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Abstract

Countries have demonstrated a tendency to switch their second pillar to defined contribu-
tion plans, increasing the market-sensitivity of pensions. This can lead to large differences
across generations within a pension fund. In this paper we investigate how each cohort should
invest if the goal is to prevent the existence of unlucky generations, without reducing overall
pension levels. We find a closed-form solution for the optimal life-cycle investment that dif-
fers substantially from the classical CRRA investment and bears a strong resemblance to the
100 —age rule of thumb. We show that this effectively reduces differences between consecutive
cohorts.
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1 Introduction

The Future Pensions Act (2023) adds the Netherlands to the growing list of countries that have
moved their second pillar away from a defined benefit (DB) plan. This transition to defined con-
tribution (DC), which has already been undergone in the private sectors of major economic forces
such as the USA, UK and Canada some time ago, transfers the risk-bearing toward the participants
of the plan. One of the principle changes entails, as the name of the plan suggests, the cessation of
guarantees of the participant’s benefits. To mitigate the consequences of the absence of guarantees
in this new plan, pension funds’ responsibilities are broadened to also include the prevention of
so-called fortunate and unfortunate generations, due to fluctuating market returns. This has led to
an increase in academic literature on optimal investment under uncertainty, most of them varia-
tions on the well-known optimal investment problem introduced by Merton (1969) and Samuelson
(1969).

This problem has been widely investigated, with many additions to further improve the real-
world applicability, such as stochastic volatility (Heston, 1993), stochastic interest rates (Munk
& Sgrensen, |2004), stochastic labor supply (Benzoni et al., 2007) and mean-reverting market re-
turns (Wachter, |2002). Others have aimed to improve the specification of behavioral character-
istics, through an adjustment of the utility function(von Neumann & Morgenstern, 2004). The
earlier works usually consist of concave functions that have wealth (or consumption) as a vari-
able (Hakansson, |1970; Merton, |1969, 1971), whereas the literature afterwards incorporates often
wealth relative to some reference or benchmark, rather than as an absolute amount on its own, lean-
ing onto ideas discussed by e.g. Duesenberry (1949), Kahneman and Tversky (1979), and Ryder
and Heal (1973). In this paper we employ a form of habit formation, which depicts a benchmark
that is of a dynamic nature.

The idea of habit formation has gained quite some popularity, ever since it was introduced
to model consumption in an economy by Constantinides (1990) and Sundaresan (1989), who ap-
ply the habit formulation of Ryder and Heal (1973), and by Abel (1990) who utilizes a discreet
framework. By adopting entirely different behavioral models, they also demonstrate the diversity
of the formulation of habit formulation. Constantinides (1990) assumes a consumer that evalu-
ates the difference between their current consumption and their habit level, whereas Abel (1990)
considers the ratio. Models that consider differences with some habit level, so-called additive
models, have shown to be solvable in closed form (Detemple & Zapatero, |1991, [1992; Munk,
2008}, Polkovnichenko, [2007; Schroder & Skiadas, 2002) and empirical support has been found
in food expenditures (Dynan, |2000). However, additive models suffer from “addictive” behavior
(Carroll et al., 2000; Chapman, [1998)), meaning consumption will always exceed the habit level.
This is not a desirable property in the defined contribution framework of this paper, as there are no
“hard” guarantees anymore.

This paper therefore considers a multiplicative habit model, meaning we consider the ratio of
wealth and the habit level, rather than the difference. This has the great advantage that, although
individuals aim to exceed their current habit level, it is not a strict necessity. The notion of mul-
tiplicative habit formation was introduced by Abel (1990) and further discussed by Gali (1994).
Furthermore, they discuss the distinction between internal and external habit models, where habits
are endogenously or exogenously formed, respectively. Internal habits have often been invoked to
explain individual consumption and saving levels (Bambi & Gozzi, [2020; Carroll, |2000; Carroll



et al., [2000; Diaz et al., 2003; Fuhrer, 2000; Gomes & Michaelides, 2003). Furthermore Boven-
berg et al. (2020) solve the optimal consumption-investment problem for an individual exhibiting
internal multiplicative habit formation, using a linear approximation suggested by Schroder and
Skiadas (2002)). Although these models are very appropriate to explain consumption and savings
on an individual level, they overlook the intergenerational or cross-individual effects. This is prob-
lematic when we aim to reduce differences between generations, which is the setting of this paper.
To be able to capture the desired intergenerational setting, we will therefore focus our attention on
external multiplicative habit formation.

The start of the rise of the external habit literature can be dated back to Abel (1990), who
added the term catching up with the Jonese to the standard vocabulary in the external habit
literature. This term expresses the behavioral phenomenon of individuals comparing their wealth
to an aggregate value, or to others in general. This is closely related to the relative income model
from Duesenberry (1949). This social comparison has been used in the context of tax policies
(Alonso-Carrera et al., 2005), in explaining risk premia (Campbell & Cochrane, |1999; Xiouros &
Zapatero, 2010) and in clearing up the growth-savings paradox (Harbaugh, 1996). In this paper,
we implement external multiplicative habit formation such that there is a continuous effects of
comparisons of retirement wealth between successive cohorts. External habit formations holds the
advantage that it can account for cross-generational comparisons, which are implicitly assumed
when we assume the possibility of (un)fortunate generations in a pension landscape. Furthermore,
multiplicative habit formation ensures the presence of generational comparisons, but prevents the
undesirable property that this becomes a hard lower bound (Carroll et al., 2000; Chapman, 1998).
Empirical evidence for this social comparison in pension setting was found by Montizaan and
Vendrik (2014).

The literature on optimal investment in DC pensions plans has made quite some advances
as well, in line with a steadily increase in participation in DC plans in developed countries that
has been explored by several authors among who Kruse (1995) and Zelinsky (2004), hinting at
the effect of tax reforms and a changing business landscape at the time. Moreover, Larsen and
Munk (2023) demonstrated the large positive effect of a mandatory pension plan on welfare of
households. Bodie et al. (1988) noted that DB plans hold the advantage over DC in terms of
guarantees, whereas DC plans allow for more flexibility in investment strategies. They state that
interesting future research might be to combine the best of both worlds: a DC plan with some
(low-level) guarantee included. Our formulation of external habit formulation addresses this issue
by introducing an intergenerational benchmark, which can be interpreted as a soft lower bouncﬂ for
each generation. This distinguished our work from other papers in this context, that either model
a minimum guarantee (Deelstra et al., 2003 Grossman & Zhou, [1993), assume a defined benefit
pension plan (Frankfurter & Hill, 1981} Tepper, 1974) or consider different benchmarks, without
comparisons between generations (Dong & Zheng, 2019} Vigna & Haberman, 2001).

Important to mention is that this paper is concerned with cohorts that invest purely for them-
selves, without any form of risk-sharing. In other words, we are in autarky. In this way this paper
separates itself from recent works such as Anthropelos et al. (2024) who consider a linear risk-
sharing rule to guarantee a certain retirement benefit. Furthermore, the advantage of our model

1”Catching up” is used rather than “keeping up”, to emphasize the dependence on lagged values.
2 As mentioned before, we explicitly do not make this a hard lower bound, to avoid the addictive property (Carroll
et al., 2000; Chapman, [1998)) and to keep investment flexibility (Chen et al.,[2021).



specification is that it can be used in combination with methods that look at optimal risk sharing,
examples of which are Gollier (2008) and Cui et al. (2011). Moreover, this paper is only looking
at investment during the accumulation phase, at the end of which (at retirement) a lump-sum is
accumulated by a member of a cohort. Our cohort considers the wealth at retirement as the value
of interest, bearing a strong resemblance to a terminal wealth maximization problem. In our set-
ting, cohorts are aiming to reduce the difference between their wealth at retirement and that of
preceding cohorts, where no assumptions are made about their post-retirement pension decisions.
More specifically, our specification bears a strong resemblance to a “catching up with the Jone-
ses” utility, as introduced by Abel (1990). However, the benchmark represents a comparison to a
directly preceding cohort, rather than aggregate consumption, to fit the intergenerational pension
setting. Because every cohort compares their wealth to that of the preceding cohort, this results in
a continuous “domino” effect of social comparisons.

In this paper, we answer how optimal investment for retirement changes when we aim to pre-
vent large difference between consecutive cohorts, while pension levels remain the same. This is
achieved by obtaining a closed-form solution to the terminal wealth problem with a utility func-
tion of the “catching up with the Joneses” form (Abel, 1990). This paper is structured as follows.
Chapter 2 introduces the model of the economy, pension capital and motivates the choice of util-
ity function. In chapter 3, we solve the optimal control problem, calibrate the model parameters
and illustrate the solution graphically. Chapter 4 and 5 are dedicated to demonstrating the effec-
tiveness of our newly found investment strategy in reducing differences between cohorts and in
absorbing shocks. Chapter 6 then shows that our strategy is robust, in terms of welfare loss, to
misspecification of the utility function. Result will then be concluded.

2 Model

2.1 Economy

First, we define the financial market. We consider a fixed terminal time 7, such that we can
invest during the horizon [0, 7]. We have a filtered probability space (€2,.7, {.%; }o<i<7,P) and
the randomness comes from a Brownian motion, denoted by {W, }o<;<7. In this paper, the market
consist of two assets: a risky asset (or stock), denoted by {S; }o<:<7 and a risk-free asset (or bond),
denoted by { B; }o<:<7. These two assets satisfy the following processes respectively:

dSt = ,uStdt + O'Stth, S(] = 1, (1)
dBt = TBtdt, BQ =1. (2)

Here, r denotes the risk-free rate and ;. and o denote the risky asset’s expected return and volatility.
They are assumed to be scalar processes. As usual, the Wiener process, { W, }o<¢<7, obeys a normal
distribution, i.e., W; ~ N (0, t). Furthermore, All of these processes are {.%; }o<;<7 — measurable.
Hence, our risky asset follows a geometric Brownian motion, while the bond is completely predi-
cable.

We define « to be the price of risk, i.e., k = “;T, which is again a constant. Moreover, there
are no transaction costs in our model and investments can be continuously adjusted. In short, we
have a complete and arbitrage-free "Black-Scholes” economy (Black & Scholes, [1973)).




2.2 Cohorts

In our setting we aim to find an optimal investment strategy for the participants of a pension plan.
To this end, we focus on the accumulation phase of the participants, i.e., the period that starts when
the participants begin their working career and ends with retirement. We assume that this period is
of the same duration for every participant. In particular, we consider the phase to be of length 7,
which is a parameter than can be determined afterwards. Furthermore, We divide the participants
into cohorts. A cohort consists of all participants whose accumulation phase start at the same time.
By assumption, this immediately means that these participants have the same retirement date. As
a notational convention, we denote the cohort that accumulates during the interval [7" — 7,7 by
”Cohort 17

We define C)  to be the value of the investment portfolio at some intermediate point ¢ &
[T — 7,T] for cohort T. In this paper, we assume that each cohort only invests for itself, i.e.,
neither returns nor risks are to be shared. In other words, we assume autarkic cohorts. As each
cohort faces exactly the same maximization problem, we can, without loss of generality, focus on
cohort 7' specifically. Now, this cohort can, during the accumulation phase, either invest in the
risky or risk-free asset. The fraction of total wealt}ﬂ invested in the risky asset at time ¢ by this
cohort is denoted by f(t — T' + 7). The amount invested in the risky asset and the risk-free asset
are then defined as f(t — T+ 7)Cyr and (1 — f(t — T + 7))C} 1 respectively.

The random variable C; 1 is a process following the stochastic differential equation (SDE)
given by

ACyp = (1 =T+ 7)C 4 (1= (1~ T+ 7)o 3
t t

In words, the only factor within our influence that determines changes in our portfolio value is the
amount we decide to invest in the risky asset. With the definitions given in (1) and (2) the SDE can
be rewritten slightly:

dCir =(r+(pu—r)ft—T+71))Cirdt+of(t =T+ 7)Ceqr dW; %)

To approach the problem in terms of returns rather than portfolio value, we can take the natural
logarithm of C r, i.e, ¢; 1 := In(C} 7). By It6’s lemma, this admits the following SDE

devr — (r—i—(,u—r)f(t—T—i—T) - %azf(t—T—i—T)Q) dt
+of(t—T+7)dW,. &)

This SDE can also be written in integral representation, which clarifies the interpretation. To this
end, let us consider the returns at retirement, i.e., ¢y 7. To simplify notation, let us denote this
simply by cr.

g 1
cr=tAg)+ [ =T+ - 3T+
T—1 2
T
+/ Uf(t—T+T)th. (6)
T—71

3Total wealth is defined by adding human capital to financial wealth.
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Here, A, denotes the present value at time 7" — 7 of all contributions for cohort T. From this
definition, it becomes clear that this can be interpreted as the cumulative returns, consisting of
contributions and returns on these contributions by investments during the accumulation phase.
The wealth accumulated at retirement can be obtained by taking the exponential of c;. Finally, it
worth mentioning that wealth at retirement is then a log-normally distributed random variable.

2.3 Utility Function

To determine the optimal fraction invested in the risky asset at each point in time, we need to define
the manner in which cohorts evaluate their pension capital C7 at retirement date 7". The utility
function exhibiting constant relative risk aversion (CRRA) only takes into account the accumulated
wealth of the cohort itself, meaning that this will never result in the desired intergenerational
benchmarking between cohorts. Therefore, we adjust the utility function such that a cohort also
benchmarks their pension against the pension of preceding cohorts.

This adjustment could be defined in a multitude of ways. Our choice of utility functions, which
we introduce in this section, is closely related to the utility function formulated by Abel (1990).
Their utility function, dubbed catching up with the Joneses (CUJ), is based on the notion that ap-
preciation of wealth is comparison-driven. Abel (1990) introduces a preference parameter, defined
by lagged aggregate consumption, against which their consumer evaluates their consumption. In
a similar fashion, with our choice of utility function, we incorporate that our cohort looks at its
own accumulated wealth and evaluates the ratio with the accumulated wealth of the preceding co-
hort, following closely the utility specification of Alonso-Carrera et al. (2005), Abel (1990) and
Alvarez-Cuadrado et al. (2004). If this ratio is larger than one, i.e., if the cohort’s accumulated
wealth exceeds that of the preceding cohort, the cohort is content with their pension. This positive
difference thus gives a "boost” to their perceived utility. On the other hand, however, we incor-
porate that a lowering in wealth with respect to the preceding cohort greatly diminishes the level
of contentment. We can therefore interpret the accumulated wealth of the preceding cohort as the
benchmark of the current cohort. In other words, cohorts now measure their wealth relative to an
exogenously given habit level, defined by the previous generation.

With this in mind, we introduce the following term that denotes our benchmark (habit)

voes
ET:hm( Cr ) . (7)

Atlo \ Oy

This term defines the ratio of the wealth at retirement of two immediately successive cohorts,
corrected for time differences, A¢. Note that this term is strictly larger (smaller) than one if our
wealth at retirement exceeds (is exceeded by) that of the directly preceding cohort. Our utility
function has the following form:

(CpEg)

U(Cr Er) =

()

Notice how, with this utility function, a cohort not only considers its wealth at retirement in
absolute terms, but also compares this to the wealth of the preceding cohort. In this way, we
incorporate the fact that people tend to feel worse about their gains when they know others have
had better returns. In other words, the cohorts in our model are ”jealous”. Realize that, as every
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cohort in our model compares itself with the immediately preceding cohort, and because there are
a multitude of cohorts in the long run, that we get a continuous effect of cohorts that benchmark
their accumulated wealth against the preceding cohort. In this sense, this resembles external habit
formation (Abel, [1990; Gali,|1994; Xiouros & Zapatero, |2010) very closely.

Observe that we have added a new parameter to the utility function, «,, which we restrict to be
positive. We shall henceforth refer to this parameter as the “intergenerational factor”, as it defines
the importance that the cohort attaches to the ratio of pensions. Furthermore, note that we have
added a subscript to the risk aversion parameter, ;. This is meant to emphasize that this value
does not necessarily align with the value in the usual CRRA utility function, which we shall call
P

Let us analyze the utility function, considering Cr and Zp to be two separate (albeit highly
correlated) processes, which are both strictly positive. Notice that our function satisfies the stan-
dard property of decreasing marginal utility with respect to both processes, implying concavity in
Cr and =Z7. Furthermore, note that the relative risk aversion with respect to Cr is 77, as usual.
Moreover, we have that the "benchmark elasticity” of marginal utility is constant, given by

82U(CT7ET)
— =00
:T—BU(E‘T,ETT) =a(l —~p). 9)
aCT

The effect of the external habit is determined by the sign of « (evidently) and the size of ~;.
Under our restriction that o > 0, we have that the benchmark elasticity of marginal utility is
negative for 4; > 1. This would indicate that, under this reasonable assumption, an increase in
the intergenerational benchmark results in a lower marginal utility of own pension capital. Or,
in other words, a decrease in the pension capital of the preceding cohort results in a lower utility
gain from an increase in own pension capital. Conversely, if the terminal wealth of the preceding
cohort increases, we experience a stronger utility gain from an increase in own wealth, as we want
to “catch up with the Joneses”. Furthermore, we can observe that the elasticity depends on an
interaction between « and ;. This suggests that these values depend on each other and are not to
be estimated separately. In section [3.3] we introduce a way to quantify the relationship between
the two parameters.

Realize that, we can write our function in terms of cumulative returns at retirement, rather than
wealth at retirement. We introduce the logarithm of the benchmark process, &7, defined as:

&r = In(Er) = lim o oreat

At10 At (10)

This new process can be interpreted as the difference in cumulative returns between imme-
diately successive cohorts. We can therefore define our utility function in terms of cumulative
returns:

e(1=y1)(er+alr)
Ulc = 11
( T, gT) 1 — V1 ( )
Notice that these two functions are identical, both in mathematical and interpretation terms. There-
fore, we shall make use of the latter representation as it facilitates a more efficient and succinct
solution approach.



3 Optimal Investment

In this chapter we first show the step-by-step solution to this problem. After this, we graphically
and analytically compare our solution to the solution found when the CRRA utility function is
assumed.

3.1 Problem Definition

As stated before, we focus on an autarkic solution for cohort 7'. This means that we aim to find
an optimal investment strategy for this cohort, without the possibility of wealth transfers between
cohorts. It can be shown that our solution is a deterministic function, even if we consider a larger
set of (possibly stochastic) investment strategieﬂ So, without altering the result, we restrict our
investment policy to be deterministic, in line with most pension practiceE], and uniform for all
cohorts that participate in the plan of the pension fund.

Considering the random nature of ¢y and 7, we obtain the formulation of our optimal control
problem:

max [E

e(1=71)(cr+adr)
[—} (12)
f0

L=
where cr is a normally distributed variable, given by (6)). As the random variables ¢r and & are

determined by the investment policy f(t — 1"+ 7), we can directly evaluate (12). We consider the
definition of (I0) applied to the cumulative returns as defined by ().

. ’ L, 2
IAI{EJE{/TT(M_T)f(t_T+T)_§U ft=T+7)°dt
T—At 1
—/ (u—r)f(t—T—i—T—i—At)—502f(t—T+T+At)2dt
T—1—At
T T—At
+/ of(t—T +7) th—/ of(t =T +7+Al) th}. (13)
T—1 T—1—At

Notice that the deterministic part is simply a time derivative that we can directly evaluate using the
Leibniz integral rule. We then have that this term becomes

<u—m(ﬂﬂ—ﬂm+[f

-7

Of (t—T+T)
g )

1 T
__ﬁ(ﬂﬂkﬁmf+/ wﬁ—T+ﬂﬁ%?ﬁﬁ)- (14)

2 T—1

Note that % is well-defined because we are only considering deterministic investment

strategies. The stochastic part, however, must be evaluated with more caution, as the Leibniz

“4Proof available upon request.
3 Asset mixes of target date funds in the US, UK and Australia are predetermined as a function of age (Basu et al.,
20115 Chan et al., 2017; Mitchell & Utkus, 2022} Sass, [2014; Surz & Israelsen, 2008)).



rule is not applicable. Consequently, let us rewrite the stochastic part as the limit:

' 1 T—At

%E{/TT c(f(E=T+7)— (L= T+ 7+ Ab)) dW,
T T—1

+/ of(t =T +7) th—/ of(t—T+1+ At) th}. (15)
T-At T—1—At

Notice that we have split the integral into three parts, in order to emphasize that there are two
intervals that are not shared and one common interval of accumulation. We consider three lim-
its separately. The first limit we need to evaluate is defined by the following expression and is
immediately solvable.

T—At
Etrﬂ]é{/ a(f(t—T—i—T)—f(t—T+T+At))th} (16)
T
:/ 2T iy, (17)
T—1

The second limit is given by:

T —
lim of(t—T+T7)

dW,. 18
A0 Jp_ Ay At ! (18)

Notice that for any limyr f(t — T + 7) = f(7) # 0 this expression diverges to a random
variable with infinite variance. For the utility function to be well-defined, we need that this
is finite. Therefore, it is necessary to assume that f(7) = 0. In a similar fashion we impose
limtw_T f(t —T+ 7') = f(O) = 0.

So, the stochastic part remains finite if and only if we assume f(0) = f(7) = 0. This also
reduces the complexity of the deterministic part. In particular, note that we have now the following
deterministic term.

T
/T o UETHD (45 — o f(t — T + 7)) dt.

Note that, by definition, we have that of (tgg tr) _ _9f (tgtT”). Therefore, the deterministic term
above reduces to
T
/T LTI (5 f(t — T+ 1) — k) dt = 0. (19)

This means that, with the boundary conditions f(0) = f(7) = 0, & only depends on the random
parts between 1" — 7 and T". This is not unexpected, as the deterministic returns should be the
same in case of multiple cohorts following the same investment strategies. The process &7 is thus
defined as follows.

T T
&r _/ UM dW, = / _O—M dW,. (20)

T—1 T—1



2
Notice that £ now has a Gaussian distribution with mean 0 and variance equal to fTTfT o? (W) dt,

by Ito’s isometry. As both the cumulative returns and the log-benchmark are now normally dis-
tributed, we can directly evaluate (12)).

Let us now fix 1" = 7 to lighten the notation. This does not influence our problem (or solution),
as we are considering a uniform solution for autarkic cohorts. Furthermore, we shall henceforth
denote the time-derivative %(tt) by f (t). Then, applying and (6]) to our maximization problem
(T2)), our problem becomes (together with the boundary conditions):

A(l)_W 1 T —102f(t)? dt Tt F(t) dW,
max E el 1) (g r+H(u=r) F() =502 £ (1) di+o [] f(t)—af(t) dW) ' (21)

£0 I—

3.2 Solution

Notice that we can explicitly evaluate (21) for deterministic f(¢), providing us with the following
deterministic optimal control problem.

Alfw
max 0
fO 1=
s.t. f(0) = f(r) =0
1

(1) =1+ (= 0f(0) — G0 f0 + 5007 F (1)~ 20 (1) (1),

=) J§ Z(t.1.) di (22)

Notice that this is a calculus of variation problem, where we have to make a choice for f(t).
Therefore, we need to consider the effect of a perturbation of the control function on the func-
tional .Z (¢, f, f ), which is defined by the objective function in (22)). Because we have a functional
of time, f and its time derivative, we can immediately apply the Euler-Lagrange equation. Note
that a stationary point of .Z(t, f, f ) is immediately also a stationary point of the entire expres-
sion. Therefore, by the Euler-Lagrange equation, the function f is found by solving the following
equation:

0L(t f.f) _ dOZL(t f.f)

=0. 23
af dt of 23)
This leads to the optimality condition
(n=1) =30 f(t) = (1 = y)o*a’ f(t) = 0, (24)

together with f(0) = f(7) = 0. This then is a ordinary differential equation (ODE) which we can
directly solve. Our optimal investment is then given by:

pr (e = D) 1)

*(t) = , 25
Y vro? el” + 1 25)
where ¢ is a new risk parameter, defined as ¢ = (WZW Remark that this parameter is a

decreasing function of both 7; and a.
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3.3 Calibrating risk parameters

This section compares our f*(¢), which we shall henceforth refer to as the CUJ investment strat-
egy, to the widely-known Merton (1969) fraction, which we denote by f¥(t) and is defined as
fr) = £, that is a result of the power utility function. To be able to do this fairly, we need
to determine the relation between risk parameters of both, i.e. 7; and yp. This relation is of great
importance, as this determines the height of the expected pension wealth in both cases. We assume
that cohorts do not favor wealth reductions in comparison to the current situation, even if this re-
duces the differences between cohorts. Therefore, this paper assumes that, for every value of vp,
we determine 7; such that the expected wealth at retirement remains the same. In other words, a
change in o will need to be compensated with a change in ;.

Mathematically, we are determining ~y; such that E[e“T | f7(t)] = E[e“T|f*(¢)]. The left expec-
tation leads to the following term

(p=r)2
E [Aoefé P (=) [P ()= 302 P (02 di [T o 17 (1) dwﬂ = AOJ(” Vpe? ) (26)

The other side of the equation equals

E [Aoef(; P (u—r) f* ()= 202 f*(8)2 di+ [T o f* (t) th} 27)

(=r)? ) | (u=r)?
— A()(ET (r+ ;;102 ) ‘;102 (qequrqi% (28)
It can be shown that these equal each other if the risk parameters satisfy the following equation.

P Tq(e? + 1)
v (e +1)(rq—2)+4

(29)

Note that this means that ~; is never bigger than vp, which makes intuitive sense since o > 0 needs
to be “compensated” with a lower risk-aversion. To give an intuition on the size of the difference,
we have that v; ~ 2.99 when o = 10 and vp = 5.

3.3.1 Limit behavior for the intergenerational factor

From the diversity of methods to capture risk aversion from participants proposed in behavior

economics literature (Alserda et al., 2019; Chetty, [2006; Clark & Strauss, 2008; Schooley &

Worden, 1996; Thomas, [2016; van Rooij et al., [2007; Wik et al., [2004)), it has become clear that

estimating risk parameters is quite a burden for pension funds. To alleviate this burden, we shall

derive the optimal investment strategy when o« — oo, such that we only need the estimate for vp.
In order to properly evaluate the limit, let us write 7; in terms of q. We then get

2.2
q o
= —— 30
M= B (30)
Note that, by the original definition, ¢ > 0. Then, in turn, we are solving
v 7q(e? + 1) 31)

¢a_  (erm 4+ 1)(1q —2) + 4

q2a2_1
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This can be written in terms of «

02— vp(e? 4+ 1)(qT — 2) + 4vp . h(g). (32)
¢ (qr(e” + 1)(yp — 1) = 2yp(e?” — 1))
To find the behavior of ¢ as o grows to 0o, we need to take a closer look at h(q).
Note that we only have to focus on the positive domain of the function (¢ > 0). On this domain,
the numerator is strictly greater than zero. This means that h(q) — oo is equivalent to finding the
finite value of ¢ for which the denominator goes to zeroﬂ To facilitate a straightforward analysis,

let us focus on g7 rather than ¢ itself. Therefore, we need to find finite g7 > 0 such that
qr(e™ + 1)(vp — 1) = 29p(e?” — 1) — 0. (33)

This expression goes to zero if

qr 2vp
_>
tanh () vp —1
This can be solved numerically. The table below shows the values for ¢, for a variety of parameter
values of vp and 7.

(34)

qT q

7=35 7=40 T=45
yp =2 | 3.830 | 0.109 0.096 0.085
yp =5 | 1.776 | 0.051 0.044 0.039
vp =10 | 1.168 | 0.033 0.029 0.026

Table 1: Values for ¢ when o — oo.

3.4 Illustration

We first analyze the optimal investment strategy in terms of total wealth, after which we also show
it in terms of financial wealth, i.e., the life-cycle investment. We will assume, henceforth, that
every cohort has an accumulation phase of 40 years, i.e., 7 = 40. Figures [I] and [2| then show the
investment strategy for a cohort that accumulates during [0, 40].

The first principal change with respect to the CRRA fraction, is that in the beginning and end
op the accumulation phase there is a de-risking process with respect to total wealth. This decrease
in exposure is exactly during the periods that we consider non-shared by consecutive cohorts. This
means that during the periods in which not all of the cohorts that we consider are accumulating
(and thus investing), we reduce the exposure as these periods contribute most to the difference in
accumulated wealth at retirement. The larger the value of «, the larger the periods are that we
consider non-shared, and the lower the exposure during these periods. On the other hand, however,
we have that during the shared periods, i.e., the period between the two non-shared periods, we
expose ourselves more to the market. The goal of this is to compensate for the lower exposure in the
non-shared periods, such that we still obtain the same expected wealth at retirement. Meanwhile,
this period cannot lead to large differences, as successive cohorts are all investing during that
period. A larger value of « leads to a shorter shared period with a higher exposure, leading to a
higher correlation between the pension capitals of consecutive cohorts.

®Note that if ¢ — oo that the denominator goes to oo as well, meaning that the entire expression remains finite.
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Figure 1: Optimal ”CUJ” and "CRRA” fraction of total wealth invested in risky portfolio for
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different values of “intergenerational factor” o. We assume x = 0.2 and yp = 5.
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Figure 2: Optimal CUJ and CRRA fraction of financial wealth invested in the risky asset for yp = 5
and different values of a.

The main finding that figure 2 shows us, next to figure|[T] is that F™* bears a strong resemblance
to the life-cycle based on the well-known rule of thumb that tells us to invest (100 — age)% in
the risky asset. The resemblance is due to the quasi-linearity of our life-cycle and because of the
finite leverage, as opposed to the CRRA fraction which results in infinite leverage as ¢ | 0. This
similarity becomes more pronounced for larger values of «. Furthermore, it worth mentioning that
if a goes to zero in the limit, f* will align with the CRRA investment strategy.

4 Scenario Projections

In this chapter we investigate the wealth accumulated at retirement of different cohorts, where we

compare the situation in which the CRRA life-cycle is followed and the situation in which our CUJ
investments are assumed.
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We simulate a risky asset, S; that follows daily movements for a duration of eighty years,
according to (1)) with © = 0.06 and o0 = 0.2. The bond is assumed to pay a steady risk-free rate of
0.02. For conciseness, the development of the asset is assumed to happen during the interval [0, 80].
We assume forty cohorts, each one accumulating for 40 years (7 = 40) such that the pensions are
accumulated from ¢ = 41 to ¢ = 80. During these eighty years, we have two types of cohorts.
There are forty cohorts that invest according to the CRRA fraction, and forty that follow the CUJ
life-cycle, where investments are adjusted on a daily basis. To properly evaluate and demonstrate
the effectiveness of the CUJ life-cycle, we take into consideration four distinct paths that the risky
asset follows. We refer to these four situations by Ry, Ry, R3 and R,.

R1 R2
50 | | : 50 | 1
- = Y T
AL 0f AwM\J | ,V\ AMV 141 0 \\/V \/\ \/ ! V’\/ 'L’
—_ —_
= s
| | | | | _50 L | | | | | i
0 20 40 60 80 0 20 40 60 80
t t
(a) i = bend ~ 19.66. b) 1~ 0.39en 6 ~ 19.94.
R3 R4
T 40 T
—~ 50 1= 20F 1
S S | h
/N L 0 [ | -
A | J Az i
AR M 2 o |
= =
—40 - |
—50 1 | | | | [ | | | | |
0 20 40 60 80 0 20 40 60 80
t t
() i~ 5.05encd =~ 21.7. (d) =~ —-0.47enc ~ 17.28.

Figure 3: Four scenario’s annual returns risky asset. Parameters are set at ¢ = 0.06,0 = 0.2.
Numbers are displayed in percentages.

We can observe that in the first of these situations, 1?1, we are dealing with an asset that is
relatively stable, with generally positive returns. Furthermore, the returns show, on average, an
increase over the years. The second path shows, on the other hand, a stock that barely increases
over eighty years. I3 bears a strong resemblance to R, the only exception being the large decline
after all the increases, whereas R, does not experience this decline. In the last situation, we are
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dealing with an asset that performs quite poorly. We now show the average annualized realized
returns that the forty cohorts experience, in each of the scenario’s.

R1 R2
I I I I I I I
—e— CRRA —e— CRRA
a = 10 a =10
_35) ./\\#WA/A’ _25¢) 1
—~ 3+ % -~ 9| \/ |
e j e
E B 14 R .
2.5 \f. 1.5 \/\‘\J .
2 L - \ \ \ L \ \ \ \ \
40 50 60 70 80 40 50 60 70 80
T T
R3 R4
‘ — C‘RRA ‘—0— CRRA‘ ‘
a =10 22 - a =10 |
—~ 35) 1 =
= = 2)
| " ~—~

: 3| ' NS
3 /\/ \f/\//\/./ =7 1.8} \/ \
L 1.6 2

40 20 60 70 80 40 20 60 70 80
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Figure 4: Simulation four scenario’s pensions. Parameters are set at = 0.02, © = 0.06,0 = 0.2.
Displayed are the average annual returns for all cohorts, in percentages.

In figure d we compare the average annual returns of forty consecutive cohorts that either invest
according to the CRRA strategy (blue) or the CUJ strategy (green) , that this paper proposes. We
will refer to these forty cohorts by CRRA cohorts and CUJ cohorts, respectively. Every dot in
figure 4{ represents the average annual returns that a cohort that retires at time 7" has experienced.
As the goal of our proposed investment strategy is to reduce the differences among (immediately)
successive cohorts, while keeping the expected wealth the same, we expect the resulting lines
between the dots to be relatively flat, compared to the CRRA cohorts.

First of all, we see that the differences between immediately successive cohorts have been
tremendously reduced: the largest immediate decline in annual returns for the CUJ cohorts, which
can be found in R3, between the cohorts that retire at 7' = 57 and T' = 58, is just below to 0.085%,
which amounts to approximately 3.40% in forty years time. On the other hand, for the CRRA
cohorts, the largest decline amounts to almost 12.6% over forty years. Furthermore, considering
the entire set of forty cohorts, the CUJ investment strategy results in a much lower volatility of
returns. The green line displays a much smoother development than the blue line, that shows
tremendous volatility. This also means that over longer periods, i.e., between cohorts that differ
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more than one year, there are fewer declines in returns. Moreover, increases and decreases happen
more gradually, rather than sudden. In short, the CUJ investment strategy this paper proposes is
an effective tool to reduce differences between cohorts and thus reduce the probability of so-called
unfortunate and fortunate generations. This is all achieved, without compromising on the level of
returns (or pensions) and without any form of risk or wealth sharing.

S Impulse-Response

In this chapter we assess the ability of the CUJ strategy to absorb shocks in the value of the asset.
This is an important aspect of the strategy, as shocks may lead to differences in returns and thus
create unfortunate generations.

To be able to illustrate the effect of our investment strategy as clearly as possible, we consider
the simplified situation in which the asset follows a deterministic path, with a constant growth.
This means that, in the absence of a shock, the returns (and pensions) of the cohorts are exactly
equal. Therefore, the shock will be the only factor that determines differences. A shock can either
be a sudden increase or decrease in the value of the asset, indicating either a lucky or unlucky
generation. As decreases are mirrored results of increases, we will only consider the latter.

More specifically, we consider two distinct scenario’s, where in both we again consider a stock
development of eighty years and forty annual cohorts. In the first scenario we have an asset that
undergoes a shock of 50%, that occurs around ¢ = 20. In the second scenario the there is again
a shock with a magnitude of 50%, after 55 years. This means that in the first scenario the earlier
generations are fortunate, and in the second scenario the later generations. Graphs [5|and [6] depict
the logarithm of the stock and the shock absorbing mechanism that is the result of the investment
strategies. Again, as in figure [, each point in graph [6] represents the average annual returns for a
cohort that retires at 7'.

Shock scenario 1

Shock scenario 2

Without s‘hock | | Without lhock | |
e With shock e With shock
4l | 4t |
ERpIl L E 9 ]
0 L | | | | | | 0 L | | | | | i
0 20 40 60 80 0 20 40 60 80
t t

Figure 5: Asset values in scenario 1 and scenario 2.

We observe the resulting shift in returns for cohorts that either follow the CRRA investment
strategy or the CUJ strategy. Notice that a shock in the asset value corresponds one-to-one with a
shock in the returns of the cohorts. This is due to the constant exposure with respect to total wealth.
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Shock scenario 1, CRRA Shock scenario 1, CUJ
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Figure 6: Effect of shock on average annual returns of the forty cohorts in scenarios 1 and 2, for
both CRRA and CUJ model.

On the other hand, however, we see that the CUJ investment strategy is much more apt in spreading
the shock over multiple cohorts. This means the decline or increase happens gradually rather than
all at once. This prevents large differences in a short amount of time and, thus, the probability of
an unlucky cohort. In short, the CUJ investment strategy is much more apt in absorbing shocks
and results, as before, in smoother increases or decreases in wealth.

6 Welfare impact misspecification

In this chapter, we discuss the impact on welfare of misspecification of the utility function. We
shall express this in terms of differences in CEQ returns per annum.

6.1 CRRA utility

In this first part we illustrate the welfare losses participants of a pension plan experience whenever
the wrong utility function is assumed. In particular, we look at the CUJ utility function assumed in
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this paper and the CRRA utility function.

There are two possible ways welfare loss could happen. The first occurs when the investor
evaluates according to our CUJ utility function but invests the Merton (1969) fraction. Note that
this fraction does not consider the pensions of any previous cohorts nor does it impose any restric-
tion on the values at £ = 0 or ¢ = 7. This absence of boundary conditions leads to a process &p
with infinite variance. This also means that there is an infinite amount of welfare loss for a CUJ
participant in that case. On the other hand, the CUJ investment strategy, f*(¢), leads to a finite
welfare loss if the CRRA utility is assumed. We shall express this loss in terms of difference in
annual certainty equivalent (CEQ) returns. In mathematical terms, we are solving for some annual
return gp, such that

E [CT[fP]””} _ (Aoetr) e (35)
L=1p L=7p

where C7[fT'] denotes the pension capital at retirement when we follow invest strategy f. Simi-
larly, we denote C'r[f*] and determine g; such that

C *]1—vyp AnpedIT\1—7P
E{T[f] ]:(06’ ) _ (36)
L=7p L—=7p
The first is the well-known Merton CEQ:
2
K

gp =71+ 5—. (37)

2vp

For g; we find:

N K2eT(qr —2) +qr +2 K *ypdqre” + g7+ €*7 (g7 — 3) + 3
g =T — — .
ol e +q 297 ¢ (e +1)°

(38)

In order to get a better idea of the difference of the two, let us look at some differences for specific
parameter values. We show the difference between the two CEQ’s graphically, as a function of «
and include the CEQ loss for a variety of parameter values in table [2]

S
= 24
E
o
o
8 22} .
= .
é’ —f
< —fF
2 T | | |
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Figure 7: CEQ as a function of «, for yp = 5 and kK = 0.2.
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By construction, any investment strategy that is not the Merton (1969) fraction, is suboptimal
for the participant that evaluates its wealth according to CRRA utility. Therefore, f*(¢) necessarily
realizes a lower CEQ per annum than f%(¢). However, we see here that this differences is almost
negligible in size. Even high levels of a, which we have seen can have a large effect on reducing
the differences in pensions, lead to a loss in CEQ of a mere 0.06% per year, meaning a cumulative
difference of 2.4% over forty years.

Welfareloss a=05 a=1 a=2 a=5 a=10 a—
yp =2 0.009  0.017 0.034 0.077 0.121 0.167
Yp =25 0.004  0.009 0.018 0.040 0.060 0.075
vp =10 0.002  0.005 0.009 0.021 0.032 0.038

Table 2: Welfare loss in terms of annual CEQ returns in percentages (%), for k = 0.2.

From table [2] we can conclude that, unsurprisingly, the CEQ loss increases with the level of «
and decreases whenever vp increases. However, the welfare loss remains limited, even for higher
levels of v and lower levels of vp. This all suggests that the CUJ investment strategy is robust to
utility misspecification, making it a prudent choice whenever we aim to prevent welfare losses.

6.2 Intergenerational factor

In this subsection, we consider the welfare loss in terms of CEQ per annum whenever there is a
misspecification of the value of our parameter cv. We shall assume that we invest according to &
with corresponding 7; and ¢, but evaluate according to some different o with corresponding ;.
Therefore, consider our investment strategy f*. We then calculate y such that

(CrlfIEFfF D] _ (Age?) ™™

E - . (39)
L= L=

This leads to the term
K2 +eT(gT —2) +2)  K2yrq(e®™ — 24Ted™ — 1)
Arqr(ed™ + 1) 2922 (ed™ + 1)2
N K2y (e27(3 — Gr) — 4GTed™ — g1 — 3)
242G (i 4 1)°

y=r-+ (40)

(41)

To illustrate the impact on annual CEQ for specific values of «, we include table

We can deduce from table 3| that it is much more costly to invest according to a preference pa-
rameter value that is lower than the ”actual” value, than the other way around. For example, for
vp = b, an investment according to & = 0.5 together with an evaluation based on o = 10 leads
to a total CEQ return loss of 40 x 0.775% = 31% over a span of forty years. On the other hand,
& = 100 together with o = 0.5 leads to a limited loss of 2.64% over an accumulation phase of
forty years. In short, it is a much more robust strategy to overestimate the preference level o on
which the investment strategy is based, than to underestimate it.
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a=05 a=1 a=2 a=5 a=10 a—

=2

a=0.5 - 0.004 0.018 0.059 0.102 0.147
a=1 0.008 - 0.008 0.045 0.086 0.130
a=2 0.068  0.015 - 0.023  0.059 0.100
o= 0.480  0.184  0.05 - 0.015 0.046
a=10 1,385  0.597 0.220 0.026 0.013

a—oo 3517 1.608 0.670 0.143 0.024 -

Yp =15

a=0.5 - 0.002 0.010 0.031 0.051 0.065
o= 0.004 - 0.003 0.023 0.042 0.056
o= 0.035 0.008 - 0.012  0.029 0.042
o= 0.260 0.101  0.027 - 0.007 0.017
a=10 0.775 0.335 0.121 0.013 0.005

a—oo 2095 0949 0381 0.069 0.009 -

vp =10

a=0.5 - 0.001 0.005 0.016 0.029 0.033
a=1 0.002 - 0.002 0.012 0.022 0.029
a=2 0.019  0.004 - 0.006 0.015 0.021
a=2>5 0.140  0.054 0.014 - 0.003 0.008
a=10 0.420 0.181 0.06 0.007 0.002

a—oo 1.135 0.511 0.203 0.036 0.005 -

Table 3: Welfare loss in terms of annual CEQ returns in percentages (%) for different values of vp.
Losses are expressed in differences relative to the CEQ of the correctly specified case, i.e. a = a&.

7 Conclusion

Over the last few decades, more and more countries have seen their second pillar transition to a DC
scheme. As this results in pensions that are highly sensitive to market returns, this can create large
differences between generations. To prevent the undesirable situation in which there are so-called
unlucky and lucky generations, pension funds aim to find means to mitigate this risk. Therefore,
we have investigated in this paper whether we can already prevent these unlucky generations, by
changing only the investment strategy during the accumulation phase. More specifically, we have
considered generations in autarky, i.e. where every generation only invests for themselves, without
any wealth transfers between generations. We have included the presence of unlucky generations
(or cohorts) in our model by assuming a “catching up with the Joneses™ utility function. This
means that we have adapted the utility function such that a cohort not only looks at their own
accumulated wealth at retirement, but also compares this to the wealth of the preceding cohort at
retirement, bearing a strong resemblance to external habit formation models.

We have solved this model in closed form and find that the solution differs substantially from
the optimal investment that is found for standard CRRA utility. First, we observe a much lower
exposure to the market at the start and end of the accumulation phase. This is also intuitively
plausible, as these are the intervals during which consecutive cohorts are not all accumulating.
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These are then the periods that could, in the absence of such de-risking, create large differences
in wealth. Then, in the large interval in which we consider that all these consecutive cohorts are
investing (the “shared” interval), we increase the level of exposure to compensate for the lower
exposure in the “non-shared” intervals. During this shared interval, all these consecutive cohorts
are investing in the same market, meaning this cannot result in large differences between them.
Furthermore, if we consider the investment strategy in terms of financial wealth, rather than total
wealth, we observe a strong similarity to the rule of thumb that tells us we need to invest (100 —
age)% in the risky asset.

To demonstrate the effect of the new investment strategy on pensions, we include a few scenario
trajectories and conduct an impulse response analysis. These simulations show that differences
between closely following cohorts are indeed strongly reduced. Whereas the classical CRRA
strategy can lead to a volatile movement of pensions over generations, the ’catching up with the
Joneses” strategy smooths these pensions out. We observe that this smoothing effect happens,
while on average the level of pension capital is not reduced. This smoothing effect in general
grows with the level of the intergenerational factor. We also see that, in a pension context, shocks
in the asset value are absorbed in a much more desirable way. Rather than creating an all-or-
nothing scenario where the shock is felt all at once, the CUJ investment strategy spreads the shock
over multiple years, meaning the differences in pension capitals between consecutive cohorts are
reduced. In total, the simulations show that the CUJ investment strategy effectively reduces the
probability of unlucky generations.

Finally, we also look at the robustness of our utility function to misspecification. First, we
consider the error where the wrong utility function is assumed for the investment strategy. In
particular, we have analyzed the case where the CRRA utility or the CUJ utility is assumed, while
the other is the “true” way of evaluation. The case where the CRRA fraction is invested, but our
CU]J utility is used for evaluation, we have an infinite welfare loss, due to the infinite variance of
the intergenerational benchmark. Conversely, we see that the CUJ investment strategy results in
a very limited welfare loss, in case the cohort evaluates according to the CRRA utility function,
even for high levels of the intergenerational factor. Furthermore, we see that, in case of the CUJ
investment strategy, an overestimation of the intergenerational factor is much less costly than an
underestimation. So, if we want to avoid large welfare losses due to misspecification, the most
robust option is to choose the CUJ investment strategy with a high intergenerational factor.

To conclude, this paper proposes a new life-cycle investment strategy for retirement that pre-
vents unlucky generations by reducing the differences in wealth at retirement between consecutive
cohorts, without lowering pension levels relative to the CRRA strategy. The advantage of this
method is that the smoothing of pensions is already achieved, without any risk-sharing or wealth
transfers. This means that our strategy can be used next to such measures. We propose that fur-
ther research is done into the design of a solidary scheme to further reduce differences between
generations, given that our investment strategy is already followed.

References

Abel, A. B. (1990). Asset prices under habit formation and catching up with the Joneses. American
Economic Review, 80(2), 38—42.

21



Alonso-Carrera, J., Caballé, J., & Raurich, X. (2005). Growth, habit formation, and catching-up
with the Joneses. European Economic Review, 49(6), 1665-1691.

Alserda, G. A., Dellaert, B. G., Swinkels, L., & van der Lecq, F. S. (2019). Individual pension risk
preference elicitation and collective asset allocation with heterogeneity. Journal of Banking
& Finance, 101, 206-225.

Alvarez-Cuadrado, F., Monteiro, G., & Turnovsky, S. J. (2004). Habit formation, catching up with
the Joneses, and economic growth. Journal of economic growth, 9, 47-80.

Anthropelos, M., Chen, A., Vanduffel, S., & Wilke, M. (2024). Linear risk sharing in intergenera-
tional pension. Scandinavian Actuarial Journal, 1-34.

Bambi, M., & Gozzi, F. (2020). Internal habits formation and optimality. Journal of Mathematical
Economics, 91, 165-172.

Basu, A., Byrne, A., & Drew, M. (2011). Dynamic lifecycle strategies for target date retirement
funds. Journal of Portfolio Management, 37(2), 83-96.

Benzoni, L., Collin-Dufresne, P., & Goldstein, R. S. (2007). Portfolio choice over the life-cycle
when the stock and labor markets are cointegrated. Journal of Finance, 62(5), 2123-2167.

Black, F., & Scholes, M. (1973). The pricing of options and corporate liabilities. Journal of Politi-
cal Economy, 81(3), 637-654.

Bodie, Z., Marcus, A. J., & Merton, R. C. (1988). Defined benefit versus defined contribution
pension plans: What are the real trade-offs? In Z. Bodie, J. Shoven, & D. Wise (Eds.),
Pensions in the U.S. economy. University of Chicago Press.

Bovenberg, L., van Bilsen, S., & Laeven, R. (2020). Consumption and portfolio choice under
internal multiplicative habit formation. Journal of Financial and Quantitative Analysis,
55(7), 2334-2371.

Campbell, J. Y., & Cochrane, J. H. (1999). By force of habit: A consumption-based explanation of
aggregate stock market behavior. Journal of political Economy, 107(2), 205-251.

Carroll, C. D. (2000). Solving consumption models with multiplicative habits. Economics Letters,
68(1), 67-717.

Carroll, C. D., Overland, J., & Weil, D. N. (2000). Saving and growth with habit formation. Amer-
ican Economic Review, 90(3), 341-355.

Chan, C.-Y., Chen, H.-C., Chiang, Y. H., & Lai, C. W. (2017). Fund selection in target date funds.
North American Journal of Economics and Finance, 39, 197-2009.

Chapman, D. A. (1998). Habit formation and aggregate consumption. Econometrica, 66(5), 1223—
1230.

Chen, A., Nguyen, T., & Rach, M. (2021). Optimal collective investment: The impact of sharing
rules, management fees and guarantees. Journal of Banking & Finance, 123, 106012.

Chetty, R. (2006). A new method of estimating risk aversion. American Economic Review, 96(5),
1821-1834.

Clark, G. L., & Strauss, K. (2008). Individual pension-related risk propensities: The effects of
socio-demographic characteristics and a spousal pension entitlement on risk attitudes. Age-
ing and Society, 28(6), 847-874.

Constantinides, G. M. (1990). Habit formation: A resolution of the equity premium puzzle. Journal
of Political Economy, 98(3), 519-543.

Cui, J., de Jong, F., & Ponds, E. (2011). Intergenerational risk sharing within funded pension
schemes. Journal of Pension Economics and Finance, 10(1), 1-29.

22



Deelstra, G., Grasselli, M., & Koehl, P.-F. (2003). Optimal investment strategies in the presence of
a minimum guarantee. Insurance: Mathematics and Economics, 33(1), 189-207.

Detemple, J. B., & Zapatero, F. (1991). Asset prices in an exchange economy with habit formation.
Econometrica: Journal of the Econometric Society, 1633—1657.

Detemple, J. B., & Zapatero, F. (1992). Optimal consumption-portfolio policies with habit forma-
tion. Mathematical Finance, 2(4), 251-274.

Diaz, A., Pijoan-Mas, J., & Rios-Rull, J.-V. (2003). Precautionary savings and wealth distribution
under habit formation preferences. Journal of Monetary Economics, 50(6), 1257-1291.

Dong, Y., & Zheng, H. (2019). Optimal investment of dc pension plan under short-selling con-
straints and portfolio insurance. Insurance: Mathematics and Economics, 85, 47-59.

Duesenberry, J. (1949). Income, saving, and the theory of consumer behavior. Harvard University
Press.

Dynan, K. E. (2000). Habit formation in consumer preferences: Evidence from panel data. Ameri-
can Economic Review, 90(3), 391-406.

Frankfurter, G. M., & Hill, J. M. (1981). A normative approach to pension fund management.
Journal of Financial and Quantitative Analysis, 16(4), 533-555.

Fuhrer, J. C. (2000). Habit formation in consumption and its implications for monetary-policy
models. American Economic Review, 90(3), 367-390.

Gali, J. (1994). Keeping up with the Joneses: Consumption externalities, portfolio choice, and asset
prices. Journal of Money, Credit and Banking, 26(1), 1-8.

Gollier, C. (2008). Intergenerational risk-sharing and risk-taking of a pension fund. Journal of
Public Economics, 92(5), 1463-1485.

Gomes, F., & Michaelides, A. (2003). Portfolio choice with internal habit formation: A life-cycle
model with uninsurable labor income risk. Review of Economic Dynamics, 6(4), 729-766.

Grossman, S. J., & Zhou, Z. (1993). Optimal investment strategies for controlling drawdowns.
Mathematical Finance, 3(3), 241-276.

Hakansson, N. H. (1970). Optimal investment and consumption strategies under risk for a class of
utility functions. Econometrica, 38(5), 587-607.

Harbaugh, R. (1996). Falling behind the Joneses: Relative consumption and the growth-savings
paradox. Economics Letters, 53(3), 297-304.

Heston, S. (1993). A closed-form solution for options with stochastic volatility with applications
to bond and currency options. Review of Financial Studies, 6, 327-343.

Kahneman, D., & Tversky, A. (1979). Prospect theory: An analysis of decision under risk. Econo-
metrica, 47(2), 263-291.

Kruse, D. L. (1995). Pension substitution in the 1980s: Why the shift toward defined contribution?
Industrial Relations: A Journal of Economy and Society, 34(2), 218-241.

Larsen, L. S., & Munk, C. (2023). The design and welfare implications of mandatory pension
plans. Journal of Financial and Quantitative Analysis, 58(8), 3420-3449.

Merton, R. C. (1969). Lifetime portfolio selection under uncertainty: The continuous-time case.
Review of Economics and Statistics, 247-257.

Merton, R. C. (1971). Optimum consumption and portfolio rules in a continuous-time model. Jour-
nal of Economic Theory, 3(4), 373—413.

Mitchell, O. S., & Utkus, S. P. (2022). Target-date funds and portfolio choice in 401 (k) plans.
Journal of Pension Economics & Finance, 21(4), 519-536.

23



Montizaan, R. M., & Vendrik, M. C. (2014). Misery loves company: Exogenous shocks in re-
tirement expectations and social comparison effects on subjective well-being. Journal of
Economic Behavior & Organization, 97, 1-26.

Munk, C. (2008). Portfolio and consumption choice with stochastic investment opportunities and
habit formation in preferences. Journal of Economic Dynamics and Control, 32(11), 3560—
3589.

Munk, C., & Sgrensen, C. (2004). Optimal consumption and investment strategies with stochastic
interest rates. Journal of Banking & Finance, 28(8), 1987-2013.

Polkovnichenko, V. (2007). Life-cycle portfolio choice with additive habit formation preferences
and uninsurable labor income risk. Review of Financial Studies, 20(1), 83—124.

Ryder, H. E., & Heal, G. M. (1973). Optimal growth with intertemporally dependent preferences.
Review of Economic Studies, 40(1), 1-31.

Samuelson, P. A. (1969). Lifetime portfolio selection by dynamic stochastic programming. Review
of Economics and Statistics, 51(3), 239-246.

Sass, S. A. (2014). The U.K.’s ambitious new retirement savings initiative. Issue in Brief, 14-5.

Schooley, D. K., & Worden, D. D. (1996). Risk aversion measures: Comparing attitudes and asset
allocation. Financial Services Review, 5(2), 87-99.

Schroder, M., & Skiadas, C. (2002). An isomorphism between asset pricing models with and with-
out linear habit formation. Review of Financial Studies, 15(4), 1189—-1221.

Sundaresan, S. M. (1989). Intertemporally dependent preferences and the volatility of consumption
and wealth. Review of Financial Studies, 2(1), 73-809.

Surz, R. J., & Israelsen, C. L. (2008). Evaluating target date lifecycle funds. Journal of Perfor-
mance Measurement, 12(2), 62.

Tepper, 1. (1974). Optimal financial strategies for trusteed pension plans. Journal of Financial and
Quantitative Analysis, 9(3), 357-376.

Thomas, P. (2016). Measuring risk-aversion: The challenge. Measurement, 79, 285-301.

van Rooij, M. C., Kool, C. J., & Prast, H. M. (2007). Risk-return preferences in the pension domain:
Are people able to choose? Journal of Public Economics, 91(3), 701-722.

Vigna, E., & Haberman, S. (2001). Optimal investment strategy for defined contribution pension
schemes. Insurance: Mathematics and Economics, 28(2), 233-262.

von Neumann, J., & Morgenstern, O. (2004). Theory of games and economic behavior. Princeton
University Press.

Wachter, J. A. (2002). Portfolio and consumption decisions under mean-reverting returns: An exact
solution for complete markets. Journal of Financial and Quantitative Analysis, 37(1), 63—
91.

Wet toekomst pensioenen [Future pensions act]. (2023).

Wik, M., Aragie Kebede, T., Bergland, O., & Holden, S. T. (2004). On the measurement of risk
aversion from experimental data. Applied Economics, 36(21), 2443-2451.

Xiouros, C., & Zapatero, F. (2010). The Representative Agent of an Economy with External Habit
Formation and Heterogeneous Risk Aversion. Review of Financial Studies, 23(8), 3017—
3047.

Zelinsky, E. A. (2004). The defined contribution paradigm. Yale Law Journal, 114(3), 451-534.

24



	AP_2025_06_Servat
	OptInvPaper
	Introduction
	Model
	Economy
	Cohorts
	Utility Function

	Optimal Investment
	Problem Definition
	Solution
	Calibrating risk parameters
	Limit behavior for the intergenerational factor

	Illustration

	Scenario Projections
	Impulse-Response
	Welfare impact misspecification
	CRRA utility
	Intergenerational factor

	Conclusion


