60
70t
S =
051 ] -80 -
-90
0r -100 ¢
1 2 3 4 5 6 7 8 9 10 1 2 3 4 5 6 7 8 9 10
Risk aversion (v) Risk aversion (v)
(a) Certainty Equivalents (b) Welfare loss

Figure 5: Certainty equivalents and welfare loss for 7; between 1.1 and 10 in steps of 0.1

Consequently, individuals with higher risk aversion are "harmed” more severely compared
to individuals with lower risk aversion levels in case # = —50. The magnitude of the per-
centage effect in welfare has been presented Figure 5[ (b). As expected, the individual in-
vestor would have invested the best for all individuals and therefore would have resulted
in the highest certainty equivalent. Thus, the points at which the strategy of the collective
investor coincide with the strategy of the individual investor yield no welfare loss. How-
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ever, as soon as these strategies do not coincide, Figure 5| (b) shows that inequality loving
collective investors "hurts” individuals with high levels of risk aversion resulting in a wel-
tare loss of approximately 90%. Additionally, the loss that the least risk averse individuals
experience when investing less in the risky asset is significantly higher. Thus, a collective
investor can "hurt’ the risk averse individuals much more than less risk averse individuals
in their fund. Intuitively this can be explained by the fact that less risk averse individuals
would have taken the risks that more risk averse individuals take but this does not hold the
other way around, which causes the welfare loss to increase for individuals with a higher
risk aversion level.

Comparing the welfare effects of example 2 and 3

After having retrieved the welfare loss for two different examples, this paragraph will elabo-
rate upon the impact of the other individual’s risk attitude in a collective fund. The collective
investor’s strategy in case of example 2 considered 3 individuals with ; = 3,4, 5]’ , whereas
example 3 took 91 individuals into account with risk aversion levels ranging from 1.1 to 10
v = [1.1,..,9.9,10].

Example 2 Example 3
n =-50 n=1 n=50 7=-50 n=1 7=-50
Yi = 3] -0.0001% | -1.91% | -4.35% | -59.88% | -6.30% | -12.09%
vi=4| -2.50% 0% -0.69% | -79.75% | -1.79% | -6.26%
vi=5| -7.81% | -1.15% | -0.02% | -90.09% | -0.18% | -3.08%

Table 5: Welfare effect W¢E;) of individuals with T = 25,V = 1, different 7t caused by
a different distributions of <; in the collective fund. Example 2: ¢ = 3,4,5]. Example 3:
v=[11,12,..,9.9,10]

Table 5|represents the welfare effects as a percentage of the individual’s certainty equivalent
if they were to invest optimally on their own. It can be concluded from this table that the
inequality loving collective investor ( = —50) causes the most risk averse individual to
have the highest welfare loss (v = 5). However, the inequality averse collective investors
(7 = 1,7 = 50) have an incentive to protect this risk averse individual. Moreover, note that
distribution of the risk aversion ; has a very significant effect on the resulting collective
investment strategy.

Technical note

As discussed in the Example 3, an inequality loving collective investor’s investment strat-
egy strongly converges to the optimal individual strategy of the individuals with the lowest
risk aversion as 17 converges to minus infinity. The lower this <y,,;, is, the higher the fraction
will be to which the strategy of the inequality loving collective investor will converge. Con-
sequently, the lowest risk aversion of an individual in the fund can have the most impact
on the welfare loss of the other individuals. The magnitude of this effect will, however, de-
crease if more individuals with average risk aversion parameters are present in the collective
fund.

Nevertheless, the speed of this convergence that we have seen in example 3 would not have
been trivial in case there existed a unique solutions for 7z. As mentioned in Section
there exists at least one solution & € [, 7Tyax| for 7 < 1. In this example it turns out
that there are multiple solutions in this range that maximize the objective of the collective
investor. Nonetheless, only the global maximum is decisive when it comes to determining
the optimal investment strategy of the collective investor. Figure[6(a) shows the value of the
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objective for certain investment fractions for 7 = —3.6. Moreover, this figure illustrates that
there is a global as well as a local maximum. In the end, this global maximum matches with
an investment fraction of 0.3758 (37.58%). But Figure [f] (b) shows that as of 7 = —3.7 the
local maximum becomes the global maximum and vice versa. Consequently, the optimal
collective investment fraction increased significantly to 0.7624 (76.24%) owing to the fact
that this solution becomes the global optimum as of here. As a result we obtained the steep
jump from # = 0 to 7 = 0.1 in Figure [ (b).

Objective for = -3.6 Objective for n = -3.7

0.62

TN

Utility of the collective investor
Utility of the collective investor

L . L L . . 0.5 L . L L . .
20 30 40 50 60 70 80 90 20 30 40 50 60 70 80 90

0.49

Collective investment in risky asset (in%) Collective investment in risky asset (in%)
(a) Investment fraction before the jump (b) Investment fraction just after the jump

Figure 6: Clarification of the investment fraction jump

Example 4: Illustrating the impact of different investment horizons

Now that we know how the distribution of risk aversion parameters y; can affect the opti-
mal collective investment strategy, we will consider the influence that investment horizons
T; might have on this collective investment strategy 7t. The higher the investment horizon T;
is, the higher that individual’s certainty equivalent will be (CE[7, 7, Vo, T;]) assuming that
all other factors stay the same. Recall that an inequality averse collective investor with 7 > 1
assigns more weight in his objective to relatively low certainty equivalents of individuals.
Hence, in case 7 > 1, collective investors will give more weight to an individual with a short
investment horizon compared to an individual with a long investment horizon. Since indi-
viduals with short investment horizons only have a short number of years until they reach
their retirement age, this implies that such inequality averse collective investors with 7 > 1
have an incentive to protect old individuals by giving their certainty equivalent relatively
more weight. Additionally, this effect is amplified by the fact that allowing for heterogeneity
in T; also rescales the w;’s that have been assigned to individuals as presented in Equations

and (17).

The magnitude of this effect that has been caused by having another time horizon is pre-
sented by Figure [/} Moreover, this situation assumes that individual investors all have the
same initial wealth such that V, = 1 Vi and the three considered individuals have risk aver-
sion parameters 3, 4 and 5.

Let us consider the case where the individual with the lowest risk aversion (7; = 3) has
the shortest investment horizon (T; = 15) and where the individual with the highest risk
aversion (; = 5) has the longest investment horizon (T; = 35). In that situation Figure [/(a)
illustrates that the effect that the investment horizon T; = 15 has on the certainty equivalent
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of v; = 3 dominates the effect that the distribution of risk aversion has in case we were to
consider different ; and the same T;. Therefore, the collective investment strategy that has
been depicted in Figure [/|(b) also has the opposite effect of the case that has been elaborated
upon in example 2.

yim) of the collective investar Optimal fraction of wealth invested in the risky asset
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Figure 7: Illustration of the effect that the investment horizon of an individual has on a
collective investment strategy for Vo, = 1, = [3,4,5], w; = %

Conversely, if a fund consists of three individuals who have risk aversion parameters 3,
4, 5 and investment horizons 35, 25, 15, respectively, both individual characteristics have
the same effect on the certainty equivalent of the individuals. Namely, having a low risk
aversion as well as a long investment period both increases the certainty equivalent of that
individual. Consequently, combining these effects increases the speed at which §(7) con-
verges to Vi and ymax. Hence, the same holds for the collective investment strategies that
converge to the 77,4 and 7, as shown in Figure

In conclusion, we should be aware of the fact that an inequality averse collective investors
with 7 > 1 assign more weight to the characteristics of an individual who will leave the fund
the fastest whereas the investment strategy affects the terminal pension capital of a younger
person for more years. Consequently, such a collective investor might want to reconsider his
investment strategy if individuals leave the fund such that the investment strategy is based
on the preferences of individuals that are actually in the fund. Alternatively, this effect can
be offset by choosing the weights that are assigned to individual’s utilities w; or by allowing
for heterogeneity in initial wealth.

Example 5: Illustrating the effect of differences in initial wealth

After having shown how the risk aversion 7; and investment horizons T; of individuals
affect the decisions of an (in)equality averse collective investors, we will emphasize how
heterogeneity in initial wealth Vj, affects the investment strategy that has been proposed in
this chapter.
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Figure 8: Illustration of the effect that the initial wealth of an individual has on a collective
investment strategy T = 25,7 = [3,4,5], w; = 3

Suppose that a fund consists of three individuals with risk aversion parameters 3, 4 and
5, an investment horizon of 25 years and initial wealth being 1, 2 and 3. Then the higher
an individual’s initial wealth is, the higher that individual’s certainty equivalent will be as
expressed by Equation (6). From this equation it can be concluded that the magnitude of
this effect is significant, which can also be seen in Figure[8| Stated differently, initial wealth
rescales the weights that are assigned to individuals in the collective investor’s objective.
This figure illustrates that an inequality averse collective investor with 7 > 1 gives more
weight to an individual with a low initial wealth V{. regardless of the risk aversion of the
individual. Conversely, in case 7 < 1, more weight in the collective investor’s objective will
be assigned to an individual with high V;.. Furthermore, based on other numerical examples
we can conclude that only the relative difference between these initial wealth matters. For
example, V. = [1,2,3] yields exactly the same optimal collective investment strategy as
Vo, = [1000, 2000, 3000].

Example 6: Combining heterogeneity in initial wealth and investment horizon

Based upon the earlier examples we know that individuals with high risk aversion levels,
low investment horizons and low initial wealth get assigned less weight by an inequality
averse collective investor. However, old individuals with low T; generally have accrued
pension capital for a longer period, which means that their initial wealth Vj, is typically
higher. Therefore, this example will illustrate which effect dominates in case we use more
realistic combinations of initial wealth V), and the investment horizon T;.

Suppose that we consider three individuals with risk aversion parameters v = [3,4,5] who
have investment horizons of 15, 25 or 35 years. Then we may assume that an individual
with T; = 15 has accrued a pension capital of approximately 300.000 euros. Similarly, we
can estimate that an individual with T; = 25 has roughly accrued Vj, = 200.000 and the
same holds for T; = 35 and V{, = 100.000.
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Figure 9: Illustration of the effect that the initial wealth and investment horizon of an indi-
vidual simultaneously have on a collective investment strategy for Case 1,2 and 3

In order to conclude if the effect of initial wealth or the investment horizon dominates, we
will distinguish between three cases that are presented in Table[6|

Y T Vo

Casel | [3/4,5] | [25,25,25] | [2,2,2] * 100000
Case?2 | [3/4,5] | [15,25,35] | [3,2,1] * 100000
Case 3 | 3,4,5] | [35.25,15] | [1,2,3] * 100000

Table 6: Illustration of the three cases that are considered in this example

We have depicted the resulting optimal investment strategies in Figure 9| If we compare
Figure 9] to Figure [§ we can immediately see that the effect of initial wealth is dominating.

Since both strategies weigh individuals based upon the relative differences in T; and Vjp,,
we have seen in many numerical examples that any combination of initial wealth and in-
vestment horizons with the same relative differences results in the same optimal collective
investment strategy.

3.4 Conclusion inequality averse collective investor

In conclusion, an inequality averse collective investor with 7 > 1 can choose to invest in
such a way that he assigns more weight in his objective to individuals with a lower certainty
equivalent, which brings the certainty equivalents of all individuals in the fund closer to
each other. Depending on the heterogeneity of individuals, the collective investor will as-
sign less weight in his objective to individuals with low risk aversion ;, high initial wealth
Vo, or low T;. However, which effect dominates strongly depends upon the number of indi-
viduals in a fund as well as the characteristics themselves. In the end, this objective allows
collective investors to protect individuals with a high risk aversion, low initial wealth, and
low investment horizon. Nevertheless, we should be aware that there is a negative rela-
tion between initial wealth and the investment horizon, because an older individual is more
likely to have a higher initial wealth and vice versa. Since collective investors can aim at dif-
ferent goals, such as protecting specific groups of individuals, we advise collective investors
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to choose their investment strategy by means of backward engineering. Consequently, a col-
lective investor should always keep in mind which individuals he wants to protect based on
their individual characteristics and choose 7 as well as w; in such a way that the collective
investor’s goals can be achieved.

Nevertheless, choosing such a collective investment strategy automatically generates wel-
tare losses for some individuals. The welfare losses that have been presented in the examples
presented above showed that individuals generally experience more welfare loss in case the
collective investor’s risk attitude §(7) exceeds their risk aversion parameter v; compared to
the case where the individual’s risk aversion exceeds the collective investor’s risk attitude
by the same amount. Hence, the collective investor can "hurt” an individual more by invest-
ing riskier than the individual would have wanted rather than not taking the risk that the
individual wants to take.

Alternatively, a collective investor could have an incentive to maximize the utility that they
retrieve from individuals” welfare effects. In that case a collective investor should design his
policy in such a way that it captures relative differences in welfare effects. Recall that such
an individual welfare effect can been measured by WER as well as WE;. By considering
WER a collective investor would compare e.g. a welfare effect of 0.8 to a welfare effect of
0.9, whereas the corresponding welfare effects measured by WE; would be given by -0.2
and -0.1 respectively. Hence, if we want to propose a collective investment strategy that
aims at maximizing the utility that is retrieved from welfare effects, we should note that
the investment strategy highly depends upon the chosen measure, with relative differences
being 8% = 0.8889 and % = 2. Thus, we expect a collective investment strategy that uses

WER to react more subtle compared to objectives that compares welfare effects by means of
WE ;. The next chapters will focus on the effects that individual characteristics have on such
a welfare effect averse collective investors.
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4 Welfare effect averse collective investment strategy

Now that we have already elaborated upon a collective investor who retrieves utility from
individuals’ certainty equivalents, we will consider another type of collective investor who
wants to maximize his utility that he obtains from individual’s welfare effects WER as de-
fined by Equation (9). This preference can be captured by a power utility function that
should be optimized in such a way that the collective investor ends up with a strategy that
maximizes a weighted average welfare effect among individuals that participate in the col-
lective fund. In this chapter, we will first introduce the intuition behind the welfare effect.
Thereafter, we will present the objective of a welfare effect averse collective investor as well
as the results that we will elaborate upon by means of a numerical example. Lastly, we will
summarize our main findings.

4.1 Welfare effect aversion

In the previous chapter, the collective investor was able to maximize his power utility utility
function for a chosen inequality aversion parameter 1 given the certainty equivalents of
individuals. Similarly, the utility of a welfare loss averse collective investor can be described
by a power utility function with welfare effect aversion parameter ¢.

Note, that WET can be rewritten into Equation (A31) as presented in Appendix which
does not include Vj,. Hence, the strategy of a collective investor that assigns weight to in-

dividuals in his objective based upon their WER does not directly depend upon the ini-
tial wealth of individual i. Nevertheless, the collective investor can choose to assign more
weight to welfare effects of individuals with a specific initial wealth by letting w; depend on
Vo,

1

Recall that this welfare effect will always be smaller or equal to 100% since 7t} is the optimal
individual strategy by definition. Thus, if a collective investor wants to bring the welfare
effects of the individuals closer together this is equivalent to equalizing the relative welfare
losses of these individuals, which can be expressed by the following power utility function
with welfare effect aversion parameter ¢.

ey
1-¢

v(WEF,§) = (19)

Remark. Recall that this utility function converges to the natural logarithm of WER in case &
converges to one.

The higher the ¢, the more equality in welfare effects is desired by the collective investor.
Hence, 7t will be determined in such a way that the weighted sum of utilities retrieved from

WER is maximized.

In practice, we assume that a collective investor has a welfare effect aversion of { > 0,
where ¢ = 0 is equivalent to the case where a collective investor maximizes the average
welfare effect within the fund. Consequently, the remainder of this section will focus on the
results that are brought about by ¢ > 0, where the power utility function exhibits decreasing
marginal utility as long as & > 0. Moreover, we assume that the welfare effect ratio WEX)
is bounded from below by 0 since the power utility can only be defined for non-negative
input variables WER.

31



4 WELFARE EFFECT AVERSE COLLECTIVE INVESTMENT STRATEGY

4.2 Objective and results

Theorem 4.1. Let the general objective of a welfare effect averse collective investor be defined by

7 1-¢

Consequently, this collective investor wants to attain the investment strategy 7t for which the objec-
tive is maximized, which can be found by solving the following function numerically for 7t.

n _ o NAT. 1, 2427 1 1
m?xzwi*—l (5(1 ) (AT~ 3o 27, 7502 >—1) (20)
i=1

n
p—r Y qwTixe

A= (21)
2 TRT,
Y Y wiviT; * e(l_g) (=) AT 370?27, W%‘JZTI)
1=
Proof. See Appendix O

This strategy yields at least one solution for which the collective investment strategy is
bounded from below by the Merton strategy that belongs to the individual with the highest
risk aversion (7t,,;,;) and for which it is bounded from above by the optimal individual strat-
egy of the individual who is willing to take the highest risks (77;;4yx). Overall, the strategy
gives the most weight to the individuals with the lowest welfare effect but since a welfare
loss of 20% is expressed as 0.8 this strategy will react mildly to a difference between a wel-
fare effect of -10% and -20% that correspond to the welfare effect definition of Equation (2.T).
Furthermore, the expression that has been stated in Equation can be simplified for § =1
as stated in the next corollary.

Corollary 4.1.1. If the collective investor has a welfare effect aversion that is quantified by ¢ = 1,

the optimal collective investment strategy is given by

p—r Y wT
o Yl wiiTi

t= (22)

Remark. Notice that this analytical solution coincides with the analytical solution that has been
given by Equation for an inequality averse collective investor with 1 = 1. Hence, the risk
attitude of the collective investor given this welfare effect aversion parameter coincides with the risk
attitude that has been expressed in Equation (14).

Intuitively, we can imagine that the longer an individual’s investment horizon T; is, the
more the collective investment strategy can deviate from the optimal individual investment
strategy given the economic variables that have been presented in Section[2.5| Consequently,
the individual with the highest T; will experience the highest welfare loss. Hence, if the
collective investor with & > 1 wants to bring the individual welfare effects WER closer
together, more weight has to be assigned to an individual with the lowest welfare effect,
which corresponds to the person with the highest T; assuming all other factors are the same.

Based upon Equations and (22), we can see that the investment horizon plays a role in
the welfare effect itself. Additionally, the investment horizon T; affects the way in which the
collective investor assigns weights to his objective due to the fact that w; is multiplied by T;,
which amplifies the effect of T;.

In order to separate the effect of the investment horizon T; from the effect that risk aversion
i has on the collective investment strategy, let us impose that every individual in the fund
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has the same investment horizon (T; = T Vi). The resulting collective investment strategy
is given by the next corollary.

Corollary 4.1.2. Consider n individuals with different risk aversion parameter «y; and the same
investment horizon T; = T. Then the optimal collective investment strategy can be obtained by
solving the following function for 7t. Let the implicit function of a welfare loss averse collective
investor be given by

2
n (175)(*%%(727?2’1"7%%)
‘u_l’ lelwl*e P
—)2
o n (1-8)(~ Ly,o2p2r— L 0=1)°T)
Y1 Wivi*e P

A= (23)

In case { = 1 the investment strategy coincides with the one presented by Equation and the risk
attitude that has been given by §(7t) = Y/ w;i.

Consequently, the collective investor assigns more weight in his objective to individuals who
are more likely to experience relatively high welfare loss. Therefore, one must be aware of
the fact these welfare losses seem relatively symmetric in the sense that deviating from the
Merton strategy by 1% yields approximately the same welfare loss in both directions. For
example, if the Merton strategy of an individual with T; = 25, Vj, = 1 and 7; = 4 is given
by 34%, then the welfare loss that results from investing 33% or 35% is the same, namely
0.02% as depicted in Table[7] However, if the collective investor opts for the Merton strategy
of an individual with ; = 3 (717 = 45.3%)the welfare loss of the individual will be equal
to 2.53%, which is much higher compared to the welfare loss that an individual with 7; = 4
(7t = 34.0%)experiences in case the collective investor would opt for the Merton strategy

that corresponds to y; = 5 (71 = 27.2%)since that welfare loss is given by 0.92%.

This substantial difference in welfare losses can be explained by the fact that the Merton
strategy of an individual with 7; = 3 equals 45.3% which deviates more (in %) from the
Merton strategy of an individual with ; = 4 (71 = 34.0%) compared to the Merton strategy
that corresponds to y; = 5 (717 = 27.2%). Thus, a welfare effect averse collective investor
with ¢ > 1 will assign more weight to individuals with a low risk aversion.

A

7T
45.3% | 35% 34% 33% 27.2%
vi=31| 0% 1.58% | 1.90% | 2.25% | 4.80%
Yi = 4 |2.53% | 0.02% | 0% 0.02% | 0.92%
vi=5|7.87% | 1.51% | 1.15% | 0.84% | 0%

Table 7: Tllustration of WL; for v = [3,4,5]

4.3 Applications

After having elaborated upon the effects that the investment horizon and distribution of
risk aversion parameters might have on the strategy of a collective investor, we will present
several numerical examples that give more insights into the direction and magnitude of
these effects provided that w; = 1

ﬁ.
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Example 1: Collective fund with homogeneous individuals

Suppose that we invest for a fund, where every individual has the same risk aversion pa-
rameter ;. Then the welfare effect averse collective investment strategy coincides with the
Merton strategy that belongs to an individual with risk aversion parameter y; = 47 Vi.
Consequently, the collective investor has no incentive to deviate from the individual opti-
mum.

Example 2: Small collective fund with heterogeneity in 7y;

Now, let us consider a fund that consists of three individuals with risk aversion parameters
v = [3,4,5], who have the same investment horizon T; = T = 25 and initial wealth V), =
Vo = 1. As we have explained in the previous section by means of Table 7| individuals with
a relatively low risk aversion level experience a higher welfare loss, which means that their
welfare effect is lower. Therefore, a welfare effect averse collective investor with ¢ > 1 will
assign more weight to individuals with low risk aversion ;. The higher the welfare effect
aversion ¢ becomes, the more the optimal investment strategy deviates from the average
risk aversion level in the fund as shown in Figure Notice that the way that the welfare
effect averse collective investor reacts to the heterogeneity in risk aversion is mild compared
to the way that the inequality averse collective investor reacted. Consequently, this strategy
seems more robust, which might particularly be helpful in case an individual is uncertain
about the risk aversion parameter v; itself.

yim) of the collective investar Optimal fraction invested in the risky asset

5.00 0.450 1
w L
E 475 0425 mifar £=1)
B a5p = —— Merton for highest v
= % 0.400 —— Mertan far lowest y
S a5 I
= & 0375
2 400 i
g £ 0350
g 3715 E /_—
Q wn
8 350 e f 0325
= —— Highest individual y 0.300
(=]
; 3351 — Lowest individual y

3100 Mean risk aversion y 0275

=40 =20 0 20 40 =40 =20 0 20 40
Welfare effect aversion (£} Welfare effect aversion (E)
(a) Risk corresponding Merton agent (b) Collective investment strategy

Figure 10: Effective risk attitude and investment strategy for 3 individuals with risk aversion
parameters 3, 4, 5 and investment horizon T; = 25

As a result we can see that the certainty equivalents of individuals with v = [3,4, 5] lie closer
to each other in case { = 50 or { = —50 compared to the case where 7 = 50 and 1 = —50
as illustrated in Figure 11} Hence, the corresponding welfare losses are closer to each other
compared to the example that has been depicted in Figure B{(b).
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Evolution of CE over risk aversion (y) Welfare effect for different £
275 —— CE individual optimum o
—— CE collective £ = -50
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g P
T 200 =
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o128
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Risk averions [y} Risk averions (y})
(a) Certainty Equivalents (b) Welfare loss

Figure 11: Certainty equivalents and welfare loss for v = [3,4,5], w; = %, T=25Vy=1

Example 3: Small fund with heterogeneity in risk aversion <; and investment horizon T;

In this example, we distinguish between three cases (T = [25,25,25] , T = [15,25,35] and
T = [35,25,15]) which will illustrate the direction and magnitude of the effect that an indi-
vidual’s investment horizon T; has on the collective investment strategy 7.

yim) of the collective investar Optimal fraction invested in the risky asset
500 0.450 — T=[25.25,25]
9 T=[15,25,35]
£ 475
i 0425 — T=[35,25,15]
B 450 E —— Merton for highest y
£ — = C.4co —— Merton for lowest v
5 425 -— I3
= ® 0375
2 400 i
g § 0350
S 375 E //_—
g — T=[25,25,25] B 0325 S
R T=[15,25,35] Z  —
1= = T=[35,25,15] 0300
=
; 325 1| — Highest individual y
1004 Lowest individual y 0275
-40 =20 o 20 40 =40 =20 o 20 40
Welfare effect aversion (£) Welfare effect aversion (£)
(a) Corresponding risk aversion Merton agent (b) Collective investment strategy

Figure 12: Illustration of the effect that the investment horizon T; of an individual has on the

collective investment strategy 7 for Vo, = 1,7 = [3,4,5], w; = %

Suppose that T; = T = 25 for all individuals in the fund, then a welfare effect averse col-
lective investor with ¢ > 1 maximizes his utility by choosing an investment strategy that is
slightly higher compared to the Merton fraction that corresponds to an individual with the
average risk aversion as shown in Figure [12, Notice, however, that the risk aversion of the
corresponding Merton agent §(7t) does not converge to the ;ax OF 7,,i, as we have seen in
the applications of the inequality averse collective investor. This can be explained by the fact
that large deviations "please’ one individual, but they "harm” other individuals more. Thus,
such a welfare effect averse collective investor chooses a strategy that does not deviate much
from the Merton strategy that corresponds to the mean of the risk aversion distribution in
case of v = [3,4,5].

35
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Apart from the effect that the distribution of the risk aversion parameters has on this invest-
ment strategy, Figure 12| illustrates that heterogeneity with respect to investment horizons
of an inequality averse collective investor with # > 1 has the opposite effect compared to a
welfare effect averse collective investor with ¢ > 1. The longer the investment horizon T;,
the greater the welfare loss of that individual will be, and hence the closer §(7) gets to the
individual whose investment horizon T; is the longest in case { > 1. Conversely, welfare
effect averse collective investors with ¢ < 1 give less weight to individuals who have the
shortest investment horizon T; since those individuals also experience the lowest welfare
loss WL,;. Thus, the individual who will leave the fund the fastest is considered the least in
case ¢ > 1.

4.4 Conclusion welfare effect averse collective investor

In summary, the collective investment strategy of a welfare loss averse investor with ¢ > 1
assigns more weight to individuals who have a low risk aversion level 7; as well as a high
investment horizon T;. In comparison to the behavior of an inequality averse collective in-
vestor with 7 € (=50, 50), the direction and magnitude of these effects are mild considering
the same small fund of individuals. This slight reaction to a change in individual charac-
teristics is particularly desirable in case there is uncertainty in for example the risk aversion
parameters. Hence, this investment strategy seems more robust than the inequality averse
collective investment strategy. Moreover, a welfare effect averse collective investor with
¢ > 1 assigns less weight to individuals who will be leaving the fund the quickest, which
was not the case for 7 > 1.

Now that we have found that a welfare effect averse collective investor seems to react mildly

to changes in welfare effects that are defined by WEF, let us examine how such an investor
would react in case we consider the welfare effect that has been measured by W¢;.
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5 Welfare loss averse collective investment strategy

A collective investor who wants to maximize the utility that he retrieves from welfare ef-
fects of individuals can also aim at minimizing the utility that has been generated from the
welfare loss. Mathematically, this is exactly the same. However, in this chapter we will con-
sider the welfare loss as defined in Equation (4.2), which causes the collective investor to
weigh the welfare effects of individuals differently. For instance, if one were to compare a
welfare loss of 10% to a welfare loss of 20% rather than comparing welfare effects of 0.9 to
0.8, the relative difference between the welfare losses is larger. Hence, we expect the welfare
loss averse collective investor to react more to the most “extreme” individual risk aversion
parameter.

In this chapter, the collective investor will therefore assign utility to welfare losses by a
power utility function with welfare loss aversion parameter &A. After having presented the
objective, several general results will be given. Thirdly, we will present several application
that we will use to elaborate upon the behavior of an investor that prefers this strategy.
Finally, we will summarize the main findings in a concluding paragraph.

5.1 Alternative welfare loss aversion

Suppose that the collective investor’s utility is captured by a power utility function with
welfare loss aversion parameter &A. Hence, the more welfare loss W.; an individual experi-
ences, the more utility will be generated from this individual’s loss in welfare. Consequently,
the utility function of such a collective investor is given by

we, ] -
1—¢A

v(WL;, &) = (24)

The higher the parameter &, the more the collective investor cares about lowering the
weighted average welfare loss WL; of his individuals. Consequently, a collective investor
with &4 > 0 is most likely to opt for a strategy that minimizes the welfare loss of the most
vulnerable individuals. Note, however, that this aim is only attained if the investment strat-
egy 7t results in the lowest weighted sum of utilities that have been retrieved from the wel-
fare loss of all individuals in the fund. Hence, the collective investor aims at minimizing
this utility as much as possible, while satisfying the assumption that the input variable of
the power utility function is non-negative by definition.

5.2 Objective and results

Consequently, the general function that should be minimized by the collective investor’s
strategy is stated in Theorem [5.1]

Theorem 5.1. Consider a welfare loss averse collective investor who wants to minimize the utility
that he retrieves from individuals’ welfare losses VW L;. Given the distribution of risk aversion param-
eters 7y; as well as the individuals” investment horizons T; the collective investor’s objective is denoted
by

(=n)?T;

0’2’)/7' ) 7(:“4 -1

(n—r)ATi— L7 02 A2T;—1

o (1—e

A (25)
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5 WELFARE LOSS AVERSE COLLECTIVE INVESTMENT STRATEGY

Remark. Note that this is a higher polynomial function. Thus, this optimal collective investment
strategy cannot be retrieved as an analytical solution or as a function that needs to be solved numer-
ically for 7.

Nevertheless, an implicit function of the investment strategy 7 can be obtained in case &
equals one, which is presented by Corollary

Corollary 5.1.1. Let us consider that the collective investor’s welfare loss aversion is given by &4 =
1, then the collective investment can be obtained from the following equation

2
N (y—r)ﬁT—%'y,-szﬁT—%("Eﬁ
_ n -x C i T4y
="l 5 ! an:l Wi (HA%) , where C(#, ;) 1= — —  (26)
o2 Yl wivix C(7, i) , (p=r)AT—}mic? AT Uy
—e oy
Proof. See Appendix O

We expect that a welfare loss averse collective investor will react very strongly to changes
between the individuals” welfare losses because the weighted average utility minimization
can either be achieved by somewhat equalizing welfare losses across individuals or by giv-
ing most weight to an individual characteristic that is most vulnerable.

In order to distinguish between the effects of risk aversion 7; and the investment horizon
T;, we assume that every individual has the same investment horizon such that T; = T Vi,

which results in Corollary (5.1.2).

Corollary 5.1.2. Let us assume that all individuals in a collective fund have the same investment
horizon T and different risk aversion parameters <y;, then the collective investment strategy for &A
can be determined by solving the following function for 7.

1, 227 1 (=T
_ nw.x CA Ay 27077 =5 2y,
T = K > r Zn:l_l wi * f(lnA'Yz) , where CA(fT, vi) = ¢ = (27)
ot Yl wiyix CA(R, i) L e(y—r)ﬁT—%'yiazﬁZT—%(’:z#
Proof. See Appendix O

However, since this collective investor reacts very firmly to individual’s characteristics mul-
tiple strategies can be found that solve the objective in case &4 < 0. Consequently, we will
only consider the unique solutions that can be found for & > 0 in the remainder of this
chapter.

5.3 Applications

In order to illustrate how this investment strategy works, we will consider several applica-
tions for &4 > 0 and w; = %

Example 1: Collective fund with homogeneous individuals

If all individuals have the same individual characteristics, the collective investment strategy
coincides with the optimal individual strategy of these individuals. Moreover, if the indi-
viduals differ with respect to initial wealth or the investment horizon, the collective investor
also does not have an incentive to deviate from the Merton strategy of all individuals. Hence,
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5 WELFARE LOSS AVERSE COLLECTIVE INVESTMENT STRATEGY

if a fund is homogeneous with respect to risk aversion, the individuals will not experience
a loss in welfare.

Example 2: Small collective fund with heterogeneity in -;

Suppose that we consider a fund that consists of three individuals with risk aversion param-
eters v = [3,4,5], who have an investment horizon of 25 years (T; = T = 25). Recall that
this investor wants to obtain the investment strategy for which his weighted average utility
is minimized. Since this chapter considers the percentage change in welfare loss rather than
the ratio of welfare effects, the collective investor weights the welfare loss of individuals
differently.
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(a) Risk attitude corresponding Merton agent (b) Collective investment strategy

Figure 13: Risk attitude corresponding Merton agent and investment strategy for 3 individ-
uals with risk aversion parameters 3,4, 5 and investment horizon T; = 25

Figure [13(a) illustrates how the collective investor behaves in this situation. It can be con-
cluded from these figures that the collective investor will first consider a strategy that ap-
proximately matches the Merton strategy of an individual with v; = 4 but as soon as &4
exceeds 1.079, the collective investor opts the strategy that coincides with the Merton strat-
egy of an individual with ; = 5. This sudden jump in optimal the optimal collective strat-
egy can be explained by the fact that several 7’s can minimize the objective function locally,
however, for every & only one collective investment strategy minimizes the collective in-
vestor’s objective globally. We will elaborate upon this in a technical note at the end of this
example.

Now, let us consider the welfare loss of individuals with v = [3,4,5] in Figure Recall
from Figure|13|that any ¢# > 1.079 matches with the Merton strategy of an individual with
vi = 5. Hence, we can see in Figure [14(b) that the welfare effect equals zero for = 5 for
any & > 1.079. Thus, a collective investor with 4 = 2 would rather give one individual
a welfare loss being equal to zero than spreading the welfare losses over individuals given
the characteristics of these individuals.
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Evolution of CE over risk aversion (y) Welfare effect for different £
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Figure 14: Certainty equivalents and welfare loss for ¢ = 3,4, 5]

Technical note

Notice that the investment strategy of the collective investor that has been depicted in Figure
[I3[b) changes abruptly. This has been caused by the fact that the Merton strategy of each
individual within the fund leads to a either a local or global minimum, however, only one of
them is the minimizes the objective globally. Figure [15shows us where the minimal values
of the collective investor’s utility are attained and that this objective value quickly increases
if he deviates from the Merton strategy of one of the individuals. If &4 = 1.079 this means
that the welfare loss of the individual with risk aversion level ; = 5 dominates, however,
as of &4 = 1.08 the global minimum has shifted to 34%, which clarifies the steep movement
in Figure [13(a) and Figure [13(b). To illustrate this effect more clearly [15 presents the value
of the objective function before and after the jump from a global minimum corresponding
to the Merton strategy of an individual with v; = 4 to the Merton strategy of an individual
with y; = 5.
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(a) Investment fraction before the jump (b) Investment fraction after the jump

Figure 15: Clarification of the investment fraction jump
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Example 3: Small fund with heterogeneity in risk aversion <; and investment horizon T;

As depicted above, a welfare loss averse collective investor reacts very strongly to relative
differences in individuals” welfare losses in case individuals are heterogeneous with respect
to their risk aversion 7;. Now, let us consider how a welfare loss averse collective investor
behaves in a fund that consists of three individuals with risk aversion parameter v = [3,4, 5]
in case T = [15,25,35], T = [35,25,15] and T = [25,25,25]. Recall that the welfare loss of
an individual increases if the investment horizon T; is longer since the collective investment
strategy 7t deviates from the optimal individual investment strategy for a longer period
of time. Figure [16|illustrates how these cases affect the collective investment strategy of a
welfare loss averse collective investor.
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Figure 16: 4 and 7t for 3 individuals with risk aversion parameters 3,4 and 5, heterogeneous
investment horizons T; and w; = %

From Figures|16|(a) and (b), we can conclude that heterogeneity with respect to investment
horizon only influences the strategy of slightly welfare averse collective investors. These
strategies deviate the most from each other at &4 = 0, which is equivalent to the minimiza-
tion of the sum of the welfare losses of all individuals in the fund. Hence for &4 = 0 the
collective investor assigns the most weight in his objective to the individual who experiences
the highest welfare loss. Therefore, most weight is assigned to the individual whose invest-
ment horizon equals 35 years and the relatively less weight is assigned to the individuals
who have a shorter investment horizon. Note that as & goes to one, the effect of hetero-
geneity with respect to risk aversion dominates the effect that heterogeneity with respect to
the investment horizon has.

5.4 Conclusion welfare loss averse collective investor

We can conclude from the examples presented above that a very welfare loss averse col-
lective investor assigns more weight in his objective to the most risk averse individual in
his fund. Consequently, in that respect the welfare loss averse collective investment strat-
egy deviates significantly from the welfare effect averse collective investment strategy due
to the fact that these welfare losses relate differently to each other compared to the welfare
effect that have been expressed as a ratio of certainty equivalent. Moreover, the effect of
heterogeneity with respect to investment horizons is only appears to be present for slightly
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welfare loss averse collective investors. For larger values of &, numerical examples have
shown that the heterogeneity effect of risk aversion parameters determines the collective in-
vestment strategy. In case a welfare loss averse collective investor would wants to consider
the effect of heterogeneity with respect to investment horizons or initial wealth, we advise
him to incorporate these effects into the definition of w;.
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6 Conclusions and recommendation

This paper presented several collective investment strategies that consider the heterogeneity
of individuals with respect to individuals’ risk aversion parameters ;, investment horizons
T; and initial wealth Vj.. These investment strategies propose ways of investing the capital
that has been accrued by individuals but these strategies do not actually redistribute wealth
across individuals.

The first collective investment strategy that we considered was based upon the model that
has been proposed by Balter et al.| (2021). In this model we considered a collective investor
with power utility and corresponding inequality aversion parameter 77. We extended the in-
equality averse collective investment strategy of Balter et al.| (2021) by including heterogene-
ity with respect to initial wealth Vj, and the investment horizon T;. This collective investor
tries to counteract inequality between the certainty equivalents of individuals depending on
the collective investor’s level of inequality aversion. For high levels of inequality aversion
this collective investor assigns much value within his objective to individuals with high risk
aversion parameter ‘y;, low initial wealth V{. and short investment horizon T;. Moreover, we
discovered that the effect of initial wealth Vj, dominates the effect of the investment horizon
T; for realistic situations, where low T; generally correspond to high V.. Consequently, a
very inequality averse collective investor, will assign more weight in his objective to indi-
viduals with low initial wealth.

In Chapter 4] we introduced the welfare effect averse collective investment strategy that
considers the relative difference of certainty equivalents expressed as ratios. Due to this
definition of the welfare effect, this model adequately reacts to differences in risk attitudes
assigning more weight to individuals with higher risk aversion parameters <; in case the
collective investor is slightly welfare effect averse. A more welfare effect averse collective
investor assigns relatively more weight to individuals who will be affected by this policy for
the longest period but the speed at which this strategy converges to the Merton strategies of
the individuals with the smallest and largest risk aversion is much slower compared to the
inequality averse collective investor. Consequently, this strategy seems more robust. This
investment strategy, however, does not directly depend upon initial wealth. Therefore, the
initial wealth Vj, can be incorporated into the weights that are given to individuals w; in
order to attain possible goals of the collective investors that relate to heterogeneity in initial
wealth.

Lastly, we proposed a welfare loss averse collective investment strategy. This strategy does
the same as a maximization of the welfare effect does from a mathematical point of view,
however, in this chapter we used the welfare loss expressed as the percentage change. As a
result, a welfare loss averse collective investor weighs welfare effects more extremely, which
means that a slight movement in the risk aversion of an individual has substantial impact on
the collective investment strategy. Additionally, we may conclude from the examples that
the heterogeneity of risk aversion parameters dominates the effect that heterogeneity with
respect to investment horizons for high levels of welfare loss aversion.

Note that these conclusions have been based on numerical examples that use the economic
variables as presented in Section In case these economic variables differ the desirability
toinvest in the risky asset rather than a riskless asset might change, which will automatically
affect the presented collective investment strategies.

Allin all, we advise collective investors to determine which groups of individuals they want
to protect before opting for a specific model. A collective investor may for example want to
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protect individuals whose initial wealth is below a certain reference level since they cannot
bear certain risks that individuals with a higher wealth can afford to take. Based on such a
policy, and the presented implications of the models that have been discussed in this thesis,
the collective investor can opt for one of these models. Thereafter, the collective investor
can incorporate additional effects by means of w;. If the resulting precommitment strategy
perfectly matches the aim that the collective investor set for himself, we should be aware of
the fact that individuals who have a short investment horizon T; will leave the fund before
individuals with a longer investment horizon T; will. Hence, if such individuals leave the
fund collective investors might want to revisit their strategies based upon the individuals
that do participate in the fund at that moment in time.

In conclusion, this paper provided us with the first steps to obtaining collective investment
strategies that consider heterogeneity of individuals with respect to welfare effects, risk atti-
tudes, investment horizons and initial wealth. Throughout this paper we have gained new
insights into the role that investment horizons play in such investment strategies. These
models can be extended in future research to obtain time consistent collective investment
strategies that incorporate heterogeneity with respect to risk attitude, investment horizons
and initial wealth. Besides that, we can extend this model by incorporating that participants
in a pension scheme keep paying premiums that will be invested until their retirement.
Moreover, we may consider other utilities than the power utility such as the habit formation
model. Lastly, we have already touched upon the fact that a welfare effect averse collec-
tive investment model seems more robust compared to the other models that have been
proposed in this paper. This is a particularly desirable property since the risk aversion pa-
rameters of individuals are often subject to uncertainty. Consequently, the welfare effect
model might also be a good starting point when studying robustness of collective invest-
ment models that incorporate heterogeneity with respect to the individual’s risk attitude,
investment horizon and initial wealth.
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A APPENDIX

A Appendix

A.1 Derivation of the certainty equivalent

Based on the model assumptions, one can derive the certainty equivalent of an individual i
with initial wealth Vp, and investment horizon T;, which is presented in this section.

Substituting the price processes of the risky and the riskless assets as presented by Equations
and (2) into Equation (3), the wealth process can be rewritten as follows:

s, dB;
Vi, = Vti(ﬂs—ti (1 N)B_tj)
~-V, (n(ydti +odZ) + (1— n)rdti> (A1)

=V ( [r+ (u —r)m]dt; + 0'7'CdZti>

Suppose that we take the natural logarithm of wealth at time ¢; € [0, T;] (denoted by V;,) and
let us call this transformation Y}, such that Y;, := In(V},) = f(V4,). Then the Itd rule can be
used to obtain the dynamics of Y}, as follows:

dYti = df(vti) = f/(sz')dei + %f”(wz‘)d[vf V]ti (A2)

Consequently, the formulas of f'(V;,) = V%.' (Vi) = —# and d[V, V], need to be substi-
i t;
tuted in the expression that has been stated by Equation (A2).

If X;. satisfies dX;, = Ay dt; + By,dZ;, where both Ay, and By, are adapted to Z, thend[X, X];, =
BZdt;.

Thus, we obtain d[V, V];, = VZo?n*dt;. Substituting the expressions of f'(V;,), f(V,) and
d[V, V];, into Equation (A2) yields the following dynamics of Y;:

R IS DO BV Y S
i, = Vi, + 5 Vt?) (viormar,)

1 Viormdt
2 V2

1

1
= Vtinl([r + (u —r)m]dt; + 0’7TdZti> - (A3)

= (r +(p—r)m— %Uznz)dt,- +ondZy,

Now that the wealth dynamics of Y}, has been obtained, the continuous version of the tele-
scope rule can be used to obtain an expression for Y7, which states fOT dYy, = Yr, — Yo,. This

continuous time version of the telescope rule can also be rewritten as Y7, = Yo, + fOT ayy,
after which the expression of terminal wealth can be derived by reversing the prior trans-
formation.
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T;
YT,- :Yoi—f—/ dYti
0
=Y +/Ti <r+( —r)n—102n2>dt'+/naﬂdz
= Y, ) U > i 0 t;
1 T; T;
:Yoi—|—<r+(;l1—1’)7'(——0’27'[2)/ dti-|-0’7'(/ dZti (A4)
2 0 0

Lo 5 T
:Y0i+<r+(y—r)7r 207r>(Ti—O)+an/O dZy,

1 Ti
=Yy, +rTi+ (p—r)nT; — EaznzTi + (771/ dZ;,
0

Notice that Y;, = In(V},) only holds if and only if V;, = eV, Consequently, the expression of
terminal wealth can be obtained by reversing the transformation as follows:

_ eY0i+rTi+(y rrT;— %02 7I2T—|—¢77rf 1dzy, (A5)
. _1 2 i
_ VOI- % erTl—}—(H r)T; (T T T-Hfﬂfo dZt , where Zti ~ N(O,l)

A.11 General utility case

In this subsection, the certainty equivalent will be determined for individuals with risky
aversion levels corresponding to ; # 1 and 7; > 0. As defined by Equation (), the
utility of an individual with positive risk aversion and v; # 1 is captured by u(Vr,v;) =

: 17 (V% M 1), which can be rewritten as follows:

_ [(Vo. « erTJr(y NrT—ic? 7T2T+(77Tf01dzt )1 i 1}
I—y 07
1 [Vl 7ip(1=71) Tyt (=) Ty = 30° 7T i+on fytdzy) _ 1]
1 —%i

(A6)

After having retrieved the expression for the utility that has been obtained from terminal
wealth, the expectation of the utility over terminal wealth can be determined using that

(L= (Tt (=) Ty 3 mTbome [y dZy) g lognormally distributed with mean (1 — ;) (*T; +

(u — r)nT; — 3027*T;) and variance (1 — ;)%02 7 T;.

Recall that in case Z;, ~ N(0,1) and X = e/ 7% ~ lognormal(p,c?) then In(X) = y + o7,
and E[X] = e/*27°. Therefore, the expectation of fOTi(l — vi)omdZy, is given by E| fOTi(l —
Yyi)ordZ) = om(1— "yi)E[fOTi dZ;] = 0 and its variance is expressed by Var[fOTi (1—;)omdZ;| =
(1 — 7;)%0?m*Var [ fOTi dZti] = (1 —v;)?0?mT; since fOTi dZ, = Z1, — Zy is the increment of
two standard brownian motions, which variance is equal to T; — 0 (for T; > 0).

: (U= Ti— L2 2Tt [ ey
Hence, the expectation of e T+ (#=)7Tim a0 7 Tite Jo wdZi;)(1=71)

down below.

can be calculated as presented
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1 7114, o V(T (u— 1 11—, 4
Elu(Vr), mi] = 5 e Vy Txel! 1) (Tt (p=n) T h? T, ) +3 (12T, _ 1}
i L
_ b [yt 00 (Tt ) nTh) + (=141 -205492) Jo?m? T, _ 1}
1— L0
_ (A7)
_ 1 V01*%‘ « o(1=1) (fTi‘F(Ii—V)”Ti)+(’Y?-%)%027T2Ti _ 1]
T—y U
= 3 1 _Vol._% % 6(1*’71)(VTHF(H*Y)"TF%%UZNZE) _ 1}
R ’)/l L 1

Lastly, the certainty equivalent is obtained by using the inverse function of the general utility
case.

CE(7t,7i, Vo, T;) = u™ " (E[u(Vr, 711)])

- 1
1=
= [(1 = )E[u(Ve, )] +1]
_ 1= (1=7) (\Ti+(u=r) T =y yi0°72T;) =7
- =2 (Va7 se 1) +1] (A8)
1

_ —Vol._% % e(lf’n)(rTﬁ(yfr)nTif%%aznzTi) s 1} =

1

=V * erTi+(}l*T)7TTi*%’)’i0'27'(2Tl‘
1

A.1.2 Special case: 7; =1

Similarly, the certainty equivalent of the special case where ; = 1 can be retrieved, which
utility is denoted by u(Vr, ;) = In(Vr,). Hence, substituting the result of Equation (A5)
into this expression yields:

T;
M(VTI,, Vi) = ln(VOj * erTiJF(P‘*V)ﬁTi*%UZHZTiJrUn Jo dZt)
1 T; (A9)
= In(Vo) + 1T+ (u = )T, = 50*n®T, + o | dz,
0

Recall that the standard Brownian motion Z;, follows a standard normal distribution such
that the expectation of any Z;, € [0, T;] always equals zero. Furthermore, by means of the

continuous time version of the telescope rule it can be retrieved that fOT Zy, = Z1, — Zp. Con-

sequently, when determining the expectation of an individual’s utility, use that E| fOT’ Zy] =
E[Zr1, — Zy] = E[Zr] — E[Zy]=0. Thus, the expected utility of terminal wealth for y; = 1is
given by:

1 Ti
E[u(Vr,vi)] = Elln(Vy,) + T + (u —r)mT; — 5(72712"[,- + 071/0 dZ;)

T;
=In(Vo,) +rT; + (u — r)T; — %UZNZT,- + UnE[/ dZ;.] (A10)
0

1
=In(W,) +rTi+ (u —r)nT; — 50'2712T,-
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For 7; = 1 the individual’s certainty equivalent is calculated by taking the exponential of
the expected utility of the individual, which results in the following expression:

CE(7t, 33 Vo, T) = ™ (Elu(V )] = MO0 T T de 80, _ g, syt et

Generalizing the individual’s certainty equivalent
In conclusion, the certainty equivalent of an individual i with investment strategy 7, risk
aversion parameter 7y;, initial wealth Vj, and investment horizon T; is expressed by Equation

(AT1)
CE(rt, 7i, Vo, Ty) = Vo, x & el (A11)

A.2 Derivation optimal individual investment strategy

As described in section an individual investor aims finding the investment strategy 7t/
that maximizes its certainty equivalent given their risk aversion y;, initial wealth V. and
investment horizon T;. This is denoted by:

max CE(7t},vi, Vo, T;) (A12)

*
7T

Taking the first order condition with respect to the individual investor’s investment strategy
(7t7) yields:

JCE(7tf,vi, Vo, T;)

rTi+(u=r)mf Ti=57i0*(7F)*T; _
art}

= [(V — )T — i T;| = Vo, x e

= (u—1TiVp, = erT,-—&-(y—r)n;‘T,-—%fyiaz(n;‘)2Ti _ 'Yia'zn'?TiVO- « erT,-—l—(y—r)n;‘T—%fyiaz(n;‘)zTi
1 1
(n—r) T;Vo,

—N\T:Vo = v T Vo, — 1Ff =
= (4= 1) TiVy, = 7o TiVy, 7t Yio?T; Vo,

Consequently, the optimal investment strategy of this individual investor is presented by
Equation (A13), which coincides with the result that has been obtained by Merton (1969).

* H—r
r = Al3
=t (A19

A.3 Derivation optimal collective investment strategy (Objective 1)

This section aims at finding the optimal investment strategy for a collective investor (77) who
aims at maximizing their expected utility given the weight for each individual (w;) as well
as the certainty equivalent of that individual in its fund. Thus, the objective is denoted by:

max
i

n
1=

w; *x 0 [CE(ﬁ/ Yir VO,'I Ti)/ 77} (A14)
1
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Recall that the collective investor’s utility is described by the following function:

1=y
CE(Ayi Vo, T)| -1 .
o(CE(7,7i, Vo, T 1) = [ 13,} if 7 71, and iy € (—o0,00)  (A15)
In(CE(#, v, Vo, Ti)) ifn =1

Note that in the latter case for which 77 = 1, the function converges to the natural logarithm
such that the general utility case (7 # 1) captures all possible inequality aversion levels ()
of the collective investor.
A.3.1 General utility case
For 17 # 1, the collective investor’s utility function is defined by:

o[CE(#, 7, Vo, Ty, 1] = ﬁ Vo, " eI (D AT— g0 2°T) g (Al6)

Hence, the collective investor’s objective can be expressed by Equation (A17).

n
max ) _ w; * L [Vol,_” 4 eI (T (u=n)ATi—37,0*A°Ty) _ 1] (A17)
!

1

Determining the optimal investment strategy of the collective investor 7t by means of the
tirst order condition yields:

ITL i s [V T e ]

n
% Z w; Voli—ﬂ (=) (Tit (u=r)ATi~ 3 7,0* A°T;) (A=) (p—7)T;—(1— n)yiazﬁTi] =0 <~

Consequently, from this equation an indirect function of the optimal investment strategy 7
is obtained by Equation (A18).

H—r E?—l wiTi * V01’_77 * e(l_n)(7n+(y_r)7%Ti_%71"727%27})
= 1

Al8
o? ZZ 1 wl’YlT * V()li_ﬂ * e(l_ﬁ)(rTi+(V_r)ﬂTi_%'Yiazﬁzn) ( )
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A.3.2 Special Case: 7 =1

If the collective investor has an inequality aversion of # = 1, then its utility given the indi-
vidual’s certainty equivalents equals the natural logarithm of terminal wealth such that the
collective investor’s objective function is expressed by:

n
1
max Y_ w; x [In(Vo,) +1T; + (u —r)AT; — 5%-027%27}] (A19)
T =1

Retrieving the optimal investment strategy of the collective investor can be achieved by
taking the first order condition with respect to 7 and rewrite the expression to that same
optimal investment fraction.

9y | wi* [ln(VOi) + 1T+ (p —r)AT; — %’yiazﬁzTi] 1 2
4 37 :i_zlwi[(“l/l—r)Ti—’)/iO' ﬂTi} =0

n n n n
= Y wip—rTi =Y wyc*aT; < (u—r) Y wTi =AY wyT
i=1 i=1 i=1 i=1

Notice that in this case taking the first order condition with respect to 7t causes the individual
initial wealth Vj; to disappear out of the equation. Rewriting this expression to obtain the
optimal investment strategy as shown in Equation (A20).

por T,

T =
n
o Y wiyiTi

(A20)

Risk attitude of the corresponding Merton agent (§)

Given the optimal investment strategy of the collective investor, this strategy can be used to
see for which risk aversion level the Merton strategy coincides with the collective investment
strategy.

p—r u—r Y wT;

T(F) = — — =
(7) o2y o2 Y wiyiTi

Y wiyi T

A21
imq wiT; (A1)

v =

A.3.3 Alternative cases
Assumption 1: Every individual starts with the same initial wealth (Vo, = Vo Vi € {1,...,n})

This assumption implies that every Vj, in Equation (A18) can be replaced with Vj, which can
be taken out of the sum. Thus, we obtain the following for the general utility case:
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T =

(- r)Vol_" YL wiT; (=) (Tt (p=r)ATi— 3 7,0* A2T;) (A22)
Uzvolw " wiyiT; (1= Ty (u=r)AT;— 3 7,0%A2T;)

u—r Z?ﬁl w;T; * e(lfﬂ)(rTi+(V77’)ﬁTi*%'YigzﬁzTi)

o? 2?:1 wi,)/iTi * 6(1777)(rTi+(V7r)ﬁTi*%7i0'2ﬁ2Ti)

If the inequality aversion were to equal one, the optimal investment strategy can also be

obtained by using Equation (A20).

Assumption 2: Every individual has the same investment horizon (T; =T Vi € {1,...,n})

w1 Y wiT % Vol_ﬂ « (=) T+ (u=1)AT— 37,0 A>T)
T= — i

2 1= 1— T —VAT=L~.0272T
7L wriT VY, Ty o(1=1) (' T+ (u=r)AT— 3702 #>T)
- ) (=122
(= )T x e THE=AT YL 5 w; * Vo Twell 1) (—7i0?A2T)
- 1
02T s e/ T+(u=—1)AT

4 A23
Yo Wi * V(}_’7 * 6(1_77) (‘%WUZHZT) ( )

- — 1,.7242
- i

2 1 X
o Y ‘71—11 —1)( 579;02A2T

In case 7 = 1, the optimal investment strategy can even be obtained directly by Equation

(A24), provided that )} ; w; = 1.

_ (“Ll —nT Z?:l Wi (A24)

Risk attitude of the corresponding Merton agent (}) in case of assumption 2
Using Equation (A37), one can retrieve 4 as follows:

n
¥ = Z Viw; (A25)

Combining assumptions 1 and 2: Every individual has the same investment horizon and
initial wealth.
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Hence, the general utility function results in the following indirect function of the optimal
collective investment strategy:

(1= 1)Vo ! Ty wyx o1 1 2T)

2111
o VO

T =

1
3
Z41 1 wivYixe (=1 (Z’Y’(TznzT)
(n—r) i wix el1= 1) (§ri0?#27) (A26)

2 V(10242
7 Yis w;ry; * eVl D (3re*7)

Moreover, if the inequality aversion of the collective investor is one, 7t is given by Equation

(A24).

A.4 Derivation optimal collective investment strategy (Objective 2)

Moreover, this collective investor can also choose to maximize their utility depending on the

welfare effect of individuals (WET). Consequently, this new objective can be formulated as
Equation (A38).

max 1; w; xv[WE;, ] (A27)

A.4.1 Generalizing the welfare effect WWETR)

The welfare effect (WER) captures the relative difference between the certainty equivalent
of an individual in case the investor were to invest optimally by themselves (77}') and the in-
dividual’s certainty equivalent in case they were to participate in a fund where the collective
investor invests for them (7). Therefore the welfare effect can be quantified as follows:

CE(ﬁ/ Yis VOi/ Tl)

ER —
W Z CE(TC;‘((/’)/Z'/ VO,-/ Tl)

(A28)

Recall that the certainty equivalent of an individual with investment strategy 7, risk aver-
sion 7; , initial wealth Vp, and investment horizon T; is given by CE(7,;, Vo, T;) = Vo, *
erTi+(y—r)7TT1—§'yla 2 T;

Hence, the certainty equivalent of an individual with collective investment strategy 7 is
given by
CE(7, 71, Vo, T}) = Vo, # ¢ Tt (=)A= 27T, (A29)

Furthermore, the optimal investment strategy for an individual equals 77} = % as derived

in Section[A.2l
Consequently, the certainty equivalent of an individual investor with investment strategy
7t yields:

1
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) _ ¥ 1, 252
CE(7t}, i, Vo, Ty) = Vo, Tt =) Timame i

) (25 b ()7

. 1
=W xe viet 2 (10?)? (A30)

o

Therefore, substituting (A29) and (A30) into Equation (A28) results allows the individual
welfare effect to be rewritten to:

W((/*R — CE(ﬁ‘—/ Yir VOi/ TZ)
b CE(7t, i Vo, Th)
Vo, * eFTﬁ(H*Y)?ATTi*%%UzﬁZTi
J— 1
- — 2T,
TT+1(V 7‘) 1
Vo, xe it (A31)
N R —r)2T;
B rTl-—i—(y—r)nTi—%'yiaznzTi—rTi—%7(”722 L
N R —r2T;
(1) AT~ by,02A2T— § 0T
= e Vi

A.4.2 General utility case

Given the welfare effect of each individual, the objective of the collective investor can be
specified for the general utility case as follows:

NI—

1 ((1c>(<w>ﬁn;%azﬁzn
e

i %)
mf?xi;wi e m? ) _ 1) (A32)

Taking the first order condition of this objective with respect to the collective investment
strategy 7 yields:

2
¥ 1 (-9 ((r-nAT—hrio? AT} .
3y g O [0 g0 (- et =0
i=1
n 1— AT L 2A2T1_1(I4*V)2T,-
N &) (n-n) AT by AT 0 )(y_r)Ti
i=1
n 1— AT~ Ly, 2A2Tl_1(14*r)2T
S e i e I PO
i=1
n _ AT — L2 22T, 1 =02
— (V—T’)szTz*e( (?)((Il A Mo 2 o’ )
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n a1, 250w 1 i

1=\ (p=r)AT;— 57;0*A*T;— 5 L
24 3" gy Ty v o0 WA PTG
i=1

Therefore, the optimal collective investment strategy for this objective can be rewritten into
the following indirect utility function:

1— - ATi*li A2T;— %
w—r Z?:1wiTi*e( ) ((e=nATi~y 707 ')

’ 0 | 72T
7 Zn 1 wr),T * e(lié) ((Vfr)nTz*j’h(ﬂT[ZT Q’yig)z)
1= 1 /141

T =

(A33)

A.4.3 Special case: { =1

Alternatively, in case the collective investor opts for a welfare effect aversion of ¢ = 1, then
the objective will be written as follows:

n n ATl_l : 2A2T1_1(;1—r)2T1
max Y w; «v[WE;, ] =m9x2wi*ln(e U L e )
L] T 1 . - (A34)
. —1)?T;
= max Z w; * ( AT — E’)’,‘O’ZTCZTZ' - E—y e 1)

Consequently, the first order condition with respect to 7 results in:

n n
Zwl ( —1)T; — yio nT>:O — (y—r)ZwiTi:azﬁZwi'y,-Ti> —

BT Lia @ili (A35)

A=
n
o2 Y wiyiTi

Notice that Equation (A35) coincides with Equation (A20).

A.4.4 Alternative cases
Assumption: Every individual has the same investment horizon (T; =T Vi € {1,...,n})

In the general utility case, this extra assumption would result in the following indirect func-
tion of the optimal collective investment strategy:

_ 2
(1-) ((p=r)AT— Ly L 0T

7% _7’ Z 1w1T>x<e "
(72 (1—5)((;4 P)AT—4 7,02 /2T~ 1 (4= )ZZT)
Y wiiT xe o~
(1—5)(( —r)frT) n (1_‘3)(—*7(7 A2 1#)
_ (.u - T’)T * e K Zizl w; xe P (A36)
— 3 — | Gl
02T * ¢! C)((M r)nT) "W, *e(l_g)(_%%aznzT_%%)
_8)(~ Lyo?A2T— ) 2T
p—r i wi*e(l (= 3me* AT =5 )
” Yl Wii *e(l_g)(_%%ﬂﬁzT—%%)
1= 111
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If = 1, the optimal investment strategy can be determined analytically as indicated by
Equation (A37), provided that the discrete density of risk aversion parameters adds up to
one.

p—r i wiT
o2 Yl wiiT
(=0T Y,
2T Yl wi;
_p—r 1
o2 Y wi

T =

(A37)

Recall that the solution proposed by Equation (A24) is the same as the one given by Equation
(A37).

A.5 Derivation optimal collective investment strategy (Objective 3)

CE(#,7:,Vo.,T;
= C}E((n;‘+‘%ln)) Alter-
natively, the collective investor can also choose to define the welfare effect as the percentage
change in certainty equivalents of an individual with the optimal collective investment strat-
egy compared to the individual’s certainty equivalent for the optimal individual investment,
which is denoted by WE;. Since the input of the CRRA wutility function needs to be greater
or equal to zero, this alternative welfare effect must be redefined. Hence, this section aims
at minimizing the welfare loss rather than maximizing the welfare effect.

In the prior section the individual welfare effect was defined as WER

Thus, the objective in this section is given by:

min ) w; xv[WL;, CA} (A38)
T =1

Note that this definition also slightly changes the interpretation of the welfare loss inequality
aversion that is denoted by &A.

A.5.1 Alternative definition welfare effect

As described above, the individual welfare effect is now defined as the percentage change
in certainty equivalents between investment strategies, which is given by:

CE(ﬁ/ Yis VOi/ TZ) - CE(T[I*/ Yis VO,-/ Tl)

Wer= CE(7t},vi, Vo, T;)
_ CE(#yi, Vo, T)
- CE(7tf,vi, Vo, Th) (A39)
1 (11T,

(h=1)AT= 570 2T 3

= e Vi —1

= WL

Hence, the welfare loss of individual i that has been measured as the percentage change
from the certainty equivalent of the individual optimal investment strategy is denoted by
Equation (A40).
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=
|
N—
=
QI\)
=N
N
=
|

(n—r)2T;

WLi=1—e¢ 2o (A40)

A.5.2 General utility case

Consequently, the objective can be specified to the following expression:

a1 22 1 (=n)?T;
(1= IR et

mf%n Z w; * e (A41)

Note that this is a higher polynomial function. Thus, this optimal collective investment
strategy will be retrieved by programming rather than through by a given analytical or
indirect function.

A.5.3 Special case: ¢4 =1

Nevertheless, if the log utility case is considered the objective can be written as an indirect
function as follows:

Firstly, notice that the collective investor aims at optimizing the following objective:

1 (‘ufr)2Ti

n (y—r)ﬁ’Ti_%'YiazﬁzTi_Z o2y, ) (A42)

min ) w; xIn(1—e
=1

Secondly, take the first order condition of this objective with respect to 7.

_ 2T
7':(2T (p—r)°T;

2 1
2 (72,” )

AT — L
821’-’:1wi*ln(1—ew IATi—ame

(u=)ATi=57i0* A Ti—

N|—
N—=
S
N
=)

[(n—7)T; — v AT;] =0

n _—
= Zwi* ¢
i=1

1—e

(=r)?T;

A 1 A 1
(=) AT~ 1702227} Y=
oY

This yields the following indirect utility function for 7

" (n=r)AT; =370

N . (u—r)2T;
(u—r)AT;— L yo22T, - L0
por Ty,

2 R ) _)2T.
4 (F‘*r)”Ti*%’YiUZ”ZTF%ngi, :
n i~ e i
21:1 wlr)/l * 1

—)2T.
(‘ufr)frTl-ijitrzﬁzTif%%
1—e T
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Simplifying the expression results in:

N N —2T.

w—r Y0 wx C(7, ) JHAT=d BT
fr=t - SEL L , where C(7t, ;) := e
o i—1 Wi7Yi * C(7, vi) 1 e(yfr)ﬁ;ri,%%azﬁznf%%%l

A.5.4 Alternative cases
Assumption: Every individual has the same investment horizon (T; = T Vi € {1,...,n})

Note that this does not change the way in which the general case must be solved apart from
the fact that T; must be replaced by T.

Furthermore, the case for which ¢4 = 1 can be rewritten as follows:

2
oo 1o 02500 1 (=1)7T;

; e(ufr)ﬂ im2Mi T
i=1 Wi * v 1, 2.0 12T,
Iu —r . e(yfr)nTifzfyia 7 Ti77 (72%
T= —
2 . (u—r)2T;
4 . (n=1)2T; %%”2”22’*%7}02% .
T Wiy *
Zl_l ivi (y,r)ﬁT.,l,y,g-ZﬁZT,,l(‘u;)zTi
e i L Ao
2
~lye2a27-] (r zr) T
n . e i
Y1 Wik 1 1 (2T
(yfr)ﬁTfifyilrzﬁszzzi
_H—-r 1—e i
- 2
o2 ~1y02821-1 ( 27) T
n e i
Yii—1 Wii *

2
o N r)<T
(p=r)AT %’yiaznsz%f(ﬂg )'
1—-e Vi

Similar to last step that has been performed in the previous section, this can be rewritten as:

(=r)*T
p—r Y w;x CA(fT, Vi) where CA(ﬁ vi) = o
A 7 7 it =
02 YLy wivi * CA(R, 1) L i =
—e oY
(A44)

1 222 1

A =
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