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Abstract

In this paper we propose a new rule to allocate risk capital to portfolios or divisions
within a firm. Specifically, we determine the capital allocation that minimizes the
excesses of sets of portfolios in lexicographical sense. The excess of a set of portfolios
is defined as the expected loss of that set of portfolios in excess of the amount of risk
capital allocated to them. The underlying idea is that large excesses are undesirable,
and therefore the goal is to determine the allocation for which the largest excess is
as small as possible. We show that this allocation rule yields a unique allocation,
and that it satisfies some desirable properties. We also show that the allocation can
be determined by solving a series of linear programming problems.
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1 Introduction

Regulators require that in order to be able to hold a risky position, financial institutions
withhold a level of capital, referred to as risk capital. The risk capital needs to be added
to the risky position and invested safely in order to act as a buffer and reduce the adverse
effects of unfavorable events on the solvency of the firm. The focus in this paper is on the
allocation of the total amount of risk capital to different subportfolios, divisions, or lines
of business. As argued by, e.g., Tasche (1999), withholding risk capital is costly, and
therefore allocating risk capital to individual investments is important for performance
evaluation as well as for pricing decisions. The allocation problem is nontrivial because
the amount of risk capital allocated to a portfolio consisting of multiple subportfolios is
typically less than the sum of the amounts of risk capital that would need to be withheld
for each subportfolio separately. The underlying intuition is that because the risks of
different subportfolios are typically not perfectly correlated, some hedge potential may
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arise from combining different subportfolios. The issue then is what is a “fair” division
of these diversification gains over the subportfolios.

The allocation problem described above has received considerable attention in the lit-
erature. Tasche (1999) considers allocation of risk capital to financial instruments in a
portfolio, and argues that the only “appropriate” way to allocate risk capital for per-
formance measurement purposes is to determine the marginal risk contribution of each
investment. The marginal risk contribution is defined as the derivative of the aggre-
gate risk capital with respect to the weight of the financial instrument in the portfolio.
Denault (2001) instead proposes a game-theoretic approach to determine risk capital
allocations for companies with multiple business divisions. He focuses on risk capital
allocations that are ”fair” in the sense that no set of divisions is allocated more risk
capital than the amount of risk capital that they would need to withhold if they were
on their own. He shows that when business divisions are infinitely divisible, the only
allocation that satisfies this fairness condition is the marginal risk contribution defined
above. In game-theoretic terms, this allocation is referred to as the Aumann-Shapley
value. For the special case where the risk measure is Expected Shortfall, the correspond-
ing allocation rule is also referred to as Conditional Tail Expectation (CTE) rule (see,
e.g., Overbeck 2000, Panjer 2002, and Dhaene et al. 2008, 2009).

The literature on risk capital allocation has then evolved in several directions. First,
there is some literature that considers the risk capital allocation that results from using
the Aumann-Shapley value when a specific risk measure is used (Tsanakas and Bar-
nett 2003, and Tsanakas 2009), or when the portfolio losses have a specific probability
distribution (Panjer 2001, and Landsman and Valdez 2003). Second, there is some liter-
ature that focuses on generalizations or extensions of the Aumann-Shapley value (e.g.,
Fisher 2003, Tsanakas 2004, Powers 2007, and Furman and Zitikis 2008), or on capital
allocations that result when alternative game-theoretic concepts are used (Csoka 2009).
Third, Myers and Read Jr. (2001), Sherris (2006), and Kim and Hardy (2009) consider
alternative capital allocation rules based on solvency ratios or expected return. Finally,
there is a stream of literature in which the capital allocation is determined as the solution
of an optimization problem (Dhaene, Goovaerts, and Kaas 2003, Laeven and Goovaerts
2004, Goovaerts, Van den Borre, and Laeven 2005, and Dhaene, Tsanakas, Valdez, and
Vanduffel 2009). Specifically, they consider capital allocations such that the (weighted)
sum of a measure for the deviation of the business unit’s losses from its allocated risk
capital is minimized. Dhaene, Tsanakas, Valdez, and Vanduffel (2009) show that by
choosing specific deviation measures and/or specific weights, one can reproduce several
of the allocation techniques proposed in the literature, including, e.g., the CTE rule.

In this paper we propose an alternative approach to allocate risk capital that falls into
the latter stream of literature. Our approach is inspired by the fact that allocating risk
capital on the basis of the Aumann-Shapley value can lead to undesirable allocations in
the sense that the expected excess loss, i.e., the loss of the subportfolio in excess of the
amount of risk capital allocated to it, can differ substantially across subportfolios. Large
differences in expected excess losses could be perceived as unfair by managers who are
evaluated based on the risk capital allocated to their portfolios. Therefore, we propose



an alternative allocation rule in which the goal is to determine the capital allocation
that minimizes the excesses of all subportfolios in lexicographical sense. This implies
that, from a set of feasible allocations, one first selects those allocations for which the
highest excess is minimized. Within the set of allocations for which the highest excess is
minimized, one then determines those allocations for which the second highest excess is
minimized, and so on. This approach differs from the existing optimization approaches
in two ways. First, whereas the existing literature focuses on minimizing the aggregate
(weighted) excess over all portfolios, we consider each excess separately. Second, we
do not only take into account the excesses of the individual portfolios, but also of all
possible subsets of portfolios.

The paper is organized as follows. In section 2 we formally define risk capital allocation
problems, and show that the Aumann-Shapley value can lead to allocations in which the
excess losses are significantly different across portfolios. We then define the alternative
risk capital allocation rule that we propose, which we will refer to as the Excess Based
Allocation (EBA). In section 3 we define desirable properties of a risk capital allocation
rule, and show that EBA satisfies these properties. In section 4 we show how EBA can
be determined by solving a sequence of linear programming problems. We conclude in
section 5.

2 Model

In this section, we first define risk capital allocation problems and risk capital allocation
rules. Next, we discuss an allocation rule that has received considerable attention in the
literature. We then propose an alternative risk capital allocation rule.

2.1 Risk Capital Allocation Problems

Our focus in this paper is on the allocation of risk capital to subportfolios. We consider a
portfolio consisting of n subportfolios, indexed by ¢ = 1,--- ,n. Subportfolio ¢ generates
a random loss X; at a given future date, and so the aggregate loss is given by Y . | X;.
Regulators require that, in order to be able to hold this risky position, an amount of
risk capital should be withheld and invested safely. The total required amount of risk
capital is determined by means of a risk measure, and the issue is how to allocate this
total amount to the n subportfolios.

Throughout this paper we will use this following notation:
e N ={1,--- ,n} denotes the set of subportfolios;
e O ={wi, - ,wn} denotes the finite set of states of the world;

e 7(w) > 0 denotes the probability that state w € Q occurs;?

!We assume that for each state w € €, it holds that m(w) > 0, i.e., the probability that the state
occurs is strictly positive. Because we consider a finite state space, this is without loss of generality;
states that occur with zero probability can be omitted from the state space.



X;(w) denotes the loss from subportfolio ¢ in state w € €;

X ={Xi, -, X,} denotes the losses of the n subportfolios;

V denotes the set of random variables on 2;

1€ V denotes the random variable given by: 1(w) =1 for all w € Q.

The amount of risk capital that needs to be withheld in order to be able to hold a risky
position Y € V is determined by means of a risk measure p : ¥V — R. Following Artzner,
Delbaen, Eber, and Heath (1999), we consider the case where risk capital is determined
by means of a coherent risk measure. A risk measure p : ¥V — R is coherent if and only
if it satisfies the following four properties:?

(1) Subadditivity: for all Y1,Ys € V
p(Y1+Y2) < p(Y1) + p(Y2).

(i) Monotonicity: for all Y1,Ys € V such that Yj(w) > Y3 (w) for all w € Q
p(Y1) = p(Y2).

(iii) Positive Homogeneity: for all Y € V and ¢ > 0
ple-Y)=c-p(Y).

(iv) Translation Invariance: for allY € V and ¢ € R

p(Y +¢-1)=pY)+c.

While all the results presented in this paper hold true for any coherent risk measure, in
our numerical examples we will use Expected Shortfall as risk measure. In the literature,
Expected Shortfall has been defined in different ways and not all definitions result in a
coherent risk measure. This is the case in particular if the distribution of the loss has
point masses. To ensure coherence, we use the definition which is due to Acerbi and
Tasche (2002). First, let ¢1—o(Y) denote the upper 100 - (1 — «)%-quantile of Y € V,
ie.,

gi—o(Y)=inf{y e RIP(Y <y) >1—a}.

2Note that whereas Artzner et al. (1999) considers random gains, X € V in our case is defined as a
loss. This affects the Monotonicity and the Translation Invariance property.



Then, Expected Shortfall is defined as?

PES(v) = E(Y lysq ) — Q1—a(aY) [PY 2 q-aY)) - 04]‘ (1)

For any given coherent risk measure p, the amount of risk capital that needs to be
withheld on aggregate is given by p (ZZE N XZ-), and Subadditivity implies that

p <Z Xi) < p(X0),
i€EN i€EN
i.e., due to diversification effects, the amount of risk capital for the aggregate portfolio is
weakly less than the sum of the amounts of risk capital that would need to be withheld
for every individual subportfolio. This implies that allocating the aggregate amount to
the subportfolios is non-trivial; one cannot simply allocate to each subportfolio the risk
capital that it would need to hold on its own. There are gains from diversification, and
the issue is how to divide these gains over the subportfolios. We refer to this problem
as a risk capital allocation problem. In the sequel we will refer to a subportfolio as
a portfolio. Moreover, throughout the paper we assume that €2 and N are fixed, and
denote a risk capital allocation problem as a tuple (X, p). We denote the set of all
risk capital allocation problems by R.

The following definition formally defines risk capital allocations and risk capital
allocation rules.

Definition 2.1

(1) For any risk capital allocation problem R = (X, m,p) € R, a risk capital allocation
for R is a vector a € RN such that 3 ;e a;i = p(X ey Xi)-

(ii) For a subclass R' C R of risk capital allocation problems, a risk capital allocation
rule on R’ is a function A : R' — RN such that A(R) is a risk capital allocation
for R for all R € R'.

Throughout the paper, we will use the following shorthand notation: for any given
subset of portfolios S C N, and for any given allocation a € RY, we denote:

e Xg:= ) X, for the aggregate loss of all portfolios in S;
€S

e ag:= Y a; for the amount allocated to the portfolios in S.
€S

In the following section we first discuss a risk capital allocation rule that has received
considerable attention in the literature, and discuss some of its drawbacks.

3In case the losses have a continuous distribution, (1) simplifies to pZ5(Y) = E[Y |Y > ¢i—o(Y)].
However, if Y is not continuous, this does not yield a coherent risk measure; more specifically, Subaddi-
tivity is violated.



2.2 Marginal risk contribution and the Aumann-Shapley value

An approach that has received considerable attention in the literature is referred to as the
marginal risk contribution rule. Denault (2001) argues that in order for an allocation to
be “fair”, it should be such that the amount of risk capital allocated to a set of portfolios
is weakly lower than the amount of risk capital that they would have to withhold if they
were on their own. This property is referred to as the no undercut property.

In game-theoretic terms, the no-undercut property means that the allocation should
be in the core of the corresponding game, which is given by

Core(R) = {a € RN |ag < p(Xg)for all S C N,ay = p(Xn)}.

The core of the game is the set of all risk capital allocations such that each set of
portfolios S C N, the amount allocated to those portfolios, ag, is weakly lower than the
risk capital they would have incurred on their own, p(Xg). Denault (2001) shows that
the core of a capital allocation game is non-empty. In order to identify a specific core
element, he suggests to require, in addition, that the no undercut property holds also for
fractional portfolios. Thus, for any combination of fractions of portfolios s € [0, 1]V, the
amount allocated to ) ;. 5;X; should be weakly lower than the risk capital that that
portfolio would need to withhold if it was separated from the firm. In game-theoretic
terms, this means that the allocation should be an element of the fuzzy core, which is
given by

FCore(R) = {a cRY

Z sia; < p(z s5:X;) for alls € [0, 11", ay = p(Xn) } .

iEN iEN
Denault (2001) shows that if the function 7 : [0, 1]Y — R defined as

7"(81, 82, 78n) = p(z SiXi)7

1EN
is partially differentiable at s = (1,1,--- , 1), then the fuzzy core consists of one element,
which is given by
AS 87’ X
a; = A7°(R) := 8—(1,1,-" ,1), for all i € N. (2)
Sq

This allocation is referred to as the marginal risk contribution; the amount of risk
capital allocated to a given portfolio is equal to that portfolio’s marginal contribution
to the aggregate risk capital p(} .y X;). In game-theoretic terms, the allocation is
referred to as the Aumann-Shapley value.* A special case that has received considerable
attention in the literature (see, e.g., Tasche 1999, Overbeck 2000, Panjer 2002, Venter

4The Aumann-Shapley value in general is given by A2% = ;)1 %(’y7 v, -+ ,y)dy for all i. Due to the

positive homogeneity of the risk measure p, this expression in our case simplifies to (2).



2004, Kalkbrener 2005, and Dhaene et al. 2008) is the case where the risk measure is
Expected Shortfall. In that case, the marginal risk contribution, if it exists, is given by

1
A?S(R) = o [E (XZ ’ 1XN>q1—a(XN)) +6-F (XZ ’ 1XN:fI17a(XN))] ) (3)

with

=SSR U =) > O

. (4)
:O, lfP(XN :ql_a(XN)) = 0.

This rule is also referred to as CTE (Conditional Tail Expectation) allocation. In case

the aggregate loss Xy has a continuous distribution, it holds that § = 0, and (3)

simplifies to

AP(R) = B (Xi| Xy > q1-a(XN)). (5)

Using entirely different arguments, both Denault (2001) and Tasche (1999) identify the
marginal risk contribution rule as the unique rule that satisfies some desirable properties.
Denault shows that it is the only allocation that satisfies the no undercut property if one
also allows fractional portfolios. Tasche (1999) argues that it is the only allocation rule
that is “suitable” for performance measurement because it is the only allocation that
ensures that (marginally) increasing the share of a portfolio improves the overall return
of the firm if the risk-adjusted return of that portfolio with respect to the amount of
risk capital allocated to it is higher than that of the whole firm. It has been argued in
the literature, however, that one of the drawbacks of the Aumann-Shapley value as an
allocation rule is that it requires differentiability of r(-) (e.g., Koster 1999, and Fischer
2003). In the remainder of this section we show that even when the differentiability
condition is satisfied, allocating risk capital on the basis of the Aumann-Shapley value
may lead to undesirable allocations. As can be seen from (3), the Aumann-Shapley
value in case Expected Shortfall is used as risk measure (i.e., the CTE rule) results from
taking the expectation of the loss of portfolio ¢, conditional on those states of the world
in which the aggregate loss weakly exceeds its (1 — «)-100%-quantile. Thus, the amount
of risk capital allocated to a portfolio depends only on the distribution of its loss in
those particular states of the world. The following example shows that this can lead to
allocations for which it is questionable whether they would be perceived as fair.

With slight abuse of notation, we denote m = (m(w1),- -+ ,m(wy)) " € R™ for the vector
that contains the probabilities of the different states. Likewise, for all portfolios ¢ =
1,--,n, we denote X; = (X;(w1),--- , Xi(wm))" € R™ for the vector that contains the

realizations of X; in each state of the world.



Example 2.2 Consider risk capital problem R defined by Q = {wy,wa,ws,ws}, N =
{1,2}, and

+ 60 6 66

1

i 0 60 60
T % , X1 30 , Xo , 50 Xy =X1+ X9 30 +

2 ~15 30 15

We use Expected Shortfall at the 15%-level as a risk measure, i.e., p(Y) = pFi(Y).
Now first consider the case where v < 30. Then, we find for X that

1—o(Xn) = inf{z € R|P(Xx < z) > 0.85} = 60.
This implies that the Expected Shortfall of the aggregate risk is given by

P(Xn) = N (EXN  Ixysq a(xn)] — G1—a(Xn) - [P (XN > q1—a(XN)) — a])
=0.15"1 (B (Xn - 1xy>60) — 60 - [P (Xn > 60) — 0.15])
1 1 11

= 0.1571(60 - — f— —60(— + — — 0.1
0.157(60 - 75+ 66 - 5 — 60(15 + 75 — 0.15))
= 64.

The aggregate risk capital in case v > 30 can be determined in a similar way. This
yields

:54+%, if 30 < v < 36,
=30+4~, ify>36.

Moreover, it can be verified that p(s1X1 + s2Xo) is differentiable at s = (1,1) if and
only if v ¢ {30,36}, i.e., the Aumann-Shapley value does not exist for v € {30,36}. For
v ¢ {30,36}, it follows from (4) that

B =05, ify<30,
=0.5, if30<~ <36,
=% if v > 36.

Combined with (3), this yields

AAS(R) = (40,24), if v < 30,
= (50,44 %), if30 <~ < 36,
= (30,7), if v > 36.
We see that:

e At v = 30 or v = 36, a marginal change in the loss distribution of portfolio 2
due to a marginal change in 7y induces a significant change in the allocation. For
example, a marginal increase in the loss of portfolio 2 due to a marginal increase
in vy from just below 30 to just above 30, implies that the amount of risk capital
allocated to portfolio 2 jumps down by 41.7%;



e for any v < 36, the amount of risk capital allocated to portfolio 2 is strictly lower
than the amount allocated to portfolio 1, even though for any v > —15, portfolio
2 is strictly more risky than portfolio 1 in the sense that P(Xa > z) > P(X; > z)
for all x € R, with a strict inequality for all x € (0,6).

One could question whether an allocation rule that yields the above results could be
perceived as fair by managers whose performance evaluation is based on the amount of
risk capital allocated to them. As can be seen from (3), the risk capital allocated to the
portfolios is determined exclusively by those states in which the aggregate loss is weakly
higher than its 85% quantile. The allocation does not depend on the possible losses in
the other states of the world. In the above example, this implies that the more risky
portfolio gets allocated less risk capital.

Next, as argued also by Denault (2001), another drawback of allocating risk capital
based on the Aumann-Shapley value is that it can imply that certain portfolios are
allocated a negative risk capital. This is illustrated in the next example.

Example 2.3 Consider the risk capital allocation problem R, which is defined by Q =
{wl7w27w3}7 N = {17 273}7

% -5 10 0
™ = ? ,Xlz 25 ,XQZ 10 ,X3: 10 s
3 -5 -5 60

and p(Y) = pE3(Y). It is easily verified that the aggregate risk capital is given by
p(Xn) =50, and that 5 =0.3. Therefore, it follows from (3) that the Aumann-Shapley
value is given by

A*S(R) = (=5, -5, 60).

Portfolios 1 and 2 both are allocated negative risk capital. This occurs because the
Aumann-Shapley value is based only on the state where portfolio 3 has the highest losses,
which in this case is state ws. In that state, however, portfolios 1 and 2 make gains.

The above example shows that when potential losses are negatively correlated and differ
in magnitude, the risk capital is determined exclusively by those states of the world
where the portfolios for which the losses are largest in magnitude incur losses, leading
to negative risk capital for those portfolios that incur gains in those states. Consider for
example an insurance company that holds a portfolio of life annuities and a portfolio
of death benefit insurance policies. Because the present value of the liabilities of life
annuities increases when death rates decrease, and the opposite holds for the present
value of the liabilities of death benefit insurance, the two types of liabilities are typically
negatively correlated (see, e.g., Cox and Lin, 2007; Wang et al., 2010; and Tsai et al.,
2010). The above example suggests that using the CTE rule to allocate risk capital
in this case could result in negative risk capital allocated to one of the two portfolios.



Clearly, negative risk capital is not conceptually "wrong”; it is an indication that the
corresponding portfolio provides some hedge potential. However, as argued by Denault
(2001), if the capital allocation is to be used in a ratio of return over allocated risk
capital-type performance measure, a slightly negative risk capital would yield a largely
negative risk-adjusted performance measure.

2.3 Excess Based Allocation

The examples in the previous section illustrate some drawbacks of allocating risk capital
based on the Aumann-Shapley value. Because part of the probability distribution of the
individual losses is ignored, it can lead to allocations in which the higher risk portfolio
receives the lowest risk capital. This in turn implies that the expected losses of portfolios
in excess of the amount of risk capital allocated to them can differ substantially across
portfolios. When capital allocation is used to assess the performance of the different
portfolios, this is clearly undesirable. We therefore introduce an alternative allocation
rule, which we refer to as Fzcess Based Allocation (EBA). The goal is to find capital
allocations in which the excess risks are minimized in lexicographical sense.

This section is organized as follows. We first introduce a set of feasible risk capital
allocations. Next, we define the excess of a set of portfolios with respect to a feasible
allocation as the expectation of the loss of that set of portfolios in excess of the risk
capital allocated to them. We then formally define the allocation rule. We conclude this
section by showing that for each risk capital allocation problem R € R, the allocation
rule yields a unique capital allocation, which we refer to as EBA(R).

The allocation rule that we propose determines the allocation that lexicographically
minimizes the portfolios’ excesses among a set of allocations that satisfies two basic
properties. First, no portfolio is allocated more risk capital than the amount of risk
capital that it would need to withhold if it were on its own. Second, a portfolio is not
allocated less than the minimum loss it can incur. We refer to allocations that satisfy
these properties as feasible allocations. Formally, we have the following definition.

Definition 2.4

(1) The set of all feasible risk capital allocations for a risk capital allocation problem
R € R is given by

F(R) = {a e RY

any =p(Xn), migllX,-(w) <a; <p(X;) forallie N}. (6)
we

(ii) A risk capital allocation rule A on R’ C R for which it holds that A(R) € F(R)
for all R € R’ is referred to as a feasible risk capital allocation rule on R/.

The following example illustrates how the set F/(R) is determined for a given capital
allocation problem R € R.

10



Example 2.5 Consider again Example 2.2 with v = —15, and recall that p(X1 + X2) =
64. Moreover, it can be verified that p(X1) = 50 and p(X3) = 50. So, the set of feasible
allocations is given by

F(R)={aeR*|a; +as=64,—15 < a; <50,—15 < ay <50} .

Observe that portfolios 1 and 2 face the same constraints in F(R). Now, recall from
Example 2.2 that the Aumann-Shapley value in this case equals

AYS(R) = (40,24).
It is seen immediately that A4S (R) is an element of F(R).
In the case considered in Example 2.5, we find that the Aumann-Shapley value is an
element of the feasible set F'(R). Recall that the Aumann-Shapley value is the unique
allocation that satisfies the no undercut property for fractional portfolios. This raises
the question whether more generally allocations that satisfy the no undercut property

(i.e., all (fuzzy) core elements) are in the feasible set. The following theorem shows that
coherence of the risk measure ensures that this is indeed the case.

Theorem 2.6 For all risk capital allocation problems R € R, the set of feasible capital
allocations F(R) is non-empty and compact. Moreover,

FCore(R) C Core(R) C F(R).

Proof. Clearly the set F(R) is a closed and bounded, hence compact, subset of
RN. Moreover, Denault (2001) showed that coherence of the risk measure implies
that Core(R) is non-empty. Because FCore(R) C Core(R), it suffices to show that
Core(R) C F(R). This was shown in Boonen (2009). We provide an alternative proof.
First, y € Core(R) implies that

yi < p(X;), forallie N,

yn = p(Xn).
Thus, it suffices to show that y; > min,ecq X;(w) for all i € N. Let i € N. First,
y € Core(R) implies that

yn\ iy < P(Xn\(ay)-

Moreover, Monotonicity of the coherent risk measure implies that
p(XN) = p(Xn\(iy + Xi) = p(Xniy + [gfleig Xi(w)] - 1).
Therefore,
Yi = yn — yn\fiy = P(XN) — yn\ iy = p(XN) — p(Xv\(ay)
> p(Xn\gay + [gleig Xi(w)] - 1) = p(Xn\fiy)
= p(Xw\(a}) +min Xi(w) — p(Xw(i))

= min X .
min Xi(w)

11



Hence, y € F(R). m

As argued above, our goal is to determine feasible capital allocations for which the
expected excess losses of sets of portfolios are minimized in lexicographical sense. To do
so, we define the exzcess of (a set of) portfolios as the expectation of the loss of this set
of portfolios in excess of the risk capital allocated to them. Later on, these excesses will
be used to evaluate the fairness of the risk capital allocation; if a set of portfolios has
a higher excess than another set of portfolios, this set of portfolios has been allocated
relatively little risk capital.

Definition 2.7 For any risk capital allocation a € RYN for a risk capital allocation
problem R = (X,m,p) € R, and for all S C N the excess of S with respect to a is
defined as

e(S,a,R) = E [(Xs —as)"]. (7)

Note that for the special case where S consists of a single portfolio, the excess defined
above is equal to the expected risk residual considered in Laeven and Goovaerts (2004),
Goovaerts, Van den Borre, and Laeven (2005), and Dhaene et al. (2009). In the following
example, we show that allocating risk capital on the basis of the Aumann-Shapley rule
may lead to large differences in the excesses of sets of portfolios with respect to the
amount of risk capital allocated to them.

Example 2.8 Consider again the risk capital problem R = (X, , p) from Ezample 2.2
with v = —15. Recall that the Aumann-Shapley value is given by a = (40,24). The excess
of a set of portfolios S with respect to the capital allocated to it, ag, can be depicted as
the area under the graph of the decumulative distribution function of the aggregate loss,
from the allocation point onwards, i.e., e(S,a, R) = f;; P(Xg > x)dx. The graphs for
portfolio 1 and 2 (i.e., for S = {1}, and S = {2}) are displayed in Figure 1 and Figure
2, respectively.

The fact that portfolio 2 is allocated less risk capital even though it is strictly more risky
implies that it has a relatively large excess. Specifically, we see that

1 J—
o=
e({2},a,R) = E [(Xs — a2)™] = (60 — 24) - 1—10 + (30 — 24) -

e({1},a,R) = E [(X1 — a1)"] = (60 — 40) - 2,

=6,

G| = O N

6({1,2},@7 R) =F [(Xl + Xo — a1 — a2)+] = (66 — 64) . 1_10 -

In the remainder of this section, we introduce a risk capital allocation rule that aims
at minimizing the excesses in lexicographical sense. For any given capital allocation
problem R € R, and any given allocation a € F(R), we denote

e(a, R) = (e(S,a, R))scn € R?",

12
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Figure 2: Decumulative distribution function and excess of portfolio 2.

for the vector that contains the excesses of all subsets of portfolios S C N with respect
to the allocation a. Our aim is to select feasible risk capital allocations a for which
the excesses that arise are lexicographically smaller than those of any other feasible risk
capital allocation. For completeness, we recall the definition of lexicographic ordering
(see, e.g., Fishburn, 1974)

Definition 2.9 For k € N, and any two vectors x,y € R¥, x is lezicographically strictly
smaller than y, denoted as x <jop y, if there exists an i < k such that x; < y;, and for
all 7 <@ it holds that x; = y;. Moreover, x is lexicographically smaller than y, denoted
by <iex y, if =9y 0r T <ieg Y-

To determine the feasible allocation that minimizes the excesses in lexicographical sense,
we first select from the set of feasible allocations those allocations for which the high-
est excess is minimized. Within the set of allocations for which the highest excess is
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minimized, we then determine those allocations for which the second highest excess is
minimized, and so on.’

To formalize this idea, for any z € R2" we let 6[z] € R2" be the vector that arises from
x by arranging the coordinates of z in a non-increasing fashion. Formally, we define
0:R2Y — R2" by 0i(z) = w4 (;) for all i, where o is a permutation of {1, ... ,2N1 ) such
that z,(1) > Z5@2) = ... = Zyen). Now, the allocation rule we propose amounts to
finding the allocation that lexicographically minimizes the ordered excesses 0[é(a, R)].
Formally, we have the following definition.

Definition 2.10 The Excess Based Allocation for a risk capital allocation problem R €
R is given by

EBA(R) = {a € F(R)|0[e(a, R)] <iez 0[€(y, R)],Vy € F(R)}.

Now consider a capital allocation problem R. Then, any a € EBA(R) yields “lower”
excesses than any other feasible allocation y in the sense that there exists an i such that
the ¢ — 1 biggest excesses with respect to a are equal to the corresponding 7 — 1 biggest
excesses with respect to y, and the i-th biggest excesses with respect to a is strictly
smaller than the i-th biggest excesses with respect to y. For the remaining k —¢ smallest
excesses, no specific relation is required

Note that, by definition, EBA is set-valued. We will show, however, that for any given
capital allocation problem R € R, there is a unique allocation that yields the lexico-
graphical minimum of the excesses, i.e., EBA(R) contains only one allocation. To do
so, we first show some basic properties of the excess functions e(.S, -, R).

Lemma 2.11 Let R € R. Then,
(i) for any two allocations a,b € F(R) and any S C N it holds that

(a) ife(S,a,R) > e(S,b,R), then as < bg,
(b) ife(S,a,R) =e(S,b,R) > 0, then as = bg,
(c) e(N,a,R) =e(N,b,R).
(ii) for alla € F(R) and i € N it holds that e({i},a, R) = 0 implies a; = p(X;).

(iii) for any S C N, it holds that e(S, -, R) is convex on F(R).

5This approach is similar to that in Schmeidler (1969), who introduces this method to find the
nucleolus of a cooperative game. Because Schmeidler (1969) considers a different setting (a cooperative
game), his definition of excess is different from the one used in this paper.
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Proof. (a)(i) Let R € R be given, and let a,b € F(R) and S C N.
Suppose e(S,a, R) > e(S,b, R). It then follows from Definition 2.7 that

S (Xs(w) — as) " (@) = e(S,0,R) > (8,0, B) = 3 (Xs(w) — bs)* - 7(w).
wen weN
This implies that ag < bg.
(i)(b) Let a,b € F(R) and S C N, such that e(S,a,R) = e(S,b,R) > 0. Then, there
exists an w € € such that Xg(w) — ag > 0. Therefore, bg > ag implies e(S,a, R) >

e(S,b,R), and bg < ag implies e(S,a, R) < e(S,b, R). This contradicts e(S,a, R) =
e(S,b, R), so we can conclude that ag = bg.

(i)(c) Follows immediately from the fact that a,b € F(R) implies that ay = by .

(ii) Let : € N, a € F(R) and e({i},a, R) = 0. First, a € F(R) implies that a; < p(X;).
Next,

e({i},a,R) = > (Xi(w) —a))* - m(w) =0

weN

implies that X;(w) < a; for all w € Q. Because p is a coherent risk measure, p(X;) <
max,ec0 Xi(w), which in turn implies p(X;) < a;. Therefore, we can conclude that
p(Xz) = CL,’.6

(iii) Let @ € F(R) and S € N. The results follows immediately from e(S,a, R) =
> wea (Xs(w) —as)™ m(w), and the fact that for any given constant ¢ € R, the function
f(z) = (c—xz)" is convex. m

We can now show that EBA is a risk capital allocation rule on R, i.e., for every capital
allocation problem R € R, there is a unique allocation that yields the lexicographic
minimum.

Theorem 2.12 For all R € R, it holds that EBA(R) is single-valued.

Proof. First, we show that for all R € R, it holds that EBA(R) # (. Let R =
(X, m, p) € R be a risk capital allocation problem. Let us denote

M, = F(R)
Mi+1 = {a € MZ lei[é(aa R)] < 9z[§(ny)]7Vy € MZ}7 for i = 17 e 72N’

Then, by construction, it follows that

EBA(R) - M2N+1.

5This inequality follows from Monotonicity of the coherent risk measure.
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It therefore suffices to show that My~ is non empty. We show by induction that M;

is compact and non-empty for all i = 1,--- ,2V. For i = 1, it follows immediately from
Theorem 2.6 that M; = F(R) is non-empty and compact. Now suppose M; is compact
and non-empty for some i € {1,--- ,2N}. Because for all S C N, a — e(S,a,R) is

continuous, 6;[é(a, R)] is also continuous in a. Because M; 1 = arg max{6;[é(a, R)] : a €
M;} C M;, this immediately implies that M;,1 is compact and non-empty. Thus, by
induction, we conclude that Myn_ ¢ # 0.
Next, we show that for all a,b € EBA(R) and all S C N, it holds that

e(S,a,R) =e(S,b, R).
Let a,b € EBA(R) and let

M={TCN:eT,a,R)#e(T,bR)}.
Suppose that M # (). We will show that that leads to a contradiction. Let S € M be
such that

max {e(S,a, R),e(S,b,R)} > max{e(T,a,R),e(T,b,R)}, for all T € M. (8)
We assume, without loss of generality, that e(S,a, R) > (S, b, R), and let

@= %(a—k b) € F(R).

We now show that 6[e(a, R)] <je, 0[€(a, R)], which contradicts a € EBA(R). Specifi-
cally, we show that for those sets of portfolios T' for which the excess with respect to
a is strictly larger than e(S,a, R), the excess with respect to a@ is equal to the excess
with respect to a, for those sets of portfolios T" for which the excess with respect to a is
equal to e(S,a, R), the excess with respect to a is lower than the excess with respect to
a, with a strict inequality for T = S, and, finally, for those sets of portfolios T for which
the excess with respect to a is strictly lower than e(S, a, R), the excess with respect to
a is also strictly lower than e(S,a, R). Formally, we distinguish the following two cases:

(i) T C N with e(T,a, R) > ¢(S,a, R): It follows from (8) that T' ¢ M, so e(T,a, R) =
e(T,b, R). It then follows from Lemma 2.11 that ap = by = ap. Therefore,

e(T,a,R) =e(T,a,R) > e(S,a, R). (9)

(ii) T C N with e(T, a, R) < e(S,a, R): It follows from (8) that e(T,b, R) < e(S,a, R).
Because e(T, -, R) is convex, this implies that

(T3, R) < 3 [e(T, 0, R) + (T, b, R)] < (S,a, R). (10)

The inequality is strict when e(T,a, R) < e(S,a, R). It is also strict when 7' = §
because (S, b, R) < e(S,a, R). Thus, we have
e(T,a,R) <e(S,a,R), ife(T,a,R)=c¢e(S,a,R), T #S,
<e(S,a,R), ifT =S5, (11)
<e(S,a,R), ife(T,a,R)<e(S,a,R).
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Now let k = #{T :e(T,a,R) > e(S,a,R)}. It follows from (9) and (10) that the k
largest excesses under a coincide with the k largest excesses under a, i.e., 0;[€(a, R)] =
0;le(a, R)] for all i < k. Next, let | = #{T :e(T,a,R) = e(S,a,R)}, i.e., the next [
largest excesses under a are all equal to e(S, a, R). It follows from (11) that 0;[e(a, R)] <
e(S,a,R) = 6;[e(a, R)] for all i € [k + 1,k +1]. Moreover, there is at least one strict
inequality because #{T :e(T,a,R) =e(S,a,R)} < |l —1 < Il. Thus, we conclude
that 0[e(a, R)] <ier 0[€(a, R)], which contradicts a € EBA(R). Therefore, we have
e(S,a,R) =e(S,b, R) for all S C N.

Now we can show that the set EBA(R) contains only one element. Let R € R. Let
a,b € EBA(R). Then for all S C N it must hold that e(S,a,R) = e(S,b,R). In
particular this holds for all individual portfolios. Let ¢ € N. In order to show that
a; = b;, we can distinguish two cases. If e({i},a, R) = e({i},b, R) > 0, then according
to ii) in Lemma 2.11 we have a; = b;. If e({i},a, R) = e({i},b, R) = 0, then according
to b) in Lemma 2.11 we have a; = b; = p(X;). So, we have a =b. ®

From now on, with slight abuse of notation, we denote the unique element of the singleton
set EBA(R) by EBA(R) as well.

As argued before, the allocation rule that we propose is inspired by the fact that allocat-
ing risk capital based on the Aumann-Shapley value can yield undesirable results in the
sense that some portfolios have relatively large expected excess losses. EBA mitigates
that problem by determining the allocation for which the largest excess is as small as
possible. In addition, it has in common with other existing optimization approaches
(e.g., Dhaene, Goovaerts, and Kaas 2003, Laeven and Goovaerts 2004, Goovaerts, Van
den Borre, and Laeven 2005, and Dhaene, Tsanakas, Valdez, and Vanduffel 2009) that,
in contrast to the Aumann-Shapley value, it does not require differentiability of the risk
measure. It is therefore well-defined on a broader class of capital allocation problems.
In the next section, we show that EBA satisfies some additional desirable properties

3 Properties of EBA

In this section we define some desirable properties of allocation rules, and show that
EBA satisfies these properties.

Let A: R — RY be a risk capital allocation rule. We consider the following properties:
(i) No Diversification: for all R € R it holds that if Y ;" | p(X;) = p(Xn), then

Ai(R) = p(X;), for all i € N.
(ii) Riskless Portfolio: for all R € R and for all i € N it holds that if X; = ¢- 1, then
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(iii) Symmetry: for all R € R and for all ¢, j € N such that X; = Xj, it holds that
Ai(R) = A;(R).

(iv) Translation Invariance: for all R € R and for all i € N it holds that if R =
(X,m, p), where X = (X1,...,X;+c-1,...,X,), then

AR) = A(R) +c- €,
where e’ is the unit vector for portfolio 1.

(v) Scale Invariance: for all R € R it holds that if B = (X,,p), where X = (c -
X1,...,¢-X,) for some ¢ € R, then

~

A(R) = c- A(R).

No Diversification means that if there are no gains for the portfolios in terms of total
risk capital required whether they are treated separately or as one entity, then allocation
of risk capital is trivial, that is, every portfolio gets allocated exactly what the risk
measure yields for that portfolio in isolation. If the Riskless Portfolio property holds,
then a portfolio with riskless payoffs (i.e., with a deterministic loss) gets allocated as
risk capital the loss it will incur for sure. The Symmetry property ensures that the
allocation depends only on the distribution of the losses of the portfolio. Translation
Invariance ensures that if in all states of the world an equal amount of losses is added
or subtracted to the losses of a portfolio, then that portfolio is allocated an additional
risk capital equal to this amount. Finally, Scale Invariance ensures, for example, that
the allocation of risk capital does not change when another currency is used.

We first show that any feasible risk capital allocation rule, and thus EBA in particular,
satisfies the No Diversification property and the Riskless Portfolio property.

Theorem 3.1 Any feasible risk capital allocation rule A on R’ C R satisfies No Diver-
sification and the Riskless Portfolio property.

Proof. Let A be a feasible risk capital allocation rule. First, we prove the No Diver-
sification property. Let R = (X, 7, p) € R be such that Y i | p(X;) = p(Xn). Then,
it follows from (6) that F(R) = {a € R¥|a; = p(X;), for all i € N}. Because A is a
feasible risk capital allocation rule, this implies that A;(R) = p(X;) for all i € N.

Next, we prove the Riskless Portfolio property. Let R = (X,m, p) € R be such that
X;=c-1 for some c € R and 7 € N . Since p is a coherent risk measure, it holds that

— mi . < A < ) < . —
¢=minX;(w) < 4i(R) < p(X;) < max Xi(w) = ¢,

s0o Ai(R)=c. m

The next theorem shows that EBA also satisfies the Symmetry, Translation Invariance
and Scale Invariance properties.
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Theorem 3.2 EBA satisfies Symmetry, Translation Invariance and Scale Invariance.

Proof. Let R = (X, m, p) € R be given.

We start by proving the Symmetry property. Let X; = X; for some ¢,j5 € N. Let
a = EBA(R), and define b € RY by by = ay, for all k € N\{i,j}, b; = a; and b; = a;. It
follows immediately from (2.7) that

e(S,a,R) =e(S,b,R) ifi,j¢ Sorifi,jes,
e(S,a,R) =e(SU{j}\{i},b,R) ifi€5,j¢S,
e(S,a,R) =-e(SU{i}\{j},b,R) ifjeSi¢s.

Hence, for every S C N, there exists a T C N so that e(S,a, R) = e(T,b, R), i.e., it holds
that 0[e(a, R)] = 0[e(b, R)]. Because EBA(R) is unique (Theorem 2.12), this implies
a = b, and we can conclude that a; = b; = a;.

Next, we prove the T mnslatzon Invariance property. Let ¢ € N arld ¢ € R. Define a
second risk capital problem R = (X mp) ER, where X = (Xl, X)) = (X, X+
c-1,...,X,). First, note that mlnweQ{X (w)} = minge{X;(w)} + ¢ 1(j—y). Second,

note that coherence of the risk measure p implies that p(Xy) = p(Xn) + ¢ and p(X i) =
p(Xj) + ¢+ 1(j—;. Therefore, we know that

F(R)={a+c-¢élac F(R)}.
Now let @ € F(R) and @ = a + ¢ - ¢!. We now show that e(S,a, R) = e(S,a, R) for

all S € N. To do so, we distinguish two cases. For all S C N,S Z i, it is clear that
e(S,a,R) =e(S,a,R). For all S C N, S > i we have

(8,3, R) = E [()?s —as)j
_E {((X*S e 1) —(@s—c- 1))1 = E[(Xs—ag)"]
— ¢(S,a, R).
So, 6[e(@, R)] = 0[e(a, R)]. Therefore, it follows that
EBA(R) = arg min e, {9[6(6, R):de F(ﬁ)}

= argmin g, {G[E(a +c-é,R):ac F(R)} +c-é
= argmin ;. {0[€(a, R)] :a € F(R)} +c- ¢’
= EBA(R) +c- ¢

Finally, we prove the Scale Invariance property. Let ¢ > 0. We define a second risk
capital problem R= (X m,p) € R, where X = ¢+ X. Coherence of the risk measure
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p implies that p()?N) = c- p(Xn) and p()?j) = c- p(Xj) for all j € N. Moreover
minweg{)?j(w)} = cminge{X;(w)}. Therefore, it follows that F(R) = {c-ala € F(R)}.
Moreover, it is verified easily that ¢ - e(S,a, R) = e(S, ¢ - a, R) for every a € F(R). This
implies that

~

EBA(R) = argmin ., {e[a(a, R):ae F(é)}

=c- argr%in lex {H[E(c ‘a,R)]:a¢€ F(R)}
=c- argr%in lex {0c-€(a,R)] : a € F(R)}
= c- EBA(R)

Therefore, we can conclude that EBA satisfies the Scale Invariance property. m

We know from Theorem 2.6 that the Aumann-Shapley value, when it exists, yields
a feasible allocation. Therefore, it follows from Theorem 3.1 that it satisfies the No
Diversification property and the Riskless Portfolio property. Moreover, it follows from
Denault (2001) that it also satisfies the Translation Invariance and Scale Invariance
properties (this follows from the Aggregation Invariance property of Denault (2001)).
Thus, EBA and the Aumann-Shapley both satisfy the set of properties defined above.
Another desirable property of a risk capital allocation rule, however, is that “small”
changes in the probability distributions of the losses should not cause a major change in
the allocation of risk capital. Formally, we introduce the following definition of continuity
on the class of risk capital allocation problems.

Definition 3.3 A capital allocation rule A : R — RY is continuous on R if for every
sequence {(Xk,ﬂ,p) k€ N} C R that satisfies

(i) limg oo XF(w) = X;(w) for allw € Q and for alli € N,
(ii) limg oo p(XF) = p(X;) for alli € N,

(i) Tim oo p(XE) = p(X),

it holds that

lim A((X*,7, ) = A((X, 7 p)).

k—o0
Because one cannot expect a feasible risk capital allocation rule to be continuous if
small changes in the probability distributions of the losses can induce large changes in
the feasible set, we add conditions (ii) and (iii). Condition (ii) ensures that the aggregate
risk capital, p(X ), converges. Condition (iii) guarantees that the upper bounds of the
feasible set (i.e., p(X;) for all i € N) converge. Convergence of the lower bounds (i.e.,
min{X; : w € Q} for all i € N) is guaranteed by (i). Clearly, when the risk measure p(-)
is continuous in the sense that (i) implies (ii), then (ii) and (iii) follow from (i).
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Recall that Example 2.2 shows that for some risk capital allocation problems, the
Aumann-Shapley value does not exist. The following example shows that in the case
considered in that example, there does not exist a continuous extension of the Aumann-
Shapley value to the set of all risk capital allocation problems.

Example 3.4 Consider again Example 2.2. It is verified easily that the aggregate risk
capital, p(Xn), as well as the amounts of risk capital for each portfolio separately, p(X1)
and p(Xa), are continuous in . Recall that the Aumann-Shapley value does not exist
for~y € {30,36}. Moreover, it jumps from (40,24) to (50,14) when 7 increases from just
below 30 to just above 30. Therefore, there does not exist a continuous extension of the
Aumann-Shapley value to the set of all risk capital allocation problems. In contrast, it
can be verified that:

EBA(R)

32,32) if v < 30

27 +~/6,27 +~/6) if 30 < v < 32.4
45 — Tv/18,9 + 13v/18)  if 32.4 < v < 36
25+ /6,5 + 57/6) if 36 < v < 66
= (36, — 6) if v > 66.

Py

It is verified easily that EBA(R) is continuous in 7.

In the above example, we see that EBA(R) is continuous in . The following theorem
shows that, more generally, EBA is a continuous allocation rule on the set of all risk
capital allocation problems.

Theorem 3.5 EBA satisfies Continuity on R.

The proof can be found in Appendix A. It is partly inspired by Kohlberg (1971), who
proves continuity for the nucleolus of a cooperative game.

4 Linear programming approach

In this section we show how for a given allocation problem R, EBA(R) can be found
by solving a sequence of linear programming problems. Throughout this section, we let
R be given, and denote EBA(R) by EBA.

The approach we propose is inspired by an approach to determine the nucleolus of a
cooperative game (see, e.g., Kohlberg 1971). However, there are important differences.
First, for the nucleolus, the ”value” of a coalition (in our case a set of portfolios) is a
real number; in our case it is a random variable. Second, whereas the objective in case
of the nucleolus is the difference between the coalition value and the allocated number,
the objective in our case is the expected loss in excess of the allocated risk capital,
i.e., negative differences are cut off at zero. Third, the feasible set in our case consists
of efficient allocations that are coordinatewise bounded both above and below. The
nucleolus considers efficient allocations that are coordinatewise bounded below only.”

"In a cost game, the nucleolus considers efficient allocations that are coordinatewise bounded above
only.
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The sequence of linear programming problems we propose determines the sets by, - -+ , by,
and corresponding values of the excesses ey, ..., e, in an inductive manner.

Definition 4.1 For any R € R and for alla € F(R) the coalition array by, boz, b1, ... ,bp
belonging to (R, a) is defined as

bor = {ila; = ming,eq X;(w)},

boz = {ila; = p(Xi)},

by  ={S C Nle(S,a,R) = maxpcy{e(T,a,R)|T C N}},

bj ={S C Nle(S,a,R) =maxpcny{e(T,a,R)|T C N, T ¢bU...Ubj_1}},

for every j € N, j > 2, such that by U---Ubj_1 # 2N . The number p € N is such that
biU---Ub, =2 and for all 1 < k < p it holds by, # 0.

For every j € N, the set b; consists of those sets of portfolios S for which the excess loss
with respect to the allocated risk capital is the j-th largest among all the excesses, and
e; is the corresponding value of the excess. Furthermore, by; contains all portfolios that
are allocated their minimal loss (i.e., for which the lower bound in the feasible set is
binding), and bge all portfolios that are allocated the risk capital of their own portfolio
(i.e., for which the upper bound in the feasible set is binding). This is illustrated in the
following example.

Example 4.2 Consider the risk capital allocation problem R given by Q = {wi,wa},

N ={1,2,3},
ERAESBEEH|

|

and p(Y) = p¥,(Y). Then, since p(X;) = 1 and min,eq X;(w) = 0 for all i € N, and
p(Xn) =2, it holds that

D=0

F(R) ={a € [0,1]N]a; + az + a3 = 2}.
Consider the allocation a = (%, %, %) The coalition array belonging to (R, a) is
bor = 0,
boz = 0,
by = {{1}7 {27 3}}7
by = {{2}, {3}},
b3 = {{17 2}7 {17 3}7 N}7

and corresponding values of the excesses are e = %, eo = % and e3 = 0.

We will denote bgi, bgy, by, -+, by, for the coalition array that belongs to (R, EBA),
and ey, ..., e, for the corresponding excesses. Thus, for all j < p,
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e b; C 2NV consists of those sets of portfolios S for which the excess loss with respect
to EBA is the j-th largest among all the excesses;

¢ e; € R denotes the value of the excess of each set of portfolios S € b; with respect
to EBA, ie., e; = E [(Xg — EBAg)";

Note that, by construction, p is such that

bU---Uby & 2N, for all £ < p,

biU---Ubp = 2N,
The sequence of linear programming problems we propose determines the sets by, - -+ , by,
and corresponding values of the excesses ey, ..., e, in an inductive manner.
First, for any given by, - ,br_1 C 2V, and ey, --- ,ex_1 € R, we define the linear
optimization problem P (by,--- ,bg_1,€1, -+ ,ex_1) as follows
min vy
ak < p(X;), for all ¢ € N, (12)
ak > migXi(w), for all i € N, (13)
we
> w(w) - Me(S,w) = ey, for all S € bj, j < k, (15)
we
> w(w) - \e(S,w) < v,y for all S € 2V\ (b1 U... Ubj_1), (16)
we
Me(S,w) > Xg(w) — ak, forall S €2V, weQ, (17)
A (S, w) >0, forall S €2V, weQ, (18)

We denote a feasible solution to the linear program by the tuple (ak, Uk, Ag) € RN xR x
RmX2N .

The following lemma shows that solving Pg(by,--- ,by_q,€e1, -+ ,€;,_;) either immedi-
ately yields EBA, or it yields the k-th largest excess with respect to EBA, as well as a
superset of the corresponding element of the coalition array. Specifically, for any given
optimal solution (@*,@y, A\) to Pg(by,---, by 1,1, --,e,_1), we denote

b = {S € 2V|e(S,a*, R) = v}, (19)
by = {i € NJa* = min X;(w)}, and Boy = {i € N[a* = p(Xi)}.
we
Then, we have the following result.

Lemma 4.3 Let k < p. There exists an optimal solution to Py(by,---,bi_j,€1, -, €,_1).
Moreover, for any optimal solution (@*,Ty, \,), it holds that Ty, = ey, and
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(i) if x = 0, then @ = EBA;
(ii) if g > 0, then:

(a) Eg = FEBAg for all S € biU---Uby;
(b) by D by.

The proof can be found in Appendix B.

The above lemma shows that solving Py(by, -+ ,by_i,e1,-- ,e,_;) yields ey, the k-
th largest excess with respect to FBA. Moreover, if 7, = 0, then FBA is found.
If 7, > 0, then the solution yields a superset by of the coalition array by corre-
sponding to the k-th largest excess with respect to FBA. In order to be able to
solve Pi(by,---,by, e, ---,e.), we need to reduce the superset by to by, i.e., we need
to identify those elements of by that are also elements of by. To do so, for any
given by, -+ ,bp_1,d C 2V, and bgi,bp2 C 2V, we define the optimization problem
Qr(bo1,bo2, b1, -+ ,bg—1,d), with decision variables y; for all i € N, as follows

ka(bOLbO%blv”' bp—1,d) = Max Z Ys

Sed

v < 1, for all i € N,

yi > 0, for all ¢ € bgq,

yi <0, for all 7 € bya,

ys = 0, forall S € (byU...Ubg_1)Ud,
yn = 0.

The following lemma shows that repeatedly solving Qk(5§1,5§2,b1, -+ ,by_;,d) while
appropriately updating the set d yields d = by.

Lemma 4.4 Letk < p, and let (@*, Ty, \i) be an optimal solution to Pr(by,---,bi_q,€1, "+, €,_1)-
If 7, > 0, then for any d C 2V such that by, C d C by,

(i) there exists an optimal solution of Qk(5§1,5§2,b1, <o b_q,d);
(ii) for any optimal solution § of Qk(ggl,ggz, by, ,bs_;,d), it holds that:

(a) by C{S € dlys = 0};
(b) d - bk Zﬁ ka(l;glvl;g%blv'"7bk717d) - 0

The proof can be found in Appendix B.

The above lemma implies that, starting from d = by, one can can indeed refine the set
d to obtain by. Specifically, for any given by C d, we determine an optimal solution ¥y
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i .
for Qg (boy, b, b1, ,br_1,d). If it holds that ka(Elgl,E’Sg,bl,vvv,bk,l,d) > 0, then there
exist sets of portfolios S € d for which 74 > 0, and it follows from (i)(a) that these sets
of portfolios S do not belong to by. Thus, we replace d by {S € d|gg = 0}, and solve
Qk(5§1,5§2,b1, -+ ,by_;,d) again, until fQ = 0. It then follows from
(ii)(b) that d = by.

k(Egl 75327}31 3t ’bkflvd)
Combining the above two lemmas yields the following result.

Theorem 4.5 Let R € R be given, and consider the following algorithm.:

1. Setk=1.

2. Obtain an optimal solution (¥, Ty, \p) to Pr(by, - ,bp_1,T1, -+ ,Tp_1).
3. If v, > 0, go to Step 4, else stop.

4. Determine by, 5181 and 5182.

5. Obtain an optimal solution J to Qk(E'gl,E’gz,El, oo bp_1,bg).

6. >0, set by = {S € bi|yg = 0} and return to Step 5. Else,

If ka (5151 7532751 s+ 5bk—1,bk)
go to Step 7.

7. IfbyU---Uby # 2N, set k =k + 1, and return to Step 2, else stop.

The algorithm terminates after p iterations, and yields aP = EBA.

Proof. First, we show that for all k¥ < p, it holds that after the k-the iteration,
(517' o 75]67617' o 76]6) = (b17 e 7bkvelv e 7ek) . (20)

Let £ = 1. Lemma 4.3 implies that v; = ej, and because excesses are nonnegative
and p > 1, we know that v; > 0. Therefore, Lemma 4.4 implies that repeating Step 5
and Step 6 until le LB~ 0 yields by = by. Next, suppose (20) holds true for
some k = j < p — 1. Then, Lemma 4.3 implies that ;.1 = e;41, and j +1 < p
implies that T;41 > 0, and it follows from Lemma 4.4 that bj 1 = bj1. Therefore, (20)
holds true for kK = j 4+ 1, and it follows by induction that (51, e ,Ep_l,ﬁl, e ,Ep_l) =

(b1,~- ,bp_l,e1,"' 7ep_l)_
Next, consider k = p. In a similar way, it can be shown that
Tp = ep, (21)
if o, > 0, then by = by, (22)

Next, we show that the algorithm terminates after p iterations. The algorithm termi-
nates after the first iteration for which either 7, = 0 or by U--- U b, = 2. Now (20),
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(21), (22), and the fact that by definition, b U---Ubp = 2N imply that k£ < p. Now if
Ty, = 0, then 7; > 0 for all j < k, and it follows from (20) and (21) that e; =7; > 0 for
all j < k, and e, = v, = 0. Because excesses are nonnegative, this implies that k£ = p.
Ifb;U---Ubg =2V and 75, > 0, then b; U---Ugj G 2NV for all j < k and it follows from
(20) and (22) that byU---Ub; & 2V for all j < k, and by U---Uby, = 2V, This implies
that k£ = p.

Finally, we show that the algorithm yields aP = EB4. We kn(_)w the algorithm termi-
nates after the p-th iteration. Then either v, =0, or byU---Ubp =b;U---Ubp = 2N
and Up > 0. It then follows from Lemma 4.3(i) and (ii)(c), respectively, that @P = EBA.
]

5 Conclusions

This paper considers the allocation problem that arises when the total risk capital
withheld by a firm needs to be divided over several portfolios within the firm. We propose
an alternative allocation rule that amounts to determining the unique allocation that
lexicographically minimizes the expected losses of all sets of portfolios in excess of the
risk capital allocated to them. The approach is inspired by the fact that an allocation
rule that has received considerable attention in the literature, the Aumann-Shapley
value, can yield undesirable results in the sense that some portfolios have large expected
excess losses. The alternative allocation rule that we propose mitigates that problem
by determining the allocation for which the largest excess is as small as possible. As
compared to the Aumann-Shapley value, it has some additional advantages in common
with existing optimization approaches, e.g., it does not require differentiability of the
risk measure, and it satisfies continuity. Finally, we show that the allocation that we
propose can be determined by solving a series of linear programming problems.
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A Proof of Theorem 3.5

Before we give the actual proof of the continuity of EBA, we first introduce several
notions.

Definition A.1 A coalition array b1, boz, b1, - , by, satisfies the No Improvement Prop-
erty® if for all k =1,2,...,p, it holds that if y € RN satisfies

yi > 0, for all i € byy, (23)
y; <0, for all i € bys, (24)
yn =0, (25)
ys > 0, forall S € by U---U by, (26)

then it satisfies
ys =0, for all S € by U--- U by. (27)

This property means for an allowed risk capital allocation that there is no lexicographic
improvement of the allocation possible, without either being outside the set F'(R), or
worsening the excess of a set of portfolios that already has a high excess.

Lemma A.2 Let R € R, a € F(R) and bo1,bo2, b1, - , b, is the coalition array belong-
ing to (R,a). Suppose that the implication in the No Improvement Property holds for
k=1,---,p—1and all y € RY, and that e(S,a,R) = 0 for all S € b,. Then the
implication also holds for k =p and all y € RN,

Proof. Note that by U...Ub, contains all sets of portfolios, so in particular all individual
portfolios. Let y € RY satisfy conditions (23)-(26) for k = p and let i € N. If {i} €
byU---Uby_1, we have y; = 0 since equation (27) holds for k = p—1. If {i} € b,, we have
that e({i},a, R) = 0. From Lemma 2.11 it follows that a; = p(X;), so i € bg2. However,
since equations (24) and (26) for k£ = p imply that y; < 0 and y; > 0 respectively, we
get that y; = 0. Because y is additive and y; = 0 for all ¢ € N, we find that ys = 0 for
al SCN. m

Lemma A.3 Let R € R. Then the coalition array belonging to (R, EBA(R)) satisfies
the No Improvement Property.

Proof. Let EBA = EBA(R) and bo1, bo2,b1,- -+ , b, the coalition array belonging to
(R,EBA). Assume there exists a y € RY and a k € {1,---,p} such that conditions
(23)-(26) are satisfied, but for at least one T" € by U --- U by it holds yr > 0. Let k*
be the smallest number with this property. Because of this choice of k*, yg = 0 for all
SebyU---Ubgs_1,80 T € by=. Then for i € by; we have that EBA; = mingeq X;(w)
and y; > 0, so EBA; +t-y; > mingecq X;(w) for positive t. For i € by we have

8The property is called Property I in Kohlberg (1971).
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that EBA; = p(X;) and y; < 0, so EBA; +t-y; < p(X;). Furthermore, yy = 0,
so EBAN +t-yy = EBAy = p(Xy). Because for all i ¢ by U by it holds that
ming,eq Xi(w) < EBA; < p(X;), it follows that EBA +t -y € F(R) for t small enough.
For all sets of portfolios S € b1 U --- U by« we have that

e(S,EBA+t-y,R)=E[(Xs— (EBA+t-y)s)"| = E[(Xs — EBAs —t-ys)"]
< E[(Xs— EBAg)"] = e(S,EBA,R),

so no set of portfolios in by U --- U bg+ has a higher excess. We can now distinguish two
cases.

(i) e(T,EBA,R) > 0. Then

e(I,EBA+t-y,R)=E[(X7 — EBAr —t-yr))"]
< E[(Xr — EBAr)"| = e(T, EBA,R),

so T has a lower excess, and thus EBA+t-y is lexicographically better than EBA,
which is a contradiction.

(ii) e(T,EBA, R) = 0. Then we have k* = p since all excesses are at least zero, hence
e(S,EBA,R) =0 for all S € b,. So for k = 1,--- ,p — 1 the implications of the
No Improvement Property hold. But then Lemma A.2 states the implication for
k = p also holds, and thus the No Improvement Property is satisfied.

Lemma A.4 If the coalition array that belongs to (R, a) for some R € R and a € F(R)
possesses the No Improvement Property, then a = EBA(R).

Proof. Let R € R, a € F(R). Let EBA = EBA(R). Then EBA is as least as
good, lexicographically, as a. Let b1, bo2, b1, - , b, denote the coalition array of (R, a).
Obviously we have EBAN = p(Xn) = apn, thus

(EBA —a)y = 0.

For all i € byp; we have that a; = min,ecq X;(w) and FBA; > min,cq X;(w), so
(EBA —a); > 0.

Also, since for all i € bga we have that a; = p(X;) and EBA; < p(X;), we have
(EBA —a); <0.

So the inequalities (23), (24) and (25) are satisfied for (EBA — a) € RY.
Using induction, we show that EBAg = ag for all S C N. Take k = 1. For all S € b; we
have that e(S, a, R) > e(S, EBA, R) because these are by definition the highest excesses.
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If e(S,a,R) = 0 for all S € by, then e(T,a,R) = e(T,EBA,R) =0 for all T C N and
hence a = EBA. If e(S,a, R) > 0 for all S € by, we use Lemma 2.11 to find

(EBA —a)s > 0.
According to the No Improvement Property, this implies for all S € by that
(EBA—a)s =0.

Now let 1 < k < p. Assume for all T € by U... U b it holds that (FEBA — a)p = 0.
Then we have for all S € bgyq that e(S,a,R) > e(S,EBA,R). If e(S,a,R) = 0, then
k 4+ 1 = p and hence e(S, EBA,R) = 0. So, e(S,a,R) = e(S,EBA,R) for all S and
hence a = EBA. Otherwise, we have that e(S,a, R) > 0. Then Lemma 2.11 implies

(FEBA —a)s > 0,
which in turn implies that
(EBA —a)s = 0.

So, for all S C N we find (EBA —a)s =0, and thus a = FBA = EBA(R). m
We can now show that EBA satisfies Continuity.

Theorem 3.5 EBA satisfies Continuity on R.

Proof. Consider the sequence of risk capital allocation problems R, R2, ... where R =
(Xk, 7, p) € R for all k € N, that converges to R = (X, 7, p) € R. Let a* = EBA(RF)
for all k € N and a = EBA(R). We have to show that lim;_ . a* = a.

Let i € N. Choose L; = infren{minyco XF(w)} and U; = supgen{p(XF)}. Because
the definition of convergence of risk capital allocation problems includes convergence of
X¥ and p(XF), this infimum and supremum exist. Define the compact set H = {y €
RN|L; <y; <U;, for all i € N}. Clearly F(RF) C H for all k € N. Since H is compact,
it suffices to show that every converging subsequence akl,ak2, ... converges to a.

Let a®',a*2, ... be a subsequence converging to g. Assume without loss of generality
that the coalition array belonging to each (RF,a*)) is boy,bo2, b1, - ,b,.2 According
to Lemma A.3, for every element of a*',a*?, ... the No Improvement Property holds.
Denote the coalition array of g by co1, co2,c1,- -+ ,¢q. Since for all S, T € b;, for all i < p
we have that

FE [(ng — a'gi)Jr] =e(S, aki,Rki)

=e(T,a" RM)=E [(Xé,i’ - alfpi)j )

9This assumption can be made because the number of sets of portfolios is finite. Thus there are
finitely many possibilities for the coalition array of any (Rk,ak). Since the sequence a®',a*2 ... is
infinitely long, there exists a subsequence that has the same coalition array bo1,bo2, b1, ...,b, for all
elements of that sequence, and this subsequence also converges to g. Therefore, any results about the

convergence of that subsequence can be extended to a*', a2, .. ..
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so because E[-] is a continuous function, we have that e(S,g,R) = e(T,g,R) in the
limit. Hence in the coalition array of g we have that all sets of portfolios of b; are still
in the same set, formally b; C ¢; for some j € {1,--- ,¢}. So we have that ¢,--- ¢, is
a coarsening of by, -- ,b,. Similarly, for S € b; and T € b; with i < j we have

e(S,a", R¥) > e(T, a*, R%),
so in the limit we have

e(S,9,R) > e(T,g,R),

meaning this coalition array cp,---,c, does not change the order with respect to the
sets of portfolios as given by by, --- ,b,. Because the implication of the No Improvement
Property is weaker for co1, co2,c1,. .., cq than for bo1, bo2, b1, - - - , by, the No Improvement

Property also holds for the coalition array of g.

It remains to be shown that g € F(R). For i € bypy we have that a¥ = p(XF) for all k
and all i € N, so we see that g; = p(X;) since both sides of the equality converge. Thus
1 € cpa, 50 bga C cp2. For i € by; we have that af = minge Xf(w), and this equality is
preserved if we take the limit, so ¢ € ¢g; and hence by; C cgp1.

Because g € F(R) and the No Improvement Property holds, g = EBA(R). Because a is
a single point according to Theorem 2.12, we find that ¢ = a and thus any converging
subsequence converges to a. ®

B Proofs of Lemma 4.3 and Lemma 4.4
In order to prove Lemmas 4.3 and 4.4, we need an auxiliary lemma.

Lemma B.1 Letk < p, and let (@*, Ty, \i,) be an optimal solution to Py(by,--- ,by_1,€1,- -+ ,€,_1).
Then, we have:

(i) @a* € F(R),
(ii) e(S,a" R) <3 cqm(w)  A(S,w) for all SC N,
(iii) e(S,@", R) =e; for all S € b;, where j < k.

Proof. (i) It follows from (12)-(14) and Definition 2.4 that @* € F(R).

(i) Let S € N and w € Q. Then from equations (17) and (18) it follows that A\ (S,w) >
max{0, Xg(w) — @%}. Thus, we find that

S w(w) M(Sw) 2 3 w(w) - (Xs(w) - a’g)+ — o(S,a@", R). (28)

we weN
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1i) Define the vector y = a" — € . e will show that yg = 0 and thus
iii) Defi h k _EBA € RYN. We will sh h 0 and th
E’é — EBAg for all S € bjU--- Uby_;. First, because @* € F(R), it holds that

g =a’ — mi}% X;(w) >0, for all 7 € 5181, (29)
we

y; =ak — p(X;) <0, for all 7 € 5182, (30)

yn =ak — EBAy = 0. (31)

Moreover, for all j < k and all S € b; it follows from (ii) and (15) that

e(S,a", R) < w(w) - Me(S,w) = e = (S, EBA, R). (32)
weN

Because k < p implies that bjU---Ub; C bjU---Ubj_; # 2NV it holds that e; > 0.
Therefore, it follows from Lemma 2.11 (a)(ii) that a¥ > FBAgforall S € bjU--- Uby_1,
and thus

ys = @t — EBAg > 0,for all S € bjU--- Uby_;.

Hence, it follows from Lemma A.3 (the No Improvement Property) that ys = 0, and
thus Elg = FEBAg, for all S € biU...UDbj_1. Therefore, we conclude that

(S, R) = (S, BBA, R) = e, for all S € by, j < k.
|

Proof of Lemma 4.3. We first show that for any & < p, there exists an optimal
solution to Py(by,---,bs_i,€e;,---,e,_;). First, & < p implies bjU---Uby_; & 2V,
and therefore it follows from (16) and (18) that any feasible (a¥,vy, \;) satisfies vy, >
Y wea T(w) - Ap(S,w) > 0. Thus, the objective value is bounded below. It therefore
remains to see that the feasible region is non-empty. It can be verified easily that
a* = EBA, v, = ey, and \(S,w) = (Xg(w) — EBAg)*, for all S € 2V and w € Q is a
feasible solution.

(i) We know from Lemma B.1 (iii) that

e(S,a",R) = ej = e(S, EBA, R), for all S € bj,j < k. (33)

Because excesses are non-negative by definition, and because 7y = 0, (16) and Lemma
B.1(ii) imply that

0<e(S,@ R) <> mw) Mel(S,w) ST =0, forall §€2V\(byU---Uby_),
weN

hence

e(S,a* R) =0 < e(S, EBA, R), for all S € 2V\ (bjU---Uby_1). (34)
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Combining (33) and (34) yields that e(S,a*,S) < e(S,EBA,R) for all S C N, and
therefore @* € F(R) is lexicographically at least as good as EBA. Because EBA is the
unique lexicographical minimum over all risk capital allocations in F'(R), this implies
that @* = EBA.

Finally, @ = FBA and (34) implies that
ep, =¢e(S,EBA,R) = e(S,Ek,R) =0,for all S € by,.
Because v, = 0, this yields v, = eg.

(ii)(a) Consider the vector y = a@* — EBA € RN. It follows from the proof of Lemma
B.1 that

yi 2 0, for all i € 5’51, (35)

yi <0, for all i € By, (36)

yn =0, (37)
and

ys =0, for all S € bjU---Uby_1. (38)

Moreover, because (EBA, ey, (Xs(w)—EBAg)")scn, weq) is feasible for Py(by, -+ ,by_j, e, - ,e,_1),
we have

U < eg. (39)
Therefore, it follows from Lemma B.1 and (16) that for all S € by, we have that

e(S,a", R) <> m(w) - Me(S,w) < Ty < e = e(S, EBA, R), (40)
weN

and Lemma 2.11 implies that Elg > EBAg. Therefore,
ys = Elg — EBAg > 0,for all S € by.

Then, it follows from Lemma A.3 (the No Improvement Property for EBA) implies that
ys =0 for all S € bijU---Uby.

(b) We show by contradiction that by C b. Suppose there exists an S € by such
that S ¢ by. Then it follows from (16), (19), and (39) that e(S,a*,R) < 7}, < e =
e(S, FBA, R), and Lemma 2.11 implies that EBAg < Eg. This contradicts EBAg = Eg.
Thus there does not exist an S € by, such that S ¢ by, hence by C by.

Finally, we know from part (a) that EBAg = Elg for all S € by. This implies that
e(S,a",R) = e(S,EBA,R) = e, >0, forall Secby.
Combined with (40), this yields 7 = e;. =

In order to prove Lemma 4.2, we need the following lemma.
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Lemma B.2 If z € RV satisfies

z; >0, for alli e 5181, (41)

z; <0, for all i € 5’32, (42)

zy =0, (43)

zg > 0, for all S € byU...U by, (44)
then it satisfies

zg =0, for all S € bijU...UDby. (45)
Proof. We show by contradiction that for Bgl,glgg,bl, ---, b the above implication

holds. Suppose there exists a vector z € R such that conditions (41)-(44) hold, but
the implication in equation (45) is violated. Let j be the smallest index such that there
isan S € b; with zg > 0, and let T' € b, be a set of portfolios such that zr > 0. Observe
that, similar to the proof of Lemma A.3, we have that @* +t -z € F(R), for t small
enough.

We show that the vector y = @* +t-2z — EBA € RY violates the No Improvement
Property for EBA. Because @* +t -z € F(R), it holds that

yi=ar +t-2 — mig Xi(w) >0, for all 7 € 5’51, (46)
we
yi=ar +t-z — p(X;) <0, for all 7 € 5182, (47)
yN:E?V—I-t-ZN—EBAN:O. (48)
k

Because by construction zg = 0 for all S € bjU---Ub,_1, it follows that ys = a§ —
EBAg for all S € bjU---Ub;_;. Combined with Lemma 4.3(ii)(a), this yields

ys = 0,for all S € biU---Ub;_1.
Moreover, (44) implies that for all S € b; we have
ys=ak +t 25— EBAg=t- 25 > 0.
and, because by construction zp,
yr =t-zp > 0.
This contradicts the fact that FBA satisfies the No Improvement Property. m

Proof. We first show that for any given by,--- ,by_1,d C 2V, and bgi,bp2 C 2V,
there exists an optimal solution to Qg(bo1,bo2, b1, ,bx_1,d). Because y; = 0 for
all i € N is feasible, the value of the objective function is always at least zero, i.e.,
JQu (bo1,boz by, be_1,d) = 0. Thus the feasible region is non-empty, and since also y; <1
for all ¢ € N, the value of the objective function is bounded and thus this problem has
a solution.
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i) Any feasible solution of Qk(Egl,EIgQ,bl, -+ ,by_;,d) satisfies (41)-(44). Therefore, it
follows from Lemma B.2 that if y € RY is a feasible solution to Qk(ggl, 5’52, by, - ,bi_1,d),

then yg = 0 for all S € by. Since this holds true for any feasible solution, it holds true
for the optimal solution .
ii) Suppose Tp > 0, and let d be such that by C d C b, . We first show that
P - o _—k N
ka(5§175§2,b1;~7bk,17d) = 0 implies by = d. Supposed # by. Lety = a-(EBA—@") € R,
with a > 0 such that
yi <1, for all i € N.
First, Lemma 4.3 implies that
Ys :a'(EBAS—Eg) =0, forall S € bjU---UDby.

Moreover, EBA € F(R) implies

Yi=a- [EBAZ- - melg Xi(w)] >0, for all i € 5’31, (49)
yi = - [EBA; — p(X;)] <0, for all i € 5182, (50)
YN =a- [EBAN - E’fv] = 0. (51)

Next, suppose there exists a S € d\by. Then, because d C b, and because it follows
from Lemma 4.3 that T, = ey, so that by € 2V\ (by U---Uby_y), it holds that S ¢
b, U--- U by, so that

e(S,EBA,R) < ey. (52)

Moreover, we know from Lemma 4.3 that U, = e;. Then, S € d C by, and (19) imply
that

e(S,a", R) =T, = e > 0. (53)

Combined with (52), this implies e(S,@*, R) > e(S, EBA, R), and thus E’é < EBAg.
Hence

ys > 0,for all S € d\by.

Thus, y is a feasible solution to Qk@]gl,ggz,bl, <+ ,bg_q,d), and
Doys= D us+ D ys= D ys+0>0.
Sed Sed\by Seby, Sed\by

Therefore, ka(Egl,ESQ,bl,---,bk,l,d) = ZSedyS > ESed ys > 0, which contradicts ka(Egl,Eng’bl’m7bk71’d) —
0. Thus by, =d.

Next, suppose by, = d and let 7 € RY be an optimal solution to Qk@gl,glgz, by, - ,b_;,d).
Then,

b= 5= ST
ka(b()l?bOvalv"' 7bk717d) yS yS ’
Sed Seby

where the last equality follows from part (i). =
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