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a b s t r a c t

We study the effects of stylized demographic and fiscal shocks on the macroeconomic

performance of an industrialized small open economy. We construct an overlapping-

generations model which incorporates a realistic description of the mortality process.

Agents engage in educational activities at the start of life and thus create human capital

to be used later on in life for production purposes. Simple and intuitive expressions are

derived which demonstrate the key economic and demographic mechanisms that are

operating in the model. The engine of growth during the demographic transition is an

intergenerational externality in the production of human capital. In a calibrated version

of our model, we find that the effects of increased longevity on human capital formation

are small whereas the reduction in fertility has a rather strong effect.

& 2008 Published by Elsevier B.V.

1. Introduction

The western world is ageing rapidly. Since the postwar period, the ageing process can be attributed both to increased

longevity and reduced fertility (Lee, 2003). For example, in the Netherlands, life expectancy at birth rose from 71.5 years in

1950 to 78.5 years in 2000, whilst the annual (crude) birth rate fell from 2.3% to 1.3% of the population. Because infant

mortality stayed relatively constant during that period (at 0.8% of the population), the increase in longevity must be attributed

to reduced adult mortality (Vaupel, 1997). A similar demographic pattern can be observed for most OECD countries.

The objective of this paper is to investigate the effects on the macroeconomic performance of a small open economy of

demographic shocks of the type and magnitude mentioned above. It must be stressed from the outset that we restrict

attention to the study of advanced industrial economies of small size having access to well-functioning markets including
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the world capital market. Our study is thus intended as a contribution to the field of open-economy macroeconomics.1 We

formulate a simple analytical growth model in which finitely lived agents accumulate both physical and human capital. Our

analysis makes use of modeling insights from two main bodies of literature. First, in order to allow for demographic shocks,

we employ the generalized Blanchard-Yaari overlapping-generations model reported in our earlier paper (Heijdra and

Romp, 2008a). In this model disconnected generations are born at each instant and individual agents face a positive and

age-dependent probability of death at each moment in time. By making the mortality rate age-dependent, the model can

be used to investigate changes in adult mortality.2

The second building block of our analysis concerns the engine of growth during the demographic transition and possibly

also in the long run. Following Lucas (1988), we assume that the purposeful accumulation of human capital forms the core

mechanism leading to economic growth. More specifically, like Bils and Klenow (2000), Kalemli-Ozcan et al. (2000), de la Croix

and Licandro (1999) and Boucekkine et al. (2002) we assume that individual agents accumulate human capital by engaging in

full-time educational activities at the start of life. The start-up education period is chosen optimally by each individual and

labor market entry is assumed to be irreversible. Depending on the parameter setting, the human capital production function

(or training function) may include an intergenerational external effect of the ‘shoulders of giants’ variety, as first proposed in an

overlapping generations context by Azariadis and Azariadis and Drazen (1990). With an operative externality, an individual’s

training function depends positively on the economy-wide stock of human capital per worker in that individual’s birth period.

In our model, the strength of the intergenerational spillover is regulated by a single non-negative parameter, f.

Unfortunately, there is no consensus regarding the appropriate magnitude of this f. For example, Kalemli-Ozcan et al.

(2000) abstract from the intergenerational spillover altogether and thus set f ¼ 0. In contrast, Bils and Klenow (2000) set

0ofo1, and thus assume that the externality is operative but subject to diminishing returns. Finally, de la Croix and

Licandro (1999), Boucekkine et al. (2002), Echevarrı́a (2004) and Echevarrı́a and Iza (2006) consider the knife-edge case

with f ¼ 1. In our theoretical model, we generalize the existing literature by allowing the spillover parameter to take on

any value between zero and unity (0pfp1).

Our paper is structured as follows. In Section 2 we present the model and analytically demonstrate its main properties.

A unique solution for the optimal schooling period is derived which depends on fiscal parameters and on the mortality

process. For a given initial level of per capita human capital, the model implies a unique time path for all macroeconomic

variables. Depending on the strength of the intergenerational external effect, the model either displays exogenous growth

(0pfo1) and ultimate convergence to constant per capita variables, or endogenous growth (f ¼ 1) and convergence to a

constant growth rate.

Our model, and indeed the closely related one by Boucekkine et al. (2002), is analytically tractable because the interest

rate is held constant, making the system block recursive. Boucekkine et al. achieve constancy of the interest rate by

assuming that the felicity function is linear, i.e. that the intertemporal substitution elasticity is infinite. Apart from its

empirical implausibility, this assumption has the unattractive implication that individual consumption profiles are

indeterminate. In contrast, we attain tractability by assuming a small open economy facing a constant world interest rate.

This allows us to postulate a concave felicity function, which gives rise to well-defined consumption profiles, both

individually and in the aggregate. Our model thus fully determines unique transition paths for all macroeconomic variables

of interest, including the current account of the balance of payments.

In Section 3 we investigate the effects of once-off demographic changes on the population growth rate, both at impact,

during transition, and in the long run. We estimate the Gompertz–Makeham (G–M) mortality process, employing data for

the Dutch cohorts born in the period 1920–2000, and use it to illustrate the rather complicated (cyclical) adjustment path

resulting from once-off demographic changes. Especially for the cohort-specific mortality shock, convergence toward the

new steady state is extremely slow. Indeed, due to the vintage nature of the population, more than a century passes until

the new demographic steady state is reached.

In Section 4 we study the determinants of the optimal schooling decision in detail. An increase in the educational

subsidy or the labor income tax leads to an increase in the length of the educational period. Similarly, a reduction in adult

mortality also prompts agents to increase the schooling period. In the absence of retirement, such a shock lengthens the

post-school period and increases the pecuniary benefits of schooling. In contrast, a reduction in childmortality has no effect

on the optimal schooling period. Such a shock increases the probability of surviving the schooling period, but has no effect

on the length of the working period. Finally, a baby bust also leaves the optimal schooling period unchanged because it has

no effect on the individual’s optimization problem. Unlike Boucekkine et al. (2002), who use a specific functional form for

the mortality process, we reach our analytical conclusions using a general specification for the mortality process.

Section 5 deals with the exogenous growth model, which, on the basis of the empirical evidence, we consider to be the

most relevant one. Indeed, using the recent empirical study by de la Fuente and Doménech (2006), we argue that a
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1 The recent growth and development literature takes a much longer-run perspective and attempts to model the ‘. . .long transition process, from

thousands of years of Malthusian stagnation through the demographic transition to modern growth’ (Galor and Weil, 2000, p. 806). Clearly, in this

literature, both fertility and mortality rates are endogenous; see the recent survey by Galor (2005). In this paper, we follow the macroeconomic literature

by assuming that the birth rate and the mortality process are exogenous.
2 Other papers including an age-dependent mortality process include Boucekkine et al. (2002), Faruqee (2003) and d’Albis (2007). Boucekkine et al.

(2002) is discussed throughout this paper. Faruqee (2003) analysis is flawed because he confuses the cumulative density function with the mortality rate.

d’Albis (2007) characterizes the steady state in a closed economy setting. Both Faruqee (2003) and d’Albis (2007) only look at steady-state effects.
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plausible value for the intergenerational externality parameter, f, lies between 0.27 and 0.40, i.e. nowhere in the vicinity of

the knife-edge case considered by Boucekkine et al. (2002) and others. The factual evidence points firmly in the direction of

positive but strongly diminishing returns to the intergenerational external effect.3

In Section 5 we also study the (impact, transitional, and long-run) effects of fiscal and demographic changes on per capita

human capital and the other macroeconomic variables. A positive fiscal impulse leads to an increase in the per capita stock of

human capital but leaves the steady-state growth rate of the macro-variables in level terms unchanged (and equal to the

steady-state population growth rate). Furthermore, a reduction in the birth rate and an increase in longevity (due to reduced

adult mortality) both increase the steady-state per capita human capital stock but have opposite effects on the population

growth rate. Using a plausible calibration of the model, we demonstrate that the effects of the baby bust on human capital and

the labor force participation rate are quantitatively significant. In stark contrast, even a rather large longevity shock hardly

affects these variables at all. The effect is much larger for the baby bust because the drop in the population growth rate reduces

required human capital investment (i.e. human capital investment that is needed to endow each newborn worker with the

same amount of this type of capital). In contrast, for the longevity boost, the schooling effect increases human capital per

worker but the slight increase in the population growth rate decreases it somewhat, rendering the total effect small.

In our numerical analysis we extend the literature in that we are able to compute the transitional dynamics also for

shocks affecting the optimal schooling period (such as the fiscal and longevity shocks). In contrast, Boucekkine et al. (2002,

pp. 363–365), only show the adjustment path in the (endogenous) growth rate following a drop in the birth rate. Such a

shock leaves the optimal schooling period unchanged, so that all transitional dynamics is entirely attributable to changes in

the growth rate of the population. In our model we find that, for all shocks considered, the transitional adjustment is rather

slow and often non-monotonic.

In Section 6 we present some concluding thoughts and give some suggestions for future research. A brief appendix

contains the key mathematical derivations.

2. The model

2.1. People

2.1.1. Individual plans

At time t, an individual born at time v (vpt) has the following (remaining) lifetime utility function:

Lðv; tÞ � eMðt�vÞ

Z 1

t

U½c̄ðv; tÞ�e�½yðt�tÞþMðt�vÞ� dt, (1)

where U½�� is the felicity function, c̄ðv; tÞ is consumption (bars denote individual variables), y is the constant pure rate of

time preference (y40), and e�Mðt�vÞ is the probability that the agent is still alive at time t. The cumulative mortality rate,

Mðt� vÞ, is defined as:

Mðt� vÞ �

Z t�v

0
mðaÞda, (2)

where mðaÞ is the instantaneous mortality rate of an agent of age a. As was pointed out by Yaari (1965), future felicity is

discounted not only because of pure time preference (as y40) but also because of lifetime uncertainty (as Mðt� vÞ40 for

t4v). The felicity function is iso-elastic:

U½c̄ðv; tÞ� ¼

c̄ðv; tÞ1�1=s � 1

1� 1=s
for sa1

ln c̄ðv; tÞ for s ¼ 1

8
><

>:
(3)

where s is the constant intertemporal substitution elasticity (s40).

The budget identity is given by:

_̄aðv; tÞ ¼ ½r þmðt� vÞ�āðv; tÞ þ w̄ðv; tÞ � ḡðv; tÞ � c̄ðv; tÞ, (4)

where āðv; tÞ is real financial wealth, r is the constant world interest rate, w̄ðv; tÞ is wage income, and ḡðv; tÞ is total tax

payments (see below). As usual, a dot above a variable denotes that variable’s time rate of change, e.g. _̄aðv; tÞ � dāðv; tÞ=dt.
Following Yaari (1965) and Blanchard (1985), we postulate the existence of a perfectly competitive life insurance sector

which offers actuarially fair annuity contracts to the agents.4 Since someone’s age is directly observable, the annuity rate of
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3 For reasons of space, we discuss the endogenous growth version of the model in Heijdra and Romp (2008b).
4 We defend our perfect annuity assumption on two grounds. First, much of the literature adopts this assumption. Assuming imperfect annuities

would make our paper difficult to relate to existing work. Second, as Cannon and Tonks (2006, p. 5) argue, annuities are less than actuarially fair but not

outrageously so. They cite ‘money’s worth’ ratios in the range of 0.85–1.05. Of course there is such a thing called the ‘annuity puzzle.’ Voluntary annuity

demand is quite low despite the fact that annuities are theoretically very attractive. But this puzzle cannot be explained with the standard expected utility

approach upon which our model (and much of the literature we contribute to) is based. See Heijdra and Romp (2008b) for a version of our model with

imperfect annuities.
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interest faced by an individual of age t� v is equal to the sum of the world interest rate and the instantaneous mortality

rate of that person. In order to avoid having to deal with a taxonomy of different cases, we restrict attention to the case of a

nation populated by patient agents, i.e. rXy. Financial wealth can be held in the form of claims on domestic capital, v̄ðv; tÞ,
domestic government bonds, d̄ðv; tÞ, or net foreign assets, f̄ ðv; tÞ.

āðv; tÞ � v̄ðv; tÞ þ d̄ðv; tÞ þ f̄ ðv; tÞ. (5)

These assets are perfect substitutes in the agents’ investment portfolios and thus attract the same rate of return.

The agent engages in full time schooling during the early stages of life and works full time thereafter.5 The training

function is given by6:

h̄ðv; tÞ ¼
0 for vptpvþ eðvÞ;

AHhðvÞ
feðvÞ for t4vþ eðvÞ;

(
0pfp1, (6)

where h̄ðv; tÞ is the human capital of the agent, AH is an exogenous productivity index, hðvÞ is economy-wide human capital

at time v (expressed in per capita terms; see below), f is a parameter regulating the strength of the intergenerational

external effect in knowledge creation (‘standing on the shoulders of previous generations’), and eðvÞ is the length of the

schooling period chosen by an agent born at time v. Special cases of (6) were used by de la Croix and Licandro (1999, p. 257)

and Boucekkine et al. (2002, p. 347), who set f ¼ 1, and by Kalemli-Ozcan et al. (2000, pp. 5, 10), who set f ¼ 0.

Available human capital is rented out to competitive producers so that wage income, w̄ðv; tÞ, can be written as

w̄ðv; tÞ ¼ wðtÞh̄ðv; tÞ, (7)

where wðtÞ is the market-determined rental rate of human capital (see below).

The tax system takes the following form. First, all through life, the agent pays a lumpsum tax. Second, during the

educational phase, the agent receives a study grant from the government. Third, during working life, the agent faces a labor

income tax on wage earnings. The tax system is thus given by

ḡðv; tÞ ¼
zðtÞ � sE½ �wðtÞAHhðvÞ

f for vptpvþ eðvÞ;

zðtÞ þ tLeðvÞ½ �wðtÞAHhðvÞ
f for t4vþ eðvÞ;

(

, (8)

where sE is the educational subsidy rate (sE40), tL is the labor income tax rate (0ptLo1), and zðtÞ represents the lumpsum

tax. All tax instruments are indexed to the value of marginal schooling productivity to the vintage-v individual (i.e.

AHhðvÞ
f). As a result of this indexing assumption, (i) the tax system continues to play a nontrivial role even in the presence

of ongoing economic growth, and (ii) the steady-state optimal schooling decision is cohort independent (see below).

From the perspective of the planning date t, a young agent chooses remaining time in school (vþ eðvÞ � t), and

sequences for c̄ðv; tÞ and āðv; tÞ (for t 2 ½t;1Þ) in order to maximize Lðv; tÞ subject to (4)–(8), a non-negativity constraint

v� t þ eðvÞX0,7 and a lifetime solvency condition. By using this solvency condition as well as Eqs. (4)–(8), the lifetime

budget constraint can be written as follows:

eMðt�vÞ

Z 1

t

c̄ðv; tÞe�½rðt�tÞþMðt�vÞ� dt ¼ āðv; tÞ þ liðv; tÞ, (9)

where we have used the fact that generations are born without financial assets (i.e. āðv; vÞ ¼ 0) and where liðv; tÞ is

(remaining) lifetime after-tax wage income of the agent:

liðv; tÞ � AHhðvÞ
feMðt�vÞ sE

Z maxft;vþeðvÞg

t

wðtÞe�½rðt�tÞþMðt�vÞ� dt

�

þ ð1� tLÞeðvÞ

Z 1

maxft;vþeðvÞg

wðtÞe�½rðt�tÞþMðt�vÞ� dt�
Z 1

t

zðtÞwðtÞe�½rðt�tÞþMðt�vÞ� dt

�
. (10)
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5 In a companion paper we study the retirement decision in the presence of a realistic pension systemwhich includes provisions for early retirement.

See Heijdra and Romp (2007)
6 This formulation was first proposed in the context of Diamond–Samuelson style overlapping models by Azariadis and Drazen (1990, p. 510) and

Tamura (1991, p. 524). Abstracting from their work experience term and using our notation, Bils and Klenow (2000, p. 1161) model the human capital

production function as follows:

h̄ðv; tÞ ¼ h̄ðv� ū; tÞfezðeðvÞÞ for t � v4eðvÞ, (6
0

)

where ū is interpreted as the age of the teachers (assumed to be fixed), and zð�Þ captures the productivity effect of schooling (z0ð�Þ40). Clearly, for

zð�Þ � ln eðvÞ the second term on the right-hand side of ð60Þ is equal to eðvÞ. In our view, Eq. ð60Þ does not adequately capture the notion of an

intergenerational externality as the link is only operative between generations v and v� ū, which are locked in a tango through time. In (6) the economy-

wide stock of per capita human capital determines the initial condition facing newborns. Hence, every agent alive at time v exerts an external effect on

newborns.
7 Older agents have already completed the educational phase (t � v4eðvÞ) and only choose paths for consumption and financial assets. Labor market

entry is thus assumed to be an absorbing state.
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According to (9), the present value of consumption expenditure (left-hand side) must equal total lifetime resources

(right-hand side). In the presence of actuarially fair annuity contracts, the annuity rate of interest, r þmðt� vÞ, is used for

discounting purposes in (9)–(10).

The following two-stage solution approach can now be used. In the first step, the agent chooses eðvÞ in order to

maximize lifetime wage income, liðv; tÞ. Since āðv; tÞ is predetermined, this pushes the lifetime budget constraint out as far

as possible and fixes the right-hand side of (9). In the second step, the agent chooses the optimal sequence for consumption

in order to maximize Lðv; tÞ subject to (9).

To prepare for the discussion of the optimal solutions, we first define a function, Dðu; lÞ, in general terms as

Dðu; lÞ � eluþMðuÞ

Z 1

u

e�½laþMðaÞ� da ðfor uX0Þ, (11)

where u � t � v and a � t� v denote, respectively, the agent’s age in the planning period t and at some later time t, and
where l is a parameter of the function. In our earlier paper (Heijdra and Romp, 2008a) we established a number of

properties of the Dðu; lÞ function, which we restate for convenience in Proposition 1.

Proposition 1 (Properties of the D-function). Let Dðu; lÞ be defined as in (11) and assume that the mortality rate is non-

decreasing, i.e. m0ðaÞX0 for all aX0, and lþmðaÞ40 for some a. Then the following properties can be established for Dðu; lÞ:

(i) decreasing in l, qDðu; lÞ=ql ¼ �eluþMðuÞ
R1

u ½a� u�e�½laþMðaÞ� dao0;

(ii) non-increasing in the agent’s age, qDðu; lÞ=qu ¼ ðlþmðuÞÞDðu; lÞ � 1p0;

(iii) strictly positive, Dðu; lÞ40 for uo1;

(iv) liml!1Dðu; lÞ ¼ 0;

(v) for m0ðaÞ40 and m00ðaÞX0, the inequality in (ii) is strict and limu!1Dðu; lÞ ¼ 0.

Proof. See Heijdra and Romp (2008a). &

Schooling period: The first-order condition for the optimal schooling period, e�ðvÞ, is obtained by using (10) and setting

dliðv; tÞ=dsðvÞ ¼ 0. After some straightforward manipulations we obtain:

Z 1

vþe�ðvÞ

wðtÞe�½rðt�vÞþMðt�vÞ� dt ¼ e�ðvÞ �
sE

1� tL

� �
wðvþ e�ðvÞÞe�½rs�ðvÞþMðe�ðvÞÞ�. (12)

As was pointed out by de la Croix and Licandro (1999, p. 258), the left-hand side of (12) is the marginal benefit of

increasing the schooling period, and the right-hand side represents the marginal cost of postponing labor market entry.

Clearly, both sE and tL reduce marginal cost. This is because, by staying in school, the agent not only receives the education

subsidy but also avoids paying the labor income tax.

For the case studied in this paper, the wage rate is constant (see below), and Eq. (12) reduces to:

e� �
sE

1� tL
¼ Dðe�; rÞ, (13)

where Dðe�; rÞ is the D-function, evaluated for u ¼ e� and l ¼ r. Eq. (13) determines the age at which the vintage-v

individual completes his education. With a constant mortality process, the optimal schooling period is independent of the

agent’s date of birth. Since the left-hand side of (13) is increasing in e� and (by Proposition 1(ii)) the right-hand side is non-

increasing in e�, it follows that the optimal schooling period is positive and unique.8 In Section 4 below we study changes in

the tax parameters and the mortality process which give rise to once-off changes in the optimal schooling period.

Consumption: The first-order conditions for optimal consumption can be written as c̄ðv; tÞ ¼ es½r�y�ðt�vÞ=lu, where lu
(40) is the Lagrange multiplier for the lifetime budget constraint (9). The growth rate of individual consumption is thus

given by the familiar Euler equation:

_̄cðv; tÞ

c̄ðv; tÞ
¼ s½r � y� for t 2 ½t;1Þ. (14)

For r4y, it follows that the agent adopts an upward sloping time profile for its consumption. By using (14) in (9) the

expression for the consumption level in the planning period is obtained:

Dðu; r�Þc̄ðv; tÞ ¼ āðv; tÞ þ liðv; tÞ, (15)

where Dðu; r�Þ is the D-function, evaluated for l ¼ r�, and where r� � r � s½r � y� can be interpreted as the effective discount

rate facing the agent. The marginal (and average) propensity to consume out of total wealth is equal to 1=Dðu; r�Þ . It follows

ARTICLE IN PRESS

8 Indeed, for the Blanchard case with a constant death rate, m0 , we find that Dðu; lÞ ¼ 1=ðlþ m0Þ, so that (13) simplifies to e� ¼ sE=ð1� tLÞ þ 1=ðr þ m0Þ.

Apart from the fiscal parameters, this is the expression found in de la Croix and Licandro (1999, p. 258).
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from Proposition 1(v) that the consumption propensity rises with age. Intuitively, as one gets older the planning horizon

contracts and, in the absence of bequests, one’s propensity to consume out of wealth rises accordingly.9

2.1.2. Demography

We allow for non-zero population growth by employing the analytical framework that was initially developed by Buiter

(1988) and was extended to an age-dependent mortality rate by Heijdra and Romp (2008a). Since we wish to study ageing

shocks below, we generalize our earlier model by assuming that different cohorts may face different mortality profiles.10 In

particular, we postulate that the instantaneous mortality rate can be written as mða;cðvÞÞ, where cðvÞ is a parameter that

only depends on the cohort’s time of birth. The corresponding cumulative mortality rate is written as

Mðu;cðvÞÞ �
R u
0 mða;cðvÞÞda. Where no confusion arises, we drop the dependency of c on v, and the dependency of m

and M on c.

The birth rate is exogenous but may vary over time. The size of a newborn generation at time v is proportional to the

current population at that time, i.e. Lðv; vÞ ¼ bðvÞLðvÞ, where bðvÞ and LðvÞ are, respectively, the crude birth rate (bðvÞ40) and

the population size at time v. The size of cohort v at some later time t is given by:

Lðv; tÞ ¼ Lðv; vÞe�Mðt�v;cðvÞÞ ¼ bðvÞLðvÞe�Mðt�v;cðvÞÞ. (16)

By definition, the total population at time t satisfies the following expressions:

LðtÞ �

Z t

�1

Lðv; tÞdv � LðvÞeNðv;tÞ, (17)

where Nðv; tÞ �
R t
v nðtÞdt is the cumulative growth factor over the interval t � v, and nðtÞ is the instantaneous growth rate of

the population at time t. Finally, by combining (16)–(17) we obtain:

lðv; tÞ �
Lðv; tÞ

LðtÞ
¼ bðvÞe�½Nðv;tÞþMðt�v;cðvÞÞ�; tXv, (18)

1 ¼

Z t

�1

bðvÞe�½Nðv;tÞþMðt�v;cðvÞÞ� dv. (19)

Eq. (18) shows the population share of the v-cohort at some later time t. It generalizes the corresponding expression

found in Heijdra and Romp (2008a), to the case of a non-constant population growth rate, nðtÞ. Eq. (19) implicitly

determines nðtÞ for given demographic parameters (see also Section 3.1).11

2.1.3. Per capita plans

Per capita variables are calculated as the integral of the generation-specific values multiplied by the corresponding

generation weights. For example, per capita human capital is defined as:

hðtÞ �

Z t

�1

lðv; tÞh̄ðv; tÞdv, (20)

where lðv; tÞ and h̄ðv; tÞ are given in, respectively, (18) and (6) above. In a similar fashion, per capita consumption is given by

cðtÞ �
R t
�1

lðv; tÞc̄ðv; tÞdv, where c̄ðv; tÞ is given by (15). By differentiating cðtÞ with respect to time and noting (14) we obtain

an expression for per capita consumption growth:

_cðtÞ ¼ bðtÞc̄ðt; tÞ þ s½r � y�cðtÞ � nðtÞcðtÞ �

Z t

�1

mðt � vÞlðv; tÞc̄ðv; tÞdv, (21)

where we have used the fact that l̄ðt; tÞ ¼ bðtÞ and _lðv; tÞ=lðv; tÞ � �½nðtÞ þmðt � vÞ�. Per capita consumption grows over time

because new generations are born at each instant which start to consume out of humanwealth (first term on the right-hand

side of (21)) and because individual consumption of existing generations grows (second term). The third term on the right-

hand side corrects for time-dependent population growth, whilst the fourth term corrects for (age-dependent) mortality.

Turning to the wealth components, per capita financial wealth is defined as aðtÞ �
R t
�1

lðv; tÞāðv; tÞdv. By differentiating

this expression with respect to time we obtain the dynamic path of per capita financial assets12:

_aðtÞ ¼ ½r � nðtÞ�aðtÞ þwðtÞhðtÞ � gðtÞ � cðtÞ, (22)

ARTICLE IN PRESS

9 This mechanism is, of course, absent in the Blanchard case because the expected remaining lifetime is age-invariant in that case, and the

consumption propensity equals 1=Dðu; r�Þ ¼ r� þ m0. Note that, with r4y, this version of the model is only valid provided r� þ m040, i.e. s cannot be too

large, soðr þ m0Þ=ðr � yÞ. No such restrictions are needed for the demographic process used in the paper.
10 In their classic paper, Lee and Carter (1992), employing US data, demonstrated a clear downward trend in the instantaneous mortality rate at all

ages during the twentieth century, i.e. the mortality rate of an x-year old declined steadily over the period 1900–1989. See also Heijdra and Romp (2008b)

for similar evidence for the Netherlands over the period 1920–2000.
11 For an economy which has faced the same demographic environment for a long time (i.e., bðvÞ ¼ b0 and Mðt � v;cðvÞÞ ¼ Mðt � v;c0Þ), the

population growth rate reaches a constant steady-state value, nðtÞ ¼ n̂. Eq. (19) thus reduces to 1=b0 ¼ Dð0; n̂Þ, which is the expression reported in Heijdra

and Romp (2008a).
12 In deriving (22) we have used Eq. (4) and noted the fact that agents are born without financial assets (āðt; tÞ ¼ 0).
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where gðtÞ �
R t
�1

lðv; tÞḡðv; tÞdv is per capita tax payments. We assume that the interest rate net of population growth is

positive, i.e. r4nðtÞ. As in the standard Blanchard model, annuity payments drop out of the expression for per capita asset

accumulation because they constitute transfers (via the life insurance companies) from the deceased to agents who

continue to enjoy life.

2.2. Firms

Perfectly competitive firms use physical and human capital to produce a homogeneous commodity, YðtÞ, that is traded

internationally. The technology is represented by the following Cobb–Douglas production function:

YðtÞ ¼ KðtÞe½AYHðtÞ�
1�e; 0oeo1, (23)

where AY is a constant index of labor-augmenting technological change, KðtÞ � LðtÞkðtÞ is the aggregate stock of physical

capital, and HðtÞ � LðtÞhðtÞ is the aggregate stock of human capital. The cash flow of the representative firm is given by:

PðtÞ � YðtÞ �wðtÞHðtÞ � IðtÞ, (24)

where wðtÞ is the rental rate on human capital, and IðtÞ � _KðtÞ þ dKðtÞ is gross investment, with d representing the constant

depreciation rate. The (fundamental) stock market value of the firm at time t is equal to the present value of cash flows,

using the interest rate for discounting, i.e. VðtÞ �
R1

t PðtÞerðt�tÞ dt. The firm chooses paths for IðtÞ, KðtÞ, HðtÞ, and YðtÞ (for
t 2 ½t;1Þ) to maximize VðtÞ subject to the capital accumulation constraint, the production function (23) and the definition

of cash flows (24). Since there are no adjustment costs on investment, the value of the firm equals the replacement value of

the capital stock, i.e. VðtÞ ¼ KðtÞ. In addition, the usual factor demand equations are obtained:

r þ d ¼ e
AYhðtÞ

kðtÞ

� �1�e

¼
qYðtÞ

qKðtÞ
, (25)

wðtÞ ¼ ð1� eÞAY
AYhðtÞ

kðtÞ

� ��e

¼
qYðtÞ

qHðtÞ
. (26)

For each factor of production, the marginal product is equated to the rental rate. Since the fixed world interest rate pins

down the ratio between human and physical capital, it follows from (26) that the wage rate is time-invariant, i.e.

wðtÞ ¼ w,13 and that physical capital is proportional to human capital at all time14:

kðtÞ ¼ AY
e

r þ d

� �1=ð1�eÞ

hðtÞ. (27)

2.3. Loose ends

In the absence of government consumption, the government (flow) budget identity in per capita terms is given by:

_dðtÞ ¼ ½r � nðtÞ�dðtÞ � gðtÞ, (28)

where dðtÞ �
R t
�1

lðv; tÞd̄ðv; tÞdv is per capita government debt. Using the government solvency condition, limt!1dðtÞ
erðt�tÞþNðt;tÞ ¼ 0, the intertemporal budget constraint of the government can be written as:

dðtÞ ¼

Z 1

t

gðtÞerðt�tÞþNðt;tÞ dt. (29)

To the extent that there is outstanding debt (positive left-hand side), it must be exactly matched by the present value of

current and future primary surpluses (positive right-hand side), using the net interest rate (r � nðtÞ) for discounting

purposes.

By using the marginal productivity conditions (25)–(26) and noting the linear homogeneity of the production function

(23) and the constancy of factor prices, we find that per capita output, yðtÞ � YðtÞ=LðtÞ, can be written as follows:

yðtÞ ¼ ðr þ dÞkðtÞ þwhðtÞ

¼ ½ðr þ dÞe=ðe�1ÞðeAY Þ
1=ð1�eÞ þw�hðtÞ. (30)
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13 With labor-augmenting technological change, gA � _AY=AY , the wage rate grows exponentially at rate gA and Eq. (13) changes to

e� �
sE

1� tL
¼ Dðe�; r � gAÞ.

It follows from Proposition 1(i) that qe�=qgA40, i.e. the schooling period depends positively on anticipated wage growth. See also Bils and Klenow (2000,

p. 1161) on this issue.
14 With perfect mobility of physical capital, any initial excess of physical capital simply moves abroad. See also footnote 15 on this.
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In going from the first to the second line we have made use of (27). It follows from the definition of gross investment that

the dynamic evolution of the per capita stock of capital is given by:

_kðtÞ ¼ iðtÞ � ½dþ nðtÞ�kðtÞ, (31)

where iðtÞ � IðtÞ=LðtÞ is per capita investment. Finally, the current account of the balance of payment, representing the

dynamic change in the per capita stock of net foreign assets, f ðtÞ, takes the following form:

_f ðtÞ ¼ ½r � nðtÞ�f ðtÞ þ yðtÞ � cðtÞ � iðtÞ, (32)

where f ðtÞ �
R t
�1

lðv; tÞf̄ ðv; tÞdv.15

2.4. Model solution

The model is recursive and can be solved in three steps. First, for a given mortality process and with constant fiscal

parameters sE and tL, Eq. (13) determines the optimal schooling period for each agent. Similarly, for a given birth rate,

Eq. (19) can be solved for the population growth rate, nðtÞ. Next, conditional on the optimal value for e�, the path for nðtÞ,

and an initial condition, Eq. (20) can be solved for the equilibrium path of human capital, hðtÞ. Finally, the lumpsum tax z is

used to balance the government’s intertemporal budget restriction (29), after which the values for all remaining variables

are fully determined.

3. Demographic shocks

This section proceeds as follows. First, we use demographic data to estimate a parametric mortality process. Second, we

analytically characterize this mortality process, provide a formal definition of a longevity shock, and study the effects of

such a shock on the D-function. Third, we analytically determine the long-run effects of demographic changes on the

population growth rate, and illustrate the transitional dynamics using the model estimated in the first step.

In Heijdra and Romp (2008b), we use Dutch demographic data for the period 1920–2000 to estimate the parameters of

the G–M mortality process. The instantaneous mortality rate associated with the G–M process takes the following format:

mðaÞ ¼ m0 þ m1e
m2a, (33)

where a is the agent’s age, and the parameter estimates for the cohort born in 1930 are m̂0 ¼ 0:573� 10�3,

m̂1 ¼ 0:312� 10�4, and m̂2 ¼ 0:095. The estimated survival function fits the data rather well and predicts an average

mortality rate of 0.78 per annum.16 The dashed lines in Fig. 1 illustrate several important features of the estimated

G–M process. First, as panel (a) shows, the mortality rate is quite low and virtually constant up to about age 60, after

which it rises exponentially. Second, as a result, the surviving fraction of the population declines steeply after age 60—

see panel (b).

Two types of demographic shocks are considered in our analysis, namely a change in the birth rate and a change in the

mortality process. In order to study the effects of changes in the mortality process, we write the instantaneous mortality

rate as mða;cÞ, where c is a parameter.17 We make the following assumptions regarding the effects of a change in c.

ARTICLE IN PRESS

15 The dynamic expression for per capita assets is given in Eq. (22), where aðtÞ � kðtÞ þ dðtÞ þ f ðtÞ (recall that VðtÞ ¼ KðtÞ). Clearly, total per capita assets

aðtÞ move smoothly over time but its constituting components (kðtÞ, f ðtÞ, and dðtÞ) need not. Hence, even in the absence of discrete adjustments in

government debt, the capital stock can jump as only kðtÞ þ f ðtÞ moves smoothly over time in that case. A discrete change in kðtÞ would be engineered by

means of an asset swap. Throughout the paper, however, the world interest rate (r) is held constant so that (via (27)) the physical capital stock, kðtÞ, will

evolve smoothly because the stock of human capital, hðtÞ, moves smoothly. As a result, the model also gives rise to well-defined current account

dynamics—see also Figs. 4–6.
16 As we explain in Heijdra and Romp (2008b), we estimate the GM process using data generated from an estimated Lee-Carter model. For this reason

we do not report standard errors of the estimates because their statistical properties are hard to glean. Boucekkine et al. (2002) postulate the following

instantaneous mortality function:

mðaÞ �
m1

m0

½e�m1a � e�m1 ā ��1 ,

for 0oapā, where ā � lnðm0Þ=m1 is the maximum attainable age. Using our data we find the following estimates: m̂0 ¼ 374:12, m̂1 ¼ 0:0654, and ^̄a ¼ 90:6.

See also Romp (2007, p. 28–32) for the estimation of five different mortality models) The G–M mortality process outperforms the one specified by

Boucekkine et al. because it fits the demographic data much better, and because it avoids the problematic prediction of a finite maximum age; a

phenomenon for which no evidence exists in the modern medical or biological literature. As Kirkwood puts it, ‘ythe idea of a fixed limit to human

longevity was always a little questionable but it is only now, as understanding of the ageing process improves, that the reason has become apparent. There

is no mechanism that measures man’s span of time and then activates a destructive process. In fact, quite the reverse is true and nearly every system in

the body does its best to preserve life’ Kirkwood (2001, p. 576). See also Kirkwood and Austad (2000) and Friedenberg (2002) on the non-existence of a

fixed limit to life.
17 In the Blanchard case, which has only one parameter, m0 could be �c or any decreasing function of c. The G–M process, stated in Eq. (33), depends

on three parameters. Hence, the parameter vector is a function of c, i.e. ðm0 ;m1;m2Þ ¼ f ðcÞ. An increase in c should result in such a change that the G–M

mortality function decreases for all ages as c increases.
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Assumption 1. The mortality function has the following properties:

(i) mða;cÞ is non-negative, continuous, and non-decreasing in age, qmða;cÞ=qaX0;

(ii) mða;cÞ is convex in age, q2mða;cÞ=qa2
X0;

(iii) mða;cÞ is non-increasing in c for all ages, qmða;cÞ=qcp0;

(iv) the effect of con the mortality function is non-decreasing in age, q2mða;cÞ=qcqap0.

An example of a mortality shock satisfying all the requirements of Assumption 1 consists of a decrease in m1 of the G–M

mortality function. In terms of Fig. 1(a), the shock shifts the mortality function downward, with the reduction in mortality

being increasing in age. In panel (b) the function for the surviving fraction of the population shifts to the right. The shock

that we consider can thus be interpreted as a reduction in adult mortality. Of course, in view of the terminology of

Assumption 1, an increase in c leads to an increase in the expected remaining lifetime for all ages. Note, finally, that

Assumption 1 covers both the G–M process and the mortality process used by Boucekkine et al. (2002, p. 347) that was

mentioned in Footnote 16.

Armed with Assumption 1, the following results can be established.

Proposition 2. Define Mðu;cÞ and Dðu; l;cÞ as:

Mðu;cÞ �

Z u

0
mða;cÞda, (2

0

)
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Fig. 1. Reduced adult mortality: (a) mortality rate, mðuÞ ¼ m0 þ m1e
m2u , (b) surviving fraction, SðuÞ ¼ e�MðuÞ .
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Dðu; l;cÞ � eluþMðu;cÞ

Z 1

u

e�½laþMða;cÞ� da. (11
0

)

Under Assumption 1, the following results can be established.

(i)
qMðu;cÞ

qc
¼

Z u

0

qmða;cÞ

qc
dap0;

(ii) q
2
Mðu;cÞ

quqc
¼
qmðu;cÞ

qc
p0;

(iii)
qDðu; l;cÞ

qc
¼ eluþMðu;cÞ

Z 1

u

qMðu;cÞ

qc
�
qMða;cÞ

qc

� �
e�½laþMða;cÞ� da40.

Proof. Items (i) and (ii) follow from simple differentiation and noting Assumption 1(iii). Item (iii) follows from

differentiation of (110) and (ii). &

3.1. Population growth

Demographic changes affect the growth rate of the population, both at impact, during transition, and in the long run.

Armed with Propositions 1 and 2, we can easily compute the long-run effects of changes in the birth rate and the mortality

process. Indeed, since Eq. (19) reduces in the steady state to bDð0; n̂;cÞ ¼ 1, it follows that n̂ is an implicit function of b
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Fig. 2. Population growth rate: (a) baby bust, (b) reduced adult mortality.
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and c, the partial derivatives of which are given by:

qn̂

qb
¼ �

Dð0; n̂;cÞ

bqDð0; n̂;cÞ=qn̂
40, (34)

qn̂

qc
¼ �

qDð0; n̂;cÞ=qc

qDð0; n̂;cÞ=qn̂
40. (35)

The signs in (34)–(35) follow from Propositions 1(i) and 2(iii). Not surprisingly, an increase in the birth rate and an increase

in longevity both lead to an increase in the steady-state growth rate of the population.

To compute the transition path for the growth rate of the population we assume that at time t ¼ 0 both the mortality

process and the birth rate change in a stepwise fashion.18 The mortality shock is assumed to be embodied, i.e. it only affects

generations born from time t ¼ 0 onwards. In particular, the mortality process for pre-shock cohorts (with a negative

generation index, vo0) is described by Mðt � v;c0Þ and mðt � v;c0Þ, whereas post-shock cohorts (with vX0) face the

mortality process described by Mðt � v;c1Þ and mðt � v;c1Þ. In a similar fashion, the pre-shock and post-shock birth rates

are denoted by, respectively, b0 and b1. The system is initially in a demographic steady state and the pre-shock population

growth rate is denoted by n̂0 (defined implicitly by the condition 1=b0 ¼ Dð0; n̂0;c0Þ).
19

In Fig. 2 we plot the transition path for nðtÞ for both types of demographic shocks. Panel (a) depicts the path for a baby

bust. There is an immediate downward jump at impact (nð0Þ ¼ n̂0 � b0 þ b1) followed by gradual cyclical adjustment.

Adjustment is rather fast because the birth rate change applies to the entire (pre-shock and post-shock) population alike.

Panel (b) of Fig. 2 depicts the adjustment path following a decrease in adult mortality. Nothing happens at impact and the

population growth rate rises only gradually to its long-run steady-state value. Transition is much slower than for the baby

bust because the ageing shock is embodied, i.e. the shock only applies to post-shock generations and pre-shock generations

only die off gradually during the demographic transition.

4. Determinants of schooling

In this sectionwe analytically study the comparative static effect on the optimal schooling period of stepwise changes in

the demographic process and the fiscal parameters.

Reduced adult mortality: By using Eq. (13), and noting the definition (110), the comparative static effect on the optimal

schooling period of a reduction in adult mortality can be computed20:

qe�

qc
¼

qD=qc

1� qD=qe�
40, (36)

where the sign follows from the fact that qD=qe�p0 (see Proposition 1(ii)) and qD=qc40 (see Proposition 2(iii)).

An increase in longevity prompts agents to increase their human capital investment at the beginning of life. In terms of

Fig. 3(a), the initial optimum, e�0, occurs at the intersection of the line labeled D0 þ sE=ð1� tLÞ and the 45� line. The

mortality shock shifts the D-function to the right, and increases the optimal schooling period from e�0 to e�1.

What is the intuition behind our result? Bils and Klenow argue that a higher life expectancy (as captured in their model

by an increase in the exogenous planning horizon) leads to an increase in the optimal schooling period ‘since it affords a

longer working period over which to reap the wage benefits of schooling’ (2000, p. 1164). Similarly, de la Croix and Licandro

(1999, p. 258) and Kalemli-Ozcan et al. (2000, p. 11), using the Blanchard demography, show that a decrease in the death

probability leads to an increase in the expected planning horizon for all agents and an increase in the optimal schooling

period.

Our model clarifies that the crucial determinant of the schooling decision is adult life expectancy, not the expected

planning horizon at birth. In our model, a decrease in child mortality increases expected remaining life time at birth but

leaves the optimal schooling period unchanged. Such a shock merely increases each individual’s probability of actually

living long enough to finish school and enter the labor market. In terms of Fig. 3(a), reduced child mortality flattens the left-

hand section of the line D0 þ sE=ð1� tLÞ but the equilibrium solution stays at e�0.
21 In contrast, a decrease in adult mortality
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18 More gradual transitions in the mortality rate and birth rate give rise to comparable patterns, except that the transition speed is slower. By

assuming stepwise changes we thus over-estimate the speed of adjustment.
19 As a consequence of the demographic changes, the path for the population growth rate is implicitly determined by the following expression:

1 ¼ b0

Z 0

�1

e�Mðt�v;c0 Þ�Nðv;tÞ dvþ b1

Z t

0
e�Mðt�v;c1 Þ�Nðv;tÞ dv,

where Nðv; tÞ �
R t
v nðtÞdt (see also (17) above). This expression can be rewritten in the form of a linear Volterra equation of the second kind with a

convolution-type kernel for which efficient numerical solution algorithms are available. See Romp (2007).
20 In Heijdra and Romp (2008b) we show that the schooling decision depends on mortality even with imperfect annuities, provided the net annuity

payment bears a relationship with the underlying mortality rate.
21 Boucekkine et al. (2000, pp. 352, 370) also distinguish age-dependent mortality and argue that ‘an increase in life expectancy increases the optimal

length of schooling’. They thus fail to notice that the mechanism producing this result runs via reduced old-age mortality, not via increased life expectancy

in general.
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increases the expected working period, and thus boosts the schooling period conform the mechanism identified by Bils and

Klenow (2000). Of course, with the Blanchard demography one cannot distinguish between child mortality and adult

mortality because the death probability is age-independent.

Bils and Klenow (2000, p. 1175) report that their model implies an unrealistically high sensitivity of the optimal

schooling period with respect to life expectancy that is close to unity. In contrast, in the calibrated version of our model

discussed below, we find that de�=dRð0Þ ¼ 0:064 which comes close to the empirical estimate mentioned by Bils and

Klenow (2000, p. 1175n27). (Recall that Rð0Þ � Dð0;0Þ represents life-expectancy at birth.)

Fiscal stimulation: By using Eq. (13), the comparative static effects of fiscal changes can be computed:

qe�

qsE
¼

1

ð1� tLÞð1� qD=qe�Þ
40, (37)

qe�

qtL
¼

sE

ð1� tLÞ
2ð1� qD=qe�Þ

40, (38)
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where the signs follow from the fact that qD=qe�p0 (see Proposition 1(ii)). Not surprisingly, an increase in the educational

subsidy leads to a reduction in the opportunity cost of schooling and a longer optimal schooling period. Interestingly,

provided the educational subsidy is strictly positive, an increase in the marginal labor income tax also increases the

optimal schooling period. Because the educational subsidy is untaxed, the effective subsidy affecting the schooling decision

is sE=ð1� tLÞ, which is increasing in tL. In terms of Fig. 3(b), an increase in either sE or tL shifts the optimum from e�0 to e�1 .

5. Macroeconomic performance

In Section 4 it was shown that both fiscal and demographic shocks lead to a change in the optimal schooling period. In

this section we study the resulting transitional and long-run effects on human capital formation for the case in which the

intergenerational knowledge transfer incorporated in the training function (6) is either absent (f ¼ 0) or subject to

diminishing returns (0ofo1). For such values of f, the model implies a unique steady-state level of per capita human

capital, i.e. the long-run growth rate in the economy is exogenous (and equal to the population growth rate). The knife-edge

case, with f ¼ 1, gives rise to endogenous growth and is studied in Heijdra and Romp (2008b).

This section proceeds as follows. First, in Section 5.1 we analytically characterize the steady state and study its

sensitivity with respect to fiscal and demographic shocks. Next, in Section 5.2 we visualize the rather complicated

transitional dynamics associated with the various shocks for a plausibly parameterized model which incorporates the

estimated G–M process introduced above (see the discussion below Eq. (33)).

5.1. Long-run effects

In the long-run equilibrium, Eqs. (6) and (20) give rise to the following expression for the steady-state stock of per capita

human capital, ĥ:

ĥ
1�f

¼ AH � e� � x̂, (39)

x̂ � b

Z 1

e�
e�½n̂uþMðu;cÞ� du � Fðe�; b;cÞ, (40)

where x̂ is the steady-state labor force participation rate, i.e. the proportion of workers in the population. These expressions

clearly show the various mechanisms affecting ĥ, namely (i) the optimal schooling decision of agents, e�, which itself

depends on the fiscal and mortality parameters ðsE; tL;cÞ, and (ii) the participation, which depends on e� and the

demographic parameters, ðb;cÞ.

Pure schooling shock: In order to facilitate the interpretation of our results, we first study the effects of a change in the

schooling period in isolation. By differentiating (39)–(40) with respect to e� and simplifying we obtain:

qĥ
1�f

qe�
¼ AH � Fðe�; b;cÞ þ e� �

qFðe�; b;cÞ

qe�

� �

¼ bAHe
�½n̂s�þMðe� ;cÞ� Dðe�; n̂Þ �Dðe�; rÞ �

sE
1� tL

� �
, (41)

where we have used (13) and (40) to arrive at the second expression. In the absence of an educational subsidy (sE ¼ 0), a

pure schooling shock unambiguously leads to an increase in the per capita stock of human capital. Indeed, since the interest

rate exceeds the steady-state growth rate of the population (r4n̂), it follows from Proposition 1(i) that Dðe�; n̂Þ4Dðe�; rÞ so

that qĥ
1�f

=qe�40 in that case. With a non-zero educational subsidy, Eq. (41) shows that the effect on ĥ of a pure schooling

shock is no longer unambiguous because a sufficiently high effective educational subsidy will render the term in square

brackets negative even for the case with r4n̂. Intuitively, in such a case the economy is ‘over-educated’, in the sense that

the same value of ĥ can also be achieved with a briefer educational period. Intuitively, agents study for too long a period

and thus have too short a career as productive workers.22 Because in actual economies r is much greater than n̂ and

educational subsidies are typically quite low, we make the following assumption which rules out over-education and

ensures that qĥ
1�f

=qe� is positive.

Assumption 2. The steady-state net interest rate r � n̂ is sufficiently positive to ensure that Dðe�; n̂Þ4Dðe�; rÞ þ sE=ð1� tLÞ.

Fiscal shock: A fiscal shock, consisting of an increase in either sE or tL, affects the steady-state per capita human capital

stock according to

qĥ
1�f

q½sE=ð1� tLÞ�
¼
qĥ

1�f

qe�
�

qe�

q½sE=ð1� tLÞ�
40, (42)

ARTICLE IN PRESS

22 With a non-zero value of f, there exists an intergenerational external effect in human capital creation. A formal welfare-theoretic analysis of the

optimal educational period, though interesting, is beyond the scope of the present paper.
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where the sign follows from (37) to (38) above. The fiscal shock leads to an increase in the optimal schooling period which,

in view of Assumption 2, leads to an increase in ĥ.

Birth rate shock: A change in the birth rate does not affect the optimal schooling period but changes steady-state per

capita human capital via its effect on the participation rate. By using (39)–(40) we find:

qĥ
1�f

qb
¼ AH � e� �

qFðe�; b;cÞ

qb
o0, (43)

where the sign follows from the fact that qF=qbo0 – see Lemma 1 in Appendix A. Intuitively, a higher birth rate leads to an

upward shift in the steady-state path of the human capital stock in level terms, but also induces an increase in the

population growth rate. The latter effect dominates the former so that per capita human capital declines in the steady state.

Put differently, a high birth rate gives rise to a young economy which is relatively poor because the participation rate is low.

Mortality shock: The mortality change is by far the most complicated shock under consideration because it affects both

the schooling period and the participation rate. By differentiating (39)–(40) with respect to c we obtain:

qĥ
1�f

qc
¼
qĥ

1�f

qe�
�
qe�

qc
þ AHe

� �
qFðe�; b;cÞ

qc
40, (44)

where the sign follows from (36), (41), and Lemma 2 in Appendix A, where it is shown that qF=qc40. The first composite

term on the right-hand side is straightforward: increased longevity boosts the optimal schooling period which in turn

increases per capita human capital in the steady state. This is the indirect, or schooling-induced, effect of ageing. The

composite term on the right-hand side represents the direct effect of increased longevity on the participation rate. An

increase in c leads to a shift in the mass of the population distribution from younger to older ages (Heijdra and Romp,

2007). Holding constant the schooling period, this leads to an increase in the participation rate. The direct effect of ageing

thus results in human-capital deepening, i.e. the right-hand side of (44) is positive.

Balanced growth: Up to this point attention has been restricted to steady-state per capita human capital. This focus is

warranted because all remaining variables are uniquely related to ĥ. Indeed, it follows directly from, respectively, (27) and

(30), that k̂ and ŷ are both proportional to ĥ. Furthermore, the steady-state versions of (21), (28), (31) and (32) determine

unique values for ĉ, d̂,bi, and f̂ as a function of ĥ, n̂, and the parameters. Hence, in level terms the steady-state growth rate for

output, consumption, investment, physical capital, human capital, financial assets, net foreign assets, and debt is equal to

the steady-state population growth rate, n̂.

5.2. Transitional dynamics

In this subsection we compute and visualize the transitional effects of fiscal and demographic shocks using a plausibly

calibrated version of the model. We set the world interest rate at r ¼ 0:055; the pure rate of time preference at y ¼ 0:03, the

intertemporal substitution elasticity at s ¼ 1, the capital depreciation rate at d ¼ 0:07, and the efficiency parameter for

physical capital at e ¼ 0:3.

The human capital externality parameter is set at f ¼ 0:3. We rationalize this choice as follows. In a recent paper, de la

Fuente and Doménech (2006, p. 12), formulate an aggregate production function of the form:

ln yiðtÞ ¼ ln TFPiðtÞ þ a1 ln kiðtÞ þ a0
2 ln eiðtÞ, (45)

where i is the country index, TFPi is total factor productivity, ki is capital per worker, and ei measures education attainment,

i.e. the average years of education of employed workers. Since their data on educational attainment refers to the total

(rather than the employed) population, they postulate the relationship ln eiðtÞ ¼ b1 ln ēiðtÞ � b2 ln PRiðtÞ, where ēi measures

population average education attainment (i.e. average years of schooling in the adult population), and PRi is the

participation rate (i.e. the proportion of employed adults). Substituting this expression into (45) they derive the equation to

be estimated:

ln yiðtÞ ¼ ln TFPiðtÞ þ a1 ln kiðtÞ þ a2 ln ēiðtÞ þ a3 ln PRiðtÞ, (46)

where a2 � a0
2b1 and a3 � �a0

2b2. They present panel data estimates for the parameters, using different specifications for

ln TFPiðtÞ, and find large and highly significant values for a2 ranging from 0.378 to 0.958 (de la Fuente and Doménech, 2006,

p. 14). They argue on the basis of meta-estimation that the lower bound for the key parameter of interest, a0
2, lies in the

range of 0.752 to 0.844 for the fixed-effect regressions. They conclude that ‘...investment in human capital is an important

growth factor whose effect on productivity has been underestimated in previous studies because of poor data quality’ (de la

Fuente and Doménech, 2006, p. 28).

What does this say about our f parameter? In the steady state our model implies the following relationship:

ln ŷ ¼ a0 þ e ln k̂þ
1� e

1�f
ln e�, (47)

where a0 � ð1� eÞ lnAY þ ð1� eÞ=ð1�fÞ lnðbAH

R1

e� e�½n̂uþMðu;cÞ� duÞ. Ignoring the fact that in Eq. (47) the constant term itself

depends negatively on e�, we find that â1 is an estimate for e and â0
2 is an estimate for ð1� eÞ=ð1�fÞ. De la Fuente and
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Doménech find estimates for â1 in the range 0.448 to 0.491, so that the implied estimate for f is given by f̂ �

ðâ0

2 þ â1 � 1Þ=â0

2 which ranges from 0.266 to 0.397.23 Our chosen value of f falls within this range.

On the demographic side, we interpret the estimated G–M demography for the 1930 cohort as the truth and choose the

birth rate, b0, such that n̂0 ¼ 0:0134 (the average population growth rate during the period 1920–1940). This yields a value

of b0 ¼ 0:0212 (which falls in between the observed birth rates for 1920 (¼ 0:028) and 1940 (¼ 0:02)). The estimated G–M

model yields an expected remaining lifetime at birth of 76:6 years. We compute the implied wage rate from the factor price

frontier and find w ¼ 1:019. The initial lumpsum tax follows from the government solvency condition for an initial debt

level of d̂0 ¼ �0:957 and fiscal parameters sE0 ¼ 4:915 and tL ¼ 0:15. The implied value for the lumpsum tax is z0 ¼ 0:116.

Finally, for the scaling variables we use AH ¼ AY ¼ 1. The initial age at which agents leave school and enter the labor market

is e�0 ¼ 22:91 years. The initial steady state has the following main features: â0 ¼ 64:5, bli0 ¼ 751:9, ĥ0 ¼ 40:7, ŷ0 ¼ 59:3,

ĉ0 ¼ 44:2, bi0 ¼ 11:9, k̂0 ¼ 142:2, and f̂ 0 ¼ �76:7. The output shares of consumption, investment, and net exports are,

respectively, 0:746, 0:200, and 0:054.

The economy is initially in a steady-state equilibrium, the stepwise shock occurs at time t ¼ 0, and we refer to pre-shock

(vo0) and post-shock agents (vX0). In the interest of brevity, we focus the discussion on the transition path of per capita

human capital. As is seen readily from (27) and (30), the time paths for kðtÞ and yðtÞ are proportional to that of hðtÞ. The

remaining variables of the model (such as dðtÞ, iðtÞ, f ðtÞ, liðtÞ, aðtÞ, and cðtÞ) feature more complicated dynamic adjustment

paths. Where no confusion can arise we drop the ‘per capita’ adjective in the intuitive discussion of our results.

Fiscal shock: In Fig. 4 we illustrate the transitional dynamics associated with a lumpsum-tax financed fiscal education

impulse, consisting of a 20% increase in the educational subsidy, from sE0 ¼ 4:915 to sE1 ¼ 5:897. There is no effect on the

demography so the population growth rate is unchanged (nðtÞ ¼ n̂0). The human capital of pre-shock workers is unaffected

because labor market entry is an absorbing state, i.e. workers cannot go back to school by assumption. Pre-shock students,

however, react to the improved fiscal incentives by extending their schooling period from e�0 ¼ 22:9 to e�1 ¼ 25:8. As a result,

in the time interval 0ptoe�1 � e�0 there are no new labor market entrants and human capital declines sharply as a result of

the mortality process—see Fig. 4(a). Labor market entry resumes for tX e�1 � e�0 and the entrants have a higher level of

education, so human capital starts to rise as a result. During the interval e�1 � e�0ptoe�1 entry consists entirely of pre-shock

students, whereas for tXe�1 only post-shock cohorts enter the labor market. Since these cohorts choose the same schooling

period e�1, adjustment in human capital is monotonic. For t ! 1, the system reaches a new steady-state which features a

5.9% higher stock of human capital (see also (42) above). Panel (b) shows the adjustment path of the participation rate. As a

result of the shock, it drops from 58.5% to 54.1%.

Panels (c)–(f) of Fig. 4 illustrate the adjustment paths of the other macroeconomic variables. In panel (b) consumption

falls at impact due to the once-off increase in the lumpsum tax needed to finance the increase in the educational subsidy.

During transition, however, consumption increases non-monotonically as a result of the increase in lifetime income caused

by the increase in human capital. In panel (e) the path for government debt is illustrated. Debt fluctuates during transition

because the government engages in tax smoothing with respect to the lumpsum tax, z. The current account dynamics is

illustrated in panel (f). At impact, the reduction in consumption and investment dominates the reduction in output, so that

net exports increase and the stock of net foreign assets rises sharply. During transition, however, net foreign assets

gradually fall during the first two decades of adjustment after which they rise to a permanently higher level. In a similar

fashion, the path for total assets is non-monotonic due to the population heterogeneity that exists during transition.

Indeed, during transition three broad cohort types coexist, namely pre-shock workers (who base their savings decisions on

the pre-shock schooling choice e�0), pre-shock students (who switched from e�0 to e�1 at time t ¼ 0 and changed their savings

plans accordingly), and post-shock cohorts (who all choose e�1 and, since f40, face changing initial conditions because

human capital changes over time).

Birth rate shock: In Fig. 5 we illustrate the transitional dynamics associated with a baby bust, that is the birth rate drops

once and for all by 25% from b0 ¼ 0:0212 to b1 ¼ 0:0159. Nothing happens to the optimal schooling choice, but the

population growth rate falls in a non-monotonic fashion from n̂0 ¼ 0:0134 to n̂1 ¼ 0:0051 as is illustrated in Fig. 2(a). The

sharp increase in human capital in Fig. 5(a) is entirely attributable to the fast reduction in nðtÞ during the early phase of

transition. At time t ¼ e�0, the population growth rate is close to its new steady state and the slope of the per capita human

capital stocks flattens out. This is because the flow of labor market entrants is smaller than before as it consists entirely of

post-shock newborns. In the new steady state, per capita human capital increases by 18.4% as a result of the baby bust (see

also (43) above). Panel (b) shows the transition path for the participation rate, which increases from 58.5% to 65.8%. For

completeness sake, the paths for the remaining macroeconomic variables are also illustrated in panels (b)–(f) of Fig. 5.

Mortality shocks: In Fig. 6 we illustrate the transitional dynamics associated with an adult mortality shock leading to

increased longevity. In particular, by re-estimating the G–M process for the 1960 cohort, we find that the m1-parameter is

reduced by 36% (from m10 ¼ 0:312� 10�4 to m11 ¼ 0:201� 10�4) whilst the m2-parameter is increased by 1.8% (from

m20 ¼ 0:0950 to m21 ¼ 0:0967).24 This shock leads to an increase of the expected lifetime at birth from R0ð0Þ � D0ð0;0Þ ¼
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76:6 to R1ð0Þ � D1ð0;0Þ ¼ 81:7. In the face of increased longevity, post-shock cohorts choose a longer schooling period

(e�1 ¼ 23:2 instead of e�0 ¼ 22:9). Furthermore, the shock perturbs the demographic steady-state and causes a rather slow

non-monotonic increase in the population growth rate, from n̂0 ¼ 0:0134 to n̂1 ¼ 0:0147 as is illustrated in Fig. 2(b). The

transition in human capital passes through the following phases. During the interval 0ptoe�0 virtually nothing happens to

human capital because only pre-shock students (facing an unchanged mortality process and choosing e�0 ¼ 22:9) enter the

labor market and the mortality process for pre-shock workers has not changed. The very slight decrease in hðtÞ is caused by

the small decrease in the participation rate (as the post-shock students face a slightly lower probability of death). For

e�0ptoe�1 there are no new labor market entrants at all because post-shock students choose a schooling period e�1. Human

capital declines sharply because (a) pre-shock cohorts die off at the rate implied by the pre-shock mortality process, and (b)

the population growth rate increases. For tXe�1 post-shock cohorts (who have chosen e�1 ¼ 23:2) enter the labor market. The

closer the birth date of such cohorts is to e�1, the worse are their initial conditions in the human capital formation process.

Indeed, the cohort born at time t ¼ e�1 faces low schooling productivity because hðe�1Þ is quite low. For t4e�1, human capital

starts to grow both because labor market entrants have more schooling and because the participation increases. As is clear

from Fig. 6(a), human capital increases in a non-monotonic fashion after t ¼ e�1, where the bump after about 90 years is due

to the corresponding maximum in the population growth rate at that time—see Fig. 2(b).
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Despite the fact that life expectancy is increased by quite a substantial amount (viz. 5.1 years), the effects on human

capital and the participation rate are both minute. Indeed, the former increases by a mere 1.52% whilst the latter falls by

0.21 percentage points (from 58.5% to 58.3%). In a plausibly calibrated model, therefore, even large longevity shocks fail to

matter quantitatively.

6. Concluding remarks

We have studied how fiscal incentives and demographic shocks affect the macroeconomic performance of a small open

economy populated by disconnected generations of finitely lived agents facing age-dependent mortality and constant

factor prices. Among other things, the paper highlights the crucial role played by the strength of the intergenerational

external effect in the training function faced by individual agents. Provided this external effect is non-zero, as the empirical

evidence suggests, the vintage nature of the model gives rise to very slow and rather complicated dynamic adjustment. This

feature of the model may help explain why robust empirical results linking education and growth have been so hard to

come by.
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Provided the intergenerational externality parameter is below the knife-edge value of unity, the stock of per capita

human capital settles at a constant level in the long run. In the long run, growth in consumption, investment, output,

employment, and human and physical capital is entirely due to population growth, just as in the celebrated Solow–Swan

model. Fiscal incentives and demographic shocks, though causing permanent level effects, thus produce temporary (but

long-lasting) growth effects in per capita terms. The model’s main message is found in its transitional dynamics, not in its

long-run effects. Of the demographic shocks considered, only the baby bust features a quantitatively significant effect on

human capital and the participation rate.

Throughout our paper we compare and contrast our findings with those of Boucekkine et al. (2002). We have chosen

their paper as a point of departure for two reasons. First, it is by far the most sophisticated treatment in our specific area of

interest, i.e. demography-based macroeconomics. Second, it is the paper most closely associated with ours and thus shares

a lot of common features. Although we are able to generalize their analysis in several directions, there is one dimension in

which the analysis of Boucekkine et al. (2002) is more general than ours: their model simultaneously explains both the

schooling decision and the retirement decision. We have decided to study these two decisions in separate papers. The

current paper focuses on the education decision made early on in life, and ignores the retirement decision. Our companion
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paper, Heijdra and Romp (2007) ignores the education decision and focuses on the retirement decision that agents make at

the onset of old-age.

There is both a practical and a fundamental reason why we think it is fruitful to study schooling and retirement in

isolation. First, by zooming in on one decision at a time, simple and intuitive analytical insights are much easier to come by.

A more detailed simultaneous treatment can always be implemented in the context of a Computable General Equilibrium

(CGE) model. Second, and more fundamentally, it allows us to expand the model in other, potentially more interesting,

directions. In the current paper, for example, we chose to introduce a system of taxes and educational subsidies which

impinges directly on the education decision. In Heijdra and Romp (2007), we ignore schooling and instead endogenize the

agent’s retirement decision in the presence of a stylized public pension system which includes realistic institutional

features such as an early entitlement age (EEA) and a statutory retirement age.
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Appendix A. Useful Lemmas

In (40) we write the steady-state participation rate as x̂ ¼ Fðe�; b;cÞ with:

Fðe�; b;cÞ � b

Z 1

e�
e�½n̂uþMðu;cÞ�. (A.1)

The following Lemmas can be established.

Lemma 1. Let Fðe�; b;cÞ be defined as in (A.1). Then:

qFðe�; b;cÞ

qb
o0.

Proof. By using (A.1) and noting (34) we obtain:

qFðe�; b;cÞ

qb
�

Z 1

e�
e�½n̂uþMðu;cÞ� du� b

qn̂

qb

Z 1

e�
ue�½n̂uþMðu;cÞ� du ¼

1

b
Cðe�Þ,

where CðeÞ is defined as:

CðeÞ �

R1

e e�½n̂uþMðu;cÞ� duR1

0 e�½n̂uþMðu;cÞ� du
�

R1

e ue�½n̂uþMðu;cÞ� duR1

0 ue�½n̂uþMðu;cÞ� du

with n̂40 and Mðu;cÞ as defined in Eq. ð20
Þ . The following results can be established: (i) CðeÞp0 for all eX0, (ii) Cð0Þ ¼ 0,

(iii) lime!1CðeÞ ¼ 0. Results (ii) and (iii) follow directly from the definition of CðeÞ. Differentiation with respect to e gives:

qC

qe
¼ e�½n̂sþMðs;cÞ� eR1

0 e�½n̂uþMðu;cÞ� du
�

1R1

0 ue�½n̂uþMðu;cÞ� du

" #
, (A.2)

which is continuous in e and has only one root. The second derivative is positive in this unique stationary point, so it is a

global minimum. Together with (ii) and (iii) this implies result (i). &

Lemma 2. Let Fðe�;b;cÞ be defined as in (A.1). Then:

qFðe�; b;cÞ

qc
X0,

for all e40, where the equality holds if and only if q
2
mðu;cÞ=quqc ¼ 0.

Proof. Using (A.1) we find:

qFðe�; b;cÞ

qc
¼ b �

Z 1

e�

qMðu;cÞ

qc
e�½n̂uþMðu;cÞ� du�

qn̂

qc
�

Z 1

e�
ue�½n̂uþMðu;cÞ� du

� �
.

For convenience, we define the following function:

XðeÞ �
1

b

qFðe; b;cÞ

qc
¼

Z 1

e

qMðu;cÞ

qc
e�½n̂uþMðu;cÞ� du�

qn̂

qc

Z 1

e

ue�½n̂uþMðu;cÞ� du. (A.3)
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Note that lime!1XðeÞ ¼ 0 and

qn̂

qc
¼

R1

0

qMðu;cÞ

qc
e�½n̂uþMðu;cÞ� du

R1

0 ue�½n̂uþMðu;cÞ� du
. (A.4)

By substituting (A.4) into (A.3) we find that Xð0Þ ¼ 0 . The stationary points of XðeÞ with respect to e are determined by

the roots of:

qXðeÞ

qe
¼ e�½n̂uþMðu;cÞ� qMðe;cÞ

qc
� e

qn̂

qc

� �
. (A.5)

From Proposition 2 we know that qMðe;cÞ=qc is non-positive, non-increasing and concave in e. This implies together

with qXðeÞ=qeje¼0 ¼ 0 that qXðeÞ=qe has at most two roots (one at e ¼ 0) or is 0 everywhere (if qXðeÞ=qeje¼0 ¼ 0 on the

interval ½0; e��, 0pe�51, then lime!1XðeÞ ¼ 0 does not hold). If qXðeÞ=qe ¼ 0 for all eX0, then XðeÞ ¼ 0 for all eX0. This last

situation only occurs if qMðe;cÞ=qc is linear in e, i.e. if q2mðu;cÞ=quqc ¼ 0.

If q2mðu;cÞ=quqco0 for some eX0, then XðeÞ has exactly two stationary points for a given c, one at e ¼ 0 and one at

e ¼ e�40. Concavity of qMðe;cÞ=qc implies that the stationary point at e ¼ e�is a maximum. Since XðeÞ goes to 0 as e ! 1

and is continuous, XðeÞ must be positive for all e40, otherwise there would be a minimum somewhere at e4e�. This

completes the proof. &

Appendix B. Supplementary data

Supplementary data associated with this article can be found in the online version at 10.1016/j.jedc.2008.09.003.
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