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Abstract

A new law in 2004 has been introduced that prohibits establishing the present value of a fund
by the use of the age adjustment method. We aim to measure the effects of this law by computing
the present value of a fund before and after an age adjustment. In incomplete markets, there is no
unique risk-neutral valuation of a security. We aim to price the life insurance based on a subset of
these incomplete market measures. The assets to be priced are a traded asset and the variable κt

that measures the improvement in death probabilities of the insured population. We estimate their
drifts and add an ambiguity region around the drift of the population by the ambiguity factor k. This
will form our subset of alternative valuation measures. κt is approached by the Lee-Carter model.
To approximate the death rates, we use an approach that has been found an accurate approximation
in other literature. Finally, we compare the drifts of this theoretical subset model to the practice of
actuaries: age adjustments and mortality experience to model longevity. We see significant differences
between males, females, theoretical and practical adjustments. Just for further research to make this
model closer to reality, we show how the market price of risk, the yield curve published by the DNB
and the most recent Dutch mortality table AG2014 can be implemented.
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1 Introduction

Since the life expectancy is an increasing variable, pension funds encounter increasing costs because
of their payments to the elderly. Besides the higher costs, another problem is the high uncertainty
regarding future pensions of the elderly. There exist several generally accepted mortality models that
are used in practice, but the fit of these models decreases fast at older ages. Therefore, these funds
search for a method to model longevity. In practice they use mortality experience and age adjustments.
These age adjustments are known to take into account adverse selection and socioeconomic statuses as
well. However, after the introduction a law at January 1, 2004, these age adjustments are prohibited to
be used by a fund if it uses the most recent mortality table.

To value the loss of not applying the age adjustments to account for longevity, adverse selection
and socioeconomic statuses risk, there is the need to value the payments with and without the age
adjustments. We also want to value the fund after applying other changes, to see if these changes can
capture the same risk.

The other changes to capture this risk are applying mortality experience and applying a theoret-
ical model. This theoretical model is applicable to all incomplete market valuations in the case of
valuing one traded asset (in our case, the risk-free rate) and one nontraded asset (in our case, the κt,
a time dependent variable from the Lee-Carter model). This method is analyzed by Balter and Pelsser
(2015a), and by a partial differential equation they show that there is an analytical solution, expressed
in the expectation of the population.

We apply the Lee-Carter model to find the death rates of the Dutch populations, modeling the
hazard rates of the Human Mortality Database of 1950-2009. Unfortunately, we do not find an
analytical solution for the expected population using these death rates. Therefore we estimate the
amount of survivors by the method of Gbari and Denuit (2015) who prove that using their algorithm
to estimate the population with the help of the Lee-Carter parameters will give robust estimates.
Furthermore, in their research they find that these upper bound lie close to the exact outcome. With
this theoretical model with the estimated populations, we can add ambiguity by using the mean and
variation of κt and an ambiguity factor. Balter and Pelsser (2015b) find that the ambiguity factor ±2.48
captures the class of all indistinguishable models. Hence, using this fact we add ambiguity to take into
account the risks such as longevity risk.

This thesis aims to apply these three research papers to one model, to value the pension fund
with a theoretical model. Furthermore, we want to compare the theoretical model with the applied
adjustments in practice. Applying a practical adjustments that has about the same effect on the
population expectations as the theoretical model, would mean the fund is robust enough. However,
in our research we found this was only the case for females. Comparing practical adjustments
among each other, we conclude that for females, if a fund did not apply the mortality experi-
ence ES-P2, it may bear the same risk applying the ES-P2 experience as using the prohibited age
adjustment. For males, this is not the case, this ES-P2 experience adds less risk than the age adjustment.

Unfortunately, our model is still not close to reality. Therefore, we show how to implement the
yield curve of the DNB instead of using a constant risk-free rate. Furthermore, we discuss how to use
the AG2014 mortality table(instead of estimating our own mortality parameters by the Lee-Carter
model), add a pension fund portfolio (instead of only using a constant risk-free rate), and use fund
specific properties such as initial populations and mortality experiences. We hope further research
based on this paper leads to a more realistic model, maybe even fund specific, able to conclude whether
the pension fund is using population projections that are robust enough.
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2 Literature

2.1 Incomplete market valuations

An incomplete market consists of securities that are
not traded on the market so that we cannot ob-
serve their prices. An equivalent martingale mea-
sure (EMM) is a probability distribution adjusted
for the risks, that calculates the present value of
the security. The First Fundamental Theorem in
Mathematical Finance implies that in an arbitrage
free market, there exists at least one EMM. Unfor-
tunately, the Second Fundamental Theorem states
that in an incomplete market there is no unique
EMM [43]. So discussion remains how to valuate
these securities.

Roughly, the ways to valuate can be divided into
two classes: measures that look at all EMMs and
those that only consider a subset of EMMs. Su-
perreplication, penalties on measure and loss func-
tions on payoffs are examples of the first class. Val-
uation by superreplication aims to maximize the
expected payoff of a portfolio that dominates all
possible processes of the derivatives. This portfolio
tries to eliminate all risks. El Karoui and Quenez
(1995) found that supQ∈Pe

EQ(H) < ∞, where H
are the claims to replicate and Pe is the set of
all EMMs. However, using superreplication usu-
ally gives extremely wide intervals that lead to high
prices. Penalties on measure and loss functions on
payoffs (including utility functions) are other ex-
amples of the first class. They both give a weight
of "penalty" to every EMM or on the hedging errors
respectively. They are the primal and dual of the
same optimization problem.

The second class consists of subset measures. Ex-
amples are Good-Deal-Bounds (GDB), the multiple
prior model and robust optimization. GDBs looks
at the Sharpe ratio of the securities under different
valuation methods. The Sharpe ratio is a formula
to compute the risk-adjusted return. The subset
is chosen by considering only the measures that
produce ratios that are not "to good to be true"
(bounded by the market price of that risk). They
approach the prices by the last observed price times
a continuous "discount" factor by a partial differen-
tial equation (PDE), that represents the growth or
decline of this price. Remarkably, this model fits a
traded security, the SP 500 index, well. [13]. They
value incomplete markets too, where they conclude

that the bounds come close to an estimate by the
Black-Scholes formula. Their approach is done by
modeling the lower bound for the discount factor
process Λ by

dΛ

Λ
= −rf dt− hsdz −

√

A2 − h2
sdw

where rf is the discount rate, hs is the volatility
bound on St defined by µs−r

σs
where µs is the mean

of St, A2 is the bound on the second moment of
m where m is the marginal utility growth, and w
is the set of residuals of the real focused payoffs to
be valued minus their estimates. Λ̄ is defined as
the upper bound of the discount factor and is de-
fined by the same equation with a plus in front of
the root. Then they assume that the incomplete
market correlates with a basis risk Vt caused by an
nontraded event, in our case this would be the event
of longevity that is influenced by κt, see subsection
2.4. You can see that the formula of Λt contains as-
pects of St, they assume Vt and St are correlated.
The similarity with our first approach that we later
on change (see appendix A) is that St and Vt are
lognormally distributed and the mean and variance
are used to form a formula. However, there is a sig-
nificant difference in our problem statement that is
stated in subsection 3.1: They assume Vt and St are
correlated, though we assume that these variables
are not.

The multiple prior method uses a Bayesian ap-
proach to form a "confidence interval" around the
estimated values, and minimizes the ambiguity over
a subset of measures. In all subset measures, the
set methodology of Hansen and Sargent (2011) can
help form the subset by eliminating some EMMs
by some loss function. The last example of this
subset measure class is robust optimization. This
is adding ambiguity (being uncertain which EMM
to choose, adding set of EMMs that are believed
to also be a good measure), and then being robust
by choosing the worst-case scenario in this subset.
This last approach is exactly the method that we
are going to use. We approach a problem similar
to the fourth example in the paper of Balter and
Pelsser (2015), that adds ambiguity for the drift of
the population by k, a factor proportional to the
covariance matrix of the process. We approach the
expected population by the death probabilities of
the Dutch population.
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2.2 Mortality

In the actuarial literature about mortality, several
definitions are used: survival probabilities, annual
survival and death probabilities, the hazard rate
(also called the mortality intensity) and life ex-
pectancy. Firstly, let T be the year of death and
denote the probability to survive until age x as

S(x) = 1− F (x) = 1− P (T ≤ x), x ≥ 0 (1)

where F (x) is the distribution of T . Secondly, p(x)
and q(x) are the probabilities that a person aged x
will still be alive at age x + 1 or will die before age
x + 1 respectively. Obviously, the relation between
them is given by:

p(x) = 1− q(x) (2)

where q(x) is called the annual death rate, shortly
the death rate. Thirdly, the hazard rate µ is the
risk of instantaneous death at x:

µ(x) = lim
h↓0

P (T + h ∈ (x, x + h)|T > x)

h
(3)

If we treat F (x) as a differentiable function, one
can show

µ(x) = − d

dx
log S(x) (4)

S(x) = e
−

∫

x

0
µ(s)ds

(5)

p(x) =
S(x + 1)

S(x)
= e

−
∫

x+1

x
µ(s)ds

(6)

Finally, the life expectancy ex is the expected
remaining lifetime of a person aged x, hence the
expectation of T − x. Let ẽx be the discretized life
expectancy, so the expected number of complete
years that a person remains alive. Since the prob-
ability that a person of age x dies at h will be the
probability that this person survives every year till
h-1, and then dies during year h, we can write ẽx

as

ẽx =

∞
∑

h=1

hq(x + h)

h−1
∏

j=0

p(x + j) (7)

.

2.3 Mortality models

To use these death probabilities, we need to model
the mortality. In 1729, the first simple analytical
approach for this was developed by De Moivre. He
proposes that S(x) = 1 − x

w
∀ 0 ≤ x ≤ w, where

w is the highest possible age, determined by the
modeler. This can be rewritten as

µ(x) =
1

w − x
(8)

where µ(x) is defined before in equation 3. Never-
theless, Gompertz models the mortality by a "resis-
tance to death" that decreased exponentially with
respect to age. He calls this his "law of mortality",
given by

µ(x) = Aeσx (9)

where A, σ > 0. He observed various populations
in the 80 and 90 centuries to draw this conclusion,
even populations of other species. He does not state
that the law applies for the entire age range. His
law fits the best at ages that were most important
to insurers [21]. Makeham studied this law. He
finds indeed that the log of the survival probabili-
ties increases at a faster pace at higher ages than
at younger ages for people between 20 and 80 years
old. He finds that the law fits far more closely for
people with diseases in e.g. their lungs, heart, kid-
neys, stomach, liver and brain [45]. In 1867, Make-
ham improves the law to the "Gompertz-Makeham
Act of mortality":

µ(x) = B + Aeσx (10)

where B > 0. B should explain the mortality-
independent risk of dying, such as certain diseases
or accidents [40]. While this gives a better fit for
higher ages and this new law has been used by the
Dutch actuarial society till 1997, a lot of papers
criticize its lack of fit at the oldest ages. For these
ages, the death rates climb dramatically [45]. A
more elaborate model that still uses the exponen-
tial increase in µ(x) is the Thiele (1872) model:

µ(x) = A1e−B1x + A2e− 1
2 B2(x−c)2

+ A3eB3x (11)

where all parameters are constant [57]. The for-
mula shows that it exists of three parts: (1) high
mortality rates for newborns, (2) high mortality

5



rates for ages between 16 and 25 years (observed
in the Netherlands, especially with males), and (3)
the Gompertz term to describe the general mortal-
ity rates that increase with age. This model fits the
Dutch data well and is easily applicable [54].

Forementioned models have in common that they
are only dependent on age and are called the "clas-
sical" models. At January 1st, 2007, the Dutch
government implemented the "Pensioenwet" (Pen-
sion law) and "Financieel Toetsingskader(FTK)"
(Financial assessment framework), including the
rule that pension funds should take into account
longevity risk, the risk that death rates decrease
with respect to time [1]. Therefore, a Dutch ac-
tuary needs a model that takes into account both
the age and the time-improvement of the mortal-
ity. A famous example that fits the Dutch data
well and is used by e.g. the OECD is the Lee-
Carter(LC) model [5]. This models the improve-
ment as a linear decreasing improvement in κt. Re-
search of Coale and Kisker (1990), including good
data at old ages of the Netherlands, shows that
this linear decreasing trend is more likely to be true
than a constant improvement. The even more re-
cent mortality model used by the "Koninklijk Ac-
tuarieel Genootschap" (AG), the actuarial society
of the Netherlands, is the Lee-Li model. We elab-
orate on these models in subsection 2.4 and 2.5
respectively.

2.4 Lee-Carter model

As already mentioned, we use the LC-model to
model the death rates, because it is a generally ac-
cepted technique to model the mortality rates by
both two age-specific factors and one time-specific
factor that captures the decrease in mortality rates
over time. Gregorkiewicz investigates the mortal-
ity rates of the Netherlands by the Lee-Carter(LC)
model too because of its projection quality and
practicality [22]. Similarly, a similar method of
computing the present value of a life annuity by
mortality is applied by Gbari and Denuit (2015).
They use the Lee-Carter model too [20].
The Lee-Carter model is given by the equation:

log m(x, t) = αx + βxκt + ǫx,t (12)

such that
∑

t

κt = 0 and
∑

x βx = 1

The constraints are necessary to find a unique solu-
tion. To see this, note that otherwise, (αx, βx

c
, cκt)

and (αx − cβx, βx, κt + c) , where c ∈ R, will give
the same solutions as (αx, βx, κt). The model ap-
proaches m(x, t), the central death rate, defined by:

m(x, t) =
D(x, t)

E(x, t)
(13)

where E(x, t) is the exposure to risk, the average
amount of people who were living in that age group
during period t. We will explain in 2.7 how we will
approach this m(x, t), namely by the hazard rate.
This is similar to the approach of the "Koninklijk
Actuarieel Genootschap" (AG), see subsection 2.5.
Moreover, ǫx,t is the deviation from the observed
log-central death rate, where ǫ ∼ N(0, σ2

ǫ ).

The idea of the model is that αx represents the
average pattern of mortality at age x. βx repre-
sents the relative sensitivity of the log of the central
death rate of a certain age to changes through time.
These changes in mortality through time are cap-
tured in the variable κt, that represents the general
level of mortality at time t.

A lot of innovations are proposed to the
Lee-Carter model, for example to account for
heteroskedasticity [32] or to make it age-dependent
[52]. However, the original paper constructs the
model by:
(1) estimating α̂x by 1

T

∑

log m(x, t)
(2) estimating κ̂t by

∑

x log m(x, t)− α̂x

(3) estimating β̂x by
d(x,t)

dt
dκ̂t
dt

(4) using Singular Value Decomposi-
tion (SVD) of Y = (log m(x, t) − α̂x);
where SVD(Yx,t) =

∑n
i=1 piUx,iVi,t, where

r = rank(Yx,t), p1 ≥ p2 ≥ ... ≥ pr are ordered
singles values of Yx,t, Ux,i and Vt,i are the left sin-
gular vectors. This SVD-method is used because
ordinary regression methods can not be applied,
since there are no given regressors on the right-side
of equation 12.

2.5 AG version of the Lee-Li model

AG uses the Lee-Li model to model the hazard
rate, used to form the mortality table. They com-
bine data of European countries (to receive more
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data and model the long-term structure because
this is less sensitive to Dutch fluctuations in the
short term) with Dutch data by log µ = log µEU +
log µNL. For the Dutch data, they use the same
hazard rates as we use via the Human Mortality
Database and they also assume the hazard rate is
constant through a year. The log µNL is formed
by the deviation of the log Dutch hazard rate from
the log European hazard rate. Both log µEU and
log µNL are estimated by the Lee-Carter model,
where the estimated variables are given by:

log µEU (x, t) = Ax + BxKt (14)

log µNL(x, t) = αx + βxκt (15)

However, they do not use a Singular Value Decom-
position, but a Poisson log-likelihood maximiza-
tion. This means, that for example for the Nether-
lands, they form log µNL by the maximum likeli-
hood method:

max
αx,βx,κt

T
∏

t=t0

X
∏

x=x0

[(E(x, t)NL ∗ µ(x, t)NL)D(x,t)NL

∗e−E(x,t)NL∗µ(x,t)NL

D(x, t)NL!
]

where T and X are the time of the last observations
and the maximum age, and E(x, t) and D(x, t) are
the exposure to deaths and deaths of age x in year
t [2]. For those two latter variables they use the
computations of the Human Mortality Database,
that in their methods protocol formulates

E(x, t) =

1

2
[N(x, t) + N(x, t + 1)] +

1

6
[DL(x, t)−DU (x, t)] (16)

, where DL(x, t) and DU (x, t) are the amount of
lower/upper-triangle deaths recorded among those
age [x, x + 1] in year t respectively. The word tri-
angle refers to a Lexis triangle: a half Lexis square,
a square formed by t till t + 1 on one axis and x till
x+1 one the other axis. See figure 1 for an example
with three individuals represented by lines, deaths
represented by dots and the dark blue square being
the Lexis square. At time t there was one individual
(a), (b) and (c) entered later than time t. An indi-
vidual leaves the square because the age increases
till an age higher than x + 1 in one year (line a) or

x+1

x

x-1

t-1 t t+1

a

b

c

Figure 1: An example of a Lexis diagram with three
individuals

because it dies (line c). If the individual survives
till t + 1 and is still younger than x + 1 years, it
counts for the population at time t+1 (case b) [61].

The κt of the European data is estimated by a
random walk with drift, the κt of the Dutch data is
estimated by the equation κt+1 = aκt +γt+1. They
estimate the hazard rates by estimating the κts and
then plugging these into the equations log µEU =
Ax +BxKt log µNL = αx +βxκt for Europe and the
Netherlands respectively, and finally adding these
to the total log of the hazard rate [2].

2.6 Two variables

Note that we need to adjust the actuarial mortal-
ity definitions if we include both age and time as
variables. Now, if we let TUDt−x be the time until
death of a person born at time t − x, the hazard
rate is given by

µ(x, t) = lim
h↓0

P (TUDt−x ∈ (x, x + h)|TUDt−x > x)

h
(17)

and the annual survival probability by

p(x, t) = 1− q(x, t) = e
−

∫

x+1

x
µ(t,s)ds

(18)

and the discretized life expectancy by

˜ex,t =

∞
∑

h=1

hq(x + h, t + h)

h−1
∏

j=0

(1− q(x + j, t + j)) (19)

As you can see, the continuous hazard rate is un-
observable, since it only "observes" a very short in-
terval h. Two ways of tackling this problem are
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modeling the probability rates or assuming a con-
stant hazard rate per year. These will be explained
in the next subsection.

2.7 Approaching the central death
rate

We may model the central death rate as Nt−1−Nt

Nt−1
,

hence setting equal to the death probabilities.
However, now changes in the LC-model have to be
made, since death rates are bounded to be between
0 and 1. However, since log Nt−1−Nt

Nt−1
then will be

equal to αx + βxκt, this implies q(x, t) = eαx+βxκt .
And the equation eαx+βxκt can estimate values be-
tween 0 and ∞, while a probability is maximized
at one.

In mathematics, it is common use to make a link-
function to avoid this interval problem. Haber-
man and Renshaw (2008) use a Poisson and Bi-
nomial Lee-Carter model after applying a log-
odds link among others. The Poisson distribution
is more complicated than the Binomial approach
since they have to take into account discreteness of
the amount of deaths. The log-odds link in this case

is given by log η(x, t) = log q(x,t)
1−q(x,t) → q(x, t) =

eη

1+eη where η is the variable to represent the linear
combination of η(x, t) = αx + βxκt. This means
that

eη =
q(x, t)

1− q(x, t)

Now note that by definition the probability to die
within interval δt is equal to µδt, the fraction of
survivors s(kδt) after k periods is computed by
s((k + 1)δt) = s(kδt) ∗ (1 − µδt), s(0) = 1. Then,
s(1) = e−µ [2]. Hence,

p(x, t) = e−µ(x,t) (20)

. Therefore,

eη =
1− e−µ(x,t)

1− (1− e−µ(x,t))
=

1− e−µ(x,t)

e−µ(x,t)

Now we can see that if

µ(x, t)→ 0 then eαx+βxκt → 0

and

µ(x, t)→∞ then eαx+βxκt →∞

This is exactly what we want, since in the Lee-
Carter model the µ(x, t) = eαx+βxκt can vary from
0 to ∞. However, now the (analytical) forecast of
the population will be more difficult since we used a
link-function. In this case, Haberman and Renshaw
(2008) use a binomial log likelihood of the deaths
per year, D(d(x, t), ei(x, t)q(x, t)), where d(x, t) is
the observed amount of deaths and ei(x, t) are the
exposures to death [23].

The second way is setting m(x, t) equal to the
number of deaths of people aged x in year t divided
by the population of age x at midyear t. Now we
do not have the problem anymore of an estimated
value of m(x, t) of larger than one, since the prob-
ability is computed by equation 20. Hence, the
probabilities are bounded by 0 and 1 again. In sub-
section 4.2 we will see that the m(x, t) approached
by the hazard rate happen to be larger than one in
reality in the Netherlands. These appear because
at high ages, there can be a small population left,
so that it can happen that more people die in a year
then there happened to be on average.

Data about the population at the midyear are
rarely available, fortunately Pollard (1973) proved
that the central death rate can be approximated
well by:

m(x, t) = µ(x + 0.5, t) =
D(x, t)

∫ 1

0
S(x + u, t)du

(21)

. Because here the hazard rate is still continuous, to
use it in practice we have to make the assumption
that the hazard rate can be approached by a dis-
crete hazard rate that is constant through a year,
common used in literature about the Lee-Carter
model. This equals

µ(x + ε, t + τ) = µ(x, t) (22)

where 0 ≤ ǫ ≤ 1 and usually 0 ≤ τ ≤ 1 since
yearly data are available. Recall this is only done
for convenience to model the central death rate,
analytically this is not a valid assumption.

After modeling the hazard rate with the Lee-
Carter model, it may be used to compute the prob-
abilities to die with equation 20. According to ap-
pendix A of the AG2014 mortality table, AG mod-
els the hazard rate too with an adjusted model of
the Lee-Li model (see subsection 2.5) instead of di-
rectly modeling the death rates, because the death
rate represents the amount of deaths per year, the
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hazard rate accounts for the amount of deaths per
interval. Hence, by using µ(x, t) instead of q(x, t)
only people that did not die in the beginning of the
year, can die at the end of the year. This would be
more precise [2].

2.8 Analytical approximations

Analytical forecasts of the Lee-Carter model are
rarely possible. As we see in section 6, an exact
expectation of the population cannot be formed
by us. Other researchers also do not succeed in
finding this. Therefore they use comonotonic ap-
proximations, a concept to find upper and lower
bounds of a random vector. By applying comono-
tonicity, the random vector is replaced by a cor-
responding comonotonic distribution. One of the
most recent versions of this application with the
Lee-Carter model is made by Denuit and Dhaene
in 2007 and Denuit in 2008. These are exactly the
methods Gbari and Denuit (2014) use to tackle the
same problem of approaching Nt with the underly-
ing death probabilities forecasted by the LC-model
similar to our approach. They use comonotonic ap-
proximations for q(x, t) and prove upper and lower
bounds for the present value of a life annuity of 1
every year. These upper and lower bounds lie close
to each other so that accurate approximations may
be formed [20].

Comonotonic approaches are usually used if val-
ues are closely dependent. The survival prob-
abilities through consecutive years are obviously
strongly dependent, since the probability that you
die in two years depends on the probability that
you die in one year, and so on. A random vector
(X1, ..., Xh) is said to be comonotonic if and only
if there exists a random variable Z and a nonde-
creasing function g1, ..., gh such that (X1, ..., Xh) ∼
(g1(Z), ..., gh(Z)). Denuit and Dhaene (2007)
choose Z ∼ Unif(0, 1) and gi to be the quantile
function: the left-continuous inverse of the dis-
tribution of Xi. Furthermore, Gbari and Denuit
(2014) use the concept of X being smaller than Y
in the increasing convex order: For random vari-
ables X ≤ICX Y if E[g(X)] ≤ E[g(Y )] for all non-
decreasing and convex functions g, provided that
the expectation exists. The idea behind this order
is that X is being less variable then Y, hence Y
forms a robust estimation of X.

They also deal with random vectors instead of

random variables by supermodularity. This super-
modularity is used to express which components
of one vector are "more positively dependent" than
those of another vector [20]. They look at the case
of the annuity where people receive a payment of
one every year and the portfolio of the insurer is
sufficiently large so that we only face longevity risk
instead of both facing longevity and asset return
risk. Furthermore, they assume the portfolio is ho-
mogeneous with respect to the survival probabil-
ities and the sum insured. We will make similar
assumptions in subsection 3.1. They define:

pu(x, T ) = e−eαx+βxE[κT ]+βxσ(κT )∗Z

(23)

where Z ∼ N(0, 1). Furthermore, they define

hP u(x, T ) =

h−1
∏

i=0

pu(x + i, T + i) (24)

and

hLu(x, T ) = (25)
n−1
∑

i=0

✶{U>
∑

i

j=0

(

n
j

)

(hP u(x,T ))j(1−hP u(x,T ))n−j} (26)

where U ∼ Unif(0, 1), h is the amount of steps
forecasted, u refers to the upper bound in the
sense of being more variable and L is the num-
ber of survivors of age x, forecasted at time T+h.
Gbari and Denuit (2014) use the comonotonic
orders between P u(x, T ) and P (x, T ), between

hP u(x, T ) and hP (x, T ) and between hLu(x, T )
and hL(x, T ) to prove that if the present value
V =

∑

x

∑

h≥1 hLxe−df∗h and

V u =
∑

x

∑

h≥1

hLu(x, h)e−rf ∗h (27)

where rf stands for the risk-free rate, that

V ≤ICX V u

Fore more details about the proof, we refer to Gbari
and Denuit (2014). Since we use robust optimiza-
tion, we use this V u to approach the present value
V . We strongly prefer using the exact analytical
forecast for V , but we are not able to find this.
Moreover, Gbari and Denuit (2014) analyze the
lower bound of the present values. They find these
lower bounds lie very close to the upper bounds
[20].
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2.9 Age adjustments

To take into account longevity, actuaries may use
age adjustments of d years, by treating a person of
age x as a person of x − d years old. Then this
person is treated as a younger person and since in
general death rates increase with age, we assume
the person has a longer expected lifetime. There-
fore, longevity is (partly) captured by age adjust-
ments. Note that general death rates do not tend
to increase with age in the "accident hump", de-
scribed in subsection 4.2. However, these low ages
are not relevant in our case. However, since 1 Jan-
uary 2004, for self-invested pensions it is prohibited
to use age adjustments if the pension fund uses a
recent mortality table (MT) to value the pensions
[62]. This change in rules is implemented because
the longevity should be covered by the new MT.
An age adjustment is only allowed to correct for
the difference of using an old MT and a recent one.
Furthermore, by the same law, if available, the most
recent MT should be used. Age adjustments are
still allowed while valuing life annuity obligations
instead of pensions in a pension fund. Life annuities
differ from these pensions legally because they are
held by an insurer, there are different laws for them
and a life annuity can be paid out for a shorter time
in some cases. Since we look at a problem where we
simulate a pension fund, in our problem statement
the fund is not allowed to apply age adjustments.

Examples of pension funds that use age adjust-
ments to try to capture the difference of mortality
between old and new mortality rates are PGGM in
2013, using a MT of 2005 and applying an age ad-
justment of -5/-5 or even -7/-9 for new production
[47], Allianz Life Insurance in 2013, using a MT of
2005 and applying an adjustment of -3/-3 years [3],
and SPNG in 2009, with a MT of 2005 and an ad-
justment -3/-3. [55]. Note that in these examples
the less recent the MT at valuation date, the higher
the age adjustment applied, which seems to make
sense.

Longevity of old mortality tables is difficult to
capture, since for example the GBM-GBV 1995-
2000 is based on the observed deaths in 1995-2000.
The whole death rate developments of the 60-year
old in 1995-2000 will only be covered in GBM-GBV
2020-2025 or even later tables, because the remain-
ing expected lifetime is between 9.2-11.8 / 11.18-
14.12 (M/F of 73-78 years old) in the Netherlands

in 2013 [58]. However, the "Koninklijk Actuarieel
Genootschap" (AG, the actuarial committee of the
Netherlands) forecasts this longevity by using the
Lee-Li model, a model that takes into account this
risk and is explained in subsection 2.5 [2].

2.10 Mortality Experience

Other reasons to apply age adjustments are adverse
selection and socioeconomic statuses. Adverse se-
lection in this case occurs if people who expect to
die young (for example people that have a terminal
disease) will not buy a life insurance that will only
pay out at an old age. Moreover, insurers’ market-
ing, pricing and products are developed to be at-
tractive for certain groups instead of the whole pop-
ulation. The so called socioeconomic status effects
are explained by the fact that both the percent-
age of life insured and the life expectancy tend to
increase with higher socioeconomic status groups.
[38]. The explanation of this fact may be that peo-
ple with a higher income have more money to save
for their pension and they tend to have a healthier
life style.

Hence, by applying only a mortality table and
not being allowed to apply age adjustments, ad-
verse selection and socioeconomic status are not
covered. Dutch pension funds value their pensions
of 2014 with AG2014, that contains the average
death rates of a group representative for the whole
Dutch population. This implies that risk of adverse
selection and socioeconomic status are still present:
The ill and the low socioeconomic status classes are
included in the average death rate research of the
AG.

One way to analyze the impact of these two fac-
tors not covered in the MT is to find out the Mor-
tality Experience (ME) of the fund. This is the
(expected) difference between the mortality within
the whole population and the fund specific popula-
tion, the insureds. The "Besluit Financieel Toets-
ingskader" emphasize these "fund specific assump-
tions" in article 2.3 [34]. It is common to make the
ME adjustments for women and men as both the
insured and the beneficiary (the partner of the in-
sured). Only very large funds have enough data to
make a reliable own ME because they have enough
mortality history in their database. It depends per
company how large their employee database should
be, effected by both the difference in life expectancy
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between the company and the whole Dutch popula-
tion, and the spread of age among their employees.
Towers Watson estimates the necessary data about
80.000 employees per year [42]. They advise smaller
companies to make an ME-analysis together with
companies with similar employee databases, and
advise the smallest companies to use a sector- or
income specific ME.

Usually, ME are lower or equal to one since the
working population represents the (higher) income
population with the lower death probabilities as
mentioned before. Rarely a pension fund decides
to increase its ME. However, sometimes it happens.
Examples are TNO and Philips in 2014 because
they used a "too prudent" ME before [4].

2.11 Market Price of Risk

We use the risk-free rate(rf ) and return of other
assets in our model. Usually the risk-free rate is ap-
proached by a long-term government bond. Dutch
pension funds are not obligated to show their in-
vestments, so we will only look at a few assets that
may appear in a pension fund for explanatory use.
It is common knowledge that large pension funds
invest in real estate, stocks and infrastructure. For
example, PGGM invests 471 billion euros in real
estate and APG [50], the largest pension fund of
the Netherlands, invests 31 % in real estate accord-
ing to their investment report of 2013, and 11% in
infrastructure [6]. Moreover, an increasing amount
is invested by pension funds in sustainable invest-
ments. For example, APG invested in waterpower
in 2014 [59]. On average, 33 % is invested in bonds
by the Dutch pension funds [27].

In our later analyses we come across the Market
Price of Risk (MPoR), also called the Sharpe Ratio
(SR). This ratio is given by

SR =
E[r − rf ]
√

var[r]
(28)

if r is the return of the asset and rf is the return
of the risk-free rate. Unfortunately with only 20
data of the yearly MPoR of 1986-2006 , but with
a significant t-statistics, the MPoR of Dutch pen-
sion funds is about 0.5 for the short term using
the United States short-term interest rate as the
risk-free rate. Using the long-term U.S. interest
rate gives a MPoR of Dutch pension funds of about

0.125. However, this statistic is not significant [27].
It is possible that the long-term MPoR is smaller
than the short-term MPor. A case in which this
might happen is the situation where the long-term
interest rate is decreasing and pension funds invest
in relatively more short-term investments.

The MPoR can be interpreted in two ways.
Firstly, investors can use it to compare different as-
sets: If assets with the same expected return differ
in the MPoR, the investor expects the asset with
the higher MPoR to be more attractive: this asset
has a lower expected variance than the asset with a
lower MPoR. However, the main idea of the MPoR
that we will also use, is that it represents how much
excess return per risk an investor (in our case the
pension fund) demands. We will explain how this
risk can influence the ambiguity factor in our the-
oretical model if it will be implemented.

3 Problem statement

3.1 Description

As mentioned in subsection 2.1, we will apply an ex-
ample described in the paper of Balter and Pelsser
(2015a). In this section we elaborate on our prob-
lem statement.

Balter and Pelsser emphasize that they make a
minimal amount of assumptions. They assume that
the agent of the problem tries to maximize his ex-
pected surplus (the difference between the liability
and the hedgeable asset) and he is allowed to hedge.
This fictive market consists of the market-traded
asset St and the number of survivors Nt. The dif-
ference between their and our approach is that they
assume both securities have a lognormal distribu-
tion and that we do not approach the distribution
of Nt, but from κt, explained in subsection 2.4. We
prefer to approach the same problem as Balter and
Pelsser, but Appendix A explains why we decide
to assume a normal distribution of both St and κt.
With our assumptions we get:

d

[

St

κt

]

=

[

µ
m

]

dt +

[

σ 0
0 s

] [

dWs

dWk

]

Appendix C shows why the normal distributions
have a Brownian Motion equation. Moreover, they
assume there is no causal relation between St and
κt.
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Now, the purpose is to value an insurance that
pays 1 every year to all insureds that are still alive
after age 67. We make a random insured popula-
tion of 100 insureds of all ages between 40 - 66.
Furthermore, for simplicity we assume we have a
closed pension fund. We choose to value ages from
40 years on, since this is an approximation of the
minimum age where people will buy a life insur-
ance.

As you can see, all assumptions except the nor-
mal distribution of the two securities are straight-
forward. We will check this normal distribution as-
sumption in appendix I. This appendix concludes
that this assumption is plausible.

For the problem described in this subsection,
Balter and Pelsser find the optimal hedging solu-
tion if the distributions of St and Nt are lognormal.
However, they define this solution using π, the in-
difference price. Originally in their paper, this is an
unknown function. To find the analytical solution,
they show that if π is monotone increasing in N ,
we can use a PDE and the Feyman-Kaç formula to
form

π(t, S, N) = e−rf (T −t)
E
M[π(T, ST , NT )|Ft](29)

[7]. Here M is the risk-neutral measure as described
in subsection 2.1. They value a life insurance that
only pays 1 at age 67, not every year from age 67 on.
In line with their approach, their M exists of the
market-consistent measure plus the actuarial pru-
dence, the ambiguity around the drift of the incom-
plete market security. Therefore, for the problem
of Balter and Pelsser, they find the corresponding
drifts:

{

rSt

αtNt + βNt

√

k2 − ((µ− r)/σ)2 (30)

Where the St and Nt appear since they assume
a lognormal distribution (see appendix B, then St

and Nt have a Geomtric Brownian motion equa-
tion) and αt and βt are the mean and standard
devation of Nt. Here the ambiguity in the mean is
added by a factor k that satisfies:

k ∈ K = {µ(t, z) + ǫ(t) | ǫ(t)′
∑−1

(t)ǫ(t) ≤ k2} (31)

where z is the vector of St and Nt and ǫ is the drift
adjustment.

In exactly this case, there is a unique analytical
solution for their problem:

π(t, St, Nt) = e−rf (T −t)
E
M[NT |Ft]

= e−rf (T −t) ∗Nt ∗ eα+β

√

k2−(
µ−rf

σ
)2(T −t) (32)

To see this derivation, see appendix A. Note that
the factor (

µ−rf

σ
) in this case is the Market Price

of Risk, mentioned in subsection 2.11.
A similar optimization problem with ambigu-

ity added to the mean, is analyzed by Balter
and Pelsser (2015b). They consider all possible
models too and find according to the Neyman-
Pearson Lemma that the likelihood ratio test is
the most powerful to decide which subset of mod-
els to choose. In our case, this means that they
would test with the likelihood ratio if the model
κt = mdt + sdWk (measure P) is statistically in-
distinguishable from the model κt = mdt + sdWk

(measure Q). If they are, Q belongs to the (closed
convex) set of possible measure models. They prove
that if you set the type I error (probability of incor-
rectly rejecting measure P) equal to the typically
used value of 0.05 and the type II error (probabil-
ity of incorrectly rejecting measure Q) equal to 0.2,
the class of all indistinguishable models for κt are
captured by choosing k = 2.48, even if we allow k
to be stochastic and we restrict the models to be
time-consistent [8].

However, since we do not assume the lognormal
distributions of St and Nt, we cannot use the out-
come of equation 32. Fortunately, we can find the
same equation of the indifference price expressed in
the expectation of Nt, since Balter and Pelsser use
the lognormal distributions only for ease of expo-
sition. Every other function where π is monotone
increasing in Nt can be used[7], because then it is
possible to form the expectation of N . In section
6 we show we are not able to find the analytical
outcome of the expectation, so we use a robust ap-
proximation. After this, we will add the ambiguity
of the drift of κt as in line with the method of Balter
and Pelsser (2015a and 2015b).

3.2 Initial problem statement and
implemented changes

Recall that our goal is to find the expected value of
a life insurance that pays out a payment of 1 every
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Figure 2: Dutch data used for rt and Nt for several years

year to the population of people that are still alive
after age 67. We start with a random population of
100 insureds per age group, the ages of this groups
ranging from 40-66. Since we assume a closed fund
and a maximum age of 99 years, this fund will exist
for a maximum of 59 years. We will apply our data
to the Netherlands.

In all states, we make the same assumptions as in
the last subsection about St and κt and the agent.
Furthermore, we assume that we have no market
frictions such as transaction costs or taxes, the as-
set St is perfectly divisible and we have finitely
many states of nature.

For simplicity, we start our initial state with no
St, only observing κt. The values of it follow from
the Lee-Carter model, modeling the hazard rates.
We approach κt by a normal distribution and esti-
mate its mean and variance. Since the risk-free rate
that we observe is very low at the moment, we use
the constant discount-rate of 3 % in the initial case.
Our goal used to be finding the analytical forecast
so that we could be most precise. Unfortunately,
we do not find an exact solution for this problem.
With equation 23 till equation 27 we make robust
estimates of the present value of the life insurance.

Comparing the initial state with theoretical and
practical adjustments can be important to show
the impact of an age adjustment or the mortal-
ity experience. We can show the effect of not im-
plementing the age adjustment anymore, hence to
show the consequences of prohibiting the age ad-
justments. We can analyze the difference between
implementing an age adjustment or the usual mor-
tality experience table ES-P2: If a fund was not

using a mortality experience, but it was using an
age adjustment, if we see that the effect of both
adjustments is equally large, the mortality experi-
ence may capture the age adjustment of this fund.
Finally, it is interesting to compare the theoreti-
cal adjustments versus the practical adjustments:
if the effect of the practical adjustment is higher,
it may be an adjustment that is too robust. To
compare the initial state to changes in the problem
statement, we form other states implementing one
change at a time. Hence, another state will only
have one deviating from the initial state.

Firstly, section 4 explains what data we use as
input for our model and mentions the first obser-
vations we see regarding these data. Secondly, sec-
tion 5 implements the Lee-Carter model to find the
death probabilities from 1950-2009 on. This sec-
tion also tests the fit of the Lee-Carter model, be-
cause the outcomes (αx, β − x and κt) are used in
our model. It also explains why we do not use re-
estimation of the κt. Appendix E is only for obser-
vational use and shows the effect of a re-estimated
κt in the Lee-Carter model. Thirdly, the model of
the initial state is described in subsection 6.1. After
this it is explained per section how changes are im-
plemented. The first change will be the theoretical
adjustments: using an ambiguity factor of 1.96 and
2.48 explained in section 6.2. The second change
will be the the practical adjustments: implement-
ing longevity risk by using adjustments that can
also be used in practice: an age adjustment of 3
years for both males and females or the Mortal-
ity Experience table ES-P2, explained in subsec-
tion 6.3. The last implemented change will be using

13



both the old yield curve (with the old Ultimate For-
ward Rate (UFR) and the new one with the recent
UFR, explained in subsection 6.4. After this, three
changes are proposed for further reserach to make
the model more realistic: using the mortality ta-
ble AG2014 in the whole model, implementing the
market price of risk by including the fund’s port-
folio, and estimating the meand and variation of
κt only from a subset from the years [1950, 2009].
These changes are explained in subsection 6.5. This
section also shows how we implement a part of the
AG2014 mortality table, namely by the death rates.
Implementing it in the whole model would mean we
would use the κt of this mortality table too, to com-
pute ambiguity and age adjustments as well. The
outcomes of the implemented changes are compared
in section 7.

4 Input

4.1 Sources

The input variables of the model are the risk-free
rate rt, the return on a security in a pension fund
portfolio St and the central death rate µx,t to ap-
proach the distribution of Nt. The risk-free rate
cannot be observed directly since it is continuous,
but indirectly via the price of "risk-free" assets:

p(t) = EQ[e
−

∫

T

t
rt(u)du|Ft], where p(t) is this price.

Fortunately, observing the return on p(t) can be
used as the input for rt. [41]. The best prices to
observe would be the high and low prices of bonds
instead of only closing prices to give the best perfor-
mance [39]. However, these data are not available
for free. Therefore we use the zero rates on the
10-year government bonds from the Deutsche Bun-
desbank (DB). We use data from January 2002 till
June 2015.

For St, we prefer to take the return of assets of
a typical pension fund portfolio. Subsection 2.11
mentions that the portfolio of a large pension fund
likely exists of at least bonds, real estate, infras-
tructure and sustainable investments. Moreover,
usually a portfolio consists partially of bonds. Fur-
thermore, this last mentioned subsection states we
need the Market Price of Risk. Table 4.1 displays
assets, their return and their Market Price of Risk
with three risk-free rates: (1) the last return on
the 10-year government bonds of DB (1 June 2017),

(2) the average return on the 10-year government
bonds of DB between 1-2002 and 6-2015, (3) the
return on the US short-term rate of 0.13% in April
[44], 2015, and (4) the constant risk-free rate of
3 % (yearly, hence adjusted to a monthly return
of 0.25 %). Here we use monthly price data of
FinanceYahoo.com of securities of every category,
namely Wereldhave, STOXX50 EUR, Vestas WS
and Vossloh AG for real estate, bonds, sustainabil-
ity and infrastructure securities respectively. We
determine the average monthly return and the stan-
dard deviation for the period January 2002 till June
/ July 2015. All prices are adjusted for dividends
and splits by this website. With these data we
compare the MPoR, we see that with our approach
of the 10-year government bond, we do only get
a MPoR between [0.125, 0.500] ( the MPoR men-
tioned as the MPoR of pension funds in the Nether-
lands in subsection 2.11) for Wereldhave. However,
we use another time frame: 2002-2015 instead of
1986-2006 that is used in the literature that found
the bounds between 0.125 and 0.500. Using other
risk-free rates does not cause the MPoRs to be in
this set of values for the other assets than Wereld-
have. Because we do not have real data about as-
sets of a pension fund, we use these assets only for
observational use. Subsection 6.2 even mentions
that we set St equal to the risk-free rate to look
at the pure ambiguity factor, not adjusted by the
market price of risk. However, it will show too how
the market price of risk can be implemented if real
data about securities in the pension fund are avail-
able.

We approach the central death rate m(x, t) with
a discrete hazard rate as explained in subsection
2.7, by making the assumption as in equation 22.
www.mortality.org is a widely used website of the
Human Mortality Database (HMD) to find mor-
tality data about this hazard rate. They define
the hazard rate as the "death probability", but de-
fine the exposure to risk as the size of the pop-
ulation at the midyear. In their method protocol
they give the definition of the "death rate" p(x, t) =
DL(x,t)+DU (x,t)

E(x,t) where E(x, t) is the exposure to risk

in age interval [x, x + 1] during year t. Their for-
mulation of E(x, t) is already given in equation 2.5.
Recall that DL(x, t) and DU (x, t) are the amount of
lower/upper-triangle deaths recorded among those
age [x, x + 1] in year t respectively. The word tri-
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Monthly return: 0.10 % 0.28 % 0.13 % 0.25 %
Category Name Return Deviation MPoR last MPoR av. MPoR US MPoR 3%

Real estate Wereldhave 1.23 % 0.047 0.244 0.205 0.237 0.212
Bonds STOXX50 EUR 0.13 % 0.054 0.006 -0.028 - 0.000 -0.022

Sustainability Vestas WS 1.81 % 0.168 0.102 0.091 0.100 0.093
Infrastructure Vossloh AG 0.92 % 0.078 0.105 0.082 0.101 0.086

Table 1: The market price of risk of the chosen assets, with three different risk-free rates.

angle refers to the Lexis triangle explained in sub-
section 2.5 and with figure 1. Unfortunately, the
split of the total deaths in year t in DL and DU is
elaborated and requires a country-specific regres-
sion analysis for the proportion of DL in the to-
tal deaths. HMD assumes the amount of deaths
are distributed uniformly. Data are available from
1850-2009, for ages 0 till 110+. The historical data
from 1850 to 1949 have been harmonized and ad-
justed by the Netherlands Interdisciplinary Demo-
graphic Institute, so they are not observed as the
recent data of 1950-2009 received from Statistics
Netherlands. Moreover, historical data in that pe-
riod is known for outliers around the Spanish-Flu
in 1918 and World War II during 1940-1945. In-
deed, figure 3 shows two spikes in these periods for
both males and females. Finally, the data before
1950 contains 314 empty cells. Moreover, we also
wanted to reproduce the hazard rate using the in-
put of CBS-data to find hazard rates after 2009.
We find the same input data at CBS as HMD uses.
However, because of the linear regressions, the com-
putations become too difficult to reproduce easily.
Because of time constraints, we decide to choose
only the reliable and more stable data from 1950-
2009.

The three differences between HMD and CBS are
their method, time range, and age range. Their
method differs because HMD computes the hazard
rate, CBS computes the mortality rate by

q(x, t) =
#deaths in year t

Size population at 31 December year t

The CBS publishes data till 2013, HMD till 2009,
CBS for ages 0-99, HMD for ages 0-110. However,
mortality probabilities for old ages are very volatile.
Therefore, we assume that the maximum age is 99.
By the data of Nt of the CBS we see in 1950-2013
on average 224 men and 864 women of 100+ ages
are left. We choose to set the maximum age to 99

Figure 3: The hazard rate of a 40-year old of the
Netherlands through time

since those data of HMD will be the most accurate,
but we have to keep in mind that we ignore a small
group of insured (fe)males that are older than 99
years.

Summarized, the returns on governments bonds
and assets are obtained by the websites of DB
and YahooFinance. The hazard rate used for
the Lee-Carter model is obtained by HMD via
www.mortality.org till a maximum age of 99. More-
over, the size of the population and the amount
of deaths are obtained by the CBS. These data
are only used for observations and to show the re-
estimation of κt in appendix E.

4.2 First observations

All classic models mentioned in subsection 2.3 use
an exponential increase in death rates. At first
sight, this seems to fit. In figure 4 we show this
for men and women born in 1970. The y-axis in
this figure has a logarithmic scale, so that a plot-
ted exponential function forms a a 45 ◦ line with
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Figure 4: Showing the fit of exponential increas-
ing death rates. Exponential function is f(x) =
0.0001∗e0.085∗(x+1), a random exponential function

the y-axis. You can see that the mortality with
respect to ages may be estimated by an exponen-
tial function, especially from age 40 on, the age we
choose as the minimum age of insureds.

In section 5 we apply the Lee-Carter model that
computes among others the improvement of death
rates and the average age-specific death rate. In
figure 2 we see that through the years, the male
death rates decrease. To look at the whole sample,
we can arrange a heatmap, this is a colorized two-
dimensional array that reflects the change in under-
lying mortality, hence m(x, t)−m(x, t− 1) ∀x, t =
1, 2, ...T (Hence, in our case, µ(x, t) − µ(x, t −
1) ∀x, t = 1, 2, ...T . Usually time t is on the x-
axis, age x on the y-axis. The heatmap can then
show "period" effects by vertical patterns, year-of-
birth "cohort" effects by diagonal patterns and "age"
effects by horizontal ones.

Appendix F shows the heatmaps for men and
women from age 40 on, the age range that we will
study, see the problem statement in section 3.1. As
you can see in the legend, the greener the cell, the
more improvement in the death rate for that age
and year. The first observation is that the improve-
ment in the death rates are different among men
and women. Therefore, it may be a good idea to
model both men and women separately. Further,
most improvement is present for males from about
1990 on. Finally, we also see that there still are
increases in mortality of 5% till more than 10% in
those years too for some ages. Therefore, we ex-
pect the average improvements in the mortality to
be relatively low, the decreases in mortality com-
pensated by the decreases in it during other years.

Figure 5: Log of µ(x, 2009)

Subsection 2.7 explains the problem that we can-
not approach the hazard rate by a probability rate,
because a hazard rate may be larger than one and
a probability rate is always smaller or equal to one.
HMD is our source of hazard rates. Indeed, we see
that at high ages the hazard rate may happen to be
higher than 1. This occurs 462 times, the largest
hazard rate is 3. However, we only look at ages
lower than or equal to 99. For only these ages in the
time frame [1950,2009] , the maximal hazard rate
equals 0.886957. This may seem a reason to accept
the method to model the death rates instead of the
hazard rates by αx+βxκt, as some researchers seem
to do to have a good fit. However, as explained in
subsection 2.7, even if the estimated α̂x, β̂x, and
κ̂t do not cause an estimation of more than one,
analytically it still can estimate a number larger
than one, for example in the future. Note that this
means modeling the probability rates is analytically
wrong, practically it is not an issue since we expect
κt to be decreasing through time.

Finally, in mortality data often a temporary in-
crease in death rate is observed for adolescent males
around age 20, called the "accident hump". In the
US this spike is not present anymore if deaths from
violence are excluded [29]. In figure 5 we plot-
ted the hazard rates of 2009. Here we can indeed
see such hump for males between ages about 17-25
years. As mentioned in subsection 2.3, the Thiele
model accounts for this hump. The Lee-Carter
model can do this too by αx. However, this is not
relevant for our research, since we will focus on the
ages 40-99.
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Male Female
E[κt] -1.367 -1.6207
σ(κt) 2.865 3.409

Table 2: The mean and standard variation of κt

5 Lee-Carter model

The Lee-Carter model is explained in subsection
2.4. A well-known disadvantage of the model is that
usually there is a correlation across the estimation
errors ε̂x,t = log m(x, t)− log m̂(x, t), where m̂(x, t)
is the estimated central death rate. In subsection
5.2 we will see the errors are indeed correlated, al-
though the model assumes that ǫ ∼ N(0, σ2

ǫ ). If the
autocorrelation is not equal to zero, then the errors
are not statistically independent, i.e. completely
random. However, in appendix B of the original
paper about the Lee-Carter model Lee and Carter
state that extra parameters to describe this inter-
dependence have no significant effects and so do
not tackle this problem because they do not know
how to solve this problem [35]. Since this is out of
the scope of our research, we also do not tackle this
problem. This can be a subject for further research.
In this section, we will implement the Lee-Carter
model without a re-estimation of κt. Consecutively,
we test the fit of the model.

5.1 Implementation

We applied the Lee-Carter model to the Nether-
lands. The resulting estimates for αx, βx and κt

are shown in figure 6. The constraints
∑99

0 βx = 1

and
∑2009

1950 κt = 0 are already implemented in the
algorithm. To check the algorithm, we checked
these constraints and they were true for both men
and women. Furthermore, because the E[κt] and
σ(κt) will be important for our calculations, for
both males and females they are given in table 5.1.

In the original paper of Lee-Carter, Lee and
Carter mention a re-estimation of κt to fit the ac-
tual deaths itself instead of the log of the num-
ber of deaths and get a better within-sample fit
[35]. The advantage of this would be that the es-
timated outcomes of κt are weighted by m(x, t)
and the total deaths. Assigning higher weights to
groups with the most actual deaths and expected
deaths would be good because a larger number of

Figure 6: Parameters of the Lee-Carter model

observations leads to data that are more reliable.
Appendix E shows how our analysis looks like if
the re-estimation is applied. The present value
of the expected payments computed with the re-
estimated κt are lower than without re-estimation.
Most researchers use the re-estimation too with-
out explanation, for example Siu-Hang Li and Wai-
Sum Chan (2005) and Darkiewicz and Hoedemak-
ers (2004). However, if we look at our approach to

estimate β̂x and κ̂t:

(1)Let Y = (log m(x, t)− αx)

(2)Use Singular Value Decomposition to form

Y = U Λ V T

and β̂x =
1

∑99
i=1 ui1

U[1] , κ̂t = λ1

99
∑

i=1

ui1V[1]
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where U[1] is the first column of U , V[1] is the first
column of V , and where λ1 is the largest singular
value. Then, if Y[1] = U[1] ∗ λ1 ∗ V[1], Y satisfies the
property

||Y − Y[1]||2 = Tr[(Y − Y[1])(Y − Y[1])
T ]

= min
X
||Y −X||2

for all X of rank 1 [56], where Tr[A] represents the
trace of matrix A. To see our Ŷ is estimated like
Y[1], note that

Ŷ = β̂xκ̂t =
1

∑99
i=1 ui1

U[1] ∗ λ1

99
∑

i=1

ui1V[1]

= U[1] ∗ λ1 ∗ V[1] = Y[1]

Hence, Ŷ is chosen optimal in a least square sense.
Therefore, we decide not to use the re-estimation
of κt, in contrast to the original Lee-Carter model.

Furthermore, we want to argue why we differ
from other literature in estimating the future death
rates. Appendix G shows that the original paper
of Lee-Carter and other following literature form
the estimates of the future death probabilities by
estimating κt in the analytical way, and then plug
in this value in the equation αx + βxκt since the
αx and βx are constant through time. The origi-
nal Lee-Carter model forecasts the κt by a random
walk with drift, hence an ARIMA(0,1,0) equation
[35]. Plomp (2009) improved the quality of fore-
casts with the LC-model applied to Dutch data by
estimating κt after year 1982 by an ARIMA(2,1,2)
equation [48]. In line with this approach we want
to show how our κt then would look like with a
random walk with drift. The estimates of κt by

E[κT +h|FT ] = κT + h ∗m ± 1.96 ∗ s

are shown in figure 7. In this way, the 95 %-
confidence bounds are shown (since the confidence
intervals widen fast, we show only a 5-year forecast
for explanatory use). However, appendix G shows
as well that this way is analytically not correct.

5.2 Fit of the model

Lee and Carter found a good in-sample fit with
their model [35]. However, the re-estimation of κt

is used by them to get a better fit in real deaths. We
do not use this re-estimation. To test the fit of the

model, we use the R2 coefficient of determination,
both for the whole sample set and per age.

The general formula for the R2 is given by R2 =

1−
∑

i
(yi−ŷi)2

∑

i
(yi−ȳ)2

where yi is the observed value at i,

ŷi is the estimated value at i in the model and ȳ is
the average observed value. In a similar way, we can
form our R2-measure in the following equations:

R
2 = 1 −

∑X

i=1

∑T

j=1
(log µ(i, j) − (α̂i + β̂iκ̂j))2

∑X

i

∑T

j
(log µ(i, j) −

1

T X

∑X

i

∑T

j
log µ(i, j))2

R
2

x = 1 −

∑T

j=1
(log µ(x, j) − (α̂x + β̂xκ̂j))2

∑T

j=1
(log µ(x, j) −

1

T

∑T

j=1
log µ(x, j))2

(33)

where X is the maximum age, in our case 99 years.
R2 measures the fit within the whole sample, R2

x

measures the fit through time for every age. The R2

for the whole space is 0.9946 and 0.9950 for males
and females respectively. R2

x is plotted in figure 8.
Appendix I shows the figures of some residuals of
the fitted model compared to the real values. These
plots are made to check if the R2 is high because
of a good fit or because of both large positive and
large negative errors that cancel each other out.
The appendix concludes that the R2 is reliable for
males and females, but we assume that the subset of
ages we observe are representative for all the ages.

Although the R2 is not a criterium to determine
whether a model is significant enough, a rule of
thumb used is that a R2 coefficient above 0.8 means
the model fits the data well. Therefore, looking
at the graphs, we can argue that he model well
explains the ages 40-60 for males, and it well ex-
plains the ages 40-80 for females. Unfortunately,
after the ages 60 and 85, the R2 decreases fast
for males and females, with values between 0.0439-
0.7825 and -5.5425-0.7070 respectively. Negative
R2 values mean that the observations even fit a
constant line better than the fitted model, so this
means at high ages the model does not fit well.

Finally, subsection 5 mentions the common prob-
lem that the residuals of applying the Lee-Carter
model are correlated. We recognize this problem
too: appendix I shows that the errors are correlated
both between consecutive ages and years. For ex-
ample, for men, if time is assumed as given; 1,101
errors are correlated through ages (of the total of
1,741).
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Figure 7: Analytical forecasts of κt with confidence intervals

Figure 8: R-squared values per age x

6 Projections

Now we have gathered hazard rates from 1950-
2009 and computed the variables of the Lee-Carter
model, we can start our computations. Formula
32 shows the expected price of the life insurance.
If we want to forecast h years ahead, we want to

compute:

π[h, St, κt, T |FT ] =

h
∑

i=1

e−rf (T +i)∗i ∗ E[Ntot(T + i)|FT ]

where Ntot(T + i) represents the total population
at time T+i. Applied to our problem, this equals:

π[κt|F2009] =

99
∑

i=67

59
∑

j=1

e−rf (i)∗i ∗ E[N(i, j)|F2009]

where the population is split in ages. Note that
we estimate the populations with the survivors per
year and age with equation 25. We use this approx-
imation of N(t) since we are not able to find the
analytical solution, see appendix G. And since we
only look at the present value now for a fund in 59
years (closed fund, minimum age of insured of 40,
maximum age of insured of 99) and we do set St

equal to the risk-free rate so that it does not have
an effect on the present value (see subsection 6.2),
we see that only κt and the risk-free rate rf (T + i)
influences the outcomes of our model.

Recall that we start with a random population of
the age groups 40-66 years, 100 insured males per
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group. Furthermore, we assume we have a closed
fund. The minimal age 40 is chosen since this age
group is about the first age group in general that
is known to have a significant life insurance. The
maximal age of this group is 66, this age is chosen
quite arbitrarily. We only do not want to generate
100 insureds for the age group 68-99 because that
people die the most. Hence, we expect to have sig-
nificant more people in a pension fund representing
younger ages. 100 insured does not seem to be a
sufficiently large number. However, the random-
ness is implemented in the model by the amount of
simulations. We aim to make 1,000,000 simulations
with 100 insureds per age group, since this is also
used by Gbari and Denuit (2014). They mention
that simulating 1,000,000 simulations with 1,000 or
even 10,000 insureds gave the same results, multi-
plying the expected values by 10 or 100 [20], which
makes sense with these random populations. More-
over, with 10.000 insureds we did not receive one
solution per day.

With only 100 insureds per age group, we still did
not reach the 1,000,000 simulations for the present
value. Even with the improvements we still receive
a O(n5) efficiency, see appendix J. Per 24 hours
about 300 simulations were made. Therefore, we
stop at 1,000 simulations per used κt. This is be-
cause of time constraints, we realize that these re-
sults cannot give significant results because there
is not enough randomness in Z. Further research
can be done on a more elaborate sample: more
simulations per κt and a variable insureds per age
group, varying from example 100 to 10,000. A large
amount of simulations is needed to receive a normal
and uniformly distributed random variable Z and
U in the algorithm respectively.

We also see that with about 300 simulations, the
standard deviation of the present value is about 30-
60, while we only have 2,700 people that receive a
payment of 1every year from age 67 on. In prac-
tice, these payments will be much higher, so the
standard deviation may also rise significantly. The
standard deviation may become lower if more sim-
ulations are made. However, we do not see a clear
relationship between the number of simulations and
deviation from the mean in table 4 and 3.

In this section, we first look at the algorithms to
compute the present value in the initial state. After
this, ambiguity, age adjustments, and mortality ex-
perience are implemented. They change the values

of κt so that the present value changes. Subsection
6.4 shows the effect of another discount rate than
the constant rate of 3 %. Subsection 6.5 explains
how the AG2014 mortality table, a break in κt and
implementing assets and hence the market price of
risk, can change the model. The changes in this
latter subsection are not implemented yet, this is
only for further research.

6.1 Initial problem statement

Algorithm 1 Computing the expected Present
Value

% First, compute for men
% Initialize
∀x ∈ [40, 66], pop(1, age) = 100;
∀x ∈ [67, 99], pay(age) = 1;
∀x ∈ [40, 99], h ∈ [1, 59]
% Simulate survival probabilities, with m =
E[κt], s = σ(κt)
Computeprobup(m,s)
% Compute amount of survivors
% Assume max age of 99, hence 59 steps
for i = 40 , ..., 99 do

for j=2, ..., (i - 40 + 1) do
pop(i,T+j) = forecastup(i, j, pop(i-1, T+ j-
1))
% pop(i-1, j-1) is the populations that sur-
vived the year before

end for
end for
% Final step, compute the PV
PV =

∑61
i=1

∑99
j=40 pop(i, T + j) ∗ payment(i) ∗

−rf (T + j)
% Same steps for women

This subsection shows the algorithms we build
to compute the expected present value in the ini-
tial state. We use the robust approximations men-
tioned in subsection 2.8. Therefore, the pseudocode
of our forecast is given by algorithm 1. This uses
algorithm 2 and 3 to compute the upper bounds
for the death probabilities and the correspond-
ing amount of survivors, approximated with these
probabilities. Algorithm 1 shows that discounting
is done by e−rf (T +j)∗T . In the initial state we dis-
count with a constant discount rate of 3 %. Subsec-
tion 6.4 will explain that we prefer to discount the
payments through years by the DNB yield curve.
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Algorithm 2 computeprobup(m , s)

% First, compute for men
% Assume maximum age of 99
% Simulate survival probabilities
Let Z be random variable every time, Z ∼
N(0, 1)
for i = 1 , ..., h do

if x + i -1 ≤ 99 then
pu(x, T ) = e−eαx+βx∗(κ2009+(i−1)∗m)+βx∗s∗Z

end if
if x + i -1 > 99 then

pu(x, T ) = 1
end if

end for
∀x ∈ [40, 99],h P u(x, T ) =

∏h−1
i=0 pu(x + i, T + i)

% Same steps for women

Algorithm 3 forecastup(x, h, numsim, Pu(x, T ))

% First, compute for men
% Assume maximum age of 99
Let U be random variable every time
where U ∼ Uniform(0, 1)
% Compute amount of survivors
for i = 0 , ..., numsim-1 do

if U > [
∑i

j=0

(

n
j

)

(hP u(x, T ))j(1−hP u(x, T ))n−j ]
then

hLu(x, T ) =h Lu(x, T ) + 1
end if

end for
Output: hLu(x, T )
% Same steps for women

Figure 9: The upper survival rates for certain ages
in 2009

You can see the present values of males and fe-
males have a large difference. We plot the upper
survival rates, su(x, t) for both males and females
for certain ages, all having that age in 2009, the
last observed year. However, for these ages the
difference was not easy to see in the plot, see fig-
ure 9. Therefore we computed the proportion of
pu

female(x,2009)

pu
male

(x,2009) for certain ages. These proportions

are shown in figure 10. Here we see that for lower
ages the proportion increases through time, with in
the plot a maximum of around 1.18. Note that this
is not a fixed number, since there is a random com-
ponent in the computation. Because of this ran-
domness, we checked 10 plots, and they all had the
same form as in this figure. Hence, the expected
upper survival rates for females are higher than for
males of the same age. This means that the death
rates for females are lower and the expected popu-
lation will be larger through time. The proportion
higher than one is in line with the proportions of the
death rates for 2009 received from the CBS input
data: For ages 40-99, this proportion lies between
1.0001 and 1.0845.

6.2 Theoretical adjustment: adding
ambiguity

Subsection 3.1 explains that ambiguity can be
added by factor k as given in equation 31. This
k adds both ambiguity to the mean of St and κt.
Appendix H concludes that the optimal solution is
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Figure 10: The proportion
pu

female(x,2009)

pu
male

(x,2009) for some
ages

robust if we use the adjusted drifts:

[

rf

E[κt] + s ∗
√

k2 − (
µ−rf

σ
)2

]

Here we use the fact that E[St] = µ by definition.
Hence, the ambiguity is added to the drift of κt by
two factors: the ambiguity factor k and the fac-
tor (

µ−rf

σ
)2. se of ter factor is equal to the Market

Price of Risk (MPoR) mentioned in subsection 2.11.
Since we do not have more information about the
assets pension funds invest in, in the next states we
set St equal to the risk-free rate. Obviously, this
gives a MPoR equal to zero so that we can look
at the influence of only adding ambiguity by factor
k. Subsection 6.5 shows an example of adding am-
biguity if we have one security, different then the
risk-free rate.

To be more specific on the algorithm, the adjust-
ment in the theoretical model is made by adding
the ambiguity factor k times the standard devia-
tion to the mean of κt. Hence, instead of forming

pu(x, T ) = e−eαx+βx∗(κ2009+(i−1)∗m)+βx∗s∗Z

in algorithm 2, we form pu(x, t) by:

pu(x, T ) = e−eαx+βx∗(κ2009+(i−1)∗(m+k∗s))+βx∗s∗Z

and

pu(x, T ) = e−eαx+βx∗(κ2009+(i−1)∗(m−k∗s))+βx∗s∗Z

The old and new means used are written in bold
symbols.

In subsection 3.1 we see that according to Balter
and Pelsser (2015b) the factor k = ±.48 ensures all
optimal models are in this range. The ambiguity
factor k = ±1.96 would be more related to a confi-
dence interval of 95 %. Therefore, we compare both
ambiguity factors to the standard situation where
k = 0. The computed expected present values are
given in tables 3 and 4 with their standard devia-
tions. In section 7 they will be compared to other
adjustments of the initial state.

However, we first note the remarkable observa-
tion that the expected present values of a nega-
tive(positive) drift adjustment of κt form an up-
per(lower) bound of the expected value of V re-
spectively, though the corresponding expected to-
tal populations per year form not. They can lie
below Vk=0 for one year and lie above it for an-
other year. These expected total populations per
year are shown in figure K24 for males. This fig-
ure is put in appendix K since they are very large.
The lower subfigures in this figures shows the issue
of being both below and above Vk=0 for different
years. This happens in the last years, when there
are (almost) only people higher than 67 left. Since
we made only about 350 simulations for the situa-
tions with the mean adjustments of κt, this should
be the randomness in U . At higher ages, there are
not that many people left, so there are not that
much simulations for U . Also the randomness in
Z can have influence with only 350 simulations.
It cannot be because of the other variables, since
αx and βx are the same for all three states and
κt is only remaining either constant, increasing, or
decreasing for Vk=0, Vk=2.48, Vk=1.96, Vk=−1.96, and
Vk=−2.48. For females, less computations are made,
but we see the same pattern. These are also shown
in appendix K in figure K25.

6.3 Practical adjustment: Age ad-
justments and Mortality Experi-
ence

As mentioned in subsection 2.9, age adjustments
and ME may be used to model longevity. In this
section we implement these adjustments.

The age adjustment applied that is most general
is -3 years for both females and males. Hence, the
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death rates of an x aged insured is computed by
the input data of an x−3 male or female. This will
cause the death rates to increase.

In the Netherlands, ESP2 is a widely-used ME to
take into account the difference between the gen-
eral population and the working population. We
apply this by multiplying the death rates of all
x,∈ [0, 99], t ∈ [1950, 2009] by the ME of the cor-
responding age x and gender. Note that the ME is
applied to every year in history, since this is also
done in practice. Furthermore, we assume that we
do not insure co-insureds, so we do not have to take
into account the partner pension.

To be more specific on the ME adjustments of the
algorithm, the only change that has to be made is
that for all t, the death probabilities are multiplied
with an age specific factor, the ME for this age.
That this adjustment is constant through all years
may not be logical, but this is in line with actuar-
ial practice. A difficulty is that we cannot directly
change the death probabilities, because in our algo-
rithm we only compute the hazard rate, and with
the hazard rate we directly compute the survival
rate. Therefore, we have to determine the effect
of an age-specific factor for the death rate on the
survival rate. Theorem 1 shows that the effect of a
factor γ for the death rate, implies that the survival

rate changes with 1−γ(1−p(x,t))
p(x,t) ∀x, t. So if we have

estimated the p(x, t) from the Dutch population by
our algorithm, for the ME-comparison we multiply
these estimated survival rates with this factor to
receive the adjusted rates to use as an input to the
algorithm forecastup, explained in algorithm 3.

Theorem 1. To prove: ∀t, the ME-factor for

p(x, t) equals 1−γ(x)(1−p(x,t))
p(x,t) ∀ x, t.

∀t, we have p(x, t) = 1 − q(x, t) by definition.
Now the ME-factor is in proportion to death rates
of people in the pension fund compared to death
rates of the whole population. Now, let γ(x) be
the ME-factor for an x-aged person in the pension
fund.

If q(x, t) and p(x, t) are the death and sur-
vival rates of the whole population and q̃(x, t) and
p̃(x, t) that of the insureds at the pension fund, by
definition q̃(x, t) = γ(x) ∗ q(x, t) ∀t. Let δ(x) be
the proportion of change in p(x, t) to receive the
adjusted survival rate p̃(x, t) for age x. Now we
have to solve:















q̃(x, t) = γ(x) ∗ q(x, t)
p̃(x, t) = δ(x) ∗ p(x, t)
p̃(x, t) = 1− q̃(x, t)
p(x, t) = 1− q(x, t)

Where all equations are true ∀t. We see immedi-
ately that δ(x) ∗ p(x, t) = 1 − γ(x) ∗ q(x, t). This
implies

δ(x)(1− q(x, t)) = 1− γ(x) ∗ q(x, t)

⇒ δ(x) =
1− γ(x) ∗ (1− p(x, t))

p(x, t)

�

The computed expected present values are given in
tables 3 and 4 with their standard deviations. In
section 7 they will be compared to other adjust-
ments of the initial state.

6.4 Other adjustment: Yield curve

Usually, for pension funds, common used yield
curves are available, made by mathematical mod-
els. A part of this model is using the Ultimate
Forward Rate to make the yield curve less sensitive
to market changes. The Ultimate Forward Rate
represents the risk-free interest rate for long-term
investments, in the Netherlands equal to 20 years.
It used to converge to the rate of 4.2 %, consisting
of a long-term inflation of 2.0% and a real inter-
est rate of 2.2%. However, recently "De Nederland-
sche Bank" (DNB) decreased the Ultimate Forward
Rate, converging to 3,3 %, the 10-year average of
the 20-year forward-rate. This leads to significantly
higher present values than with the old UFR [60].
A pension fund in the Netherlands is obligated to
use this interest [10].

However, because we already computed the
present values before this change in yield curve, in
the other computations we use the risk-free rate by
observing the last zero rate rf (T ) and computing
the future rates by Rf (T + j) = e−rf (T )∗j , where
Rf (T + j) is the discount factor at time T+j. This
is a generally used approach. We use the common
used 3 % for the constant risk-free rate. It can be
questioned whether the 3% rate is too high, since
the last observed zero rate is 1.17 % per year at
July, 1. However, the average zero rate from 2002
on is 3.39 %. The difference in present values is
shown in this subsection.

First we show the difference of the corresponding
discount factors in figure 11. Note that we assume
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Figure 11: Discount factors under different dis-
count rates. The DNB curve used is the yield curve
of 30-6-2015

the discount factor is continuous and therefore com-
puted by e−rf (t)∗t. Hence, with the constant risk-
free rate, rf (T +h) = 3% ∀h ∈ [1, 59]. Further note
that for the two plots with the DNB curve we use
the yield curve per 30 June since 2015 on, and fill
the year 2009-2015 with the constant discount rate
of 3%. This replacement of 2009-2015 is made since
the yield curve only shows the discount factors since
2015. In the figure you can see that plugging in the
yield curve of the DNB per 30 June 2015 gives a
higher discount factor in general. The yield curve
of the DNB per 30 June with the new UFR gives an
even greater increase in the discount factor. Hence,
by using the constant 3 % that is less close to real-
ity for a pension fund then using the yield curve, is
underestimating the present value of V . We have
to keep in mind this fact. Applying the recent yield
curve can give a more reliable model. The different
present values under the different discount rates are
given in table 3 and 4.

6.5 Other adjustments for in the fu-
ture: AG2014, MPoR, break in
κt

We realize that this model may not be close to
reality yet. It can be adjusted to a fund by (1)
adjusting the fund population to the real insured
population of the fund, (2) adjusting the payments
of 1 to the real pension payments and (3) imple-
menting the yield curve of DNB, see subsection
6.4. These adjustments are straightforward to im-

Figure 12: The expected total population under
our mortality rates and AG2014 mortality rates

plement. Moreover, it would be even more realistic
by implementing the assets of the pension fund,
using the AG2014 table or using a subset of κt be-
cause a break in κt may be found. This subsection
explains how the latter adjustments can be imple-
mented in the model. All three can be subjects for
further research.

Pension funds are obligated to use the AG2014
mortality rates. Therefore, it would be more re-
alistic using these death rates instead of our com-
puted death rates by the Lee-Carter model. Un-
fortunately, we were unable to implement the age
adjustments in the AG2014 model since the "Konin-
klijk Actuarieel Genootschap" does not publish κt

through time, only κ2013. Therefore, we cannot
compute the mean and the standard deviation of
their κt. Trying to replicate their approach and
find the Kt (EU) (given by equation 14) and κt

(NL) did not succeed because of time constraints
in combination with a comprehensive computation
of the AG2014 MT, including the factorial of the
amount of deaths that could be larger than 1,000.
The second problem is that in our problem descrip-
tion we only have one asset and one κt, the AG2014
table produces two such time-dependent variables,
named Kt (given by equation 14) and κt. A deci-
sion should be made to which variable(s) the ambi-
guity is added: only κt, only Kt or both variables.

We can compare our initial state to the AG2014
without ambiguity added though. To do this, we
calculate the present value in the initial states with
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our own copmuted death rates, and that of the
AG2014 table. Since the AG2014 computes only
the probabilities from 2014 on, we took one ver-
sion older (the AG2012-2062 table) for the years
2011-2013 and one more older (the AG2010-2060
table) for the year 2010. However, after our re-
search we heard that the AG advises to extrapolate
the AG2014 death rates instead of plugging in rates
of older tables, because a large difference in the in-
sample fit of AG2012-2062 and AG2010-2060 in the
AG2014 MT. Therefore, using the AG2014 with ex-
trapolated values for 2010-2013 can be a subject of
further research. The corresponding expected total
populations per year are shown in figure 12. For
males, the probabilities differ a lot. For females,
only a perceptible difference is present at old ages
for females, when less people are left.
Implementing the assets would mean we use an-
other St as input instead of the risk-free rate. This
means the market price of risk factor in equation
6.2 will not be zero anymore, so the total adjust-
ment of κt will change from κt = E[κt] + s ∗ k to

κt = E[κt] + s ∗
√

k2 − (
µ− rf

σ
)2

. Note that this rf can change through time if the
yield curve of DNB is used instead of the constant
risk-free rate. Furthermore, the ambiguity factor of
2.48 [8] to capture all alternative models is based
on one other asset, so the ambiguity factor may be
change too to cover all alternative models.

If we have a security different from the risk-
free rate, hence a market price of risk larger than
zero, the adjustment on κt will differ under dif-
ferent discount rates. Note that with the yield
curve of DNB instead of the constant discount
rate of 3 %, this means the adjustment will vary
through time. If we plot the positive and negative

(+s ∗
√

k2 − (
µ−rf

σ
)2 versus −s ∗

√

k2 − (
µ−rf

σ
)2)

adjustment against the discount rate, we will form
a circle-formed graph. Note that this is in line with
the k in equation 31 that will always cause a cir-
cular formed graph. An example with the bond
Wereldhave BE is plotted in figure 13. Here we

show the mean of κt = E[κt] + s ∗
√

k2 − (
µ−rf

σ
)2

for male, with k=1.96 and rf = 0.03. Three situa-
tions are marked by a star: the situation of robust
optimization and two situations where the adjust-
ment equals zero. The latter two situations are only

Figure 13: Example of asset Wereldhave BE and κt

including ambiguity with k=1.96 (male) with three
situations: robust optimization under 3 % and two
situations with extreme discount rates and hence
no adjustments to κt

to show in only very extreme cases our model will
not add ambiguity, so that the estimated present
value in the initial state is already robust without
adjustments. The situation of the discount rate of
3 % and the κt = −17.15 represents the κt that we
would use in this example, since robust optimiza-
tion means looking at the worse case: We know the
risk-free rate is 3 %, so we can add or subtract an
adjustment to the mean so that we receive a mean
of 14.41 or −17.15. Knowing that the survival rate

is computed by p(x, t) = e−eαx+βxκt
, we note that:

κt ↑→ αx + βxκt ↑
eαx+βxκt ↑→ −eαx+βxκt ↓

e−eαx+βxκt ↓→ p(x, t) ↓→ N(x, t) ↓

Therefore we have the highest present value with
the lowest κt and robust optimization leads to
choosing the value -17.15 in this example.
Finally, we wonder if we should take another esti-
mation with the mean and standard deviation com-
puted of κt of the subset t ∈ [1950, 2009]. This be-
cause in subsection 4.2 we find that from 1990 on,
there seems to be more improvement. However,
we do not see this break around 1990 in κt in fig-
ure 7 and we cannot find a theoretical background
about a structural break in the Netherlands’ mor-
tality. Note that we see this break though in the
re-estimated κt in appendix E.
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number of simulations E[V ] σ(V ) real estate coverage ratio (%)
(1) AG2014 350 2,508 51 1,997 79.6 %
(2) yield curve DNB UFR new 15 2,414 77 1,997 82.7 %
(3) yield curve DNB UFR old 156 2,377 56 1,997 84.0 %
(4) age adjustment 3 years 230 2,304 42 1,997 86.6 %
(5) ME ESP2 163 2,238 29 1,997 89.2 %
(6) ambiguity, k=-2.48 362 2,058 38 1,997 97.0 %
(7) ambiguity, k=-1.96 350 2,014 58 1,997 99.2 %
(8) initial state 1,200 1,997 46 1,997 100.0 %
(9) ambiguity, k = 1.96 350 1,975 51 1,997 101.0 %
(10) ambiguity, k=2.48 463 1,983 64 1,997 100.7 %

Table 3: The coverage ratio in different states for males. The definition of the real estate is given in
section 7

7 Discussion

By the upper probabilities we approach upper
bound for the amount of survivors. Since we only
look at the simple case where the survivors receive
a payment of 1 monetary unit every year after their
pensionable age 67, the upper bound for the present
value is given by V u =

∑h
i

∑99
i=67 N(x, t) ∗ Rf (t),

where h is the amount of steps forecasted and Rf

is the discount factor in year t, in our case 59 years
since we have a closed fund, a maximum age of 99
and a youngest insured of 40 years at time 2009, the
time of the last observation. N(x, t) is computed
by the upper probabilities hP u(x, T ) This present
value V is computed similarly in algorithm 1, where
the payments are defined as 0 for an x-aged person
if x < 67, 1 if x ≥ 67.

The coverage ratio ("dekkingsgraad" in Dutch)
is defined by real estate

V
. The intuition behind this

coverage ratio is that a pension fund can show how
much money is available to pay the defined benefit
obligations. Here the real estate covers all the es-
tate of the pension fund to pay the benefits to the
insureds. Funds determine the minimal coverage
ratio they want to achieve in their policy report.
To approach our problem as actuaries do, we as-
sume the fund has a coverage ratio of 1 in the ini-
tial state. Recall that by the initial state we mean
approaching the total population by algorithms 1,
2 and 3 with the approximations of the future sur-
vival rates explained in subsection 2.8, discounting
these values with a constant risk-free rate of 3 %
and no age adjustments, mortality experience ad-
justments or adjustments to the mean of κt. We

keep the amount of money that is held by the fund
equal in the other states, but change V in every sit-
uation. For both males and females their coverage
ratios are compared in table 3 and 4 respectively.
All other situations are only one adjustment on the
initial state, so that the effect of one adjustment
can be measured.

The first remarkable observation is that for males
the mortality experience and the age adjustments
have larger effects than the theoretical adjustments
(adding the ambiguity). This may mean that the
ambiguity factor is too small, or the adjustments
too robust. For females, the effect of the theoretical
adjustment is larger. This is what we expected,
since the standard deviation of the κt for females
equals 3.409, while the variance for males equals
2.865.

Secondly, you can see the present values of the
defined benefit obligations differ between males
and females significantly. This may be a counter-
argument against the rule in the Netherlands that
it is illegitimate to ask a different premium to a
male than to a female.

Thirdly, the AG2014 mortality table is closer
to our female death probabilities than for males.
Maybe the males in Europe have significant differ-
ent death probabilities. The Lee-Li model is meant
to model the long-term death probability by the
European data, so this would mean that the Dutch
data only represent the short-term mortality. The
difference may also be caused by the different ap-
proach to model κt.

Fourthly, we see that the effects of the mortality
experience and age adjustments seem to be quite
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number of simulations E[V ] standard deviation capital coverage ratio
(1) yield curve DNB UFR new 15 3,560 54 2,937 82.5 %
(2) yield curve DNB UFR old 15 3,550 53 2,937 82.7 %
(3) ambiguity, k=-2.48 120 3,490 35 2,937 84.1 %
(4) ME ESP2 456 3,396 33 2,937 86.5 %
(5) age adjustment 3 years 349 3,383 33 2,937 86.8 %
(6) ambiguity, k=-1.96 89 3,357 37 2,937 87.5 %
(7) AG2014 15 3,031 48 2,937 96.9 %
(8) initial state 168 2,937 39 2,937 100.0 %
(9) ambiguity, k = 1.96 349 2,707 53 2,937 108.5 %
(10) ambiguity, k=2.48 161 2,690 56 2,937 109.2 %

Table 4: The coverage ratio in different states for females. The definition of the real estate is given in
section 7

similar for both males and females. Hence, if a
pension fund wants to apply the age adjustment
and the AG2014 mortality table but does not apply
the ES-P2 mortality experience, it may apply the
AG2014 mortality table and the ES-P2 mortality
experience, not applying the age adjustment. This
is a relevant remark since using an age adjustment
and the AG2014 mortality table is prohibited in the
Netherlands while the AG2014 is the most recent
mortality table.

Finally, we see that for both females and males,
the difference between using the ambiguity factor
1.96 (just an arbitrary number, chosen because the
construction of the expected survival rate was quite
similar to the moment generating function of a
normal distributed variable and κt is normal dis-
tributed) or 2.48 (used from the paper of Balter and
Pelsser (2015b), capturing all possible martingale
measures that are optimal.), the differences may
be significant, since we now only value a pension of
1, though in real life the pensions are much larger.

Note that all these present values are computed
in the case where there is only the risk-free asset
and a constant discount-rate of 3 %. In subsection
6.2 we see that considering another asset would add
a MPoR factor to the ambiguity, making the ambi-
guity smaller and the subset of the equivalent mar-
tingale measures smaller, decreasing the width of
the range between present values with ambiguity
added. In subsection 6.4 we saw that the present
value will be higher if we use the common used yield
curve instead of a constant discount-rate of 3 %.

8 Conclusion

Our goal was to valuate a small closed pension fund
with 100 insureds per age group at 2009. The age
groups ranged from the ages 40-66. From the pen-
sionable age (67) on, they received a payment of 1
every year if they were still alive. Incomplete mar-
kets are valuated by martingale measures, from all
kinds of martingale measures we used robust opti-
mization of a subset of martingale measures. We
assumed we also had a portfolio with only the risk-
free rate. We investigated the mortality by exam-
ining κt. This is a variable from the Lee-Carter
model, that we used to indirectly compute death
rates by modeling the hazard rate. We used the
Lee-Carter model without a re-estimation of κt,
even while this re-estimation is commonly used by
other papers. However, we concluded this aspect of
the Lee-Carter model is not an analytical right ap-
proach and we saw that the outcomes of the present
value (PV) did not differ a lot for our problem of the
small pension fund with low pensions. However, the
higher(lower) variance of κt for male(female) could
have increased(decreased) the effect of adding am-
biguity.

We wished to make an analytical forecast, but we
did not find the exact analytical outcome. Other
researchers tried to find this analytical forecast too.
Fortunately, the death rates could be used to com-
pute good approximations that form upper bounds
for the survival probabilities. This approach was
used by Gbari Denuit (2014), where they proved
the upper bounds by using comonotonic orders.
They also invented an algorithm to simulate the
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amount of survivors and an upper bound on the
PV of the life insurance that could be applied to
our problem.

By this algorithm, our initial state PV was com-
puted. We compared this valuation to valuating
the life insurance with the survival probabilities de-
ducted mostly from the AG2014 table (2010-2013
from older mortality tables), since pension funds
use this mortality table. Unfortunately, our val-
uation, that is already an upper bound, was a lot
lower than the valuation with the AG2014 probabil-
ities. However, independent of which death prob-
abilities we use, the impact of longevity risk could
still be investigated by our initial model. We just
have to keep in mind that the initial model may
give too low final answers compared to AG2014-
probabilities. The differences could have occurred
because we used upper bounds instead of the real
probabilities, or because the AG2014 uses the Lee-
Li model, that includes European death rates in
the model. We only used Dutch death rates.

We compared the methods in our theoretical
model by adding ambiguity and the methods in
practice. In the theoretical model, Balter and
Pelsser (2015a and 2015a) explained a similar ap-
proach as we have, and proved that adding 2.48 ∗ s
to the mean of κt, where 2.48 is the ambiguity fac-
tor and s is the standard deviation of κt, is a ro-
bust optimal solution to our problem. The ambi-
guity factor may increase if in further research, the
Market Price of Risk will be implemented or more
assets will be included.

Methods in practice are mortality experiences
and age adjustments. The mortality experience is
based on historical data, but usually the history
of another large pension fund and not the pension
fund itself. Age adjustments are quite arbitrary
numbers, but are also used for other risk factors
such as adverse selection and socioeconomic sta-
tuses. Age adjustments are an old practice, since
now they are not allowed to be used anymore by
a pension fund if it uses the most recent (now, the
AG2014) mortality table.

To compare theoretical adjustments and adjust-
ments in practice to take into account ambiguity
and longevity risk, we observed the differences in
present values among age adjustments and ambi-
guity factors. For both males and females, we saw
that the effects of the mortality experience and age
adjustments lied close to each other for both males

and females. Hence, if a pension fund does not ap-
ply the ES-P2 mortality experience but it wants to
apply the age adjustment and the AG2014 mortal-
ity table, it may have a similar effect to implement
the mortality experience and the AG2014 mortality
table. Of course, other mortality experiences can
be used as well.

Furthermore, for males the age adjustments had
larger impacts than ambiguity factors. This may
question the age adjustment of three years: it may
be too robust. For females, the ambiguity factor
k=2.48 gave a higher PV than the age adjustment
of three years. Hence, for females, this age ad-
justment seemed to be robust enough. The im-
pacts differed among females and males because of
the variation in the corresponding κt. Recall that
we used an ambiguity factor of both 1.96 and 2.48
to see if there was a significant difference between
them. For both males and females, this difference
seemed to be significant, even in the case where the
insureds only had a pension of 1. Therefore, we ad-
vise to use the ambiguity factor of 2.48 in further
research.

Apart from our research about risk adjustments,
another remarkable observation of our research was
that the PV of females seemed to be significant
higher than that of males, because of the lower
death rates. This was remarkable since the law
states that females and males cannot be treated dif-
ferently by asking an insured a different premium
based on gender.

Note that for all states except the state with the
new and old yield curve, we used a constant risk-
free rate of 3 %. In real life, pension funds use
the yield curve published by the DNB. We real-
ized that this real yield curve would have given a
higher PV. Also note that we set the maximum age
at 99. We assumed this age because there are not
that many old people and the R2 values of the Lee-
Carter model decreased dramatically at old ages.
However, we have to keep in mind that by this as-
sumption on average 224 men and 864 woman with
an age older than 99 year were ignored. Further-
more, we were aware of the fact that we need to
make 1,000,000 simulations as Gbari and Denuit
(2014) to copy their approach, though even after
improving the algorithm we only made about 300
simulations per day. We also realized that for fe-
males the amount of simulations is lower than the
computations for males. However, for all states af-
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ter making more than 10 simulations, the expected
present values did not change significantly by mak-
ing more simulations.

9 Further research

We try to give an idea of a life insurance valua-
tion at a pension fund and look how this present
value changes if we add ambiguity to the model
that should give the optimal robust solution. This
application model can be improved with our men-
tioned changes : Firstly, it would be a good idea to
look at the death rates used in the AG2014 model.
Why do they differ so much from our upper bounds
of survival rates? Is it because of the upper bounds,
is it because of the influence of the European data?
Or can the AG2014 mortality model be replicated,
to receive the κt and Kt (the "κt of the European
mortality model, given by equation 14) so that it
can be used for the ambiguity model. Note that a
decision has to be made whether to add the ambi-
guity to the κt or the Kt, or both. If the ambiguity
is added to both variables, the expression of the am-
biguity factor has to be rectified. Secondly, more
assets can be added into our problem description.
Now we only use the risk-free asset. Balter and
Pelsser (2015b) mention a way to choose the value
of k such that the subset of martingale measures
can be determined. To see which assets need to
be added to the portfolio, portfolio research can be
done on pension funds. Studying the publications
of "De Nederlandsche Bank" may help, for example
their publication [9]. Furthermore, if more not risk-
free assets are added, the Market Price of Risk is
going to play a role in (most probably) decreasing
the total ambiguity added to the mean. Thirdly,
more simulations can be made. With more simula-
tions the outliers because of the random variables
in the algorithms are excluded. The outliers are
already captured in the ambiguity, so it is good
to make as many computations as possible. To do
this, it may be good to see if the algorithm can be
improved further than we already did. Fourthly,
the population and payments can be made fund-
specific (so not a random number of 100 people
in every age group that receive a pension of 1).
Fifthly, the yield curve should be used instead of a
constant risk-free rate of 3%. Finally, if the pen-
sion fund includes more than 80,000 insureds (the

number advised by Towers Watson), a fund-specific
mortality experience can be computed. This can be
used instead of the generally used ESP2. However,
this experience is generally used, so it may not be
an important improvement of the model. These six
changes would make a better approximation of the
real life situation, because our application model is
still a simplification of reality.

Obviously, if in the future an analytical solu-
tion will be found to the death probabilities, this
method can be used to compute them, instead of
using an upper bound. Furthermore, more research
is becoming available about structural breaks in κt.
If one is proven to be significant for the Nether-
lands, this structural break can be implemented
in the Lee-Carter model. Another improvement of
the Lee-Carter model can be made by tackling the
problem of the correlated errors. To improve the
Lee-Carter even more, the maximum age may be
increased to investigate the effect: it may either
give a better fit because people older than 99 are
not ignored, or it may give a worse fit because of the
unreliability of the small amounts of data of death
rates at high ages. To improve our forecast with
the AG2014 mortality rates, we can extrapolate the
death rates for 2009-2013 as the AG recommends,
instead of using the older mortality tables. Finally,
every other time-dependent variable that is linked
to the amount of survivors can be used. It may
be investigated if for example approaching the Nt

directly gives different solutions for the expected
value of the life insurance than modeling κt.

The last subject for further research is that this
incomplete market valuation can be compared to
other incomplete market valuations.
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Appendix A Approaching the (non)traded assets with lognor-
mal distributions

At the begin of our research, we tried to approach the problem statement similarly to the problem in
subsection 3.1. This means that we assusmed both the nontraded and the traded asset have a lognormal
distribution, so that

d

[

St

Nt

]

=

[

µSt

αNt

]

dt +

[

σSt 0
0 βNt

] [

dWs

dWn

]

However, in our approach we start with determining St and Nt by the mean and the standard deviation
of St and the Lee-Carter model, described in section 5. Initially, we wanted to use the Ho-Lee model for
determining the distribution of St. The equation of the Ho-Lee model is a Brownian motion, this implies
directly that St is given by a normal distribution. Furthermore, log m(x, t) is a linear transformation of
κt, that we assume to be random walk with drift, hence normal distributed. Therefore, log m(x, t) ∼
Normal, hence m(x, t) ∼ Lognormal. However, then we have to find the distribution of Nt. Note that
Nt+1 = e−(αx+βxκt)Nt. Therefore, by substitution, the population after h years:

NT +h = N(x, T ) ∗
h−1
∏

i=0

e−(αx+i+βx+iκT +i)

where again the power of e is a normal distribution, hence, Nt−1 is lognormal distributed an the
parameters can be estimated more easily than in the case with (1−m(x, t)).

We do not know how to compute the distribution of Nt by knowing only the αx, βx and κt for all x
and all t ∈ [1950, 2009].

Another approach to find the distribution of Nt by the mortality is using an affine mortality model.
Schrager (2006) applies the affine mortality Thiele model to the Dutch mortality data. His model fits
the Dutch data well [54]. However, this model contains only age as an input, so the improvement in
mortality through time can not be modeled in this model. Furthermore, Schrager mentions his approach
is comprehensive to implement because of the Kalman filter.

Independent of the mortality model that we use, we will formulate our model as a state-space model.
This means that we can apply the Kalman filter if we want to make a projection of the mortality. This
filter first produces estimates that contain noise and their inaccuracies, and then weights these estimates
relative to their certainty. This projection minimizes the covariance of the error terms and tends to
produce more precise projections than those based on only a single measurement [30]. This filter is often
used in econometric fields and so for mortality projections. For example Hári et all (2008) that applied
this technique to Dutch mortality data after applying the Lee-Carter model. Hence, the technique is
also used in the three-dimensional (with both time and age) case, although this will be more complicated
than if we only look at the ages. Koopman and Durbin (2000) define an improved Kalman filter for
larger state spaces to make the technique faster and numerically robust.
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Appendix B Lognormal distribution and its GBM

We will show that a Geometric Brownian Motion is lognormal distributed, and how to derive equation
32.
Let St be the traded asset. Consider the Geometric Brownian Motion - process dS(t) = µS(t)dt +
σS(t)dW (t) where W (t) is a Wiener process.
Ito’s Lemma states: if dX(t) = µtdt + σtdW (t) and f(t, x) is a twice differentiable function, df =

( df
dt

+ df
dx

µt + d2

dx2
σ2

2 )dt + df
dx

σ2dW (t)
Using Ito’s Lemma with f = log(S(t)), we find:

d log S(t) = (
µS(t)

S(t)
+

σ2(S(t))2

2
− 1

(S(t))2
)dt +

σS(T )

S(t)
dW (t)

⇒ d log S(t) = (µ− σ2

2
)dt + σdW (t)

Let µ̃ = µ− σ2

2 . Then:

log S(t) ∼ N(µ̃t, σ2t)(see appendix C)
∫ t

0

log S(u)du =

∫ t

0

(µ− σ2

2
)dt +

∫ t

0

σdW (u)du

⇒ S(t) = S(0) ∗ e(µ− σ2

2 )t+σW (t)

A random variable X(t) is lognormal distributed if log(X(t) is normal distributed. Hence, S(t) ∼
lognormal.

To find the expectation and variation of S(t), note that log S(t) ∼ Normal. Let y(t) = log S(t), hence

y(t) ∼ N(µ̃t, σ2t), where µ̃ = µ− σ2

2 . Further, S(t) = ey(t). Hence,

E[S(t)] = S(0) ∗ E[e(µ− σ2

2 )t+σW (t)] = S(0) ∗ E[ey(t)] = S(0) ∗My(t)(1)

where My(t)(s) = E[esy(t)] = eµts+ σ2ts2

2 is the moment generating function (MGF) of the normal dis-
tributed y(t).

⇒ E[S(t)] = S(0) ∗ eµ̃t+ σ2

2 = S(0) ∗ e(µ− σ2

2 )t+ σ2t
2 = S(0) ∗ eµt

Moreover,

E[(S(t))2] = E[S(0)2e2(µ− σ2

2 )t+2σW (t)] = S(0)2
E[e2y(t)] = S(0)2My(t)(2)

= S(0)2e2µ̃t+2σ2t = S(0)2e2(µ− σ2

2 )t+2σ2t = S(0)2e2µt+σ2t

Hence,

var(S(t)) = E[(S(t))2]− (E[S])2 = S(0)2e2µt+σ2t − S(0)2e2µt = S(0)2e2µt(eσ2t−1)

⇒ S(t) ∼ lognormal(S(0)eµt, S(0)2e2µt(eσ2t − 1))

Further, note that S(t + h) given S(t) only depends on the future increment :

S(t + h) = S(0)eS(t+h) = S(0)eS(t)+S(t+h)−S(t) = S(0)eS(t)eS(t+h)−S(t) = S(t)eS(t+h)−S(t)
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Since S(t) has independent increments, the future and the past are independent of each other, which
implies S(t) is a Marckov Chain Process.

Therefore, E[S(t)] = S(0)eµt implies that E[S(T )|Ft] = S(t)eµ(T −t). Plugging in the µ of the S(t) will
give equation 32, repeated here:

π(t, St, Nt) = e−rf (T −t)
E
M[NT |Ft] = e−rf (T −t) ∗Nt ∗ eα+β

√

k2−(
µ−rf

σ
)2(T −t)
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Appendix C Normal distribution and its BM

First consider the definition of a Wiener Process. Then we will show that a Brownian motion with drift
has a normal distribution. This fact will be used in appendix B and the equation of the Ho-Lee model
in appendix D.

A Wiener process W (t) (standard Brownian Motion) is a stochastic process with the following
properties:
(1) W (0) = 0
(2) non overlapping increments are independent: ∀ 0 ≤ t < T ≤ s < S, W (T )−W (t) and W (S)−W (s)
are independent random variables(RV).
(3) ∀ 0 ≤ t < s the increment W (s)−W (t) is a normal RV with zero mean and variance s− t.
(4) ∀ w ∈ Ω, path t 7−→W (t)(Ω) is a continuous function.
Therefore, for each t > 0 the RV W (t) = W (t) −W (0) is increasing in [0, t]: it is normal distributed

with zero mean and variance t and density f(t, x) = 1√
2πt

e− x2

2t [31].

Let rt be the traded asset. Now consider the Brownian Motion-process with drift, dr(t) = θdt+σdW (t).
Note that

⇒
∫ t

0

dr(u)du =

∫ t

0

θdu +

∫ t

0

σdW (u)du⇒ r(t)− r(0) = θt + σ

∫ t

0

dW (u)du

⇒ r(t) = r(0) + θt + σ(W (t)−W (0))

⇒ r(t) = r(0) + θt + σW (t) (sinceW (t) = W (t)−W (0)by definition.)

Since W (t) is normal distributed, r(t) is linear transformation of a normal distributed random
variable. Hence, r(t) is normally distributed itself.

Further, note that E[r(t)] = r(0) + θt + σE[W (t)], where E[W (t)] = 0 by definition.

⇒ E[r(t)] = r(0) + θt

Further,

Var[r(t)] = Var[r(0) + θt] + Var[σW (t)] = 0 + σ2Var[W (t)] = σ2 ∗ t (since Var[W (t)] = t by definition)

Hence, rt ∼ N(r(0) + θt, σ2t)
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Appendix D Ho-Lee model

This appendix is only to show our work done. We explain the Ho-Lee model and the outcomes we find
for the estimators. Unfortunately, the Ho-Lee model appears to be unnecessary for our research.

We wanted to use the Ho-Lee model for the estimates of the risk-free rate and the return on securities.
This is an arbitrage exogenous free term structure model, so the distribution of the bond prices and
bond price processes are given. The parameters of the model are endogenous. Taking the structure
as given ensures an arbitrage free rate [26]. Originally, Ho and Lee (1986) approached the rate with a
binomial model, where they assume the rate could go either up or down. In the continuous time lite
case, their model is given by drt = btdt + σtdWt, so then the interest is given by a Brownian Motion
with drift bt and volatility σt.

However, we make the assumption that bt and σt are independent of time. This is not true in real
life. However, a constant volatility and drift are widely used because of its analytical simplicity. To
tackle the time-independent aspect, we can add sliding windows or GARCH-type models, but this is
not in scope of this work, since we focus on adding ambiguity in the model of mortality. Moreover,
even intra-day volatility periodicities occur within term structure rates [51], so this is a complicated task.

Hence, we assume that the risk-free bonds and the securities follow the constant-volatility and constant-
drift continuous Ho-Lee model, which is given by:

dr(t) = bdt + σdW (t) (34)

. Note that we model the difference of zero rates or return of the securities. So we can estimate changes
in returns with this model.

The advantage of this model is that it assumes the whole term structure follows a random progress,
a lot of models are based on this model and it is a simple model. However, the disadvantage is that the
model does not impose mean-reversion because of the drift component b. This is a financial assumption
that is often made, stating that a stock’s price will tend to move to the average price over time.
Furthermore, the volatility specification does not impose a barrier at zero. However, we do not derive a
negative volatility in our research.

Now we explain how to find the MLE-estimators in the equation 34
So we consider the equation drt = θdt + σdWt. In appendix C we saw that rt ∼ N(r(0) + θt, σ2t).It’s
density is therefore:

f(t, y) =
1

σ
√

2πt
exp(− (y − y0 − θt)2

2σ2t
)

Let L(θ, σ|y1, ..., yn) denote the log likelihood function. Since X is independent of w(ti−1) and w(ti) and
w(ti−1) are independent:

L(θ, σ|y1, ..., yn) =

n
∑

i=1

log[
1√

σ22πt
] +

n
∑

i=1

log[exp(− (yi − y0 − θt)2

2σ2t
]

=

n
∑

i=1

log
1√

σ22πt
−

n
∑

i=1

(yi − y0 − θt)2

2σ2t

Further, let Y be the observations and let X(t) = Y (t)−Y (0). Note that X(t) = X(ti−1)+θ(ti− ti−1)+
σ(w(ti)−w(ti−1)), so given X(ti−1), X(ti) is a Markov Chain Process, Gaussian with mean θ(ti − ti−1)
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and variance σ2(ti − ti−1). Therefore we can write the log likelihood as:

L(θ, σ|y1, ..., yn) =

n
∑

i=1

log[
1

√

σ2(ti − ti−1)2π
]−

n
∑

i=1

(yi − yi−1 − θ(ti − ti−1))2

2σ2(t1 − ti−1)

Since we take steps of 1 year, ti − ti−1 = 1 ∀n ≥ i ≤ 1.

⇒ L(θ, v|y1, ..., yn) =

n
∑

i=1

log(
1√

σ22π
)−

n
∑

i=1

(Yi − Yi−1 − θ)2

2σ2

By taking the derivative of the loglikelihoodfunction and setting these equal to zero:

dL

dθ
=

n
∑

i=1

1

2σ2
∗ 2(Yi − Yi−1 − θ) ∗ −1 = 0

⇒
n

∑

i=1

Yi − Yi−1 =

n
∑

i=1

θ ⇒ θ̂ =

∑n
i=1 Yi − Yi−1

n

dL

dσ
=

n
∑

i=1

1
1√
2πσ

∗ − 1√
2πσ2

∗ 1

σ2
−

∑

(Yi − Yi−1 − θ)2

2
∗ − 2

σ3
= 0

⇒ −n

σ
+

∑

(Yi − Yi−1 − θ)2

σ3
= 0

⇒ σ̂2 =

∑n
i=1 (Yi − Yi−1 − θ̂)2

n

Hence, the MLE-estimators in the Ho-Lee model are are

θ̂ =

∑n
i=1 Yi − Yi−1

n
, σ̂ =

√

∑n
i=1 (Yi − Yi−1 − θ̂)2

n
(35)

We estimate the parameters of the Ho-Lee model by this MLE-estimators. The estimators for the
change in returns are given in table D. Note the difference with tabel 4.1, which displays the results if
we model dSt = θdt + σdW (t) instead of d(St − St−1) = θdt + σdW (t) as in the Ho-Lee model. Also
for computing the Market Price of Risk tabel 4.1 uses the expected return of the zero rates, not the
expected change in the return of the zero rates as in tabel D. The values in table 4.1 are exactly the
values we need for the risk-free rate and the estimators to compute the Market Price of Risk. Therefore,
the Ho-Lee model becomes unnecessary in our research and we put our work done in this appendix.

Category security Name θ̂ σ̂
risk-free rate 10-y DNB gov. bond -0.0002528 0.0000035
Real estate Wereldhave 0.0000596 0.0679921

Bonds STOXX50 EUR -0.0000542 0.0725475
Sustainability Vestas WS -0.0003562 0.2265868
Infrastructure Vossloh AG 0.0004042 0.1166098

Table D5: The MLE-estimators of the Ho-Lee model
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Appendix E Re-estimation of κt

In the original Lee-Carter model, re-estimation of κt is applied by setting the amount of expected deaths
equal to the actual deaths. This means that we want to find κt so that

99
∑

x=0

D(x, t) =

99
∑

x=0

[N(x, t) ∗m(x, t)] ∀t ∈ [1950, 2009] (36)

Where D(x, t) is the amount of deaths of x-aged in year t. We now need two additional data sets, D(x, t)
and N(x, t). Fortunately, CBS supplied these data for ages 0-99 years and the years 1950-2013. The
amount N(99, t) in the data is the size of the population of 99 years and older.
The κt is re-estimated by an iterative search method algorithm [35], see algorithm 4.

Algorithm 4 Re-estimate κt

Initialize
κnew(t) = κ(t) ∀t
ǫ← 0.01
% Change κt till equality
for t=1950, 1951, ..., 2013 do

while round(
∑99

x=0 D(x, t))! = round(
∑99

x=0 eαx+βxκt) do

if round(
∑99

x=0 D(x, t)) < round(
∑99

x=0 eαx+βxκt) then
Here round2 is a function that rounds at 3 decimals
if round2(κnew(t)) = 0 then

κnew(t)) = κnew(t)− ǫ
end if
if round2(κnew(t)) > 0 then

κnew(t)) = κnew(t) ∗ (1− ǫ)
end if
if round2(κnew(t)) < 0 then

κnew(t)) = κnew(t) ∗ (1 + ǫ)
end if

end if
if round(

∑99
x=0 D(x, t)) > round(

∑99
x=0 eαx+βxκt) then

if round2(κnew(t)) = 0 then
κnew(t)) = κnew(t) + ǫ

end if
if round2(κnew(t)) > 0 then

κnew(t)) = κnew(t) ∗ (1 + ǫ)
end if
if round2(κnew(t)) < 0 then

κnew(t)) = κnew(t) ∗ (1− ǫ)
end if

end if
end while

end for

The plots of the result are shown in figure E14. We can see that, if we want to apply the re-estimated
κt, we can question whether to choose two time frames for κt. Because in the forecasts we assume κt is
given by a random walk with drift. We see this linear trend only from about the 1990s for men, 1970s
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for women. For men, this is the same year showing more improvement in κt then before in the heatmaps
in appendix F.

Figure E14: κt, original and re-estimated version

The variances and means of the κts are shown in table E6. You can see that the variance increases
for males if κt is re-estimated. For females this is not true, the variance even declines. This seems to
be caused by the re-estimated κt having less deviations from the linear trend per age. Furthermore, as
mentioned before, only from about 1990 on κt becomes linear. For females, this happens about year
1970.

κt re-estimated κt

E[κt]male -1.367 -1.098
σ(κt)male 2.865 3.740

E[κt]female -1.6207 -1.8036
σ(κt)female 3.409 2.710

Table E6: Mean and standard deviations (SD) of both the estimated and re-estimated κt (re-est)
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Figure E15: Total population under the initial and the re-estimated κt

We want to find the effect of not using the re-estimation. Because the re-estimation is analytically not
valid, it would be remarkable if a lot of researchers use this way of computing κt and they find a way too
high or low present value of the life insurance. However, we do not find a large difference. Also in figure
E15 there are no perceptible differences between the total populations. Our computed expected present
values turns out to be only a bit lower if we use the re-estimated κt in our algorithms than the original
κt that follows from the Standard Value Decomposition. See table E7. Note that if the payments will
be higher than one, what will definitely be true in practice, and the number of insureds increases, the
differences in present values will be larger.

gender & state number of simulations E[V] SD
Male initial 1,166 1,996 46

Male re-estimated 5 1,969 59
Female 126 2,935 39

Female re-estimated 16 2,953 32

Table E7: Present values of life insurance with the re-estimated κt
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Appendix F Heatmaps

Here we show the heatmaps explained in subsection 4.2. They show the improvement in m(x, t) per year.
Since we only look at (fe)males between 40 and 99 years, only these ages are shown on the heatmap.
For visibility, we split the heatmaps to ages 40-67 and 68-99, the pre-pensionable and pensionable ages
respectively.
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Appendix G Derivation analytical forecast

The following appendix is only to show our work done. Initially, we made a mistake by modeling
m(x, t) = Dt

Nt
= Nt−Nt+1

Nt
= q(x, t) instead of setting m(x, t) equal to the hazard rate. Subsection 2.7

shows this is an analytically wrong because than the estimated death probabilities can be larger than
one. However, before we did not discover this problem, we tried to make an analytical forecast of the
population in the future, E[NT +h|FT ].

We wanted to derive the distribution of Nt as in appendix A:

NT +h = N(x, T ) ∗
h−1
∏

i=0

e−(αx+i+βx+iκT +i)

Then, the analytical forecast by approaching the expected population would be:

E[

99
∑

x=0

Nx,T +h] = E[
99

∑

x=0

[Nx,0

h−1
∏

i=0

e−(αx+i+βx+iκi)]]

=

99
∑

x=0

[Nx,0E[

h−1
∏

i=0

e−(αx+i+βx+iκi)]]

To note why the product computes for i=0 till h− 1, recall that N(x, t) is the population at the 1st of
January of year t and e−(αx+βxκt) represents the probability to survive during year t, so after the 1st of
January.

We cannot directly write out this expectation. The original paper of Lee-Carter mentions in appendix
B that they forecast the κt and just plug this data into the expectation [35]. Other literature copy this

approach, for example [11] and [36]. This is analytically similar to:
∏t−1

i=0 e−(αx+i+βx+iE[κT +i]). However,

this is not equal to E[
∏t−1

i=0 e−(αx+i+βx+iκT +i)]
We want to show that these two factors do not equal each other. To write out the latter expectation
E[

∏t−1
i=0 e−(αx+i+βx+iκT +i)] , note that dκt = mdt+sdWk by assumption, see subsection 3.1. Appendix C

explains why this implies κt ∼ N(κ0+mt, s2t). Therefore, the moment generating function (mgf) is given

by Mκ(t) = eκ0+mt+ 1
2 σ2

. Furthermore, the mgf is linear and if Y = a + bx, then MY (t) = eat ∗Mx(bt).
Hence,

Mβxκ = eβx(κ0+mt)+ 1
2 σ2β2

x

⇒ E[e−(αx+βxκt)] = e−(αx+βx(κ0+mt))+ 1
2 σ2β2

x .

Note that we already know κT . We do not know the right way to approach the expectation. We try to
start with an example of only three steps (where the first step is at time T, so this is already known).
However, this is already an elaborate equation, including a covariance:

E[

2
∏

i=0

e−(αx+i+βx+iκT +i)] = e−(αx+βxκT ) ∗ E[e−(αx+1+βx+1κT +1)e−(αx+2+βx+2κT +2)]

= e−(αx+βxκT +αx+1+αx+2)
E[e−(βx+1κT +1+βx+2κT +2)]

= e−(αx+βxκT +αx+1+αx+2) ∗ (σ(e−βx+1κT +1 ; e−βx+2κT +2) + e−βx+1(κT +m)+ 1
2 s2β2

x+1 ∗ e−βx+2(κT +2m)+ 1
2 s2β2

x+2)

Where in the last equation we use the moment generating function and we use the fact that σ(X, Y ) =
E[XY ] + E[X]E[Y ]. We do now know how to solve this. A forecast of more than three steps will even
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be more elaborated since the covariance of more than two variables is involved. Therefore, we tried to
use the Tower Property to find the solution. Note that

κT +1 = κT + m + ǫT +1, where ǫt ∼ N(0, s2)

→ κT +2 = κT + m + εT +1 + εT +2

Moreover, similarly to the mgf of κt, we can form Mβxǫt
= e

1
2 s2β2

x Then,

E[

2
∏

i=0

e−(αx+i+βx+iκT +i)] = e−(αx+βxκT ) ∗ E[e−(αx+1+βx+1κT +1)e−(αx+2+βx+2κT +2)]

= e−(αx+βxκT ) ∗ E[E[e−(αx+1+βx+1κT +1)e−(αx+2+βx+2κT +2)|FT +1]](TowerProperty)

= e−(αx+βxκT ) ∗ E[e−(αx+1+βx+1κT +1)e−αx+2E[e−βx+2(κT +m+εT +1+εT +2)|FT +1]]

= e−(αx+βxκT ) ∗ E[e−(αx+1+βx+1κT +1)e−αx+2−βx+2(κT +m+εT +1)
E[e−βx+2ǫT +2 |FT +1]]

= e−(αx+βxκT ) ∗ E[e−(αx+1+βx+1κT +1)e−αx+2−βx+2(κT +m+εT +1)+ 1
2 s2β2

x+2 ]

which gives the same elaborated equation as before. Hence, this also did not help to find the solution. We
summarize the difference of the three-step forecast among (1) the way of other literature with modeling
the death rates and plugging in the expected κt and (2) modeling the death rates with the right approach
that can be analyzed further:

E[

2
∏

i=0

e−(αx+i+βx+iκT +i)]

(1) = e−(αx+βxκT )e−(αx+1+βx+1(κT +m))e−(αx+2+βx+2(κT +2m))

(2)e−(αx+βxκT +αx+1+αx+2) ∗ (σ(e−βx+1κT +1 ; e−βx+2κT +2) + e−βx+1(κT +m)

+
1

2
s2β2

x+1 ∗ e−βx+2(κT +2m)+ 1
2 s2β2

x+2)

Please note that this was the wrong way we tried to approach the expected population. We tried to
model the central death rate by observing death rates, but subsection 2.7 explains this is not a right
approach. Therefore, now we model the central death rate by the hazard rate. With this central death
rate we compute q(x, t) = 1−e−µ(x,t) to compute the expected populations. This means that we compute
the population of the x-aged insureds by

E[NT +h] = N(x, T ) ∗ E[
2

∏

i=0

e−e
αx+i+βx+iκT +i

]

However, we do not find an analytical solution for this. Summarized, the difference of the three-step
forecast among (1) the way of other literature with modeling the hazard rate and plugging in the expected
outcome of κt, (2) modeling the hazard rate and using the upper bound for the death probabilities as
described in subsection 2.8 is given by

E[
2

∏

i=0

e−e
−(αx+i+βx+iκT +i)

]

(1) = e−(eαx+βxκT +e
αx+1+βx+1(κT +m)

+e
αx+2+βx+2(κT +2m)

)

(2) = e−(eαx+βxκT +eαx+1+βx+1(κT +m)+βx+1s∗Z +eαx+2+βx+2(κT +2m)+βx+2s∗Z ) whereZ ∼ N(0, 1)
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Appendix H Derivation lemma of paper Pelsser and Balter
(2015a)

Here we derive the formula to add ambiguity in the mean of a nontraded asset, in our case κt. Pelsser
and Balter (2015a) proof that in our case, if π(t, St, κt) is the indifferent price of an agent that maximizes
the expected surplus of the set of assets minus the liability by the life insurance, under model ambiguity
the ambiguity ensures the optimal solution to be robust for drift adjustments:

ǫ∗ =

[

−qSt

(
∑

κtκt
−

∑

′

Stκt

∑

−1
StSt

∑

Stκt
)h−1πκt

−

∑

′

Stκt

∑

−1
StSt

qSt

]

(37)

where k is defined in formula 31, h =

√

π′

κt
(
∑

κtκt

−

∑

′

Stκt

∑

−1

StSt

∑

Stκt

)πκt

k2
−q′

St

∑

−1

StSt

qSt

and qSt
= µ − rf . rf

refers to the the risk-free rate, and
∑

represents the variance between the variables, hence
∑

StSt
=

σ2,
∑

Stκt
= 0, and

∑

κtκt
= s2 [7]. Plugging in these variables gives:

h =

√

π′

κt
(s2 − 0 ∗ 1

σ2 ∗ 0)πκt

k2 − (µ− rf ) ∗ 1
σ2 ∗ (µ− rf )

=

√

π′

κt
(s2)πκt

k2 − (
µ−rf

σ
)2

and

ǫ∗ =











−µ + rf

(s2 − 0 ∗ 1
σ2 ∗ 0) ∗ 1

√

π
′

κt
(s2)πκt

k2
−(

µ−rf
σ

)2

∗ πκt
− 0 ∗ 1

σ2 ∗ (µ− rf )











=









−µ + rf

s2 ∗
√

k2−(
µ−rf

σ
)2

πκt
∗s2∗π′

κt

∗ πκt









=







−µ + rf

s ∗
√

k2 − (
µ−rf

σ
)2







Where s is the standard deviation of κt, hence the unhedgeable risk. The second part consists of k and
( µ−dfr

σ
)2. The latter is called the market price of risk (MPOR) under St [7], also explained in subsection

2.11.
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Appendix I Residuals of fitted models

In subsection 3.1 we assume that St and κt are normally distributed, this follows from their normal
distributed errors. We want to see if this assumption about their errors is plausible. Therefore, we make
QQ-plots of the observed data of St and the estimated values of κt (since there are no observed data of
κt). The QQ-plots are shown in figure I21.

Figure I21: The QQ-plots of St and κt after applying the LC-model.

We have to keep in mind that fat or thin tails can occur in small samples, while this feature disappears if
the sample size increases. Therefore, since κt an St are based on only 64 and 160 observations respectively,
even with the fat negative and fat positive tails of all three variables, we say that the assumption of the
normal distribution of the variables is acceptable.

Furthermore, in subsection 5.2 we compute the coefficients of determination of the whole set and per
age, R2 and R2

x respectively. This measure can be misleading: a high R2 usually implies a good fit of
the model, but it may be also the case that both large positive and large negative errors cancel each
other out and together lead to a high R2, while the model does not fit the data well. Therefore, we
model the residuals of the estimated values by the Lee-Carter model and the observations, given by
log m(x, t) − log m̂(x, t). Since we have two variables, we show them in two ways: treating the time as
an exogenous variable and the age, see graphs I22 and I23. If we allow residuals through age till 0.011
difference, the residuals of the model look acceptable. The residuals through time become larger than
0.05 around age 90 for both male and female. However, the R2-values for females may not be misleading:
the errors through age for females are all positive, through time the errors of most years are positive.
For males, only the errors through age of the age 70 have a clear opposite sign, however, the negative
errors are not negative enough to compensate the positive errors.

Note that we only look at some arbitrary ages and times, there may be large errors or opposite-signed
errors in the model for other ages and times. However, we assume these example ages and years are
representable for all data.
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Finally, to analyze the correlation in the errors after applying the Lee-Carter model, we use algorithm
5. This algorithm uses a function that returns the correlation between the columns of the input matrix.
Hence, the rows represent the observations. Therefore, we have to apply the algorithm two times, one
time with the age as given, one time with the time as given. The p-values in it are computed by
transforming the correlation to creaste a t-statistic having n − 2 degrees of freedom, where n is the

number of rows of the input matrix X. The outcomes of corr ε̂ are given by corr(i, j) = cov(i,j)
cov(i,i)cov(j,j) .

For males, the algorithm found 1,535 (of 1,741 total combinations of errors) correlated errors if time is
assumed as given. In the case of given ages, 2,349 (of total 5,000) errors are correlated. For females, this
were 1,326 (of 1,741) and 1,178 (of 5,000) correlations respectively.
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Algorithm 5 Compute amount of correlated variables κt

First, for time. Assume age is given
for age = 0 to 99 do

for t=1950, 1951, ..., 2009 do
ε̂(x, t) = log m(x, t)− log m̂(x, t)

end for
end for
corrε̂ = correlation matrix
pval = corresponding p-values of corrε̂
for i=1950, 1951, ..., 2009 do

for j=1950, 1951, ..., 2009 do
if pval[i,j] < 0.05 then

store this row i and column j in a new row in matrix foundcorr
end if

end for
end for
# row = number of rows in foundcorr
number of correlated columns = #rows

2
Same for age, assume time is given.

Appendix J Speeding up algorithm 1

Subsection 6.1 explains that we want to make 1,000,000 simulations to get a research similar to
that of Gbari Denuit (2014). However, the algorithm turns out to be not fast enough to make this
computations within our time constraints. Note that the algorithm complexity of the total computation
is particularly determined by the loop where the amount of survivors is computed. Therefore, we want
to improve the speed of this part:

for i = 40 , ..., 100 do
for j=2, ..., (i - 40 + 1) do

pop(i,T+j) = forecastup(i, j, pop(i-1, T+ j-1))
end for

end for

Where the algorithm forecastup is stated by:

for i = 0 , ..., numsim-1 do
if U > [

∑i

j=0

(

n
j

)

(hP u(x, T ))j(1 −h P u(x, T ))n−j ] then

hLu(x, T ) =h Lu(x, T ) + 1
end if

end for

The equation
∑i

j=0

(

n
j

)

(hP u(x, T ))j(1 −h P u(x, T ))n−j equals the sum of the probability density
functions (pdfs) of the distributed binomial(n, hP u(x, T )) variable. The binomial cdf is known to be
very slow if n increases because of the computation of

(

n
j

)

for large ns. Fortunately, the binomial cdf

can be programmed more efficiently. To see this, we first prove that
(

n
j

)

=
(

n−1
j−1

)

+
(

n−1
j

)

:
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(

n− 1
j − 1

)

+
(

n− 1
j

)

=
(n− 1)!

(j − 1)!(n− 1− (j − 1))!
+

(n− 1)!

j!(n− 1− j)!
=

(n− 1)!

(j − 1)!(n− j)!
+

(n− 1)!

j!(n− 1− j)!

=
(n− 1)! ∗ j

j ∗ (j − 1)!(n− j)!
+

(n− 1)!(n− j)

j!(n− j) ∗ (n− j − 1)!
=

(n− 1)! ∗ j

j! ∗ (n− j)!
+

(n− 1)!(n− j)

j!(n− j)!

=
(n− 1)! ∗ j + (n− 1)!(n− j)

j!(n− j)!
=

(n− 1)! ∗ n

j!(n− j)!
=

n!

j!(n− j)!
=

(n
j

)

�

Further, note that ( n
n

)

= 1, ( n
j

)

= 0 if j > n, and ( n
1

)

= n. Therefore, we can compute the ( n
j

)

as in
table J8.

j
1 0 0 0 0
2 1 0 0 0

n 3 3 1 0 0
4 7 4 1 0
5 10 10 5 1

Table J8: Faster approach to compute ( n
j

)

Hence, we improve the algorithm by computing the ( n
j

)

-part by algorithm binomapprox(n, j), given
by algorithm 6.

Algorithm 6 binomapprox(n, j)

% Initialize
∀n, j, binomapprox(n, j) = 0;
binomapprox(1, 1) = 1, binomapprox(2, 2) = 0
for i=1:n do

binomapprox(i, 1) = i
end for
% Compute ( n

j

)

for i=2:n do
for k=2:j do

binomapprox(i,k) = binomapprox(i-1, k-1) + binomapprox(i-1,k)
end for

end for

Now we reduced the efficiency of the ( n
j

)

-part to a O(n2) running time. Note that now the maximum
running time can be (n2) because of this algorithm, times n because of the sum around it, times n2

because of the loop around it. Hence, the total efficiency of computing the present value is now bounded
by a O(n5) running time. We note that now the algorithm speeds up. Unfortunately, we do not find
other improvements of the algorithm. Now we can make about 300 computations per 24 hours. Further
improvements to algorithm can be subjects for further research.
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Figure K24: The expected total population for different drift adjustments of k ∗ s

Appendix K Comparisons total populations under drift adjust-
ments of κt

Subsection 6.2 mentions that we see a remarkable observation in the expected total populations. Since
the graphs to show this observations are large, we put these figures in this appendix.
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Figure K25: The expected total population for different drift adjustments of k ∗ s
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