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abstract

This paper evaluates approximation methods to make manageable the numerical solution of
overlapping generation models with aggregate risk. The paper starts with a model in which
households maximize expected utility over their life cycle. Instantaneous utility is characterized
by constant relative risk aversion. Prudence, a characteristic of the utility function, leads to
precautionary saving. The first-order conditions include expectations. One source of uncertainty
is not prohibitive for numerical integration of the expectation term. Because of its accuracy
numerical integration results are used as a bench mark. Taylor series approximations can lead to
the same results dependent on the linearization point. A linear quadratic approximation of the
household model is evaluated subsequently. Alternatively, precautionary saving effects can be
the result of robust decision making. This approach leads to linear policy functions and gives a
rather good approximation of the bench mark model, although not as good as the Taylor series

approximation.
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Introduction

Models that contain overlapping generations of forward-looking households and that feature
aggregate uncertainty are often quite difficult to solve numerically. Simplification, for example
through linearization, could then be beneficial, if the approximation errors involved are relatively
small. Therefore, it is an interesting exercise to compare different numerical approaches using a
model that is so stylized that solving it numerically does not present problems. The aim of such
an exercise is then to highlight the benefits and costs attached to simplifying the original model.

This is what this paper does. It takes a standard life cycle model with a consumption-saving
decision, a portfolio-allocation decision (two assets, of which one is risky), microeconomic
uncertainty regarding the length of life, and aggregate uncertainty regarding the rate of return on
equity (the risky asset). Labour productivity is non-stochastic, leaving us in a setting of complete
markets. Labour supply is taken exogenous. We then first solve this model numerically. Second,
we approximate the model, adopting two different approaches. The first approach derives
first-order conditions for optimal household behaviour and approximates relations based on
these first-order conditions. This approach leads to precautionary saving as the third derivative
of the felicity function is positive. The second approach approximates the original problem with
a quadratic utility function and linear restrictions. The second approach needs robust decision
making to account for precautionary saving.

More saving due to increasing uncertainty of future non-capital income is called
precautionary saving (Kimball (1990)). Two competitive theories can explain precautionary
saving. The prudence theory states that precautionary saving occurs due to prudence (convexity
of the marginal utility function) with risk. The prudence with risk theory is the more traditional
explanation of economic theory for precautionary saving. Alternatively, the distrust theory does
not make use of convexity of the marginal utility function (quadratic utility is allowed) but
introduces distrust of households’ knowledge about the real world. This distrust theory makes
use of robust control and has quite recently been developed (Hansen and|$Sargent (2007)).

This paper formulates and compares two household models each based on one of the two
explanations of precautionary saving. The traditional, prudence model uses utility functions with
a positive third derivative (for instance CRRA instantaneous utility). The distrust model uses a
linear quadratic instantaneous utility function and has linear restrictions. Without distrust
standard linear quadratic Gaussian control (LQG) could be applied. Features of LQG are:

it can be used as a second-order approximation of nonlinear quadratic control problems
the optimal decision rule is linear and becomes time-invariant in an infinite horizon setting

the optimal decision rule is invariant to the magnitude of the stochastic disturbances in the model
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(certainty equivalence).

The first characteristic links the method to theoretical practise to linearize complicated models to
make them empirically manageable. The second characteristic holds only partially in
overlapping generation models. A characteristic of overlapping generation models is the finite
horizon of households. This characteristic leads to age-dependent linear optimal decision rules
of households, which are not time-dependent. The third characteristic of LQG reduces the
applicability for consumption-saving decisions. Standard LQG predicts savings independent of
the degree of uncertainty. Jacobson (1973) and Whittle (1981, 1990) sought to retain the good
features of the LQG problem (linearity and time invariance) while incorporating some role for
the variance of the disturbances in the optimal decision rule. Their approach is known as robust
control./ Hansen and Sargent (2007) modified robust control methods to make them useful for
economic applications. Robust control introduces distrust about the model specification. The
actual developments may lay in an environment of the specified model. This leads to utility
maximization given a possible worst case scenario which is constructed using an entropy
measure for possible misspecification. Robust control makes the decision rule robust against
possible misspecification.

Apart from comparing both explanations for precautionary saving, this paper contributes to
the development of robust control methdds. Hansen and Sargent (2007) and Tallarihi (2000) use
robust control in real business cycle models with one representative household with an infinite
time horizon leading to a time-invariant optimal decision rule. The model discussed here is
developed for a household with a finite life expectancy. The optimal decision rule becomes

age-dependent.
Prudence with risk as explanation for precautionary saving
Introduction

This section starts {n 2.2 with formulating a household problem based on CRRA instantaneous
utility. Households save due to a precautionary saving motive. Only one macroeconomic risk is
distinguished: equity income is uncertain. So, labour income is nonstochastic. Household

behaviour comes into discussiorin|2.3. Subse¢fioh 2.4 discusses the calibration of the model.

The simulation results are presenteflin 2.5.



2.2

Household decision problem

An individual of agej maximizes his expected remaining lifetime utility which depends on
per-period utilityu and on the subjective discount factht Expectations have to be formed for

two reasons. First the returns on assets are uncertain. Second, length of life is uncertain, so it is
assumed that individuals weigh their future per-period utility with survival probabilities. The
lifetime utility function reads as

je

U; =E; H uids with (2.2)
j ji; i Usi

ds(i) =8~ :|‘|14|+1 :
=]

In this equationje (=99) is the maximum attainable @é the time preference factor, which
measures the impatience to consufjehe conditional (upon being alive at the start of perjpd
probability of living through the next year, art] the expectations operatdg. expectations
conditional on information available at the start of ggélouseholds derive no utility from
leaving bequests. The subjective discount factor consists of two elements. The first element is
the already mentioned survival probability which gives a lower weight to per-period utility in
more distant years. This survival probability equals the accumulated conditional survival rates
gE’] The second element of the subjective discount factor gives a lower weight to per-period
utility further in the future due to the impatience of individuals. This impatience element
depends on the time preference paramétd?er period utilityu, is a function of the
consumption of commodities;
¢’
1—y

U = (2.2)

In this equation 1y is the intertemporal substitution elasticity ¢ 1) ande; are positive age
dependent taste shifters which are used for calibration purposes.

Households have at the start of periagealths;, they receive a certain income, consume
¢ and invest in periodls; in assetd. Assets have a uncertain retugp, 1 which is received at
the start of next periotH 1. So, income from wealth is certain at the start of a period but
uncertain for future periods. Households can diversify their mortality risk on the capital market,
i.e. they have micro-economic risk but no macro-economic risk. More precisely there is a market

that transfers the wealth of the fraction of each cohort that dies in each gériod) s to the

2 The minimum age of independent decision making is 20. Children do not supply labour and their material consumption
is attributed to their parents. This, in part, accounts for the hump-shaped life-cycle consumption profile used for calibration.

3 Note, we use as convention |‘||J;j1 HJi1=1
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remaining fraction of that cohort. These assumptions lead to budget equation

ZS;]:ZShH-Wi—Ci, (2.3)
.
Shi+l:%5ﬁi,
S=) Shi-

Assume two assets only, a risk free asgednd a risky asseg; with their respective returnsg
andrs. The excess return on the risky assets

& ="Isi—I¢ (2.4)

is stochastic. Before the consumption and portfolio decision is made, information about the
returns over the investments in previous period become kniogviat the start of a period. The

stochastic assumptions are

Esi = Us + WseFsi (2.5)
& are shocks with expected value 0 and variance 1. The variarggiof

E (65— 1s)” = o (2.6)
Defineoss as

oss= E& = b+l 2.7)

These assumptions of a constant volatility of equity and a constant risk premium imply that
mean reversion is absent.

Households maximize their utilify 3.1 given the restrictipng 2.3 with respect to consuneption
and investments;;. Using these assumptions apper@x B derives household behaviour, which

will be discussed now.
Household behaviour

Households allocate total wealth between different periods dependent on relative prices. Total
wealth is the sum of financial wealty, current wagesv; and human wealthf, which is the
discounted value of future wage income. The propensity to consume depends on the per period
consumption pricey; relative to the price of total wealthg. Optimal consumption is given by

_1
cj = (gq) " (s +wj +h) (2.8)
f]
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The total wealth and per period consumption prices are defined as
-7

1fi-1 I % Q41
P = Pei ’ s - @9
i; II:! ( 5 ) re [Ej(1+aes1) 7]

X

with a the fraction invested in equities (.21). The price of total wegltls the composite
price of all future consumption. The weighting factors consists of two elements. The first
element relates to substitution over time. A risk-free rate of return above the time preference
parameter increases savings, the price of total wealth, which represents future consumption,
decreases. The second term term describes the income effect of returns on investments. A return
increase on investments leads to more consumption possibilities not only in the future but in
current period, too. The returns on investments consist of three elements, the risk free rate, the
survival rate due to our assumption that households participate in a life insurance pool and a
certainty equivalence indicator of the excess return on equity investments.

The price of current consumptign; equals the inverse of the per period consumption
preference parameter. A constant fraction of total wealth net of consumption is invested in the
risky asset.

s =ars [sj+wj +hf —cj] (2.10)
The fraction invested in the risky asseis implicitly defined by

0=Ej[(1+aey:1) " esjsa] (2.11)
Human wealtth{ is the discounted value of future labour income

i+1 i+1

Sectior] 2.b presents simulations based on numerical intedfati@quation|(2.1}1) and of
equation[(B.Ip), a transformation of the excess return certainty equivalence indicator (which
appears in the price of total wealth 2.9). Secfipn 3 presents simulations based on a second-order
approximations of both relations.

Calibration

The simulations are produced by combining the structure outlined in the previous section with

exogenous data and parameters. This section starts with a presentation of these data and

4 The integrals are approximated by the Gauss-Hermite quadrature formula with both five and seven nodes. The
integration nodes and weights are taken from|Judd|(1999), Table 7.4.



parameters. Subsequently a simulation without uncertainty and with uncertainty will be
presented.

Consumption and portfolio decisions are made from the age 20 onwards, so consumption of
children is attributed to their parents. The values of the parameters are set equal to the
parameters in Bovenberg et al. (2007) for convenience. The intertemporal substitution elasticity
equals 0.2¢ = 5). The rate of time preference and the risk-free rate take a value of 2%.

Wage income during the working ages, which lay between the ages 20 and 65, is constant to
make the interpretation of the results clear cut. For the same reason, assume a constant
consumption profiled; = 1). The mortality probabilities (% {;) are taken from the population
forecast of Statistics Netherlands (See: De Jbng (2005)).

25 Simulations

The left panel of figurg 2|1 presents the results without uncertaigty: (). Our assumptions

imply a constant consumption. Indeed, the portfolio return equals the time preference parameter.
The figure presents the trajectory of financial, human and total wealth. Human wealth
depreciates between ages 20 and 65. Each year human wealth diminishes due to the pay out of
the corresponding dividend, the wage stream. Financial wealth increases due to saving for life
cycle reasons. At its maximum, financial wealth equals forty four per cent of initial human
wealth. Human wealth dominates financial wealth for the most part of the active working life.
Figurg 2.1 shows that total wealth falls over the life cycle. The nonlinearity in the figure is

caused by the multiplicative influence of the rate of return and by the increasing death rates.

Figure 2.1 Development of wealth components over the life cycle; without (left) and with uncertainty (right)
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The right panel of figurg 2|1 presents the results after the introduction of uncertainty. The
results based on numerical integration are indicated with (i). The results based on the Taylor

series approximation &esj = 0, to be discussed in sectip 3 are presented with (t). Assume for



the variance parametets = 0.04 and for the excess retuin= 0.04 on investments in equity.

These assumptions imply a large standard deviation of the excessagiufi.2. The results

are presented for the casg= 0, i.e. for the case in which everybody behaves as if aggregate
uncertainty exists, but without actual shocks. A comparison of the certainty and uncertainty case
(using numerical integration) reveals the precautionary saving effect of uncertainty: total wealth
decreases more gradually in the uncertainty case relative to the certainty case due to more
savings. This precautionary saving effect leads to a 30% larger maximum financial wealth than
in the certainty case at the age of 65.

Table 2.1  Financial indicators household behaviour; the exact solution (numerical integration)

Age 20 21 40 41 64 65 66 80 81 99

Wages W; 1.00 100 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00

Consumption Cj 0.91 092 100 1.00 109 110 110 118 119 1.30

Equity income rjSg 1 0.00 037 033 033 022 022 021 012 011 001

Bond income r¢s;_; 000 -012 002 003 026 027 026 014 014 0.1

Intra generational redistribution ¢js; 0.00 0.00 0.01 0.01 0.12 0.13 0.14 041 043 0.39

Financial wealth s; 0.00 034 7.09 747 1721 1774 1725 9.81 9.30 1.30

Investments in bonds s; -615 -579 158 201 1349 1311 1272 6.80 6.39 0.00

Investments in shares Sg‘J 6.23 6.21 5.52 5.46 3.63 3.53 3.43 183 172 0.00

Total wealth sj +w;j + hf 3029 3020 27.00 26.74 1821 17.74 1725 9.81 9.30 1.30

Human wealth wj + hf 3029 29.86 1990 19.27 100 0.00 0.00 0.00 0.00 0.00
Tableg[2.] details on household behaviour with uncertainty. The table reveals households take
debt at the start of their working life to invest in equity with a larger but uncertain return. This
portfolio allocation is possible due to the absence of credit restrictions. The average growth rate
of consumption of 0.3 per cent per year can be attributed to the introduction of uncertainty. Half
of this growth rate can be attributed to a larger portfolio return than the time preference
parameter. The other half is the precautionary saving effect linked to increased variability.

3 Taylor approximation of the prudence model

3.1 Approximating household behaviour

We distinguish two different second-order Taylor approximations of the portfolio equation (2.11)
and of equatior{ (B.16), a transformation of the excess return certainty equivalence indicator
(which appears in the equation for the price of total weglth (2.9) The second-order
approximation (see AppendiX B ) of the portfolio equation in the peipnh = O leads to an



explicit expression for the portfolio share of equity

Hs
Y Oss

a—=

(3.1)

The investments are proportional to the expected excess pefunversely proportional t@ss,
which is related to the variance of the excess return and inversely proportional to the risk
aversion parameter. The second-order approximation of the portfolio equation in the point
esir1 = u leads to another explicit expression for the portfolio share of equity

~ -1
d= (2ud — yuswZ+ v uswk) (2/1_3 +yols— wss\/ —2y2ud + 2wl — 27/152) 3.2)
which is approximately equal to

Hs

é\:
7/00325

(3.3)

The investments are proportional to the expected excess mefunversely proportional to the
variancen?, of the excess return and inversely proportional to the risk aversion parameter. This
last expression holds exactly in continuous time models.

3.2 Simulations

The parameters and the Taylor series approximation (equatipn 3.1) imply an equity portfolio
sharea = 0.2. The Taylor series approximation overestimates risk aversion relative to numerical
integration, which is more accurate. More precisely the equity portfolio €har6.208 is larger

in the case of numerical integration. However, the wealth development is nearly the same.

Table 3.1  The effect of the number of integration nodes and the approximation point

portfolio share certainty equivalence
of equity indicator
Integration
- 5 integration nodes 0.209 0.997
- 7 integration nodes 0.208 0.997
Taylor expansion
-in0 0.200 0.997
-inp 0.208 0.997

Table[3.] reveals the accuracy of both the integration and Taylor series expansion method.
Increasing the number of nodes from five up to seven in case of numerical integration gives the
same portfolio share for equities and the same certainty equivalence indicator of the excess

return on equity investmenis (defined irf B.Ip). This indicates that five nodes give already a

10



very good approximation of the exact solution. This is not the case for the Taylor series
approximation in the zero excess return point. The approximation in the expected value of the
excess return approximates the portfolio share of the exact solution better. The significance of
the approximation point is illustrated with tafle 3.2 3.3. In case of approximation in the
expected valug (Table[3.3) the differences become smaller relative to the approximation in
point zero (Tablé 3]2). The difference are relative to the central projection of[Table 2.1.

Table 3.2  Absolute differences between the exact solution (numerical integration) and the Taylor series approx-

imation in point esj=0

Age 20 21 40 41 64 65 66 80 81 99
Wages 0.00 0.00 0.00 0.00 0.00 000 0.00 0.00 0.00 0.00
Consumption 0.00 0.00 0.01 001 001 001 0.01 0.02 0.02 0.02
Equity income 0.00 0.01 0.01 001 001 001 001 001 001 0.00
Bond income 0.00 -0.01 0.00 0.00 000 000 000 000 0.00 0.00
Intra generational redistribution  0.00 0.00 0.00 0.00 000 000 000 001 001 0.01
Financial wealth 0.00 0.01 0.13 013 020 019 019 014 014 0.02
Investments in bonds -0.24 -0.24 -0.11 -0.11 0.01 0.01 0.01 0.03 0.03 0.00
Investments in shares 0.24 0.24 0.24 0.24 0.18 0.17 0.17 0.10 0.09 0.00
Total wealth 0.00 0.01 0.13 013 020 019 019 014 014 0.02
Human wealth 0.00 0.00 0.00 0.00 000 000 000 0.00 0.00 0.00

Table 3.3  Absolute difference between the exact solution (numerical integration) and the Taylor series approxi-
mation in point  €sj = u

Age 20 21 40 41 64 65 66 80 81 99
Wages 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
Consumption 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.01
Equity income 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
Bond income 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
Intra generational redistribution  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
Financial wealth 0.00 0.00 0.03 0.03 0.05 0.05 0.05 0.04 0.03 0.01
Investments in bonds 0.01 0.01 0.04 0.04 0.04 0.04 0.04 0.03 0.03 0.00
Investments in shares -0.01 -0.01 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
Total wealth 0.00 0.00 0.03 0.03 0.05 0.05 0.05 0.04 0.03 0.01
Human wealth 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

11



4.1

4.2

Robustness as explanation for precautionary saving
Introduction

This section starts jn 4.2 with formulating a linear quadratic approximating model of the
household problem. Households will not save due to a precautionary saving motive when they
use quadratic utility. However when they realize their incomplete knowledge about the real
world, i.e. they have an approximating model of the real world, precautionary saving will occur
because they will plan using a worst case scenario. Indeed, this will be the case when
households use robust control to determine their behaviour. Subgection 4.3 digresses on robust
control. Household behaviour comes into discussidn ih 4.4. Subsgction 4.5 presents the

simulation results.
A linear quadratic model of the household decision

The household problem formulated in secfiorj 2.2 can be written as

(041 _ _
Vj = maxE;j ﬁcjl ) 1§j+1Vj+1 4.1)
with
e Esj . *
cj = stj_l+ C—j'arf [sf_1+h§ 4] +wj—s; (4.2)

in which sj* (=>n sr’;j) the total portfolio invested i anda, as before, the fraction of wealth
invested in the risky asset. Assume, the fraction invested in the risky asset is known for
convenience. More specifically, the fraction is determined by equatipn 3.1. So, the robust model
assumes in fact only one asset with a stochastic return. The objective function is maximized

given the linear restriction

Esi+1 = Us + Wssts 4.3)

This equation corresponds with equafion] 2.5. Households do not derive utility from bequests,
this implies that they don't invest at the end of their lifg & 0), i.ein the end yeaf = je. This

implies for the value function

1-y
Cie

1-y

Vi(Se-1) = ae

The problem is thus written as the maximization of a nonlinear objective function subject to one
linear constraint. The objective functiong equatior 4.]L after substitution[of 4.2) can be

12



4.3

approximated around the non-stochastic version of the nonlinear model(with2 and

&= Oﬂ This leads to a linear quadratic Gaussian control prdﬁlem

max

N Vj(xj) = =X{Rjxj — Ui Qjuj + 8 1Ej¢j 41V (Xj+1) (4.4)
j
Xj+1=AjX; +Buj+Cej1 (4.5)
Eee =1 (4.6)
and
Vie(Xje) = —XjeRjeXe (4.7)

with x the vector of state variables.the vector of control variables. The elements of the state
vectorx are financial wealtls*, the excess returey, and constant term 1. The vector of control
variablesu has only one element: a transformaffiai s* the investments in financial wealth in
current period. Note the covariance maixXj;1 — EjXj+1)(Xj+1— EjXj;+1)’ = CC'.

This procedure is known as the Kydland and Prescot method (Benigno and Woodford (2006)
discuss this method and give extensions). This procedure results in a correct local linear
approximation to the optimal policy belonging to the original problem. However, precautionary
saving is based on the third derivatives of the utility function. So using Linear Quadratic
Gaussian control (LQG) leads to misspecified dynamics due to misspecified utility. There is
another reason to consider this model as an approximating model for household behaviour. To
take into account the approximating nature of the linear quadratic model robust control can be
used. The knowledge of households that they have only an approximating model of the world,
i.e. of the excess return process leads to precautionary saving.

A digression on robust control

Robust contr@was developed to deal with the idea that agents have incomplete knowledge
about the world. More specificallyobust control assumes that the decision maker thinks that
his model (equation 4].5) approximates the true data generating process, which he cannot specify.
The error terms ifi 4]5 can represent only a very limited class of approximation errors and in

particular cannot account for misspecified dynamics. To represent dynamic misspecification, the

5 We linearize in a = 0.2 to get non zero derivatives of the excess return.
6 Appendix shows that the linear terms can be included in the quadratic one by defining an additional help-vector.
7 Appendix|C.1|gives details.

8 This section is based on|Hansen and Sargent| (2007).

13



decision maker surrounfls 4.5 with a set of alternative models of the form

Xj+1:Aij—|—BUj+C(8J‘+1+aj+1) (4.8)
Aj+1 = bj (Xj,Xj,l,...)

Eee' =1

The decision maker believes that the data are generated by a model of tiie form 4.8 with
unknown procesa;. In casee in[4.§ has a distributioN(0, 1) then modefl 456 must be
misspecified because its error term will be distribut&d,; 1, 1) rather tharN(0,1). However,
agents know that modgl'4.5 is a good approximation if the actual model is located in the
surround 4.B. So, robust control assumes uncertainty about the autocorreiatiep¢nds on

the lagged state vectar) and abstracts from misspecification of higher moment okthe
distribution. Moreover there is no uncertainty about the modelparameters (the variance
covariance structure, determined®yis hold constant, too). Hansen and Sargent (2007) show
this specification is not as restrictive as it might at first seem. To express the ideajthat 4.5 is a
good approximation we constrain the approximation errors by

Ej Y 6 G+1ainaii < (4.9)
1

whereE denotes the mathematical expectation gne parameter to be calibrated. This

introduced parametey; is without a counterpart in the prudence approach (This parameter is
related to the separate risk aversion parameter in the Epstein-Zin utility function as Tallarini
(2000) shows). The restrictipn 4.9 is known as the entropy constraint. The decision maker want
good decisions over a set of models| 4.8 satisfying entropy congtrajint 4.9 because he distrusts
mode[4.5. Such decisions are said to be robust to model misspecification. So, robust control
states that households maximize the (forward solution of) objective furjctipn 4.4 subject to this
actual law of motion[(4]8) and the entropy constraint 4.9 given an estimated worst case scenario,
i.e. households maximize (the forward solution[of)|4.4 with respeatadter minimizing (the

forward solution of] 4.4 ovea given the constrain{s 4.8 and 1.9, which is under some regularity

conditions equal to

max min , ,
Vj(Xj): Ej [—ij,-xj—uijuj+ (4.10)
Up  aj41
+06‘1Cj+1a’j+laj+1+8‘1§j+1vj+1(xj+1)] (4.11)

given the distorted modgl'4.8. The parameiteés related to the entropy measyyelt restrains
the minimizing choice of; and determines the degree of risk aversion.

14



4.4 Household behaviour

The robust decision rule is a linear function of the state of the econgrayjé)

Uj :fFij

(4.12)

just as in the standard LQG problem. The decision maker will combine his approximating model

[4.3 with this robust decision rule. These simple relations lead to a recursive closed form solution

for the state of the economy

Xj+1=(Aj—BFj)Xx; +Cej1

(4.13)

which makes stochastic simulation easy to handle in case the decision maker’s fear of model
misspecification is unfoundede. £j,1 ~ N(0,1). Without shocks, equatioh (4]13) determines

an investment profile over the life cycle. Shocks will cause parallel movements with this

investment profile. The Consumption and portfolio allocation can be recursively determined

after the investments are fixed.

4.5

Simulations using a robust linear regulator

Figure 4.1 Development of wealth components over the life cycle (left) and consumption over the life cycle (right)
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The left panel of Figurg 4] 1 compares the simulation results using the robust linear regulator

(indicated withr) with the results based on the Taylor series approximation in the zero excess

return point of the prudence model (indicated witt).arhe entropy related parameter£ 7) is

calibrated such that the consumption at the age of 20 equals the consumption in the prudence

model (see the right panel). The right panel presents consumption algefer (indicated with

z) which is equal to the standard Linear Quadratic Gaussian (LQG) control solution. Comparing

consumption for the two different values @freveals the precautionary saving effect at the start
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of the working ages. Buffers are built up early in life to meet uncertainty after which
consumption becomes a little bit larger later on. The difference between the robust control and
prudence model has to be attributed to the difference in the intertemporal substitution elasticity.

Linearization in the expected excess return will bring them more in line.

Table 4.1 Financial indicators household behaviour; the robust solution

Age 20 21 40 41 64 65 66 80 81 99
Wages W;j 1.00 1.00 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00
Consumption Cj 0.91 0.92 1.01 1.01 1.05 1.05 1.05 106 1.06 1.07
Equity income rsjs;j_l 0.00 0.36 0.31 0.31 0.20 0.19 0.19 010 0.09 0.01
Bond income rgjs" ; 0.00 -0.12 0.02 0.02 0.24 0.25 024 013 012 0.01
Intra generational redistribution ¢js; 0.00 0.00 0.00 0.01 0.11 0.12 0.13 0.36 0.38 0.32
Financial wealth sj 0.00 0.33 6.34 6.67 1574 16.25 15.76 859 8.12 1.07
Investments in bonds sr’Jf -590 -5.56 1.18 157 1249 1211 11.71 6.00 562 0.00
Investments in shares s;‘J 5.99 5.97 5.15 5.09 3.20 3.10 3.00 154 144 0.00
Total wealth sj +wj + h]-C 30.29 30.19 26.24 2595 16.74 16.25 1576 859 8.12 1.07
Human wealth wj + h]-c 30.29 29.86 19.90 19.27 1.00 0.00 0.00 0.00 0.00 0.00
Table 4.2  Absolute differences between the robust solution and the Taylor series approximation in point ej=0
Age 20 21 40 41 64 65 66 80 81 99
Wages 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
Consumption 0.00 -0.01 -0.02 -0.02 0.04 0.04 0.04 0.11 0.11 0.21
Equity income 0.00 0.00 0.01 0.01 0.02 0.02 0.02 0.01 0.01 0.00
Bond income 0.00 0.00 0.01 0.01 0.02 0.02 0.02 0.02 0.02 0.00
Intra generational redistribution 0.00 0.00 0.00 0.00 0.01 0.01 0.01 0.05 0.05 0.06
Financial wealth 0.00 0.00 0.63 0.66 1.28 1.29 1.30 1.08 1.05 0.21
Investments in bonds 0.00 0.00 0.51 0.54 0.99 1.00 1.00 0.77 0.74 0.00
Investments in shares 0.00 0.00 0.13 0.14 0.25 0.26 0.26 0.20 0.19 0.00
Total wealth 0.00 0.00 0.63 0.66 1.28 1.29 1.30 1.08 1.05 0.21
Human wealth 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

Table[4.] presents the development of some financial indicators of household behaviour in case
of robust control. They illustrate the main graphical results. The difference with the prudence
model are given in tabfe 4.2

The robust control outcomes can approximate the prudence outcome by changing the time
preference parametérand the entropy parameter With 8 = 1.9 ands = .075 we get the

results Figur¢ 4]2 and taljle #.3. However, these parameter adjustments have huge impact on

16



Table 4.3

Age 20 21 40
Wages 0.00 0.00 0.00
Consumption 0.00 0.00 -0.01
Equity income 0.00 0.00 0.00
Bond income 0.00 0.00 0.00
Intra generational redistribution 0.00 0.00 0.00
Financial wealth 0.00 0.00 0.23
Investments in bonds 0.00 0.00 0.19
Investments in shares 0.00 0.00 0.05
Total wealth 0.00 0.00 0.23
Human wealth 0.00 0.00 0.00

Absolute differences between the robust solution and the Taylor series approximation in point

41

0.00
-0.01
0.00
0.00
0.00
0.25
0.20
0.05
0.25
0.00

&j=0

64 65 66 80 81 99
000 000 000 000 000  0.00
001 001 002 003 003 -005
000 000 000 000 000  0.00
001 001 001 000 000  0.00
000 000 000 001 001 -001
037 037 037 019 017 -005
028 028 028 012 011  0.00
007 007 007 003 003  0.00
037 037 037 019 017 -0.05
000 000 000 000 000  0.00

the dynamic characteristics of the model. This is illustrated in figufe 4.3. At the start of the

working life a negative equity premium shockj(= —1) takes place. The prudence model

(Taylor series approximation i1 = 0) gives a rather constant adjustment. The robust results

without adjustment of the time preference parameter (robust 1) gives a large precautionary

saving effect in the first years. After increasing the time preference parameter the consumption

adjustment are large at the end of the life cycle. Fifurp 4.4 presents both the central projection

indicated withc and the alternative path indicated witwith the equity return shock for both

consumption and wealth. The results for the robust model in this figure are the results after the

parameter adjustments.

Figure 4.2 Development of wealth components over the life cycle (left) and consumption over the life cycle (right)

----total wealth (t)

35 4 1.35 4 i
rrrrr human wealth (t,r) --+-- consumption (z)
30 + — total wealth () 1.3 4 — consumption (t) /
T ) —financial wealth () 4 55 | -~~~ consumption (1)
, ---financial wealth (t) '
25 . -
20 1 \‘\,\. 1.15 4
,\\\
15 A N 1.1 4
e 1.05 -
10 4 e
~ 14
®1 0.95 -
0 T T T T 0.8 A T T T T
20 30 40 50 60 70 80 90 20 30 40 50 60 70 80 90

17



Conclusions

This paper evaluates two approximation methods to make the numerical solution of overlapping
generation models with aggregate risk manageable: a Taylor series approximation of the
first-order conditions of the household life-cycle model with CRRA utility and a robust model,
i.e. a linear-quadratic approximation of the household decision problem extended with robust
decision making. Numerical integration results of the first-order conditions of the household
life-cycle model with CRRA utility are used as a benchmark.

We find that Taylor series approximation can lead to the same results as numerical
integration dependent on the point of linearization. The robust model gives a different time path
for consumption, in particular, the robust model gives rather large differences for the
consumption-saving development at the old ages. These differences in the consumption-saving
pattern of the elderly make the robust model less appropriate to study pension reforms and
saving related problems in general. Besides, the robust model does not present us with an
endogenous solution of the portfolio decision, which can be a drawback, too.

Two caveats are in order. The first is that the comparison of different approaches in this paper
adopts a stylized model. We have no guarantee that the results for this stylized model can be
exported to models that are more detailed. In particular, computer time of both approaches is for

this stylized model nearly the same due to their recursive structure. This recursive structure is a

Figure 4.3 Absolute consumption changes over the life cycle after an equity premium shock
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Figure 4.4 Development of consumption and financial wealth over the life cycle; prudence (left) robust (right)
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standard characteristic of the linear quadratic model contrary to the Taylor series approximation

of the first order conditions of more complicated models. The second caveat is that our list of

approaches is incomplete. For example, we did not pay attention to the linearization approach

that is introduced by Campbell and Viceira (see for instance Videira (2001)), although we feel

that this approach is very close to our Taylor series approximation. Their portfolio allocation

equation is exactly ours although their derivation is different. Their approach seems more

appropriate in a representative agents framework while the approach adopted here is more

natural in an overlapping generation context.
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Appendix A Symbols main text

Matrices

coefficient matrix model

coefficient matrix model

coefficient matrix model, determining variance covariances of the state variables
policy function matrix

utility weights control variables

0 T O m >»

utility weights state variables
Vectors

a distortion vector
X state variables

u control variables
Variables

a; fraction invested in equity
c consumption

ds subjective discount factor
€; excess return equities

h® human capital

rn rate of return asséte {f,s}
pc consumption price

ps price total wealth

s total amount invested in assets; begin of the period, before the new portfolio decision
s* total amount invested in assets; begin of the period, after the new portfolio decision

s, amount invested in asskete { f,s}; begin of the period, before the new portfolio decision
s; amount invested in assket { f,s}; begin of the period, after the new portfolio decision
U expected utility

u instantaneous utility

V value function

w wages

coefficients and shock term

o taste shifter

20



y inverse intertemporal substitution coefficient
& time preference

& stochastic shock term equity

¢ survival rate

0 entropy related coefficient

1 expected value excess return

oss Variance indicator equity

wss Standard deviation excess return equity

x entropy measure

Operators

E expectation operator
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Appendix B Derivations section 2 and 3

Making use of the value functiovi (s;) = maxU; the decision problein 3.1 can be written as a

sequence of one period decisions

Vi(sy) = max(uj + 8 +1EVj4a(Sj+1)) (B.1)
Note
I¢ €j+1
§J+l CH—l

The lagrangian of the problem is

1 Mhj+1 «
First order conditions are
oL 1
L. Tq:UJ(-FB {i+1EjAj =0 (B.4)
3L -1 ( ((9VJ+1 rhj+1) >
. — =08 " E; +EjAj | =0 B.5
%, G| B 9sj11 i 17 (B.5)
From the Belmann equation follows
Vi -1 Vi1 Mhjr1
1. — =86 “LijE; — B.6
I%hj et Pasi1 G (B.6)
Subsitution ofiz into 111 gives the envelop theorem
Vi -1 /
=51 Eir = Ul B.7
9] Ci+1Ejdj =y (B.7)
Substitution of this relation into equatiom gives the two Euler equations
Mhj+1
LUl =Ejul, = B.8
tv. Uj Y=g (B.8)

Subtraction of the two Euler equations (foe {s, f }) and using the excess return definition

gives
0= Ej Uj+1esj+1 (B,9)
Substitution of the marginal utility into gives

toajc; "+ 671 11EjAj =0 (B.10)
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Assume the value function has the form

, (Sj +Ww;j +h‘J?> )
Vj(Sj):kj 1y +1j (B.11)
for some constants;...hg, , K; ... K, | ... lje to be specified. We assume non stochastjk

and| this assumption has to be checked at the end of the derivation. The derivative of the value
function becomes
Vi
9%hj
Substitute this result and envelop theofem B.7[intq B.9, subsitute budget equation B.2 ,and
devide both sides by the non stochastic part, which Ieﬂjs to

=k/ (sj+w;+hf)”7 (B.12)

O0=Ej(1+aesjr1) "esjt1 (B.13)
with
a= % (B.14)

re(sj+wj—cj)+&jawjr1+ Cj+1hjc+l
So, we derived an implicit equation for the portfolio share invested in the risky asset. To get an
expression foh? we need to solve the consumption decision first. Subsitute first order condition
[B.§into first order condition B]4, substitute subsequently the value furjction B.12 and utility
function derivatives for the case= f. This leads after subsitution of budget equafior] B.2 to

Iy {41 $i+1,¢ >
Cj = Sj+Wj+=——Wj1+=—h B.15
D Kjsamja1Gjn e <J TR (B.19)
with
1
. _ i E: . -Y v
nj+1= 5o j(1+aesji1) (B.16)

Next we have to derive formulas fof andk. Use the envelop equatipn B.7, subsitute the
derivative of the value functidn B.1L.2, the derivative of the instantaneous utility function and

consumption equatign B.]L5

-1 re fi+1 gi+1
kil(si+wj+hS)=a ’ <s-+w-+J Wiiq 4+ 2=he B.17
! (J ) J) J Kiz1mj+18j+1+ 15 ) ) I I+t re I+l ( )

which leads to

7 Kjranj 1 G £ I
] rs

k= o (B.18)

9 Note, we assume kjy #0and é’jy £0

23



i 7Wj+1+7 i+1 (Blg)

which is consistent with our assumption tlkr;nandhjc are non-stochastic. Solving the equation
forewards leads to

je 1 fi-1 1 1 1
kj = z o |_I o marlipaly | = pij (B.20)
i=) I=]
which entails for the propensity to consume
1 11 11
Kjvanmjradjrars  +1=p¢ ) 7 = pgj" R (B.21)

Subsitution int¢ B.T leads to consumption equgftioh 2.8.

We have equations of the forfi{y) = (1+ay) "y andg(y) = (1+ay)~”. These equations
will be subsequently approximatedyn = 0 and inyp = . The most simple expressions are
obtained inyg = 0. The second order Taylor series approximations become

f(y) ~y—ray’ (B.22)

1
oly) ~ 1-yay+5y(y + Da’y® (8.23)
Subsitute the approximation fdrinto portfolio equatiofi B.1I3 to obtain
0~ us— yaoss (B.24)

which leads to portfolio equatign 3.1. Subsitute the aproximatiog foto[B.1§ to obtain
1
I's 1 2 7
Nj+1~ 57061' 1-yaus+ E?’(?""l)a Oss (B.25)
Approximation off in yg = ug leads to
fy)~ (1+aps) " us (B.26)

+ [(14‘3#5)7?/ - Va(l‘f'alls)iyilﬂs} (y—us)
1 o L
+5 [*2ya(1+aus) "ry(y+1)a(1+aus) 7 Zus} (y — us)?

Approximateg(y) = (1+ay)~” in us using a second order Taylor series

g(y) ~ (1+aus) 7 —ya(l+aus) " (y —us) + %y(y +1)a? (1+aus) 72 (y — us)?
(B.27)
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Substitute approximatign B.P6 irfto B]13 to obtain

1 1
0r Sa?y’usods — 5alyusols+alus —ayads+2aus + s (B.28)

which leads to portfolio equati

1
28 — yuswds+ y2uswds

Substitute the approximatipn B]27 fginto[B.16 to obtain

a

(—2u§ +yok— wss\/ —2y2ué + v i — 2w§> (B.29)

1

- r _ 1 L 7

Mj+1~ ((3; ((1+aﬂs) T+ 5r(r+1a* (1+au) Zws?s)) (B.30)
J

Another approximation is obtained after substitutioh of B.26[into Bi.&3,

0= (1+aus) "us (B.31)
1 Ly Ly
+3 [—Zya(1+aus) "y +1)a® (1+aus) T Zﬂs} ol
Make use of 1+aus) " — 1(y +1)a(1+aus) us ~ 1 to get

an (B.32)
Y Wsg

Lastly note that no investments occur at the maximum attainableage 0, moreover human

wealth is zerd%, = 0, and

1

Kje — . (B.33)

je

Appendix C Derivations section 4
C.1 Linear quadratic approximation
The budget restriction 2.3 can be written as
Cj +S] = Sj +W; (C1)
with sf =3, Shi- Write equity return assj = r¢ +&sj. This implies for financial wealth
T L8

Sj = aij]_‘F ijsgjil (CZ)

10 The other root does not give a solution within the admissible range.
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Substitut¢ C2 intp C]1 and substitute subsequently eqyatiop 2.10. This results in budget equation
[4.2 . Define functiorf, the instanteneous utility functionfin 4.1, which has to be linearized

5y % Ly
—f(zj) = rycj (C.3)
e o« j X *
¢ =zSat g—_’arf s 1+ ] +wj—s]
j j

>/

ZJ'E|:XJ' Gj}z[sjil &j 1 sj‘}

Write the linear restriction in4l3 as

S 0 0 O S_1 1 0
et | =0 0 m || e |+] 05T+ | o || e (C.4)
1 0 0 1 1 0 0
or
Xj+1:/&Xj+BGj+C8H1 (C.H)

All nonlinearities in problel are absorbed into the composite fundtjap). For each ag¢
we can take a second order Taylor series approximatidiizf in pointz;, the solution of the
non-stochastic version of the model

@) =t + @ -2y X+ e -2y -2 3 -2 (C.6)
VAT A gy T2 T gz, Y '
EZGM,%,-

The matrixM equals
af\ 1, 9°f

Mj=d|f(z)— (=) z+7 ’ 7

i=d\t@) (azj)zj+zz'azjaz’jZd (€7

1(of 9?f 0?f ot "\ 1/ 9%
) AT B L NP Y KA DIy (L
+2<azj Vozjoz; 9207, * 9z >+2(8zjaz’>

with d a vector with all zero’s except a 1 in row 3 corresponding to the constant unity in the state
vector, so = d'zj = zjd.

Note, the linearization leads to a modified version of the optimal linear regulator problem. In
particular, cross products occur between state and control variables. Hansen and Sargent (2004)
discusses a transformation to write the problem in the standard format (eqfiatigns|4.4, 4.5). More
precisely, the instantaneous utility function can be written as
Rj W, Xj

(C.8)
W'J Qj Uj

FM: 7 — /Ty
szJsz[xj Uj}

YR Xi LT 0T 20 W' X
= XjRjXj +U;Qjuj + 2u;WiX;

— 1O R.y.
_ujQJu,er,R,xJ
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using the transformations

uj = Uj +Q; 'Wix; (C.9)

Rj =Rj —W;Q; W] (C.10)
Substitute equatidn §.9 info €.5 leads to transition[rulg 4.5 if

Aj=A-BQ'W] (C.11)
Note, there are no cross productsbetween states and contrgls-fiee This implies that a
transformation is not necessary for the end year.

C.2 Derivations robust control

AssumeV = —x'Px— d for the value function. The construction of the worstcase scenario reads
as
min —1 / _1 / —1
3 Ej (667 ¢ 118 18511 — 8 ¢j1aXj 1 aPjraXjaa] — 6 ¢jadja (C.12)
j+1
The first order condition is

aj+1:Kij (C.13)

1] 1 -t

if uj = —F;x;. Inthat case hold&x; + Buj = Ajx; — BFjx; = Ajx;The minimized value of
problen{C.IPR is
_6_1Cj+1xlj'5\/j D(Pj+1)AJ‘XJ‘ — 6‘1§H1tr PHlCC/ — 5_1§j+1dj+l (C.14)
with
1 1 -
D(Pj 1) = <0Pj+1c {| —QC’PJ-HC] C’Pj+l+Pj+1> (C.15)

Substitution into the objective functipn 4]10 gives

max , ,
Vi (xj) = N [—ijjxj—uijuj (C.16)
j

—6_1Cj+1 ((X/JA/J + u/j B/) D(PH’]-) (A]XJ + BUJ) +tr Pj+1CC/+dj+1)]
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The first order condition is

_ _ -1
Uj=—0 *¢j+1[Qj+8 '+1B'D(Pj+1)B] "B'D(Pj11)Ajxj = —FjX; (C.17)

Substitute this result info C.JL6 and replace the left hand side with the initial guegsttoget
recursive expressions férandd

Pj =Rj+6 1 11A D(Pj11)A] — 8 1 1F|B'D(Pj11)A| (C.18)

I:)je = Rje

dj = 6 ¢j41 (rPj+1CC +dj41) (C.19)

djezo
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