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Abstract

This paper applies the Martingale method proposed by Cox and Huang to find op-
timal wealth and optimal hedging strategies in the Black-Scholes-Vasicek economy.
It starts with a review of the general solution of optimal wealth by the Martingale
method, and then apply it to a power utility function. We investigate optimal hedging
under three benchmark scenarios including a cash, a stock, and an inflation-indexed
bond benchmark. We analyse optimal portfolio choices when inflation-indexed bonds
are traded in complete markets and not traded in incomplete markets. The outcomes
suggest that optimal wealth and hedging highly depend on the volatilities of bench-
marks and the degree of risk aversion of investors.
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Chapter 1

Introduction

Optimal hedging problem studies how agents should allocate wealth among different
financial assets in order to maximise their expected utilities at a given time. Pen-
sion funds routinely adjust asset positions to meet their financial objectives. One
of the common objectives of pension funds is outperforming predetermined bench-
marks. Insurance companies often set up benchmarks to monitor the performance
of pension funds over the life cycle, and optimal asset allocation strategies highly
depend on the characteristics of benchmarks. In general, long-term pension funds
often confront with risks that cannot be traded, such as inflation risks, mortality
risks, etc. Therefore, pension funds ought to take into account these unhedged risks
to determine optimal hedging strategies in incomplete markets.

The classic portfolio optimisation problem was first formulated by Merton (1969),
where he provided explicit solutions of optimal hedging strategies for investors to
maximise their expected utilities. In the financial setting, risk-free money market
accounts have constant interest rates, and risky stocks follow geometric Brownian
motions. Merton (1969) used the dynamic programming approach to transform
the stochastic investment problem into a Hamilton-Jacobi-Bellman (HJB) equation.
After solving the HJB equation, explicit solutions for optimal asset allocation strate-
gies can be obtained. This approach works well for hyperbolic average risk aversion
(HARA) utility where partial differential equations (PDE) are linear. However, nu-
merical solutions are difficult to obtain in the case of non-linear PDEs.

The Martingale method introduced by Harrison & Kreps (1979) is an alterna-
tive approach to find optimal portfolios. Further development of this approach was
achieved by Pliska (1986), Karatzas et al. (1987), and Cox & Huang (1989), where
closed-form solutions of optimal wealth and hedging strategies were derived without
solving PDEs. These papers considered the complete market setting, where a unique



optimal self-financing strategy exists, and all payoffs of portfolios can be perfectly
replicated. Cox & Huang (1989) used the Lagrangian method to transform a util-
ity optimisation problem with budget constrains into an unconstrained optimisation
problem. Optimal solutions can be obtained after solving the first-order conditions
of the unconstrained optimisation.

In incomplete markets there exist risks that cannot be traded. In this case, the
arbitrage-free condition is not satisfied, and equivalent martingale measures are not
unique. Therefore, fair prices cannot be derived without constructing perfect repli-
cating portfolios. A super-hedging strategy was proposed by El Karoui & Quenez
(1995), Jouini & Kallal (1995), and Karatzas (1997) to determine optimal hedging
from super-hedging prices in incomplete markets. However, the super-hedging strat-
egy often leads to high costs and low opportunity to gain profits. Follmer & Leukert
(1999) constructed an alternative approach called quantile hedging strategy where
the cost of hedging is minimised, and the probability of a successful hedging strategy
is maximised.

Modern portfolio analysis and asset allocation require specific financial settings.
Merton (1969) derived the optimal solution based on the classic Black-Scholes (1973)
economy where interest rates are assumed to be constant. Many studies extended
the Black-Scholes (1973) model with stochastic interest rates following the Ornstein-
Uhlenbeck process. One of the main types of stochastic short rates is the Vasicek
(1977) model, see Omberg (1999), Brennan & Xia (2002), Eksi (2007), and Angelini
& Herzel (2014). The Black-Scholes-Hull-White economy is another common type
of economic scenario where shorts rates follow the Hull-White (1993) model, and
relevant studies are Renault & Touzi (1996), Biagini et al. (2000), Yang et al. (2010),
and Goutte (2013).

Optimal hedging strategies highly depend on the degree of risk aversion of in-
vestors, and utility functions capture risk preferences. In general, explicit solutions
can be derived under HARA utility. Power utility is a type of HARA with con-
stant relative risk aversion, and Brennan & Xia (2002), Kallsen et al. (2014), and
Adam-Miiller (2000) discussed optimal portfolio choices under power utilities. Other
common HARA utility functions for portfolio optimisation are exponential utility
(cf. Mania & Tevzadze (2008), Browne (1995)) and log-utility (cf. Pang (2006),
Matsumoto (2006)). Expected shortfall can also be incorporated in a utility func-
tion. Follmer & Leukert (2000), Pochart & Bouchaud (2004), and Gabih et al. (2005)
derived optimal hedging strategies where the utility is maximised, and the expected
shortfall is minimised.

This paper focuses on applying the Martingale method proposed by Cox & Huang
(1989) to find optimal wealth and optimal hedging strategies in the Black-Scholes-



Vasicek economy where the stochastic interest rate follows the Vasicek (1977) model.
It investigates optimal hedging under three benchmark scenarios including a cash,
a stock, and an inflation-indexed bond benchmark. Inflation risk is the non-traded
risk in the financial market. Two cases are discussed when inflation-indexed bonds
are available in complete markets and not available in incomplete markets.

The rest of this paper is structured as follows. Chapter 2 introduces the Black-
Scholes-Vasicek model and the concept of risk-neutral pricing. Chapter 3 explains
the dynamic optimisation problem. We provide a general solution of finding optimal
wealth and optimal hedging strategies by the martingale method, and then apply the
method to a power utility function. In chapter 4, we derive optimal wealth under
a cash, a stock, and an inflation-indexed bond benchmark respectively. Chapter
5 analyses the way to compute optimal hedging strategies in both complete and
incomplete markets, and chapter 6 concludes.



Chapter 2

Financial Market and Risk Neutral
Valuation

This chapter introduces a financial market model in the Black-Scholes-Vasicek econ-
omy. It explains the concept of no-arbitrage and the risk-neutral valuation approach
to price any asset. Further, it presents the portfolio wealth where we include three
types of assets including stocks, money market accounts, and zero-coupon bonds.

2.1 Black-Scholes-Vasicek Model

In the general Black-Scholes (1973) economy, expected returns and volatilities of
asset price processes are assumed to be time-independent. The Black-Scholes-Vasicek
model is an extension of the Black-Scholes model with a stochastic interest rate that
follows the Vasicek (1977) model.

Define a time 7' € R, and a time span [0, 7]. Let us consider a financial market
under a probability space (€2, #, {F }icpm, P), where Q is a sample space, {-% }ejo1
is the filtration, and PP is a probability measure. Additionally, let W = {W g, W}, } be
two correlated standard Brownian motions defined on this probability space. These
two Brownian motions are the main sources of randomness in the financial market.

The market consists of both risky and riskless assets. Let B; be the price process
of the risk-free money market account, and S; be the process of the stock that is
assumed to be risky. The process B, and S; satisfy the following stochastic differential
equations (SDE):

dBt = ’r‘tBtdt, BO = 07 (211)



dS; = (re + N)Sdt + 0.5, W5, So =1, (2.1.2)

where o, denotes the time-independent volatility of the stock, and r; denotes the
stochastic interest rate. The expected return of B; at time t is r,. Additionally, the
drift term (r; + A) of S; implies that the stock yields a constant extra return A on
the top of the expected interest return. The solution of B; can be derived as follows:

B, = exp { /Ot rudu}. (2.1.3)

As the dynamic of the stock price process S; follows a geometric Brownian motion,
the solution of S; is given by

! 1
Sy = exp { / rudu + (/\ - 503)75 + JSWES}. (2.1.4)
0

The Vasicek short rate r; incorporates mean reversion, and r; follows the Ornstein-
Uhlenbeck process with the following SDE:

dry = k(F — ry)dt + o, dWy,.. (2.1.5)

where 7 is the reversion level of interest rate in the long run, and s is the speed
of mean-reversion. In other words, mean-reversion implies that the short rate r;
will be pulled back to the level 7 at rate k. Assume that WEDS and WET are two
correlated Brownian motions with a correlation parameter p € (—1,1), and the
following properties

Cov(Wyg, W) = prst, (2.1.6)

and
AW gdWy, = prsdt (2.1.7)

holds for ¢ € [0, 7). In order to demonstrate the correlation explicitly in the interest
rate model (2.1.5), we use the factor model developed by Primbs (2016) to rewrite
the Brownian motion Wy, as follows:

AW}, = prsdW/ g+ /1 — p2 dW |, (2.1.8)

where W/, is a new Brownian motion that is independent of W, i.e. Wtﬂf L LW
The factor model by Primbs (2016) allows us to model a normally distributed variable
as a sum of components of multiple random variables. These components should
also follow normal distributions, and the squared coefficient of each components



should sum up to one. In our case, three Brownian motions in (2.1.8) are normally
distributed, and the coefficient dW/g and dW} | satisfies

2
Pl + (,/1 — p?,s) = 1. (2.1.9)

Substitute (2.1.8) into (2.1.5), and we obtain the interest rate process

dry = k(T — ry)dt + o, (pngdeS +4/1— P?«,deEDl) (2.1.10)

under Wiy and W', instead. The solution of the SDE dry is shown in the following
proposition:

Proposition 1 (Vasicek Short Rate). Given the SDE of the Vasicek short rate in
(2.1.10), its solution is given by

ry=e "tSp 4 r(l — e_“(t_s)) +o.e " /t e”“dWET, (2.1.11)
where 1, is normally distributed with mean
E[r] = e "9, + F(l - e“(ts)), (2.1.12)
and variance )
Varlr,] = g—; (1 - 6_2’“‘“_3)). (2.1.13)
Proof. See Mamon (2004) for the derivation of r; by applying Ito’s Lemma. O

Let X; be the wealth process of a portfolio consisting of stocks S; and money mar-
ket accounts B;. Set up hedging strategies ¢ = {¢1.s, ¢rp}. Assume that investors
can invest ¢, s and ¢, p amount of money in stocks and money market accounts
respectively. If the portfolio satisfies the self-financing condition, then the wealth
process is as follows:

dXt = ¢t,SdSt + ¢t,BdBt~ (2114)
Equivalently,

t t
Xt:X0+/ ¢u,sd5u+/ Gu,BdBy, (2.1.15)
0 0

9



where Xy € R, is the initial endowment of investors, and the initial value of the
portfolio as well. A self-financing portfolio implies that investors can change their
hedging strategy from ¢, _a; to ¢, without withdrawing or investing additional capital
in the portfolio. The portfolio value X; at time t is determined by the changes in
both hedging strategies and the value of assets from the initial time 0 to time t.

2.2 Risk Neutral Pricing

Black and Scholes (1973) approached the option pricing model based on arbitrary
free pricing. Asset pricing theory suggests that asset prices can be determined by
discounting the expected value of future asset payoffs. To price an asset, we need to
compute the conditional expectation of asset payoffs with respect to its filtration un-
der a probability measure. In the real world, the real measure is generally unknown,
and the conditional expectation often can not be computed straight forwards under
the real-world measure. However, we can construct a new probability measure that
is equivalent to the original one, and then compute asset prices where discounted
price processes are martingales with conditional expectations equal to one under the
new measure. This motivates the following definition of the equivalent martingale
measure:

Definition 1 (Equivalent Martingale Measure). A probability measure Q is said
be an equivalent martingale measure of another probability measure P if the following
conditions are satisfied:

o Qs equivalent to P (Q ~ P).

e The discounted price process is a martingale under the measure Q.

Assume that we are in a risk-neutral world where arbitrage opportunities do
not exist. The absence of arbitrage implies that investors cannot profit from price
differences of assets in different markets. Under the arbitrage-free condition, a risk-
neutral measure must exist, and its existence is guaranteed by the theorem below:

Theorem 2 (First Fundamental Theorem of Asset Pricing). There is no
arbitrary opportunity in a market if and only if there exists at least one risk-neutral
measure.

Now let us introduce a new probability measure QQ defined on the same probability
space (2, %, {Z}icp)) as the measure P. The measure Q is the risk-neutral measure
that is equivalent to the original measure P. To find the discount price process, let us
first introduce the notion of normalisation. The financial market can be normalised

10



by dividing all asset processes by a numeraire. As the money market account B, > 0
is strictly positive, we are allowed to choose it as the numeraire. B; can also be
considered as the unit of a price, and we can compute the relative prices of other
assets with respect to B;. The discounted price process of the stock is given by

St St St P

d— = \—dt + o,—dW, 2.2.1

Bt Bt + Bt t,S ( )

under the original measure P.
Now we proceed to find the discounted price process (2.2.1) under the risk-neutral

measure Q. Let (; ¢ be a Radon-Nikodym exponent, see Halmos et al. (1949). By
Girsanov’s theorem, see Girsanov (1960), the Brownian motion

t
Wi =Wis+ / Cu,sdu (2.2.2)
0

is a standard Brownian motion under Q. Equivalently,
AW = dW g + (sdt. (2.2.3)

Substitute (2.2.3) into (2.2.1), and we obtain the discounted process of the stock

dé = i[(/\ — (1.505)dt + USthQS] (2.2.4)
B, By ’

under Q. The discounted price process (2.2.4) is a martingale with a zero-drift term.
Hence, we can rewrite (2.2.4) as follows:
Sy _ S 0
d— = —|o,dW,%], 2.2.5
Bt Bt [J t,S] ( )
where the drift term vanished. Additionally, we obtain the Radon—Nikodym expo-
nent as follows:

Gs = gi (2.2.6)

S
Note that (; ¢ is time-independent. (; g is also known as the market price of risk or
the Sharpe ratio (see Sharpe (1966)), which indicates the extra expected return that
investors would demand in order to bear extra risks in the portfolio. If the market
price of risk (; s is large, then investors are willing to invest more capitals in stocks.

11



2.3 Pricing Kernel

In the risk-neutral world, there exist at least one stochastic discount factors, which
can be used to discount expected payoffs of assets. Stochastic discount factors are
also known as pricing kernels. Define a pricing kernel M, satisfying

t
d
M, = exp{ —/ rudu} Q My =1, (2.3.1)
0 dP’

where ‘fl% is the Radon—Nikodym derivative, see Halmos et al. (1949). Under the
original measure, the discounted expected value of a portfolio X; is equal to its

initial value Xy. This can be shown in the following expression:

X, = EF[M, X,]. (2.3.2)
By the Girsanov theorem, the Radon—Nikodym derivative @ in the pricing kernel
(2.3.1). can transfer the expectation (2.3.2) from the orlgmal measure P to the risk
neutral measure Q as follows:

Xy = EF[M, X}

= R¢ {exp{ - /Ot Tudu}Xt] (2.3.3)

Xy
— EQ
=]

where the discounted wealth process % is a martingale under the measure Q. The
purposes of introducing the pricing kernel M, are to discount the wealth process, and
to change the process from the measure P to Q.

Now let us examine the Radon-Nikodym derivative 22 dP (2 3.1). In section 2.1,
we introduced two correlated Brownian motions W = { ‘s, W} in the Black-
Scholes-Vasicek Model. Furthermore, we showed that W, can be expressed as W'g
and W/, in equation (2.1.8). Thus, we can include the Brownian motion set W =
{Wfs, W7} in the wealth process X, instead of the original set W = {W[q, W}, }.
The Radon—Nikodym derivative changes the wealth process X; from the measure P
to Q. According to the Radon—Nikodym theorem, it is given by

C;% _exp{__/ gusdu—/ guSdWFS——/ Cufdu—/ Cuiqu}

(2.3.4)

12



where (; g and (; | are the Radon-Nikodym exponents for the measure Q with respect
to P. By the Girsanov theorem, the Brownian motions

AW = Gsdt + dW ], (2.3.5)

and
AW = G odt +dW], (2.3.6)

are standard Brownian motions under the measure Q.
Insert equation (2.3.4) into (2.3.1), and we can rewrite the pricing kernel as
follows:

M

:exp{—/rudu——/ Cust—/ CusdWig — /Cufdu—/ CuLdVVtL}

(2.3.7)

Note that we already computed (; g in (2.2.6). Thus, we proceed to compute another
Radon-Nikodym exponent (; ;. The approach to determine (; ; is using the change
of measure for interest rate process r;. Assume that the interest rate process is

dry = K(F* — r,)dt + o, dW2

,— 2.3.8

under the measure Q, where 7 is the new short rate parameter. By the change
of measure approach, we can rewrite the interest rate process in (2.1.10) from the
measure P to Q as follows:

d?“t

= k(T — r)dt + o, (PnSthE,DS +4/1—p; SdW )
= {/{(r —T) — Oy (pr,sg},s +4/1—= piSQ,L)} dt + o, <pT75th(7@S +4/1— ,072«75th%) )

(2.3.9)

Set the drift terms in (2.3.8) and (2.3.9) to be equal, and it yields

oy (Pr,s@,s +4/1- P%,sCt,L)

=7 — . 2.3.1
=7 - ( 0)

13



As the interest rate process is a martingale under the measure Q, the drift term in
(2.3.9) should vanish. Hence, we obtain the second Radon-Nikodym exponent (; |
as follows:

B 1 (™ —7)k  prsA
Gt = m o, o, ) (2.3.11)

Notice that both ¢; ; (2.3.11) and (; s (2.2.6) are time-independent. Thus, we change
the notations of Radon-Nikodym exponents as (s and (; for the remainder of this
paper. Now we can rewrite the pricing kernel in (2.3.7) as follows:

! 1 1
M, = exp{ — / rudu — §C§t - éﬁt — (Wi — QWEL}. (2.3.12)
0

2.4 Portfolio Wealth and Zero-Coupon Bonds

In section 2.1, we constructed a portfolio consisting of a stock and a money market
account. Now let us introduce a new asset zero-coupon bond in the portfolio X;. Let
Py denote the price of a zero-coupon bond at time ¢ € [0,7], and the payment
is equal to 1 at the time of maturity T, i.e. Py = 1. The price process P 1y is
based on the underlying interest rate process (2.3.8) in the Vasicek model, and the
price process of bonds is given by

P(t,T) _ RO |:P(t,T)

B, T

1
7| -5

T

%] : (2.4.1)

Pur - . . .
where % is a martingale under Q. Rearrange the above equation, and we obtain

3@] = {exp{ — /tT rudu}‘ﬁt} (2.4.2)

Notice that the price process P 1) is computed as the conditional expectation with
respect to the filtration .%#; under the risk-neutral measure Q. Equation (2.4.2)
estimates the future payoffs of the zero-coupon bond, given the information up to
the current time t.

To find the bond price F; 1y, we first compute the integral term R ) = ftT rudu
in (2.4.2), and its distribution is shown in the following proposition:

B,
P(t,T) = EQ |:B—T

14



Proposition 3. If the interest rate r; follows the Vasicek model in (2.3.8), then the
random variable R, 7y is normally distributed with mean

T
[Re, ) = E[/ rudu ﬁt] =7(T —t)+ (re — ) K1), (2.4.3)
t
and variance
T o2 o2
op = Var / rudu|Fy | = ——(Kem — T +1) — —TK(2t ) (2.4.4)
1) ¢ K 2k V"
where
1— e—K(T—t)
Ko = ——"" (2.4.5)
K

Proof. See Privault (2013) and Dana & Jeanblanc (2007) for the derivation of the
distribution of ftT r.du. O

Now we know the distribution of the integral term ftT rydu in proposition 3, and
then we can obtain the price of zero-coupon bonds. The bond price is shown in the
following proposition:

Proposition 4. Let T be the time of maturity of a zero-coupon bond. If the interest
rate r; follows the Vasicek short rate model, then the price of a zero-coupon bond
Pumy at time t € [0,T] has the following form.:

Pury = Agrye Eemn, (2.4.6)
where

0'2 0'2
A,y = exp { (r* — 2—/;"2> (Kgry —T+1) — iK(Qt,T)}. (2.4.7)

Additionally, the dynamics of the zero-coupon bond is given by
APy = rePorydt — 00 K. Py dWe (2.4.8)
under the risk-neutral measure Q.

Proof. See Mamon (2004) and Privault (2013) for the derivation of zero-coupon
bonds. u
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Given the bond price process P, r) in (2.4.8), we divide the process by the nu-
meraire B;. Then, we obtain

P P

a0 — o Ky = aw 2
B, Or I\ (t,T) B,
(2.4.9)
= —o.Kar)|p SP dW +4/1 —p; PtT)dWQ
r @ T)\ Pr, B, r,S B, t,L
where %T) is a martingale with a zero-drift term under the risk-neutral measure Q.

After including a zero-coupon bond in the portfolio, we need to add the bond
price process to the previous wealth process in (2.1.14) and (2.1.15). Let ¢ =
{brs, b5, bt p} be the new set of hedging strategies. Then, we obtain the new
wealth process X; as follows:

dX; = ¢1,5dS; + ¢, pd By + ¢y, pd Py 7). (2.4.10)

Equivalently,

t t t
X, = X+ / bu.5dS, + / bu.5dB, + / bu.pd Pl (2.4.11)
0 0 0

If we divide the wealth process X; by the numeraire B, then it yields

&— / md / bupd—5— Pun (2.4.12)

B,

where % is a martingale under the measure Q. According to the Martingale rep-
resentation theorem, see Jacka (1992), the martingale % has a unique representa-
tion in terms of stochastic integral. As we need to find a trading strategy ¢ =
{bt.5, 6.5, br.p} that replicates the payoff, the Martingale representation theorem

ensures that the trading strategy exists, and the strategy is unique.

16



Chapter 3

Utility Maximisation and the
Martingale Method

In this chapter, we formulate the dynamic optimisation problem where investors
aim to maximise their expected utilities given a benchmark. Then, we explain the
Martingale method to find a general solution of a utility function. Last, we present an
explicit example of applying the Martingale method to compute the optimal wealth
under a power utility.

3.1 Optimisation Problem

The optimal investment problem was first approached by Merton (1969) who solved
the problem using the dynamic programming approach. In this paper, we consider
an alternative approach called the Martingale method which was developed by Cox
& Huang (1989) and Karatzas et al. (1987).

Let U(z) denote the utility function. Consider an agent who invests an initial
capital Xy € R, in a portfolio, and he aims to maximise his expected utility by
choosing dynamic hedging strategies at the terminal time T. In this paper, we ex-
tend the general utility maximisation problem introduced by Merton (1969) with a
benchmark Y € R,. The purpose of setting up a benchmark is to measure the
performance of the portfolio. The benchmark indicates the minimum value of the
portfolio wealth that the agent intends to achieve. The utility function U(Xyp, Y7)
has two variables including the portfolio wealth Xt and the benchmark Y;. The
dynamic optimisation problem can be stated as follows:

max E[U(Xr, Yr)]. (3.1.1)

17



Note that the utility of the agent should be diminishing. Thus, we assume that the
utility function should satisfy the conditions stated in the following assumption:

Assumption 5. The utility function U(Xr, Yr) satisfies Inada conditions with re-
spect to X for any value of Yr :
/ A 1. !
b UXT (O’ YT) = )I(ITI?OUXT (XT7 YT) =0

d U;(T(OQ YT) 2 XlTiLnooU;(T (XT’YT) =0

The above assumption ensures that the utility function U(Xr, Yr) is continuous,
monotonically increasing, and strictly concave.

3.2 The Martingale Method

Let us now process to use the martingale method to solve the optimisation problem
in (3.1.1). In section 2.2, we explained the notion of risk-neutral pricing. Let us first
consider the complete market case, and then extend the method to the incomplete
market. This motivates the following theorem about the market completeness:

Theorem 6 (Second Fundamental Theorem of Asset Pricing). The market
is complete if and only if there exists a unique equivalent martingale measure. Oth-
erwise, the market is said to be incomplete.

In the complete market, there is a unique risk-neutral measure QQ such that the
discounted wealth process is a martingale. Because of the arbitrage-free condition in
the complete market, the law of one price is satisfied. In other words, all assets with
the same payoffs have a unique price. These assets can perfectly replicate the payofts
of the portfolio. Under the measure Q, the portfolio wealth X7 has a unique price.
We can set up a budge constrain such that the expectation of discounted portfolio
wealth at time T is equal to the initial value of the portfolio X,. Hence, we transfer
the dynamic optimisation problem in (3.1.1) into a static optimisation problem as
follows:

max  E[U(Xr, V)], (3.2.1a)
s.t. E[MTXT] = X(), (321b)

where (3.2.1b) is the budge constrain for the agent.
To solve the above optimisation problem, we use the Lagrangian method such that
the optimisation with a constrain in (3.2.1) can be transformed into an unconstrained

18



optimisation. Set up the Lagrangian function as follows:
Z(Xr,n) =E[U(Xr, Y7)] + n(Xo — E[MrX7]), (3.2.2)

where 7 is the Lagrangian multiplier, and X, = 1. Assume that Lagrange .2 (Xr,n)
is Fréchet-differentiable in infinite-dimensional spaces, see Mathias (1992) or Al-
Mohy & Higham (2009) for the definition of Fréchet derivative. To understand the
intuition of taking the derivative of X7, let us assume that we approximate the
continuous variable X7 with a discrete variable in a finite space R,,. Expectation
term E[U(Xr, Yr)] in (3.2.2) can be interpreted as the summation of the probabilities
of Xr in each state of the world times the values of utilities U(X7, Yr). Note that
U(Xrp,Yr) is a function in R, for the discrete approximation. In this case, the notion
of taking the derivative of X7 can be seen as a normal vector differentiation in R,,.

Take the first-order condition of the Lagrangian function - (X, n), and then set
the derivative to zero. It yields:

Uy, (Xr,Yr) = nMr. (3.2.3)

Note that (3.2.3) is an identity rather than an equality. The inverse of the utility
in (3.2.3) equals to nMy in each state of the world. Let I(.,Yr) denote an inverse
function with respect to Xr. Assume that the utility function in (3.2.3) satisfies
Inada conditions, and U (X, Yr) with respect to Xr is a monotonically increasing
and concave function. Hence, we can solve (3.2.3) with respect to Xr, and then
obtain the optimal wealth at time T as follows:

X = I(nMyp,Yr), (3.2.4)

Note that the Lagrangian multiplier 7 is undetermined in this step. However, we can
compute 7 by inserting the optimal wealth (3.2.4) into the budget constrain (3.2.1b).
The Lagrangian multiplier 7 is the solution of

After obtaining the optimal terminal wealth in (3.2.4), we can also compute the
optimal wealth at any arbitrage time ¢t € [0,7] from the optimal wealth at time T.
Because of the law of one price, the conditional expectation of the discounted wealth
process at time T given the filtration .%#; should be equal to the discounted wealth
at time t. That is,

M&:EPM&

%} (3.2.6)
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where M, is .%;-measurable. Equivalently, we can rewrite the optimal wealth (3.2.6)

at time t as follows: u
X, =E|=FX
s,
Note that the optimal wealth in (3.2.6) and (3.2.7) is under the original measure
P. According to the Girsanov theorem, the pricing kernel Mp; can transfer the
expectation in (3.2.6) and (3.2.7) from the original measure P to the risk-neutral

measure Q, and we obtain:

%] : (3.2.7)

X, X7
— EQ Z, 3.2.8
B, [BT t] ’ (3:28)

where the discounted optimal wealth process );—I is a martingale under Q.

3.3 Power Utility

In section 3.2, we explained the martingale method to solve the utility optimisation
problem. Now let us consider a power utility, and derive the optimal wealth at the
terminal time T and an arbitrage time t. The power utility is given by

Xr ())i_f)l_’Y —1

U(TT)Z =

v # 1, (3.3.1)
where the parameter v > 0 measures the degree of risk-aversion for agents. The
utility function (3.3.1) converges to a logarithmic utility function when v — 1, i.e. 7
converges to one. The value of the utility function depends on the ratio between the
portfolio wealth and the benchmark. To be more specific, the utility of the agent is
higher when the portfolio outperforms the benchmark.

To verify whether the power utility function satisfies the Inada conditions defined
in Assumption 5, we compute its first and second-order derivative as follows:

. G Xp, 1
Uy (—)=(—)"—>0 3.3.2
WG = GH 5> 332
and X X 1
7 T T\ —~—

Equation (3.3.2) and (3.3.3) imply that the power utility is strictly increasing and
strictly concave. Thus, the Inada conditions are satisfied.
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Now let us proceed to derive the optimal wealth under the power utility. Based
on the general solution of the optimal wealth in (3.2.4), we compute the inverse
function of the first derivative of the power utility (3.3.2) as follows:

1(Use, (32). Yr) = Ve(Xr )% (334

Insert the inverse function (3.3.4) into the optimal terminal wealth function (3.2.4),
and it yields:

1

A 1 1—=
XT = [(7’]MT, YT) = (nMT) "/YT 7, (335)
where the Lagrangian multiplier 7 is the solution of the budget constrain

1

E[I(7#Mz, Yr)My] =0 7E [(MTYT)ly] = Xo. (3.3.6)

Rearrange equation (3.3.6), and we get the Lagrangian multiplier as follows:

X, -
n= (E[(Mﬂﬂ“ﬂ) . (3.3.7)

Then, insert the Lagrangian multiplier n that we derived in (3.3.7) into the optimal
wealth (3.3.5) . This yields:

Xp = (AMp) 7Yy
(3.3.8)

E[(MrYr)' 7]

Hence, we derived the optimal terminal wealth X7 in (3.3.8) under the power util-
ity by the martingale method. Notice that the optimal terminal wealth (3.3.8) is
determined by the expectation of the discounted benchmark, the pricing kernel My,
and the benchmark itself. For the remainder of this chapter, we will discuss three
concrete examples about the optimal wealth under different benchmarks including a
cash, a stock, and an inflation-indexed bond benchmark.
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Chapter 4

Optimal Portfolio Wealth

In this chapter, we analyse optimal portfolio wealth under the power utility using
the Martingale method. We present three cases by choosing different benchmarks,
including a constant, a stock, and an inflation-indexed bond benchmark. We first
discuss optimal wealth at a terminal time, and then extend the problem to find
optimal wealth at an arbitrage time before the final time.

4.1 Optimal Wealth under a Cash Benchmark

Consider an investor who aims to compare the portfolio wealth with a constant
number. Let Yo € R, denote a constant benchmark. Assume that the initial capital
of the portfolio is 1, i.e. Xy = 1. To obtain the optimal terminal wealth )A(T@ under
the constant benchmark, we substitute the benchmark term Y7 into (3.3.8) with Ye.
This yields:

Xrc =

1-1 1—%] (4.1.1)

Notice that the term Yc vanished in the optimal wealth (4.1.1), which implies that
the constant benchmark does not affect the optimal terminal wealth X7 . The
pricing kernel M, and its expectation determine the value of the optimal wealth. In
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section 4.3.14, we derived the pricing kernel (2.3.12) to discount the portfolio wealth
in (2.4.10). In this section, the portfolio wealth )A(Tvc and the pricing kernel M; are
still the same as we defined in (2.4.10) and (2.3.12).

To derive the optimal terminal wealth X’T,C, we compute the pricing kernel M;
and its expectation respectively. Now let us consider the expectation of the pricing
kernel first. We have

1 1,7 r =
= exp{ -3 2T — 3 iT} E{eXp{ — / rdu — CsWig — CJ_WEJJ_} ]
0
(1.1.2)

Observe that equation (4.1.2) consists of a deterministic term and an expectation
term of an exponential variable. To compute the expectation term in (4.1.2), we
define a random variable J such that

T
J=— / rudu — CsWrg — Wy . (4.1.3)
0

The variable J is normally distributed with mean p; and variance o2. That is,
J ~N(py,0%). (4.1.4)
Then the expectation is the first order of its moment generating function. Thus,

1

Ele’] = exp {W+503}. (4.1.5)

Now let us derive the mean p; and the variance o2 respectively. Note that the
Brownian motion Wy g and Wy | are normally distributed with mean 0 and variance
1. The expectation of J is computed as follows:

T
py=E [ - / rudu — CsWy g — CJ_WﬁJ_}
0

g { B /OT rudu] (4.1.6)

= _/"LR(O’T> )
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where the distribution of the integral term fOT rydu is shown in Proposition 3, and
the expectation ppg,,, can be found in (2.4.3). Now we proceed to compute the
variance of J. We have

T
o = Var { — /O rudu — (sWy g — QW}E’J
T T
= Var [/ rudu} + Var[(sWy. ] + Var[¢, Wy ] + QCOV[/ rydu, CSW%S}
0 0

T
+ 2Cov [/ rudu, CLW;}E,L] + 2Cov |:CSW¥,Sa <J_W$,L:| ;
0
(4.1.7)

where 0% is the sum of variances and covariances between each term in J (4.1.3).
The sum of the variance terms in (4.1.7) is computed as follows:

T T
Var[/ rudu] + Var[(sWy. ]+ Var[(L Wy || = 0’3/ K(ZuvT)du+C§T+CiT, (4.1.8)
0 0

where the variance of the integral fOT r.du is shown in (2.4.4). Now we compute the
sum of covariance terms in (4.1.7) as follows:

T T T
Cov |:/ rudu, CSWE,S:| =K |:C§ar / K(U,T)dWESWEr} = Cgpr,s% / K(u,T)dU7
t 0 0

(4.1.9)
T T
COV|:/ Tudu,CLW%f’L} =1 - P?,SUT/ K,rydu, (4.1.10)
¢ 0
and,
Cov [CSWES,QWE”L} = 0. (4.1.11)

The Brownian motion Wﬁ g and Wﬁ | are independent. Hence, the covariance be-
tween these two Brownian motions are 0 in (4.1.11). Inserting the values of the
Radon—Nikodym exponent (g (2.2.6) and ¢, (2.3.11) into the covariance (4.1.9) and
(4.1.10) respectively, we obtain the sum of these two variances as follow:

T T g
COV[/ TudU’CSWES] +COV[/ Tud“aClWﬁL} - /@(F—f*)ar/ Kwmdu.
t ¢ 0
(4.1.12)
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Now Insert all above variance terms and covariance terms into the variance 0% in

(4.1.7). This yields:

T T
o3 = af/ K?u’T)du + (2 + )T + 2k(7 — r*)ar/ Krdu. (4.1.13)
0 0

Hence, we found the mean (4.1.6) and the variance (4.1.13) of the variable J. Now
we can rewrite the expectation of the pricing kernel (4.1.2) as follows:

E[Ml_%] 1g2T 1g2T o I AT SR 2 (4.1.14)
= ex - = —= ex - = —\1l—— o;,. (4.1.
T p 558 551 p 5 M 5 ~ J

Note that the optimal terminal wealth X7 o depends on the pricing kernel My and
the expectation of the pricing kernel. Therefore, we insert the pricing kernel (2.3.12)
and the expectation (4.1.14) into the optimal wealth in (4.1.1). This yields:

R 1 1 1
X7.c = exp {§(§T + §CiT + (; — 1) 75}

1 1\* , 1/ (" . .
~3 1——) oFpexps — rodu + CsWr g+ QW | ) ¢
Y YN\ Je

Note that the optimal terminal wealth in (4.1.17) is under the original measure P. By
the change of measure method, we can transfer the optimal wealth from the measure
P to the risk-neutral measure Q. Thus, we change the Brownian motion Wflf,s and
Wﬁ | from the measure P to Q according to the Girsanov theorem, and we obtain:

N 1 1 1
Xro = exp { (5 - 5) (C?@T + CiT> + <; - 1) [
) 1\ 2 1 T
——<1——) J%}exp{—(/ Tudu+CSW$s+QW$¢>}'
2 Y 7\ Jo ’ ’

To simplify calculations, let Ly denote the deterministic term in (4.1.16). Then, we
can rewrite the optimal terminal wealth as follows:

(4.1.15)

(4.1.16)

. 1 T
Xre = LTeXp{§ (/ rydu + CSW% + gw&) } (4.1.17)
t

Hence, we found the optimal terminal wealth XT,C under the power utility by ap-
plying the martingale approach explained in section 3.2 and 3.3. However, investors
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also want to maximise the portfolio wealth before the terminal time T. Thus, we
proceed to compute the optimal wealth at an arbitrage time ¢ € [0, 7.

In complete markets, the equivalent martingale measure is unique, and the law
of one price is satisfied. In section 3.2, equation (3 2.8) implies that the conditional

B
filtration %, arbitrage time ¢t € [0, 7.
That is,
XtC Xrc
=EY 7 4.1.18
e —ee| . (.11
where XBﬁ—fC and XBT ¢ are martingales under Q. To derive the discounted wealth

process at time t, we first compute the discounted terminal wealth based on the
optimal wealth in (4.1.17) as follows:

X 1 T
TC _ LTexp{ <— - 1) / rudu + = (gswg‘?s + QWM)} (4.1.19)
Br v 0

Insert (4.1.19) into (4.1.18), and we obtain the optimal wealth at time t as follows:

X, 1 t 0 o 1 ’
= Lyexps | — — 1 rydu + — Cs S + Cth | pE¥lexpy | — —1 rydu
Bt Y 0 ’ Y t

1
+ ;CS(WigS - Wt@s) + ;CL(W:?L - Wt@i)}’ﬁt} )

(4.1.20)

where the Brownian motion W s and Wt% are .#;-measurable. Hence, we take these
two Brownian motions out of the conditional expectation in (4.1.20). Note that the
Brownian motion WT g W s and W;@ 1 W - are normally distributed with mean
0, and variance T — . That is,

<Wi(“is - ths)/(Wi%i - Wt%) ~N(0,T —t). (4.1.21)

To compute the conditional expectation in (4.1.20), let H be a random variable such
that

1

T 1 1
H= (5 - 1) / rodu + ;gs(wgs - Wk + ;Q(W& -WHh).  (41.22)
t
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Here we use the same method as in (4.1.5) where we consider the conditional ex-
pectation in (4.1.20) as the first order of moment generating function of H. That
is,

1 T 1 1
EQ [exp{ (; - 1) / rodu + ;gs(wg?s - Wt%) + ;g(W& — Wt‘%)}‘%l
t

{4
= eXp § im0 ¢

where the expectation of H is

(4.1.23)

1
HH = (5 - 1) uRm’T), (4124)

and the variance of H is

a§:<%—1) /Kquu+ (CG+C)(T— t)+2<%—1) /Kquu

(4.1.25)
Here the calculations of py and 0% are similar to the computation of the expectatmn
and the variance of J in (4.1.6) and (4.1.7). Thus, we present the result above, and
the calculation by steps are not shown. After deriving the conditional expectation
(4.1.23), we can rewrite the optimal wealth (4.1.20) under the cash benchmark at
time t as follows:

X’t,o L { +12} {(1 1)/t d+1CW@+1CW@}
= L7 €Xp Mg T 0 ¢€XP - - ryau +— —(g —CL
B, 9 H v o ~ ts T L

1 1 1 1 1>
—eo{ (-3 (@rear)« (f-1)u-3(1-3)
+ +12}e {(1 1)/t d+1cw@+1gw@}
7 N Xpy | — — Tydt + — — )
H 9 H ~ ) 7S t,S ’YL t,L
(4.1.26)

where the coefficient terms of Brownian motion W s and Wt% indicate the amount of
risk that investors want to take for stocks and zero-coupon bonds. Equation (4.1.26)
implies that investors will not invest in stocks if (g is zero. Similarly, investing in
zero-coupon bonds is not an optimal strategy when (, is zero.
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4.2 Optimal Wealth under a Stock Benchmark

In section 4.1, we discussed the optimal wealth under a constant benchmark. In this
section, we choose the stock S; as a benchmark, and then find the optimal wealth
)A(T75 under the stock benchmark. Let Yrg¢ be a benchmark following the stock
process Sy defined in (2.1.4). That is,

T 1
Yrs = Soexp { / rydu + <)\ — 503)T + JSW%S}. (4.2.1)
0

Based on the general solution of the optimal terminal wealth derived in (3.3.8) under
the power utility, we have

1 1

_1 Ty 7
o (MpYrs) " Yrs _ My, YT,S (4.2.2)

E[(MrYrs)' ™)  E[(MpYrs)' ™3]

where X1, g is the optimal terminal wealth under the stock benchmark Y7, s. Equation
(4.2.2) implies that the value of the optimal terminal wealth )A(T,S depends on three
factors, including the benchmark Y7 g, the discounted benchmark process MrYr g,
and the expectation of the discounted benchmark.

To obtain the optimal terminal wealth, let us first compute the expectation of
the discounted benchmark. We have:

1

"]

1 1 1 =5 =5
= exp { — §§§T — EﬁT + AT — §U§T} E [exp{(—{s + o )Wrg — QW%L} } :
(4.2.3)

E[(MyYrs)'™

where the pricing kernel is shown in (2.3.12). Note that the Brownian motion Wflf’ S
and W7, | is not correlated. That is,

Cov<(—<5 +0o)Wrs, QWEL) =0. (4.2.4)

Similar to the way that we derived the expectation of the pricing kernel consisting
of two Brownian motions in (4.1.2), we consider the term

(—Cs+0)Wig— CWE, (4.2.5)

28



in (4.2.3) as a random variable. Then, the expectation term in (4.2.3) is the first
order of the moment generating function of this random variable. This yields:

B e (6o + s - gw;‘i’,l}l_’l’] —eo {3(1- 1) I rorvair)
(4.2.6)

Insert the expectation term (4.2.6) into the expectation of the discounted benchmark
MrYrs in (4.2.3), and we obtain:

E[(M7Yr,s)' 7]

1, 1, L, = 1 1)’ 2 | 2
:exp{ —§C5T—§C¢T+/\T—§UST} exp{a(l—;> [(—Cs + o) —i—CL]T}.
(4.2.7)

To obtain the optimal terminal wealth, we insert the benchmark (4.2.1), the pricing
kernel (2.3.12), and the expectation of the discounted benchmark (4.2.7) into the
optimal wealth X7 ¢ in (4.2.2). This yields:

. 1 1 1 1\? r
XT7S:exp{—§§T+—CiT——(1——) [(—CS+JS)2+Ci]T} exp{/ rydu
2 2 2 ~ ;
+(1§+<1 1) )WP +1gWP }
- - - US - bl
~ S v 7,5 ~ LWl

where Xrns is the optimal terminal wealth under the original measure PP. By the
Girsanov theorem, we can change the Brownian motions in (4.2.8) from P to Q.
Thus, we obtain the optimal terminal wealth XT75 under the risk-neutral measure Q
as follows:

(4.2.8)

A

Xrs

— exp { (% = %) (cg + ﬁ)T = %(1 - %)2[(—% +oy)* + T

1 T 1 1 1
+ (1 — —) OSCST} exp {/ rydu + (—Cs + (1 - —) Us) Wrs + _@WgL}'
v 0 g g T ’

(4.2.9)

To simplify calculations, let Cr denote the deterministic term in (4.2.9). Then, we
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can rewrite the optimal terminal wealth X1 ¢ as follows:

. T 1 1 1
Xrs = Crexp { / rudu + (;(5 + <1 — ;) 05) Wgs + ;ngl}. (4.2.10)
0

After obtaining the optimal terminal wealth (4.2.10) under the stock benchmark by
the martingale method, we proceed to compute the optimal wealth at an arbitrage
time t.

benchmark in (4.1. 18) we know that the discounted Wealth ‘ts is equal to the

That is,
Xis X1
=RY Z 4.2.11
o2 =m0l s (1.211)
where the discounted optimal terminal wealth is
X 1 1 1
5 = Crexp { (—cs + (1 - —)as) Wis+ —gW&}. (4.2.12)
T v v '

To derive the optimal wealth S,

in (4.2.11) as follows:

X 1 1 1 1
Bt’s = Crexp { (—CS + (1 - —) Us) Wil + —CLWt%}EQ {GXP { (—Cs
! 7 i Y T (4.2.13)
1 1
' (1 - ;) os) (s~ W)+ 2euwg, - WE&)} 'ﬁ] |

where W s and WtQL are .%,-measurable, which allows us to take these two Brow-
nian motions out of the conditional expectation in (4.2.13). Similar to the way we
computed the conditional expectation in (4.1.5), we consider the term

1 1 1
(;CS + <1 — ;) Us) (Wé(?s - Wt%) + ;CJ_(W%L - Wt%) (4.2.14)

as a random variable. Then, the conditional expectation in (4.2.13) is the first order
of the moment generating function of the variable (4.2.14). That is,

EQ [GXP { (l@ + <1 - %) Us) (W:;QS - Wt%) + %CJ_(W’gL - Wt(%_)}‘cgat}

(b 2520) + 2er-0)
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Insert the conditional expectation (4.2.15) into the optimal wealth in (4.2.13), and
we obtain

X 1[/1 —1 \?
B” = Cr exp {5 K—cs + 1 as)
t , " v X , (4.2.16)
v 5] @ -oben (2o Tla )i+ Tawa )

Equation (4.2.16) implies that investors will not invest in stocks when the condition

v—1

Ly I P (4.2.17)
Y

holds. Furthermore, they will not invest in zero-coupon bonds when (| is zero. Let
us compare the results of optimal wealth under the cash benchmark (4.1.26) and the
stock benchmark (4.2.16). Observe that the amount of risk that investors willing to
take for zero-coupon bonds are the same as coefficient terms ,—1yC 1 before Brownian

motion I/VtQL are equal. Furthermore, investors are willing to bear more risks for
stocks under the stock benchmark than the cash benchmark.

4.3 Incomplete Markets

In previous sections, we discussed the complete market case where the portfolio
contains three different assets including stocks, money market accounts, and zero-
coupon bonds. In incomplete markets, there exist risks that cannot be hedged, such
as mortality risks, inflation risks, etc. Suppose that the market is incomplete now.
According to the Second Fundamental Theorem of Asset Pricing, see Theorem 6,
there exist an infinite number of equivalent martingale measures in incomplete mar-
kets. In this case, pricing kernels and discounted prices under equivalent martingale
measures are also not unique.

Let us now include a new asset inflation-indexed bond I; in the portfolio. If we
assume that inflation-indexed bonds are traded in the market, then investors can
extract the unique Radon-Nikodym derivative from the market price of inflation-
indexed bonds, and then obtain the unique pricing kernel to discount the payoff. In
this case, the market becomes complete, and we can still use the Martingale method
to find optimal wealth and optimal hedging strategies.

Chen et al. (2017) proposed a model for inflation-indexed bonds where real in-
terest rates and the expected inflation rates are assumed to be constant. We extend
the Chen et al. (2017) model with a stochastic interest rate r; following the Vasicek
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short rate model introduced in (2.1.5). The dynamics of the inflation-indexed bond

is as follows:
dI, = (ry + p)Ldt + o, LdW, (4.3.1)

where ;1 denotes the expected inflation rate, and o; denotes the volatility of the
inflation-indexed bond. The unhedgeable risk in the incomplete markets is captured
by the Brownian motion Wt 7. Note that W[ 1 1s defined on the same probability
space (0, Z,{F }iepon), P) as Wk s and Wf The sum of the real interest rate r, and
the expected inflation rate p is equal to the nominal interest rate in the market. As
the bond (4.3.1) follows a geometric Brownian motion, the solution of I; is given by:

1 t
I, = Iyexp { (u + 50 )t + / rydu + a,-Wf]}. (4.3.2)
0

Assume that the Brownian motion Wy, and Wy, are correlated with the correla-
tion parameter p,; € (—1,1). This implies,

AW dWE, = p,. rdt. (4.3.3)

b 1€ WE} uil WET. Hence,
we can use the factor model approach by Primbs (2016) to rewrite the Brownian

motion W as follows:
AW,y = pridWy, + /1 = p2  dW;T (4.3.4)

Note that Wtﬂj; and WE’D ¢ are also correlated, and the correlation is shown in (2.1.8).
Substitute the Brownian motion W/, in (4.3.4) with (2.1.8), and we can rewrite the
Brownian motion Wt]{” ; as a factor model by Primbs (2016) as follows:

AW = pri (pT,SthE,DS + /1= p2gdW/ ) V1= P2 dWis, (4.3.5)

where WE} is spanned by three Brownian motions WtIEDS, WEL, and WET that are
independent with each other. Equation (4.3.5) implies that these three independent
Brownian motions are all correlated with Wtﬂj}. That is,

Let W} be a Brownian motion that is independent of T},

dW th s = Pr.1prsdt, (4.3.6)

AWEAWE L = priy/1 — pgdt, (4.3.7)
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and,

AW dW = /1 — p? dt. (4.3.8)

Note that the inflation-indexed bond I; is under the original measure P in (4.3.1).
To obtain the bond process under the measure QQ, we first divide the process I; by
the numeraire B;. The discounted bond process is as follows:

I,
al o g
B, “Bt toig Wi

I ‘[ It It
Bt Z dt +oi {p” <pTSBtth sT4/1 P?,SEth[i) +4/1— pg»IEdWET] .
(4.3.9)
By the Girsanov theorem, the following property holds:

AWG = dWT + G rdt, (4.3.10)

where (;; denotes the Radon-Nikodym exponent. As we include inflation-indexed
bonds in the hedging strategy, the market is complete. Hence, pricing kernels M, and
the discounted prices M,;X; under equivalent martingale measures are still unique.
Here, (; 1 is uniquely defined. By the change of measure, we obtain the discounted
bond process under QQ as follows:

I I
d§t = Et [(N — 0 <Pr,1 |:pT,S<S +4/1— P?«,sﬁ} +4/1— p?,;ﬁ))dt
t t
+o; <Pr,l {pT,Sth(?S +/ L—=p; SthQJ_:| V1= p IthQT>:| (4.3.11)
I
b {Ui (pr,f {pr,deé% +4/1 prdetQL} +4/1 prdetQTﬂ

where g is a martingale with a zero-drift term under Q. Equation (4.3.11) implies
that the Radon-Nikodym exponent is as follows:

1 f
G =—F77 ( — PrI {Pr sCs + Pg,s@] ) . 4.3.12
1—p, \% 43.12)

Insert the Radon-Nikodym exponent (;; (2.3.11) and (; s (2.2.6) into (4.3.13), and

we obtain -
R S ] Gt
6T ol o : (4.3.13)

\/1—03,1
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Note that (7 is time-independent. Thus, we change the notion of the Radon-
Nikodym exponent (;; into (; in the remainder of this paper. Under the original
measure P, the new pricing kernel is given by

T
Mg =expd = [ rudu = 3GT - 0T - SOT - GWEs - QWEL - Wi |,

’ (4.3.14)
where we include the new Brownian motion WﬁT in the previous pricing kernel
(2.3.12).

After including the new asset I; in the portfolio, we need to extend the wealth
process (2.4.10) with the dynamics of inflation-indexed bonds (4.3.5). Let ¢ =
{br.5, b8, 1P, b1} be the new set of hedging strategies. Then, we obtain the new
wealth process X; as follows:

dXy = ¢y 5dS; + ¢, pd By + ¢y pd Py 1y + ¢ 1d 1. (4.3.15)

Equivalently,

t t t t
Xt = XO + / ¢u,SdSu + / (bu,BdBu =+ / (bu,PdP(u,T) + / ¢u,1d[u- (4316)
0 0 0 0

If we divide the wealth process X; by the numeraire B;, then we obtain the discounted
wealth process as follows:

%:_ /¢u5d—+/ ¢uPd /sbufd (4.3.17)

where %ﬁ is a martingale under the measure Q.

4.4 Optimal Wealth under an Inflation-Indexed
Bond Benchmark

In section 4.1 and 4.2, we showed the optimal wealth under a constant and a stock
benchmark respectively. Let us now analyst the optimal wealth when the benchmark
Y71 follows the inflation-indexed bond process in (4.3.2). That is,

1 T
Yrr = Iyexp { (qu 20 )T+/ rudqucrinlfJ}. (4.4.1)
0
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Equivalently,

1 T
Yro :[Oexp{(u+ 20 )T—l—/ rudu
0
+ o; <pr71 [andeS +4/1 PrSth L} +4/1 p”dW )}

As we derived the general solution of the optimal terminal wealth in (3.3.8), the
optimal terminal wealth under the benchmark Y7 ; is as follows:

(4.4.2)

Xy = R (4.4.3)

where the pricing kernel My is shown in (4.3.14). To derive the optimal terminal
wealth X7 7, we first compute the expectation term in (4.4.3) as follows:

E[(Mr,Yr,)' 7]

1
1 1 1 1 =5
= exp { - §C§T - §CiT - QC%T +pT + §U?T} E [GXP{(%PT,IPT,S - CS)W%S
1—1
=+ (Uipr,n/ - P?«,s - Q)W%L =+ (UM/ - pi[ - CT) W’ﬁ’l’} } .

Let the term

(Gipriprs — Cs)Wrs (Uz‘ﬂr,n/ L—plg— Ci) Wr, + (Uz‘ 1—p?; — CT) Wy

(4.4.5)
n (4.4.4) be a random variable. Then, the expectation term in (4.4.4) is the first
order of the moment generating function of this random variable. Hence, we obtain

E |:eXp{(O—ipr,Ipr,S - CS)W%S + <Uipr,1 \/ 1- Pis - CJ_) W%I:L

1—1
+ (OZ 1 - ,0” §T>W£T} }
(4.4.6)

2
= exp {% (1 - _) |: OiPr1Pr.S — CS')2 + (Uipr,f \/ 1 - p%,S - CJ—)
2
+ <Uz 1_I0r1 CT) :|T}7
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where the Brownian motion Wy g, Wy |, and W + are not correlated. Insert (4.4.6)
into (4.4.4), and we obtain the expectation of discounted benchmark as follows:

_1
E[(MrYr1) 7]
1 1 1 1 1_% 1 1 2
:eXp{ - §C§T— §ﬁT—§C%T+MT+§U?T} exp{§(1 - ;)
2 2
|:<0_ipr,1pr75' - CS)Q + (O'Z'pn[\ /1 — p%s — CJ_) + (O_i‘ /1 — p371 — CT) :|T}
(4.4.7)
Now we insert the benchmark (4.4.2), the pricing kernel (4.3.14), and the expectation

of the discounted benchmark (5.3.3) into the optimal terminal wealth (4.4.3) . Thus,
we obtain the optimal terminal wealth X ; as follows:

. 1 1 1 1 1\?
Xrr = —CGT+=CT+=CGT+-(1-= iDr1prs — Cg)?
T,I eXp{2§S + QCL + 2@ + 2( ’7) [(UP,IP .S Cs)
2 2 T
+ (Uz‘Pr,I\/l—PE,S—Q) + (Um/l—pf,l—ﬁ) }T} exp{/ rydu
0
1 y—1 P 1 v—1 / 2 P
+ _CS + Uipr,[pr,S)W + (_CJ_ + OiPrI1 1— P W,
(’y 'Y T75 ’y f}/ ,S T,J_
1 v—1 P
+ | ¢+ oiy/1—p? >W }
(G + o= sts i

To simplify calculations, let Or denote the deterministic term in (4.4.8). Thus, we
can rewrite the optimal terminal wealth (4.4.8) as follows:

(4.4.8)

T

A 1 1

X1 = Orexp { / rudu + (;Cs +2 UiPT,IPT,S) Wrs+ (;Q
0

v
-1 1 v—1
+ ! 7 oipray/1 — Pis) WE,L + (;(T + ~ oiy /1 — P%I) Wﬁr}'

(4.4.9)

Note that the optimal terminal wealth (4.4.9) is under the original measure P. By the
Girsanov theorem, the Brownian motions in (4.4.9) can be changed to the equivalent
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martingale measure Q. Thus, we obtain:

~

X1

1 —1 1 —1
= Orexp { - <—Cs +21 O'ipr,lpr,S) CsT — <_CJ_ +21 oipry/1 — P?,s) T
Y v v Y
1 -1 T 1
- (—CT+ ! Ui\/l—P21>CTT} eXP{/ rydu + (—CS
Y Y ' 0 Y
1 1 —1 e
Uipr,lan) chs + (_gL + 7 OiPr I I P%,s) ng_
Y Y Y
1 v—1 0
+ _CT + g; 1-— ,072« )W }a
(’y ~ \/ I T

where the optimal terminal wealth (4.4.10) is under the measure Q now. To facilitate
calculations, let O7. denote the deterministic term in (4.4.10). That is,

i

(4.4.10)

, 1 1 1 1 1\?
Op = exp {§§§T + §CiT + §C12T + 3 <1 - ;) [(Uipr,fpr,s —(s)?

2 2
+ (Uipr,n/ 1— Pg,s - CL) + (Ui\/ 1 - /)?,1 - CT) }T
1 -1 1 -1
- (—Cs + 1 Ui/)r,fpr,s) CsT — (—CL +2 oipriy/ 1 — Pz,s) T
Y Y Y Y
1 -1
- (—CT 11— p%[) CTT}.
Y Y

Now we can rewrite the optimal terminal wealth in (4.4.10) as follows:

(4.4.11)

T

A , 1 1

Xr,p = Orexp { / rydu + (;CS + ! Uz‘PrJPr,S) Wgs + (;Q
0

~
—1 1 —1
+ 7 N OiPr.14/ 11— Pg,s)WgL + (;QT + 1 ~ Tiy/ I p72~7I>W$iT}'

(4.4.12)

As we obtained the optimal terminal wealth (4.4.12) under the inflation-indexed
benchmark Y7 ;, we now proceed to derive the optimal wealth X ; at an arbitrage
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time t. We first compute the discounted optimal wealth as follows:

XTI ’ 1 Y=
—= =0 _
By TeXP{<7CS+

1 1
Uipr,lpr,S) Wis + <;C¢

y
v—1 [ 5 0 1
+ —Uipr,l 1-— pr )W + (—
~ S T,1L v

v—1
O-Z

1 - P%J) W%QiT
(4.4.13)

tion of the discounted termlnal wealth T’ given the filtration .%;. That is,

Xt I XT,I
‘B, Br

Insert the discounted terminal wealth (4.4.13) into (4.4.14), and we obtain the dis-
counted optimal wealth as follows:

Xor v { (1 v—1 o (1. -1 0
—= = Orpexpq | (s + Oibriprs |Wyig+ | =CL+ oipriy/1— pog | W,
B, T ~ S ~y IPr,S t,S ~y 1 ~ I r,S t, 1

1 -1 1
+ (— 7 0“/1—pzl>WtQT}EQ[exp{<—§g

Y Y 7 ’ Y

vl Q Q 1 v-1 [{_ 2 Q

+ gipriprs |(Wrg = Wig) +{ ¢+ oipriyJ1—prs | (Wi,

Y Y Y

1 v—1

B Wt%) + (; ~ oin/ 1 = pf},) (Wg'l' - WtiQT)} 5‘}} :

Note that the Brownian motion Wt%, Wth, and W T are F-measurable. Thus, we
can take these Brownian motion out of the Condltlonal expectation in (4.4.15). The

expectation term in (4.4.15) is calculated as follows:
1 -1 1 -1
E® [GXP { (;CS + ! 5 0iﬂr,1ﬁr,5> (ng - Wt%) + (_CJ_ + ! 5 oipray/ 1 — p?,s)
v—1
(W8, — W) + ( i p”) owge -} |#]
1[/1 1 ~1 )’
=Xp g5 —CS + Uzpr 1Pr,S + —CL + giprin/ 1 —prs
g gl

(o8 o)
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Inserting the conditional expectation (4.4.16) into (4.4.15), we obtain:

X, , {1[(1 v—1 )2 (1 v—1 2
—= =0 €Xpy§ 5 _C + 05 Pr,IPr + _C + 0;Pr 1— %
B, T 21\5 s ~ Pr,1Pr,S 5 1 5 Pr,14/ Pr.s
1 -1 —\ 1 —1
+ (_<T+ 1 oir/1 —,072«71> }(T—t)}exp{(—(s—i— i Uipr,lpr,S) Wt(%‘
Y Y Y 8
1 v—1 0 1 v—1 Q
+ (¢ + oipriy/ 1= p; )W + (—CT+ oi\/1 = p; )W ;
(7 ~ .S tL ~ ~ q 6T

(4.4.17)

where the optimal wealth );t;’ is a martingale under Q. Equation (4.4.17) implies

that if the inequality
(r# (L=7)oin/1—p; (4.4.18)

holds, i.e. the coefficient term of Brownian motion W;QT is not zero, then inflation-
indexed bonds can be hedged, which ensures that the market is complete. In this
case, the optimal wealth (4.4.17) that we found by using the Martingale method is
indeed the unique optimal wealth. If the condition in (4.4.18) is not satisfied, then
the market is still incomplete, and equivalent martingale measure are not unique. We
will discuss the case about hedging strategies in incomplete markets in the following
chapter.
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Chapter 5
Optimal Hedging Strategies

In the previous chapter, we derived the optimal wealth under three benchmarks.
This chapter presents the way to compute the optimal hedging strategies from the
optimal wealth in both complete and incomplete markets.

5.1 Optimal Hedging under a Cash Benchmark

In section 4.1, we derived the optimal discounted wealt
mark. This section presents the optimal hedging strategy under the benchmark Y} ¢.

In complete markets, the equivalent martingale measure Q is unique. Thus, the op-
timal wealth and optimal hedging strategy are also unique. To obtain the optimal
hedging, we adopt the approach of matching coefficients of the Brownian motions of
the derivative of the optimal wealth.

Let us first compute the derivative of the optimal discounted wealth Xt < (4.1.26)
under the measure QQ as follows:

-5 1. X X
+[...]}+;g ngWﬁ ~G5 “Cq Wt%. (5.1.1)

Note that the only factor inﬂuencing the optimal hedging strategy is the coefficients
of the Brownian motion dW s and dW;@L. Hence, it is not necessary to compute the
derivative of drift term of the optimal discounted wealth in (5.1.1).

The portfolio consists of three assets, including stocks, money market accounts,
and zero-coupon bonds. Let ¢© = {¢{s, ¢f 5,05 p} be the set of hedging strategies
under the constant benchmark Y; . We defined the discounted wealth in (2.4.12).
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That is,

/¢usd—+/ 0 D, (5.12)

where the dynamics of the discounted stock S“ and the discounted bond <“ D) under

the risk-neutral measure QQ are shown in (2.2. 5) and (2.4.9) respectively. Let us now
match the coeflicients of the Brownian motion th(% between (5.1.1) and (5.1.2). We

know that both the stock process and the bond process contain the Brownian Wt%.
Hence, we obtain:

XtC

Sy P,
—CS WtQS = ¢t SO0sT

Bu (bt PUTK(tT Pr.S—FH — B dWPga (513)

where the left-hand side (LHS) of equation (5.1.3) is the Brownian motion term th%
in (5.1.1), and the right-hand side (RHS) is the th(% term in (5.1.2). Additionally,
let us also match the coefficient of the Brownian motion dW;@L. Note that only the

zero-coupon bond process contains the Brownian Wth. Similar to the way we derive
equation (5.1.3), we obtain:

X 5 P,
_CJ_ thWtQJ_ = ¢gPUTK(t,T) 1— p72~$' B thQJ_a (514)

where the LHS and the RHS of (5.1.4) are the dW,? - term in the optimal discounted
wealth process (5.1.1) and (5.1.2) respectively.

Combing equation (5.1.3) and (5.1.4), we obtain an equivalent matrix equation
as follows:

t St P,
g e, _ Os, _UTK(t,T)p’/‘,S (BtT; |:¢t05l (5 1 5)
¢, Xt - 0 —or K /1—pls5| 19
Solve the above matrix equation (5.1.5), and it yields:
~ 11 1 A (P =T)kprs
C r?
X AT U Ak i)
Prg = Loy [7 T, (JQ pp , (5.1.6)
and,
5 1 [1 1 1 (7" —=T)k  prsA
C r?
=X — — 1.
gbt’P ne P(trT) |:/y K(th) 1 - pz,S < 0-3 050y 7 <5 1 7)
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where gthS (5.1.6) and ngtC p (5.1.7) are optimal hedging for stocks and zero-coupon
bonds under the constant benchmark respectively. After obtaining the hedging strat-
egy ¢f5 and ¢fp, investors can invest the remaining capital in the money market
account. That is,

‘bgB = Xt,c - ¢§sSt - (biPP(u,T)- (5.1.8)

Equation (5.1.6) and (5.1.7) imply that the optimal hedging strategy qﬁgs and
(bi p converge to 0 when v, o0,, 05 — 0o. This means that investors will only invest
in the money market account if they are extremely risk-averse, or when the stock
and the interest rate are extremely volatile. Observe that the correlation between
stocks and bonds determines whether investor should hold long or short positions in
stocks and bonds. From equation (5.1.6), we know that investor hold a long position
in stocks, and a short position in bonds, i.e. qbgs > 0 and ¢§ p < 0, if the following

condition is satisfied:
Ao,

e (5.1.9)

Pr.s <

Otherwise, investors hold a short position in stocks, and a long position in bonds.

5.2 Optimal hedging under a Stock Benchmark

In section 5.1, we derived the set of optimal hedging strategies under the constant
benchmark. In this section, we use the same method to find the optimal hedging
under the stock benchmark Y g.

Similar to the computation of the dynamics of the optimal discounted wealth

Xl;’tc under the constant benchmark, we first derive the derivative of XB’f’tS from the
optimal discounted wealth in (4.2.16) as follows:
5 X5 . .
Xi.s 0 B, 1 7—1 9\ Xts Q 1. Xis Q
d=bE — | B (g4 —0? ) EEaw S + —¢, S awe (521
Bt |: ot + [ ] + 'YCS + ~ O Bt t,S + /_yCJ- Bt t, L

where the drift term in (5.2.1) is not computed as we only need to match the co-
efficients of the Brownian motions to obtain the optimal hedging strategies. Let
¢ ={¢7g. 07 5, ¥ p} denote the set of hedging strategies for stocks, money market

accounts, and zero-coupon bonds respectively. The discounted wealth process %‘f

under the stock benchmark is the same as the one under the constant benchmark in
(5.1.2). That is,

th Xo,s /t s ,Su /t s Pun
s — ) d d ? . 522
Bt BO + 0 ¢u,5 Bu + 0 ¢u7P Bu ( )
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We match the coefficients of the Brownian motion dW ‘s in the optimal discounted
wealth in (5.2.1)and (5.2.2). It yields:

T-1,\X S P
( G 2) B Wi = 0usos rdWis = upo K prs—p AW,
(5.2.3)

where the LHS and the RHS are the Brownian motion dW ‘s term in the optimal
discounted wealth in (5.2.1) and (5.2.2) respectively. Note that V.2 ‘s is contained
in both stock process and the bond process, but dW ", only appears in the bond

process. Similarly, we match the coefficients of the Brownlan motion dW,2 < in (5.2.1)
and (5.2.2) as follows:

Pur
S B

th

_CL thQL =—¢ PUTK(t T) P,« (5'24)

t,L-

Let us set up a matrix equation by combining equation (5.2.3) and (5.2.4) as
follows:

ooy 21,2 ) Xus - e
(7<S+ U) | [USSt oK, pr.s 5, ] st} (5.2.5)

/ P, S
1 CJ_ Xt s 0 _UTK(t,T) 1—- )07% S %T) ¢t,P

Notice that the RHS of the matrix equation is the same as the one in (5.1.5) as the
portfolio contains the same assets. Solve the above matrix equation (5.2.5), and we
obtain the hedging strategies for stocks and zero-coupon bonds as follows:

1 LrA Pr,S (77* — 77)1’{ pr,S)\ 1— v
(bts St {7 (Ug L—p2g ( 0,0, o2 ~ Os s (5.2.6)

~ 1 [1 1 1 (T =7k p S)\)}
S T,
X - — ) 5.2.7
¢t’P 'l (1) [7 Kury1— ;0275 ( o2 050y ( )

and,

Additionally, the hedging strategy for the money market account is

075 = Xis — 058t — &% p Pl (5.2.8)

Equation (5.2.7) indicates that the optimal hedging strategy for stocks ¢, ¢ becomes
proportional to the volatility of stocks o, when investors are extremely risk-averse,
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i.e. v — oo. In this case, investors are extremely worried about deviating from
the stock benchmark, so they prefer to perfectly replicate the stock benchmark.
Additionally, ¢, p — 0if v — oo. In this case, investors will not invest in zero-coupon
bonds, and the hedging strategy ¢f p for money market accounts only depends on
the amount left after investing in the stock market.

5.3 Optimal Hedging under an Inflation-Indexed
Bond Benchmark

In incomplete markets, the prices of any assets are not unique as there exist mul-
tiple equivalent martingale measures. In section 4.4, we included inflation-indexed
bonds in the market, and derived the optimal discounted wealth under the inflation-
indexed bond benchmark by the Martingale method. As inflation-indexed bonds were
included in the hedging strategy, the market is complete. However, when inflation-
indexed bonds can not be hedged, the market remains incomplete. In this case,
optimal hedging strategies are also not unique, and we need to find the worst-case
martingale measure among all equivalent martingale measures. This section analyses
the optimal hedging strategy under the inflation-indexed bond benchmark in both
complete and incomplete markets.

Let us analyse the complete market case first. To obtain the optimal hedging
strategy, we use the same approach as the ones in section 5.1 and 5.2. Let us now
compute the derivative of the optimal discounted wealth under the measure Q as
follows:

X1 05 1 v—1 Xit 00 1 v—1
el L R - PriPrs | —=dW, - —
B, { ot + [ + 7Cs+ OiPr,1Pr,S B, ts T 7CLJr 5

X 1 —1 X
oipraiy/1 — P%s) Ft;lth% + (;CT + 7 _— 1—- /07%,1) ith(,@T-

Note that the current portfolio includes an additional asset, the inflation-indexed
bond. As the inflation risk for the inflation-indexed bond is unhedgeable, the market
is incomplete. The discounted wealth process (5.3.1) is under three uncorrelated
Brownian motions, including Wt%, Wt%, and W;@T. Let ¢' = {&} s ¢ 5, bip: 11}
denote the set of hedging strategies for stocks, money market accounts, zero-coupon
bonds, and inflation-indexed bonds respectively. We can write the optimal discounted
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wealth as follows:

X X P,
mis AR / ¢{L sd / ¢u Pd i / Cbu Id (5'3'2)
B,

where the discounted asset process %, (guT), and I“ are martingales under the

measure Q. Let us first match the coefficients of the Browman motion th%. Note

that thQS is contained in the stock process, the zero-coupon bond process, and the
inflation-indexed bond process. Hence, we obtain:

1 —1 X
(_CS +21 Uipr,[ﬁr,S) ith@s
" K (5.3.3)

PtT)

thQS ¢£’7P0—TK(t,T)pT,S dW .S + ¢t 19iPr 1Prs tth(%a

where the LHS and the RHS of equation (5.3.3) are the dW 2 s term in the optimal
discounted wealth process (5.3.1) and (5.3.2) respectively. Slmllarly, we match the
coefficients of the second Brownian motion Wt%. This yields:

1 v—1 X
(;@ + 5 oipriy/1 — P%,s) B, thQJ_
7 P 1, Q
= _¢t,PUTK(t,T) \/1 prS B dWL*'(thprI\/l prSB thp

where the RHS of (5.3.2) implies that Wt% only appears in the zero-coupon bond
process, and the inflation-indexed bond process. Let us now match the coefficients
of the third Brownian motion Wt(?T, which is only contained in the inflation-indexed
bond process. Hence, we obtain:

1 ’7—1 \/7>th Q -[t Q
- 1= 2 ) 2w = ¢l o [1— g2 taw®. (5.35)
(fy v 1 t, T t,1 IB

(5.3.4)
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Combine equation (5.3.3) and (5.3.5) into an equivalent matrix equation. This yields,
Pu
Us%i _UrK(t,T)Pr,S (éf) o-ipr,lpr,S]_I;_tz QS{S
P, I )
0 —orKamy/1— PP B Oipry /1 — PrsE: Cb{jp
2 I

0 0 oin/1 =P 5 Orr

(5.3.6)

_ ,
(%Cs + ”Tlaz-pr,mr,s) B
= (%Q + 777101'/%,1\/ 1— P?,s) o

_ 2,
<%CT + %Uz‘\/ 1 - P%J) B’:

Note that (v only depends on the last entry of the above upper triangular system.
Assume that the market is complete, and inflation-indexed bonds are traded in the
market. Note that the equivalent martingale measure is unique in the complete
market, and we derived unique values for market price of risks (s, ¢, and (v in
(2.2.6), (2.3.11), and (4.3.13) respectively. If we solve the matrix equation (5.3.6),
an explicit solution of the hedging strategy ¢! = {¢£S, fL,P,#J} can be found.
Additionally, the hedging strategy for the money market account is as follows:

bip = Xir— &S — 6L pPlur) — Oh L (5.3.7)

Let us look at the incomplete market case now. As inflation-indexed bonds are
not traded in the incomplete market, the hedging strategy (bt{ ; for inflation-indexed
bonds should identically be equal to 0. Hence, we obtain the worst-case market price

of risk ¢+ as follows:
(t =1 =7)oi/1—pi; <O

Notice that we found a negative market price of risk % in (5.3.8). As the hedging de-
mand depends positively on the market price of risk, a negative value of (T indicates
that the corresponding asset category, the inflation-indexed bond, is unattractive for
investors to hedge. In this case, the expected utility will be pulled down because of
the negative market price of risk (7. Let us now find the hedging strategy in the
incomplete market. In this case, the hedging strategy does not depend on the third
Brownian motion WST, and gth ; is zero. The original upper triangular system (5.3.6)

(5.3.8)
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can be reduced into a 2 by 2 matrix system as follows:

X1

By

S P 2 ’Y T T
[ath 0. K1) prs— 5 ] {Cb{,s] _ ( s + 5 0iprip S>

P
0 —UrK(t,T)m 5 ¢{’P 1C +7 Uzﬂrlﬁ) );J
) t
(5.3.9)

Solve the above matrix equation (5.3.9), and we obtain the hedging strategies for
stocks and zero-coupon bonds in the incomplete market as follows:

LILAA  pps ([ =T)K  prs)
X Z : P,
¢tS s, {’7 (03 1— pg’s ( 0,0, o2 , (5.3.10)
and,
L1 1 1 1 (7 — 7k pS)\) v—10; }
I N :

- - -0+ — | (5311

Cbt,P tP(t,T) K(t,T) {’y 1-— p%’S ( gg 0.0, ~ OTP I ( )

Notice that the hedging strategies for stocks gbtcs (5.1.6) and gbtl,s (5.3.10) under
the cash and the inflation-indexed bond benchmark are the same. When v — oo,
investors will not invest in the stock market. Furthermore, equation (5.3.11) indicates
that the optimal hedging strategy for zero-coupon bonds (bt{ p becomes proportionally
to parameter o,, 0;, and p,; when investors are extremely risk-averse. To avoid
deviating from the inflation-indexed bond benchmark, investors choose the hedging
strategy depending on the volatility of the real interest rate, the volatility of inflation-
indexed bonds, the correlation parameter.
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Chapter 6

Conclusion

This paper has investigated the Martingale method to find optimal wealth and opti-
mal hedging strategies for investors who aim to maximise their utilities under differ-
ent benchmarks. The basic financial setting is the Black-Scholes-Vasicek economy.
The paper has presented the solution of optimal wealth under a general utility func-
tion by the Martingale method, and then we have applied it to a power utility func-
tion. Furthermore, we have discussed optimal wealth and hedging strategies under
different benchmarks in both complete and incomplete markets.

In the paper, three chosen benchmarks are a cash, a stock, and an inflation-
indexed bond. The equivalent martingale measure is unique in complete markets.
Therefore, the optimal hedging strategies that we have derived under the cash and the
stock benchmark are indeed unique and optimal. We have considered the inflation
risk in incomplete markets. If inflation-indexed bonds are traded in the market,
then investors can obtain a unique pricing kernel to discount asset payoffs. In this
case, the market is still complete, and the optimal hedging is unique. However, if
inflation-indexed bonds can not be traded, we can determine the optimal hedging
under a worst-case martingale measure.

Under the power utility, optimal hedging strategies highly depend on the degree
of risk-aversion of investors. Investors with high-degree risk-aversion will increase
the portfolio weight of risk-free money market accounts. Optimal hedging strategies
are also strongly influenced by the volatility of the benchmark. We have analysed
the situation of extreme risk-aversion. In this case, investors are highly concerned
about deviating the benchmark. Under the constant benchmark, an extremely risk-
averse investor will not invest in stocks and zero-coupon bonds. We have shown that
optimal hedging strategies are proportional to the volatility of stocks under the stock
benchmark, and to the volatility of stocks the volatilities of the real interest rate and
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inflation-indexed bonds.

One of the main limitations of the paper is the simplicity of power utility which
only includes the degree of risk-aversion of investors. Further research can investigate
optimal wealth and hedging under different utility functions and benchmarks.
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