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Introduction

This paper will give a proof of concept of a technique to price insurance contracts in a Time-
Consistent way. In order to do this, the paper will first take a short look at how insurances are priced
using the Cost of Capital method. Then we will look at the Industry standard for pricing contracts in
contrast to a Time-Consistent pricing technique. Both methods will be discussed in detail, after which
we will apply them to 2 theoretical insurance contracts, one of which is more realistic than the other.
From these contracts results will be presented in order to compare both methods and to judge the
relevance of introducing a new Time-Consistent method of pricing.

The aim of this proof of concept is to investigate the possible relevance of the Time-Consistent
pricing technique. With this paper, | try to open up new roads for further research on the matter of
Time-Consistent pricing in the hope that other researchers will continue on this path. In this
introduction | would also like to thank Antoon Pelsser: without his ideas this paper would not have
come into existence.



Two Paths of Pricing an Insurance

Before we start looking at practical examples and realistic scenarios it is a good idea to get a
theoretic understanding of the differences between the Time-Consistent valuation method and the
Industry standard. As both of these methodologies are based upon the so called Cost of Capital (CoC)
valuation method, this section will start by taking a closer look at this Cost of Capital method. Finally
this section will consider both the “Best Estimate” parts as well as the Cost of Capital parts for both
the Industrial as well as the Time-Consistent method.

Cost of Capital and Valuation

The value of an insurance contract can (in general) be split in two parts. First of all there is what in
this paper will be referred to as the “Best Estimate” value. This value is based on (conditional)
expectations and is the price which reflects the average outcome of a contract. However, to price an
insurance this “Best Estimate” is not enough. Within the contract there are various risks, some of
which are hedge-able in the financial markets, others which are not. For the latter, an insurance
company must hold a risk buffer, to ensure it meets regulatory requirements as well as to make sure
it is able to continue business in stress scenarios. Clearly, the insurance company would like to
calculate the costs of holding such a buffer into the value of the insurance.

The Cost of Capital method is a way to do this. It is a fairly common technique used in many
countries, including EU-states as well as Switzerland®. The idea behind CoC is to define a risk
measure, calculate an appropriate buffer and multiply this buffer with the Cost of Capital of the firm
at hand. The outcome reflects the cost of holding the regulatory buffer capital for 1 year. When these
costs are added to the “Best Estimate” value, one will get the total value of the insurance contract.

In this paper we assume a Cost of Capital of 6%. Furthermore we take the commonly used Value at
Risk (VaR) as our risk measure. Even though Value at Risk has some clear limitations (like the risk of
excessive losses behind the VaR cut-off point), the simplicity of VaR makes this risk measure perfect
for a proof of concept investigation into Time-Consistent pricing. A 99,5% confidence interval will be
used regarding the Value at Risk.

The “Best Estimate” Part

To evaluate the value of an insurance consider 2 types of risk drivers: changes in W1 (which we will
later link to interest rate changes) and W2 (which will later on be connected to changes in the
mortality table). For now W1 and W2 are simply standard Brownian motions.

The Industry method uses the following expectation to calculate the “Best Estimate” part of the
value of this insurance, where IBE stands for “Industry Best Estimate”:

IBEor = E[Vr(W1lg, W27 )[W1,, W2,]

Here IBE, r denotes the “Best Estimate” value of the insurance at time 0 till point T, and W1, and
W2, denote the values of W1 and W2 at time 0. As one can see the Industry method only
determines a Best Estimate at time 0.

! Swiss Federal Office of Private Insurance, 2004



The Time-Consistent method calculates the “Time Best Estimate” part of the value of the insurance
as follows:

TBE.; = E[V;(W1p, W2, )|W1,,W2,] with0<t<T

From this formula we see that the Time-Consistent method uses every time-step in between to get
to a “Best Estimate” value. Using the Tower Property we see that both the Time-Consistent as well as
the Industry method yields the same “Best Estimate” price. A 2 year example may clarify this. Say the
time till maturity is 2, than working back starting at time 2, we obtain:

TBE,, = E[V,(W1, W2,)|W1;,W2,]

TBE,, = E[TBE,,|W1,,W2,]

TBE,, = E[E[V,(W1,, W2,)|[W1;,W2,]IW1y, W2]
Then by the Tower Property we know that:

TBE,, = E[V,( W1, W2,)|W1,, W2,]

4

Which is exactly equal to the “Best Estimate “ value in the Industry method. There is a
difference though in the way to get there: the Industry method derives a “Best Estimate” price
directly from point t=0 to a number of scenarios at time-step T. The Time-Consistent method works

backward: first from T to T-1, then from T-1 to T-2 and so on till time-step O.

The Cost of Capital Part

Let us assume that W1 is a hedge-able risk driver. This means that in the total insurance value there
needs to be a buffer for the risk arising from W2. The Cost of Capital part of the value of the
insurance can be written in a formula form as:

CoC, = 6% * VaR,
Therefore we will look further into the Value at Risk component of the Cost of Capital.
For the Time-Consistent method we use the following formula for the Value at Risk:
TVaR,r = Fp_l(VTlWlt, W2,) —TBE;r

Where Fp‘l(VT|W1t, W?2,.) is the inverse function of the CDF from the distribution which applies to
the risk drivers W1 and W2. W2 is the only risk driver for which we need to hold a buffer as we
assumed W1 to be hedge-able. Hence Fp‘l(VT|W1t,W2t) equals the p-percent quantile for risk
driver W2, based on random variable V. VaR, means we calculate the Value at Risk from t till T.
Furthermore, TBE, 1 is the Time-Consistent Best Estimate we derived before.

Note that this formula implies that there is a different Value at Risk for every time-step. Logically this
makes sense: to determine the VaR from t to T, we use the value for W2 known at period t. This way
one not only takes into account the possibilities of W2 as on the “Best Estimate” path, but also all



other ones. However, in terms of calculation, this Time-Consistent method is more complicated and
heavier. To acquire the Value at Risk in the Time-Consistent setting we have to start at time T and
then work back in steps of 1 time period, updating our information as we progress.

In the Industry method we can write for the Value at Risk at time-step t:
IVaRy,.r = Fp_l(VT|W1t, w2, — IBEyr where W1, = Wlgand W2, = W2,

This implies all information is based on the knowledge at time 0: in other words, the Cost of Capital
buffer is calculated as if we were on the “Best Estimate” path projected at time 0. This is actually
counter-intuitive: the Industry-method ignores the fact that a more positive or negative outcome at
time t, may change the buffer capital required from time t till time T. Again, the quantile of the
function Fp_l(VT|W1t, W2,) is only taken over W2 as this is the only non hedge able risk driver.

To better understand this difference between both methods let us try to visualize them. First
consider a contract that lasts just for one year. The orange spot again illustrates the most likely “Best
Estimate” outcomes. The green spot (beneath the orange one) shows these same outcomes, but
then “shocked” with a Cost of Capital based on the Value at Risk.

timeT
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Note that in this 1 year case the Value at Risk is the same for the Industrial method as well as for the
Time-Consistent method. In both cases 1 buffer capital is calculated, namely from time 0 to time T.
Both methods work with the same random variable Vi and use the information known at time O.



The differences start to occur if we consider multiple time-step contracts. Let us consider a 2-step
contract. The orange spot again shows “Best Estimate” values. The green spot illustrates the value
including Cost of Capital from the Industry method and the purple spot shows this for the Time-
Consistent method.
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Note that the Industry-method projects forward along the Best Estimate trajectory, but that the
Time-Consistent method works backward. In the Industry method we determine a Cost of Capital at
point Al for Al to B1 and for B1 to C1 using the same underlying Best Estimate path. In the Time-
Consistent method we first determine the Cost of Capital buffer from B2 to C2, using random
variable V; and W2,. Using the outcome the Time-Consistent method updates the Best Estimate as
well as the Cost of Capital buffer and uses these to calculate the value at A2 thereby taking into
account all possible buffer capitals instead of only those along the “Best Estimate” path.

We see that the Cost of Capital component at time T for the Time-Consistent method is larger than
for the Industry method: the variation around point C2 is larger than the variation around point C1.
This influences the estimates for time t, thereby influencing the values at time 0. Hence, for now we
conclude there is a difference in value in point A1 compared to A2.



First Steps into Practice: a Simple Insurance

In this section we will test the Time-Consistent method described above against the Industry method.
The test will be based on a highly theoretical lumpsum life insurance. The first sub-section will
introduce this insurance and derive a “Best Estimate” value. After this, formulas for the Cost of
Capital component will be derived for both methods. Then a total insurance value will be composed.
Finally there will be some (theoretical) results, in order to get a sense of magnitude regarding the
differences between the Time-Consistent and the Industry methodology. For this section we assume
no discounting and give no interpretation to W1 and W2.

Theoretical derivation of the Best Estimate value

Building further on the two standard Brownian motions we saw in the previous section, now consider
a lumpsum life insurance of which the Best Estimate value can be determined according to the
following formula:

VT — ea1W1T+a2WZT

Or in matrix notation as:
Vp = ed'Wr

Furthermore, as W1 and W2 are (independent) Brownian motions:
Wr~N(0,1)

In which I is the identity matrix. We are however, interested in the value of the insurance at time t
rather than time T (where t < T). From the Moment Generating Function we can derive directly that
the “Best Estimate” value for the Industry method equals:

1
IBEOT — E[ea'W-plwo] — ea'Wo+§T0£'Ia
And that for the Time-Consistent case:
1
TBE,; = E[ea’Wlet] — ea'Wt+§(T—t)a’Ia
For the Time-Consistent case we see that working back from T to t, and then from t to 0 that:
1
TBEI:T — ea”Wt " eE(T_t)a,Ia
So after a time-step from t to T, a factorisation is made to the original value. Similar to this we have:

1 ’
' 2(t-0)a'1
TBEy, = e® Wt x 2(t-0% 1@



So making the time-step from t to T and then from t to 0 we get:
/ l(T—t)a’]a l(i:—O)oc’Ioc o' WotiTa! 1a
TBEy; = e¥ Wt x g2 * e2 =% "0™2

And so we see (again), that because of the Tower Property, the Best Estimate part of the price is
equal in both the Time-Consistent as well as in the Industry method.

Theoretical derivation of the CoC component

Now we will derive the Cost of Capital part for valuing the insurance. Suppose that risk driver w1l is a
risk that can be hedged: hence we need not hold a buffer for it. However, risk driver w2 cannot be
hedged and therefore we do need some buffer capital. As both risk drivers will be split for the
analysis, the notation will take a scalar form (instead of the matrix form used in the previous section).

In the previous section we saw the following formula for the (general form) of the Industry Value at
Risk:

IVaRt,T = Fp_l(VT|W1t, Wzt) - IBEt,T' Where Wlt = W10 and Wzt = WZO

In this specific case we know that Fp‘l(VT|W1t,W2t) is lognormal distributed. Taking the
quantile of W2, we get for a lognormal distribution®:

BN (Ve W1, W2,) = oo™ ®) itn 0 < p < 1

Where ¢~1(p) is the quantile function of the normal distribution. Since our confidence level will be
99,5% we know that ¢ ~1(p) = 2,58. As we are interested in the Value at Risk (only) for risk driver
W2, we use the mean and standard deviation we derived earlier to obtain:

-1 — pa2x(W2¢+a2x2,58%\/T—t +a1*W1t+a12*0,5* T-t
ES (Ve W1, W2,) =e v v

Note that for the IBE; ; part of the equation we use the full Best Estimate, including values of W1 as
well as W2. This is because, even though the quantile is only taken over W2, the Best Estimate is
influenced by both risk drivers. There is a plus in front of the second a2: we are interested in the
guantile where the payment that has to be made to the policy holder is higher than expected, hence
we take the maximum of either plus or minus a p-percentile shock. In case a2 is positive, there will
be a plus sign. In case a2 is negative we will have a minus. Note, however, that this only holds in the
1 dimensional case (cases where there is only one “shocked” risk driver). Taking time-steps of 1, so T-
t=1 We obtain for the Industry case:

1.a12 1 r— 2,1 o 2
IVaRtT — ea2*(W2t+a2*2,58)+a1*W1t+2*a1 _ eal*W1t+a2*W2t+2*(T t)xal®+ox(T—t)*a2

As we condition on W2, = W2, and only use projections along the Best Estimate path of W2 we
know that W2, = W2, and that W1, = W1,.

2 Cassella, Berger, 2002



Hence we obtain:

1 412 1 2,1 2
IVaR,r = @2+ (W20+a2:2,58)+alsWigty+al® _ ,alsWilg+a2«W2o+5+T*al*+3+T+a2

Assuming that W2, = 0 (since W2 is a Brownian Motion) we get:
1 1

1
a22%2,58+a1%+5 =xT*al?+5+T*a2?
IVaR,r = e 2 — e2 2

Which implies, in this theoretical framework, that the Value at Risk buffer is equal for all 1-year steps
between 0 and T. In other words, IVaR, 1 is a constant which does not depend on W1 or W2.

For the Time-Consistent case we saw the following initial formula of the general form Value at Risk:
TVaR,r = Fp_l(VT|W1t, W2,) —TBE;r
Following a similar derivation we obtain for quantile part of the equation:

1 -
Fp_l(VT|W1t; w2,) = ea2*(WZt+a2*2,58*\/T—t)+a1*W1t+§*a1 «T—t

Note that now the quantile depends on the real W2, (all possible outcomes) rather than those along
the Best Estimate path. Furthermore we know:

E 2,1 2
TBEt'T — eal*W1t+a2*W2t+2*(T t)*xal +2*(T t)*a2

TVaR,r =
2 1 42 1 2,1 2
o A2xW2¢ 4 (eaz *2,58+VT—t+alsWile+-xal?«T—t _ eal*W1t+E*(T—t)*a1 ++(T-t)*az )V 6T

As we take time steps of T-t=1 we know:

1 .42 1 .52
2% W2+alsWilg+5*al 2 S*a2
| [/aRt’T =e asx erabxWileraals (eaz *2,58 _ ez*a ) v t,’l

Now we have both components, let us see how the total price looks using the Industry methodology
as well as the Time-Consistent method.

10



Total Insurance price under Industry pricing

Assuming a Cost of Capital of 6% we know that the price of a 1-year contract equals for the Industry
case, hence T=1 and t=0.

Vo = E[V; W1y, W2,]

Vo = E[V1|[W1y, W24] + 6% * IVaR, ,

Vo =IBEy, + 6% * IVaR 4

V, = el Wig+azs W2o+0,5%1%a1?+0,5%1xa2? + 6%

. (ea2*(w20+a2*2,58)+a1*W10+%*a12 _ ea1*W10+a2*W20+%*T*a12+%*T*a22)

When looking at a 2-year contract we set T=2. However for the Value at Risk we use T=1 and T=2 as
well as t=0 and t=1 to account for 2 years of buffer:

Vo = E[V,|[W1,,W2,]

Vo = E[V,|[W1,W2,] + 6% * IVaR, ,

VO = E[Vlelo, WZO] + 6% * IvaRl’z + 6% * IVaRO’l

VO = IBE0,2 + 6% * IVaRl‘Z + 6% * IVaRO’l

Vo = el Wig+azs W20+0,5%1%a1?+0,5%1xa2? + 6%
" (ea2*(w20+a2*2,58)+a1*W10+%*a12 _ ea1*W10+a2*W20+%*T*a12+%*T*a22)
+ 6%
. (ea2*(w20+a2*2,58)+a1*W10+%*a12 _ ea1*W10+a2*W20+%*T*a12+%*T*a22)

We see that, in this theoretical setting, the IVaR; , and IVaR, ; are equal. However, this does not
have to hold for the general case.

11



The examples above make it intuitive to conclude that for a T=n year contract we can derive:
Vo = E[|W1,, W2,]
Vo = E[VaIW1,1, W2, 4]+ 6% *IVaRo,_1n

VO = E[I/.,,'lWln_z, Wzn_z] + 6% * IvaRO,TI.—Z,TL—l + 6% * IVCIRO,n_l,n

k=n-1
VO - IBEO,Tl + 6% * IVaRO’k'k+1
k=0

Vo = el Wig+azs W2o+0,5%n*a1?+0,5+n*a2> + 6%

k=n-1 "
. E (ea2*(w20+a2*2,58)+a1*W10+§*a12
k=0
alsWiog+az+«w2 +1*T*a12+1*T*a22)
— e 0 0Ty 2
Assuming that W1, = W2, = 0 yields:
k=n-1 1 1 1
2 2 2 - 2 - 2,0 2
VO — eo,s*n*a1 +0,5*nx*a2 + 6% * E (eaz *2,58+2*a1 _ ez*al +2*a2 )
k=0

Again, the Value at Risk components are the same for each step: however, this is only for this specific
case. Now let us take a look at the total price of the insurance when using the Time-Consistent
approach.

Total Insurance price under Time-Consistent pricing

In the Time-Consistent method, we work back from time T to obtain a value at time 0, much alike
valuing an American style option with a binomial tree. Let us again start by valuing a 1-year contract,
but now for the Time-Consistent setting. Again we know T=1 and t=0:

Vo = E[V1IW1,, W2,]
VO = E[V]_lWlo, WZO] + 6% * TvaRoll

VO = TBEO']_ + 6% * TVaRO’l

12



Where we know that:

TBE,, = el Wig+azs W2o+0,5%1*xa1?+a2?
1 2 2 l 2
TVaRo, = e a2« W2o+alsWig+y+al® (eaz “2,58 _ 5702 )

So then:

1
V, = e@*Wio+azs W20+0,5+a1?40,5+a2? 4 oy 4 o 92* W2o+alsWig+y+al?

1
2 = 2
’ (eaz 2,58 _ 7" )

And for this particular case we can rewrite as:

V= e W2

1 2.1 2
+alsWilg+5*xal“+5*a2
* (e 072 2 + 6%

1 1 1
2 ~xq1? Zxq12+=xq22
% (eaz *2,58+a1*W10+2*a1 eal*W10+2*a1 +2*a2 ))

For this case we find no differences with the Industry method. These start to occur as soon as we use
a Value at Risk from t>0 to T. This we will see in the 2-year contract. Now, we start working from T=2
to t=1 and then from t=1 to t=0. For every time step we will develop a new Best Estimate value as
well as a new Cost of Capital value.

Let us start looking at time-point 2:

V, = e@lWir+az: war

Now consider time-point 1:
Vi = E[V,|W1,, W2,]
Vi = E[V,|W1,W2,] + 6% * TVaR, ,
Vi =TBE;, + 6% *xTVaR,,
TBE1,2 — E[V2|W11,W21] — eal*W11+a2*W21+0,5*a12+0,5*a22

TVaR]_,z == Fp_l(V2|W11, Wzl) - TBE1,2

1 1 1
2 —xaq1? Zq124+=+q22
6% xe a2x W2y o (eaz *2,58+a1*W11+2*a1 eal*W11+2*a1 +2*a2 )

13



Vv, = ea1*W1;+a2x W2440,5%a12+0,5+a2? + 6% * e 42+ W21

2

1 1 1
2 a2 Zwq12 4222
% (eaz *2,58+a1*W11+2*a1 eal*W11+ *a 1 +2*a2 )

1
2 2 2 2vq22
Vl = e a2xW2;+al1xW1;,+0,5+a1® <eO,5*a2 F 6% * (eaZ *2,58 ez*az ))

Now consider time-point 0. Note that, instead of basing the value at time 0 on the outcomes
of time 2, we do not take the expectation over I/, but use the “updated” information we
acquired in the previous step. Hence we take the expectation over V;.

Vo = E[V, W1y, W2,]
VO = E[V1|W10, WZO] + 6% * TVaROJ
VO = TBEO,1 + 6% * TvaRoll

TBEO,l = E[V1 |W10, WZO]
— pal*Wig+a2+ W24+40,5%2+a1%+0,5+a22

0,5+a2? a22+2,58 La22
* e +6%=*|e 2¢ — @2

TVaROJ = Fp_l(V1|W10, WZO) - TBEO,l
Where:

-1
E, (W1, W2,)
— g A2x W20+2,58+a2?+al1+W1y+0,5+2+a1’

0,5+a22 a22%2,58 La22
x e +6%=x(e ¢ — e2

Hence we know that:

TVaR,

e

— g A2 W2o+alsW1o+0,5+2xal? (

1

a2%%2,58 _ ei*azz)
0,5+a22 a22x2,58 La22

* [e" +6%=x(e 28— @2

TVaR,
= g A2 W2o+alsW1o+0,5+2+a1?

2
1 1

2 = 2 2 2 L 2

" I(e 2,58+a2? _ ,3*a2 )eo,S*aZ 6% (eaz *2,58 _ 53%02 ) l

Now we can derive, under the assumption that W1, = 0 that V, equals:

14



1
2 2 2 2 =xq22
VO — eaZ* W2y+0,5+2*a1%+0,5xa2* [eO,S*aZ + 6% * (ea2 *2,58 __ ez )] + 6%

* |e a2 W20+0,5+2%a1?

1 1 2
2 Zxq22 2 2 =xq22
* (e 2,58*a2° __ e 2% )BO,S*aZ + 60/0 * (eaZ *2,58 __ 62* )

V, = e%2* W2

2 2
* eO,S*Z*aZ +0,5%x2*al + 2 x 6%

* e e2

2 l* 22 2
* (eaz *2,58 __ ez a )

1 1 1
2 2 2 = 2 = 2,4 2
Vo=e a2« W2 4 ( o05+a1?+0,5+a2% | oy o (eaz *2,58+5xal a1?+5xa2 )

1
0,5%a2240,5+2+a1? (eazz*z,ss _ —*a22) + 6%2 * 80,5*2*a12

One could prove (using for instance Mathematical Induction) that in the n-year case we find that the
total insurance value at time 0 equals:
K= 1 1 1
2 - 2 - 24 2
V, = e 92" W20 4 | | 05+a12+0,5+a2% | gor o (eaz “2,58+3xa1? _ g+l +ya2 )

k=0

Note that the k does not appear in the product term, meaning that this term is equal for all time
steps. However, this does not have to hold in the general case which we will see later on when using
a more complex model.

From the formulas of the valuation in an Industry or Time-Consistent manner it is clear that there will
be differences between the two values. Let us look at some results now.
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Results I: Industry VS Time-Consistent using a Simple Insurance
Below a table with some results. For this table we have taken a contract of 10 years/time-steps with
W1 and W2 equal to zero. Furthermore, al was taken equal to 0.1.

o2 BE Industry Time-Consistent %
Value Value Difference
-0,5 32,51%
-0,4 13,83%
-0,3 4,81%
-0,2 1,13%
-0,1 0,11%
0 0,00%
0,1 0,11%
0,2 1,13%
0,3 4,81%
0,4 13,83%
0,5 32,51%

Due to the square terms (next to the fact that we assume W1 and W2 equal to zero in the initial
situation), we see that the differences of both methods are symmetric around zero when changing
a2. Note that the difference between both methods highly depends on the chosen parameters (a2
for starters, but also al and the duration of the contract). The differences within these results range
from big to insignificant. To be able to create results with a realistic parameterization we will now
move to a more realistic model.
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A small Leap: into a more Realistic Insurance

In this section we will try to make the highly theoretical framework described above more realistic.
Rather than using W1 and W2, which were assumed Brownian motions, we will use more realistic
risk drivers to model interest rate as well as mortality using a Vasicek model.

Vasicek model introduction

The Vasicek model was created as an interest-rate model. However, in this paper we will use it to
model interest rate as well as mortality rates. Let us first take a look at the (original) interest rate
model though. It is based on an instantaneous spot rate, 13 which is defined as:

dr; =y * (w — rp)dt + adW (t)

Where y is the reversion parameter and w is the long term interest. Under some rather common

assumptions the Vasicek zero-coupon rate is formulated as follows, where ZT,S is the S-T year zero

coupon rate from the Vasicek curve at point T°:

1
Irg = s rors +S——T* Prs*rr,whereS =T
Where:
(Brs—S+T)*(y?*w—0502) (GZ.BT,SZ)
Ars = -

y? (4*y)

And:

1
Brs = ;* (1- e_y*(S_T))

We will start looking at the contract earlier than point T though and hence we will need estimates for
the value of rt from an earlier time, say time t. This prediction is the only source of randomness
regarding the value of the insurance at time T: as soon as we arrive there, the value is based on the
arsand Brg andis known. For ry is well know that we have:*

rrlre~N(uer, sér), forS=T=>t
Where:

UeT = Ty * e_Y*(T_t) + w(l — e_y*(T_t))

0.2
2 -2 T—-t
St,T_z*y*[l_e v )]
* Hull, 2002
* Hull, 2002
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To take into accounting discounting of the cashflows within a contract, we need to scale Z; r with a
factor (S —T) as for discounting we use the zero-rate multiplied with the time till the
cashflow: to discount 10 years we take the exponential of minus the 10-year interest and
multiply this with a factor of 10. From this it follows (by the arithmetic rules of the normal
distribution) that:

—(S§-=T)= ZT,5|Tt~N(“T,5 — Brs * Ut 'BT,SZ * St.g,T)

Now we will implement two of these Vasicek models into the valuation models that were discussed
in the previous section.

Application to the models

In this section we will use the Vasicek model to value an insurance with risk drivers rl and r2, where
rl represents interest rates and r2 mortality rates. For the interest rate modeling it may be intuitive
to use a Vasicek model: this is what it was originally created for. And although the model is not the
most complex and has its shortcomings (the biggest of which is possible negative interest rates) the
Vasicek model is realistic enough to model interest rates in the proof of concept. At first sight it may
seem off to use a Vasicek model to model mortality. Modeling mortality is often done by using the so
called force of mortality: the instantaneous death rate for lives of a certain age. There are various
approaches to model mortality, using the force of mortality: for instance with a time-homogeneous
Poisson process (where the force of mortality is assumed deterministic and piecewise constant) or a
Cox process (where the force of mortality is assumed stochastic). Another possibility is to use an
affine stochastic model, like Vasicek, without (or with strictly negative) mean reversion. A downside
of using a Vasicek model for this is that the force of mortality can actually become negative, implying
that people get born at a certain age rather than die. For this proof of concept setting though, the
Vasicek model will suffice.”

> Schrager, 2006
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The insurance we will look at will look at will again be a lumpsum after a certain period S. However,
we will value this insurance at a point T, which is between t (current time) and S (maturity). The
valuation has the following time structure:

time at which the time where the value time on which the
calculation is made of the insurance is lumpsum is paid
calculated for

Discounting using Z Discounting using Zys

time

--—> ¢t > T —> s ——--

N~ N

Risk buffer because of

uncertainty regarding Zr s

For simplicity reasons the discounting between point T and t will be ignored. As can be derived from
the picture, we would have to use another interest rate curve for this, which will make the problem
more complex. From the picture we see that for the value of the insurance at time t we have:

Vy = e~ (S=T)x Z1ps+(S=T)* Z21 s

Using a similar approach as in the previous section we will first derive Best Estimates for both
methods.

Best Estimates

We first start by deriving the Industry Best Estimate. Note that ¢ = 0 for the Industry method since
we project forward from point 0. From the Moment Generating Function of the lognormal
distribution we see that:

IBEO,T = E[VTlrlo, 7"20]
IBEy = E[e™>" Zrs= (=D Z2rs|r1 ) 72|

LBy %512 b ix B2y cPrs22
IBEO,T —_ ealT,S_B1T,S*”1O,T+a2T,S_32T,S*“20,T * ez*ﬁ T.S *S 0,T+E*B T.S *S 0,T

In order to be able to impose a similar structure onto this formula as we saw with the simple
insurance contract we will rewrite the equation above in terms of r1; and r2;
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For the Time-Consistent method we can derive:

TBEt,T = E[VTlr].t, th]

TBE,r = E[e® ™D Zlrs=G=Dx 2215 |1 72,

1 2 2 1 2 2
TBE,; = e®\rs=Blrs*ulir+a2rs—B2rsth2er « ez PIrs *slyr+o*B2r,s *s2er

Once more one can show that, for estimating the best value at time t=0, the Industry method yields
the same outcomes as the Time-Consistent method due to the Tower Property in a similar way as
was done for the more theoretic insurance used before. Now we will look at the derivation of the
Cost of Capital part of the insurance price.

Derivation of the Cost of Capital component

Similar to what we did earlier in order to find the Cost of Capital component we will again
use the following formula to determine the Cost of Capital part of in the Industry valuation:

IVaR.r = F,'(V;|r1,72,) — IBE,r

Since Fp_l(VTlrlt, r2;) has the same properties as we saw before in the more theoretical setting we

can in general state that:

B (Vplrl, r2,) = (1™ ®) \in 0 < p < 1

Hence we have:
1
Fp_l(VTlrltr th) — ealT,S—ﬁ1T‘5*/41t,T+a2T,5—ﬁ2T,5*/JL2t,T % ef*ﬁlT,S*Slt,T'l'z:SB* B2rs*s2¢r

Hence we know that for the total Cost of Capital component for the Industry case we have:
IVaR, ; = e®\rs~Blrs uler+a2rs—B2rs u2er

1 1 1
% [ef*ﬁlT,s*Slt,T+2.58* B2r.s*s2gT _ ef*ﬁlT,sz*Slzt,T*'f*BZT,sz*SZ%,T]
And as we use only the projections for r1; and r2; that are along the Best Estimate projected path,
we know thatrl; = r1, andr2; = r2,. For this we need to introduce some new notation being:
ﬁt,T — 'r‘o * e_Y*(T_t) + w(l — e_y*(T_t))
Now we can rewrite as:
— p0lps—Plrg*iler+a2r s—L21 s*U2
IVaR, = e%irs Blrs*ilerta2r,s—B2r,s* U2

1 1 1
« | ez Pirs*sler+2,58+ forsesZer _ eg*ﬁlT,sz*51%,T+§*ﬁ2T,52*52§,T

20



Following the same method we can derive for the Time-Consistent method a Cost of Capital value as
well. Note that in the Time-Consistent case we explicitly do not take only the possible outcomes
along the Best Estimate path (this is the whole point of making the method Time-Consistent).
Therefore we use the mean originally derived from the Vasicek model:

TVaR,; = e®\rs~Blrs ulyr+alrs—B2rsu2er

1 1 1
e2*PIr,s*sleT+2,58% B2er*S2er _ eg*ﬁlT,SZ*51%,T+§*32t,T2*52§,T]

Now let us put all components together to create the total insurance values at point T.

Total Insurance Pricing using Industry methods

The structure of pricing the insurance for in the Industry method is exactly the same as for the simple
insurance case. To emphasise this, and to lighten notation a little let us define the following parts:

Airs=alrs+a2rs+ wl(1—e P T0) w Bl ¢ + w2(1 — e 72 T=D) x g2, ¢

Brs = Prsx e V(TD

1 2 2 1 2 2
Ct,T,S = E * ﬁlT,S * Slt,T + E * ﬁzT,S * Szt,T

1
Dyrs = 5 * Plrs*slyr + 2,58 L2r¢* 52 r

With these 4 components we can create all possible insurance values in an orderly manner.

Let us again assume a Cost of Capital of 6%. Furthermore let us assume that S equals 10. We start by
considering a contract where T-t equals 1. The total price of the contract at time t=0 equals:

Vi = E[Vy|rly,124]
VO = E[V1|T10,7‘20] + 6% * IVG,RO,]_
Vo = er,1,10_310,1,10*7'10_320,1,10*7’20 * [eCO,l,lo + 69 * (eDO,l,IO — eCO,l,IO)]

Note that this is structure wise very similar to the formula’s we saw in the simple insurance case.
Now let us look at an insurance where T-t equals 2. W still assume that S is equal to 10. Now we get:

Vo = E[V3]r1,,72,]
Vo = E[V,|r1y,72;] + 6% * IVaR, ,

VO = E[Vzlrlo, 7'20] + 6% * IVCLRLZ + 6% * IV(IRO’:I
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V, = e02107B10210%710=B20210*720 4 @Co,2,10 4 0
* [eA1,z,1o_311,2,10*7‘10_321,2,10*7‘20 * (eD1,2,1o — eC1,2,10)] + 6%

* [er,l,lo—310,1,10*T10—320,1,10*T20 * (eDO,l,lo — eC0,1,10)]

Note that the subscripts of A and B change when we move from one Value at Risk buffer to another:
this is because T changes, but S remains fixed through time. Also note that, as the Industry method
assumes r1; lies along the “Best Estimate” path, we find the term r1,,.

Using the examples above it becomes easier to understand that the total value of a contract with
maturity S, in which we calculate the value at point T=n, where S > T can be derived as follows:

VO = E[V;Llrln; rzn]
VO = E[Vn|1'1n_1, T'Zn_l] + 6% * IVaRn_lln

Vo = E[Vyrln_p,72n_3] + 6% * IVaRy_1 n + 6% * IVaRy_5 1

k=n-1

VO = IBEO,TL + 6% * Z IvaRk,k+1
k=0

Vo = eAons™Blons*T1o=B20n5%T20 4 oComns 4 goy
k=n
% E [eAk—l,k,s—Blk—l,k,s*Tlo—BZk—Lk,s*Tzo * (eDk—l,k,S — eck—l,k,s)]
k=1

Note that in contrast to the more simple insurance case discussed earlier, the Cost of Capital part
changes from one time-step to another through parameters alpha and beta. The rest of the structure
however is exactly the same: we have a normally distributed random variable, multiplied and added
with some deterministic values.

Now we have a way to calculate the Industry value of our insurance, let us take a look at the Time-
Consistent value.

Time-Consistent Pricing
Let us take the same starting point as in the Industry way and start with the pricing of a contract
where T-t equals 1. The maturity S is still 10 years and the Cost of Capital still 6%. We know that:

Vo = E[Vy|r14,724]
VO = E[V1|T‘10,T‘20] + 6% * TVaRO'l

VO = TBEO,I + 6% * TvaRoll
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Putting together all the different components (which were derived before) we obtain:

VO — eA0,1,10_310,1,10*7"10_320,1,10*7’20 * [eCO,l,lo + 6% * (3D0,1,10 — eCO,l,lo)]

One sees that this is equal to the Industry case. However, just like we saw in the more
theoretic framework before, the differences start to occur when increasing the number of
time-steps to between T and t to 2.

Let us start with looking at the value at time 2:
V, = e~ (10-2)* Z15 10— (10-2)* Z25 10

Once we are at this point the value is known.
Now consider the value at point 1:
vV, = E[V,|rl,,r2,]
Vi = E[V,|r1ly,72,] + 6% * TVAR, ,
Vi =TBE;, + 6% *TVAR, ,

We see that t=1 and T=2 for these calculations. Filling in for the Time Best Estimate and the
Time-Consistent Value at Risk we derived earlier we obtain:

vV, = eA1,2,10_311,2,10*7”11_321,2,10*7'21 * [eC1,2,10 + 69 * (eDl,Z,lo — eC1,2,10)]

Now consider the value at point 0. To ensure time consistency we use the values obtained
above instead of the expectation of V,. Hence we use the “updated” information and take
the expectation over V;. In doing so, note that as we shift one period back we now work
with t=0 and T=1:

Vo = E[Vy|rly,124]
Vo = E[Vy]r1y,72¢] + 6% * TVAR 4
Vo =TBEy; + 6% xTVAR, ;

Now let us derive both parts of this equation:

TBonl — er,z,w—Blo,z,w*7”10_321,2,10*T20 * 360,1,10

* [351,2,10 + 6% * (901,2,10 — eC1,2,10)]
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Note that the standard deviation changed through the beta component and we get 2
different terms instead of 2 times the standard deviation within the Time-Consistent Best
Estimate. Now for the Value at Risk:

TVaRO'l = Fp_l(V]_lWlo, WZO) - TBEO,l
Where:

Fp_l(V1|W10,W20) = 402,107 B102,10*T10—B21,2,10%720 4 [eDO,l,lo]
* [eC1,2,10 + 6% * (eD1,2,10 — eC1,2,10)]

Hence we know that:

TVaRy, = e402107B1l0210*T10=521210%720 « [ePo110 — eLo110]

* [351,2,10 + 6% * (eD1,2,10 — eC1,2,10)]
Therefore we can write the total insurance value at time 0 as:

Vo = e40,2,10=B10,2,10%710—B21,2,10%12
* {350,1,10 * [351,2,10 + 6% * (eD1,2,10 — eC1,2,10)] + 6% *
* [eD0,1,10 — eC0,1,10] * [eC1,2,10 + 6% * (eD1,2,10 — eC1,2,10)]}

Note again that this structure is similar to what we saw in the simple insurance case: a normally
distributed variable multiplied with a deterministic term. In contrast to the simple insurance case this
term is not a constant, but it changes through time.

The formula above can be rewritten as:

Vo = er,2,10_310,2,10*7'10_321,2,10*7’20 * [eCO,l,lo + 69, * (eDO,l,IO — eCO,l,lo)]

* [eC1,2,10 + 6% * (301,2,10 — eC1,2,10)]

For the more general case of a T=n-year contract it can be shown (again for instance with
Mathematical Induction) that:

k=n
Vo = eAor,s—Blors*rlo—B2o71,s%120 4 [eck—l,k,S + 69% * (eDk—l,k,S — eCk—l,k,S)]

k=

[N

Now we obtained a more realistic model to draw results from let us look at some tests to determine
how big the difference between both methods are.
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Results II: Industry VS. Time-Consistent using Vasicek

In this section this paper will attempt to get a more realistic idea of the differences between the
Time-Consistent and the Industry method. Hence it is of vital importance to choose the right input
parameters for our model. Therefore this will be the starting-point of the section.

Parameterization

Choosing the right parameters is vital to create a clear view of the magnitude of the differences
between both methods. For both the rl representing interest rate as well as the r2 representing
mortality this paper will fit the Vasicek model to the needed curve. Especially for the usage of the
Vasicek model for mortality modelling, there are no commonly used parameters. Through this whole
section we have to keep in mind that it is not about making the best fit: we should attempt to make
the best fit given we use the Vasicek structure for a given maturity. Furthermore, it is more
important for this proof of concept that the parameters are about the correct size, rather than that
they give an accurate fit.

The Vasicek model is an Ornstein-Uhlenbeck process, which can be seen as a time-continuous variant
of the time-discreet AR(1), autoregressive process®. We have already seen that:

dry =y * (w — rp)dt + odW(t)
This can be approximated as:
Teyr — 1 = ¥ * (0 — 1) At + VAt * ¢ where e~N(0,1)

Terr = YAt + (1 — yAt) * 1, + oVAt ¢ where e~N(0,1)

To find suitable parameters for the interest rates we consider the 10-year zero rates (the difference
between the time-points within a and 3 equals 10 for each r; ), and then we know from the Vasicek
model that:

1
Zipq = _E*aw"‘ﬁ*ﬁw*n’ﬂ
And:
1 1
Zt=_E*a10+E*ﬁ1o*rt

Hence we can rewrite:

1
Zt_ﬁ*aw
1
E*ﬁw

e =

6 Greene, 1997
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Zy — 34 * 10
% + oAt x ¢ where e~N(0,1)

m*ﬁm

Tep1 = YWAt + (1 — yAt) *

So then we know that:

1 1 Z1o —7q * @10
Zt+1=—E*a10+1—0*,810*(ya)At+(1—yAt))* 1 10 + oAt

* &

1 1
Zert :_E*alo-l_ywm-l_(l_ym)*(Zf_ﬁ*aw)-i-a\/ﬂ*e

In case we take delta t equal to 1 we obtain:

1 1
Ziy1 = ~ 70 %o +yw+ (1 —y)* (Zt mET “10) + & where e~N(0,0?)

Which can be rewritten as:

1-v)

o *%wot (1—y)*Z, + &€ where e~N(0,0?)

Zitq =_E*a1o+)’w—

This representation is exactly the same as an AR(1) model:
Xiy1 =a+b xX, + & where e~N(0,0?2)

Hence we can fit an AR(1) model in order to obtain parameters for Vasicek. This paper will do this
using an OLS-regression, with the knowledge that this is not perfect. However, OLS will give unbiased
estimators, and though finite sample properties are not great (and we will use a rather small sample),
for the purpose of obtaining parameters in the right magnitude OLS will suffice.

We fit the AR(1) model to 10-year Government-bond rates obtained from EuroStat. It is the average
rate of the developed countries between 1949 and 2010. In doing so we obtain the following
parameters for the AR(1) representation:

a = 0,007
b =0,915
o =0,026

When we plot the data against a linear trendline we obtain the following picture:
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Clearly the fit is not perfect: however as mentioned before, for our proof of concept this is
acceptable.

From the AR(1) model it is possible to derive parameters for our Vasicek model. For the sigma terms
and for the b and y1 it is clear that they are one to one. Note however, that a is linear and one to one
as well with w1 given that the other two parameters are known. Hence we have a (linear) system of
3 equation with 3 unknowns. Solving this system leads to:

wl = 4,84% and has the interpretation of the long — run interest rate
y1 = 0,085 which is the rate of reversion

ol =0,026 which is the volatility of the interest rate

In a similar way we can show that the 10-year mortality probabilities of a 40-year old person follow
the following process:

1-v)

TEREL + (1 —y)*Z, + & where e~N(0,0?)

Zipg = ——=%*a0+yw+—
t+1 10 %10 Y
Now we fit an AR(1) model to the 10-year mortality probability of a 40-year old person. The data was
taken from the CBS (Dutch bureau of Statistics) and runs from 1950 till 2009). We obtain the
following parameters for the AR(1):

a = 0,000
b = 0,994
o =0,0034
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When we make a similar scatter plot as before we get the following:
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Using the fact that the Vasicek model and the AR(1) model are mapped one to one, we can derive

the following parameters for our Vasicek mortality model as:

w2 = 0,1355
y2 = 0,0061
02 = 0,0034

Note that the volatility of the mortality risk is actually a factor 10 lower than the volatility of interest
rate risk. This makes sense, because for the mortality factor, trend risk is a much bigger factor than
the volatility within mortality. This, however is not the focus of this paper and using the parameters
above we can, by using the formulas derived in the previous section derive results for the insurance

value.
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Results

The table below shows us the differences between the Industry valuation and the Time-Consistent
valuation. We use an S of 10, and the table lists values for different T-points. The initial values of r

were set at zero. The other parameters where used as described above.

T BE Industry Time-Consistent %
Value Value Difference
2 2,282 2,319 2,329 0,46%
4 3,002 3,079 3,149 2,28%
6 3,991 4,107 4,297 4,64%
8 5,384 5,529 5,907 6,83%

We see that, as the time T for which we value the contract increases, so does the difference between

the Industry and the Time-Consistent method.

More important though is the size of the differences. For the one year contract we knew it would

equal zero, but for some longer term contracts the Time-Consistent method values the insurance

around 7% higher, which is definitely a significant amount. The graph below shows the percentages

of difference between both methods for different values of S and of T.
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We see that for every S there is zero difference when T is one (as we already saw from theory).
Furthermore, there is a maximum difference for a T that is somewhere between S and time 0. Note
that the S of 10 years contains the most reliable results, as we based our parameters on 10 year bond
yields. Furthermore, we again see that the Time-Consistent method vyields higher insurance values
than the Industry method.

This is as far as this paper will go, investigating differences between Time-Consistent pricing and
Industry based pricing. First, however, there will be a small conclusion as well as some ideas for
further research into this matter.
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One Step Beyond...

Using the examples above we saw that the Time-Consistent method of pricing an insurance definitely
has potential. Even when testing with realistic parameters, the differences with the Industrial
method are significant. Beyond this proof of concept though, there is a lot of room for further

research into this area.

It would for instance be interesting to see how the differences behave should we choose another
(more accurate) risk measure than Value at Risk, for instance Expected Shortfall. Another possibility
would be to replace the Vasicek model with a model that cannot yield negative interest rates, say
Cox Ingersoll and Ross. One should be careful though, that working out these models analytically, as
was done for this research, may not longer be possible. In that case numerical test and programmed
simulations come into play.

Even though it remains to be seen whether the Industry actually adopts the Time-Consistent method,
this paper has shown that research into Time-Consistent may proof very worthwhile indeed.
Therefore | will end the work on this paper, hoping it will be useful for others interested in the field
of Time-Consistent valuation.
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