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1 Introduction

A central empirical success of prospect theory is its ability to explain major puzzles
in financial economics. For example, Benartzi and Thaler (1995) show that prospect
theory can help in understanding the equity premium puzzle, and Barberis, Huang
and Santos (BHS, 2001) demonstrate how a dynamic prospect theory framework can
simultaneously generate a high equity premium, predictability of equity returns, and
excess volatility. In these and other settings, prospect theory offers a rigorous and
testable alternative framework to more traditional asset pricing theories.

In this paper, we show that prospect theory can also help us understand one of the
most important recent asset pricing puzzles: the variance premium. The variance pre-
mium, defined as the difference between the option-implied and the expected realized
variance of stock returns, is strongly positive, on average, and time varying. Theo-
retically, the variance premium is a major puzzle because the standard consumption-
based model with constant relative risk aversion (CRRA) preferences cannot generate
a nonzero variance premium, irrespective of the risk aversion level and even when con-
sumption variance varies over time (see, for example, Drechsler and Yaron (2011)).

Empirically, the variance premium is a first-order phenomenon. For example, Coval
and Shumway (2001), Driessen and Maenhout (2007), and Eraker (2013) find that the
Sharpe ratio for volatility-selling strategies, such as shorting straddles, which effectively
bet on the variance premium, is at least twice the Sharpe ratio of the underlying equity
index.! If the equity premium is a puzzle, then, by this metric the variance premium
is an even bigger puzzle. A separate but closely related phenomenon, which we also
address, is that prices of out-of-the-money put options seem to be much higher than
what is predicted by standard option pricing models (see, for example, Bondarenko
(2003a,b), Jones (2006), and Santa-Clara and Saretto (2009)).

Our new approach to explaining the variance premium puzzle and the pricing of
out-of-the-money options builds on the work of BHS, who consider a representative
agent model in which the agent’s preferences are the sum of a CRRA utility function
and a prospect theory value function. The value function is piecewise linear with a
kink at the reference level, thus capturing loss aversion. Loss aversion is the main

driver of the results in BHS. The main innovation in our paper is adding probability

See also Bakshi and Kapadia (2003), Jiang and Tian (2005), Bakshi and Madan (2006), Carr and
Wu (2009), Bollerslev et al. (2011), and Bollerslev et al. (2009), among others, for further evidence on
the variance premium.



weighting, the second integral part of the cumulative prospect theory (CPT) of Tversky
and Kahneman (1992), to the framework. Because our focus is on pricing options, we do
not explicitly model consumption and dividends but directly depart from a lognormal
distribution of stock market returns. The resulting model allows us to numerically solve
for the equilibrium expected return on the stock market index and on a range of options
on the index. From these equilibrium returns, we can then derive the model-implied
variance premium.

We generate three new findings, which we detail below. First, comparative statics
show that our simple model with CPT investors can generate a substantial variance
premium, similar to empirically observed levels, while at the same time fitting the
equity premium. Second, we use GMM and actual equity and option returns data to
determine the optimal CPT preference parameters. Our estimates imply a substantial
degree of probability distortion, and generate a very good fit of the observed variance
premium and returns on out-of-the-money options. Third, if we allow for time-varying
volatility, the CPT model generates substantial time variation in the variance premium,
even with constant preference parameters, mainly because the return volatility and
probability distortion interact in a nontrivial way.

In the first part of our analysis, to explore the mechanics of the CPT model, we ex-
amine the comparative statics of the equilibrium equity premium and variance premium
with respect to the main input parameters. We find that the probability distortion has a
strong effect on the variance premium, which makes intuitive sense: as the investor over-
weights extreme outcomes, the risk-neutral variance implied by option prices increases,
which directly translates into a higher variance premium. The other CPT parameters
(loss aversion and reference level) have a small effect on the variance premium, as they
have only a negligible effect on how the representative investor values higher moments
of the return distribution. In contrast, the equity premium is very sensitive to loss
aversion, in line with Barberis et al. (2001). These different exposures of the equity
and variance premiums to the various CPT parameters create the potential to fit both
premiums with CPT preferences, which is an attractive feature of this framework.

In the second part of the paper, we turn to a formal estimation of the preference
parameters from actual data. Using GMM, we estimate the parameters by fitting the
following moment conditions: the equity premium, the variance premium, and expected
call and put option returns across various strike prices. We use U.S. data on S&P 500
equity returns and S&P option prices from 1996 to 2010. We construct monthly call and

put option returns for 13 different strike levels. The result from this GMM estimation



is that, even though we fit 4 parameters to 28 moment conditions, we obtain a very
good fit of the equity premium, variance premium, and cross-section of expected option
returns. In addition, we find that, for our benchmark setup, the estimate of the Tversky-
Kahneman probability distortion parameter is 0.79 with a standard error of 0.04, which
clearly rejects the null hypothesis of no probability distortion (probability distortion
parameter equal to 1). Our estimate of the probability distortion parameter implies
that real-world investors in option markets distort probabilities significantly, but less
so than subjects in lab experiments.

In the final part of the paper, we extend the static setup and explore the extent
to which the model can generate time variation in the variance premium, focusing on
three main sources: time variation in equity market volatility, probability distortion,
and loss aversion. To the best of our knowledge, our paper is one of only a few attempts
to examine how probability weighting among investors in asset markets changes over
time. We find that, even when probability distortion is kept fixed at its benchmark
value of 0.79, we still capture the dynamics of the variance premium rather well once
we allow for time-varying volatility. The intuition for this result is straightforward:
the power of probability weighting comes from overweighting the tails of the wealth
distribution, and higher return volatility translates into larger tails, which, in turn, are
then overweighted more. As a result, the variance premium is positively correlated with
the volatility level, in line with empirical observations.

When we extend the model to also include time variation in probability distortion,
distortion increases after losses, which in turn implies a higher variance premium after
losses (which typically occur when volatility is high). When we include time variation
in loss aversion, loss aversion also increases after losses. This dynamic behavior of loss
aversion is one of the key assumptions in the model of Barberis et al. (2001), and our
results thus provide further empirical support for their work.

Our work adds to the literature that studies the usefulness of prospect theory in
finance and to a growing number of recent papers exploring the usefulness of probabil-
ity weighting in asset pricing contexts (see Barberis (2013) for a recent survey). Re-
lated papers that use a prospect theory framework with probability weighting include
Driessen and Maenhout (2007), who empirically investigate portfolio choice of CPT-
style investors when options are part of the asset menu; Barberis and Huang (2008),
who theoretically investigate the pricing of assets with positively skewed returns; and
De Giorgi and Legg (2012), who examine dynamic portfolio choice with narrow framing

and probability weighting. Several empirical asset pricing studies provide evidence that



is consistent with a role for CPT’s probability weighting feature (for example, Green
and Hwang (2012) for IPOs, Boyer and Vorkink (2014) for stock options, and Ilma-
nen (2012) for a recent survey). Polkovnichenko and Zhao (2013) and Kliger and Levy
(2009) are related papers that also use index options prices to identify CPT parameters.
However, none of the above papers focus on the variance premium. To the best of our
knowledge, our paper is the first to apply prospect theory to the variance premium.

We also contribute to a recent literature that studies potential explanations for the
variance premium puzzle. Bollerslev et al. (2009), Drechsler and Yaron (2011), and
Eraker (2009) follow the long-run risk approach of Bansal and Yaron (2004), which
features recursive preferences and persistent time variation in consumption and divi-
dend volatility. Drechsler (2013) extends this framework by incorporating Knightian
uncertainty. Also following a long-run-risk model strategy, Londono (2014) provides a
model to understand the sources of the volatility premium in an international setting.
Bakshi and Madan (2006) show how the desire of agents to buy protection against ex-
treme events is related to the variance premium. Bekaert and Engstrom (2010) show
how a positive variance premium can emerge through a combination of preferences with
habit formation and a non-Gaussian distribution for dividend and consumption growth.
Gabaix (2012) proposes a model with time variation in the probability of disasters to ex-
plain various asset pricing puzzles, including the variance premium. Miao et al. (2012)
analyze a setting with ambiguity-averse agents and regime switches in consumption and
dividend growth.

A key difference between those approaches and this paper is that CPT preferences
generate a substantial variance premium even when asset returns are i.i.d. lognormal.
Relative to the CRRA-lognormal benchmark model, most of the previous papers modify
preferences and return generating processes (by using Epstein-Zin preferences, long-run
risks, and time-varying macroeconomic volatility, for example), whereas our approach
can generate a substantial variance premium by modifying preferences only. Conceptu-
ally, our approach can be viewed as an attempt to understand the variance premium in
a theoretical framework with a minimum number of additions to the CRRA-lognormal
benchmark. Another important and potentially testable difference is that the above
models are necessarily dynamic, whereas the CPT model can generate a variance pre-
mium even in a one-shot game with known probabilities. It is therefore possible that

some of the variance premium is driven by a fundamentally different mechanism than



suggested by the existing literature.?

The remainder of this paper is organized as follows. Section 2 introduces a static
version of our model. In section 3, we perform a comparative static exercise that
conveys the intuition for most of the results that follow. We then use a more formal
GMM approach to match our CPT model to actual data in an unconditional setting.
In section 4, we explore the ability of CPT to characterize the time-varying nature of

the variance premium. Section 5 concludes.

2 The Baseline Model

We start our analysis by considering a static representative agent model—the most
parsimonious setting that allows us to derive our key insights. We extend the framework

to a time-varying setting in section 4.

2.1 Preferences

Let the representative agent’s total utility function, W(Wr, X7), have two additively
separable components, which are defined below: (1) a standard concave utility function
over final wealth Wr and (2) a standard prospect theory value function over gains and

losses Xp:

(W, Xp) = U(Wy) + bV (X)), (2.1)

where b is a scaling term that governs the relative importance of the prospect theory
part. The specification in equation (2.1) nests the pure CRRA utility case for b = 0.
The utility over wealth, U(Wr), is defined as a traditional CRRA function:

1—~
T

U(WT):{ = for 771

, 2.2
In W Y= 1 ( )

where 7 is the risk aversion coefficient. The value function, V(Xr), is piece-wise linear

and captures the agent’s concern about the return of her portfolio in terms of gains and

2Rare disaster models, such as the one in Gabaix (2012), present the polar opposite to our approach.
These models maintain the CRRA nature of preferences, but change the return generating process.
Like our model, those models could also, in principle, generate a variance premium in a static setting
(albeit for very different reasons).



losses:
Xr Xr>0

V(Xr) = for , 2.3
(X7) {)\XT Xy <0 (2:3)

where the parameter \ controls the degree of loss aversion (first-order risk aversion) and
Xr represents gains or losses defined relative to a reference level Wg.s. In the static
case, we define Xp = Wy — Whgey, so that gains and losses are themselves a function of
wealth.

There are two distinct advantages to using the preference structure in equations
(2.1) through (2.3). The first is technical: because W(Wyr, Xr) is a concave function
in Wr, we can use standard maximization techniques to analyze its properties. Our
setting is, therefore, not subject to the well-known problem whereby a pure prospect
theory model with an s-shaped value function can lead to non-finite optimal weights in
a portfolio choice context.? The second is conceptual: W(Wr, Xr) is the static analogue
to the utility function of the representative investor in BHS, so we can both build on
their insights and gauge what we gain by our extensions of their model.

While W(Wr, X7) is motivated directly by BHS, we depart from their approach
by incorporating probability weighting. This additional feature will be the key driver
behind our novel results. In contrast to the investor in BHS, our investor does not
take expectations using actual probabilities when evaluating an investment. Rather,
probabilities are transformed into decision weights in a specific manner developed in
Tversky and Kahneman (1992). Specifically, we assume that there are N discrete states
of the world at time 7', each occurring with objective probability p;, and that each state
is associated with a specific final wealth level Wr ;. Decision weights are then obtained
as follows. First, states are ordered from worst to best relative to the investor’s reference
wealth level, Wge, according to: Wy < ... < Wiy < Wgep < Wiyq < ... < Wiy (this
notation implies that Wy = Whges). Then, the subjectively distorted probability of

3 Alternative ways to model aversion to extreme losses is to concavify the value function below a
certain point, as in Gomes (2005), or to explicitly impose portfolio constraints to rule out extreme
positions due to the convexity of the value function, as in Ait-Sahalia and Brandt (2001). Arguably,
adding the concave CRRA part to investor preferences also reflects better the natural tendency of
investors to become averse to portfolio positions that threaten their economic existence—an extreme
case outside the scope of decisions for which prospect theory was designed (Kahneman and Tversky
(1979), p. 278).



outcome 1, 7;, is given by:

o= w (pr+..+p)—w (P Fpig) for2<i <k
7 o= wi(pi+..+py)—wt (pigr+...+py) for k+1<i<N-—1,

where
~ () = (2.0
w” (p) = — )
[t + (1= p) ]
C2
w' (p) = P :
[pCQ + (1 _p)CQ]l/CQ
where m; = w™ (p1) and 7y = wt (py). Parameters ¢;, o € [0.28;1] in equation

(2.4) control the curvature of the weighting function for losses and gains, respectively.*
This functional form for the decision weights implies that the tails of a distribution
are subjectively overweighted more if ¢ becomes smaller. If ¢; = ¢ = 1, there is no
probability distortion.

In general, the decision weights, m;, do not add up to 1 and cannot, therefore, be
interpreted as distorted probabilities. To remedy this, we define the distorted prob-

. .
abilities as 7=t

i e

. Such a scaling of the decision weights does not matter for the
investor’s portfolio choice, as long as the decision weights do not depend on the portfolio
chosen by the investor. As we show in section 2.2, in our setup, the investor holds the
market portfolio in equilibrium, which directly fixes the ordering of wealth outcomes
and the associated decision weights.

In this CPT setup, the investor then chooses a portfolio that maximizes the function

E* (U (Wr, X7)]| = > 70 (Wry, X14) - (2.5)

The model nests the expected utility benchmark as a special case (¢; = ¢ = 1 and

b=0).

2.2 The Investor’s Problem and the Expected Return on Equity

We consider a simple market with the following assets: (i) a risk-free asset with a

constant and exogenously given gross return Ry; (i) equity that pays zF in state i

4The lower bound is a technical condition that ensures that decision weights are positive (Rieger
and Wang (2006) and Ingersoll (2008)).



of the world at time 7', which occurs with probability p;; and (iii) M derivatives on
equity, where derivative m € [1, M] pays 2™ in state i of the world at time 7. The
derivatives are in zero net supply, and we normalize the supply of equity to be one.
The expected gross returns on equity, E(RY), and on each derivative m, E(RP"™), are
to be determined in equilibrium. The representative investor’s problem is to choose a
one-period optimal portfolio with positions in the risky asset, ag, each derivative m,

ap.m, and the risk-free asset such that she maximizes:

max FE* [\I/(WT, XT)] . (26)

AE,XD,m

In any time-T state of the world 7, wealth is given by

Dm

X,
WT (1_aE_Za/Dme+O-/E +ZQDm Dm W(),
So

where W, is the investor’s initial wealth and s’ and s{’ denote time-zero prices of equity
and the derivatives, respectively.

The key to deriving the equity risk premium in this model is to note that, as the risk-
free asset and the derivatives are in zero net supply, market clearing requires ag = 1 and
apm = 0 for all m. Substituting these equilibrium weights into the wealth constraint
and the wealth constraint into the objective function yields the following first-order

condition:

E

S 5 -] [0 500 ] c0 e

where 7} are the distorted probabilities and Ix, ¢ is an indicator function that equals 1
for losses. The first-order condition in equation (2.7) can be solved for the equilibrium
price of equity, s&, and the model-implied expected return on equity is then given
by E (RE ) =F (ZEE ) /sE. With an exogenous reference point, equation (2.7) provides
a pricing kernel that we can use to price any asset in this economy that is in zero
net supply—in equilibrium, the representative investor will not hold such assets in her
portfolio. For example, we can price an option with payoffs :L’iD’m by solving the following

. . D
equation for the price s,

xD,m
§ * 7

7 0

W) b0 (- D] <0 e

0




and the associated option return is then E (RP™) = E (zP™) /s)™.

2.3 The CPT-Implied Variance Premium

We can calculate the CPT-implied variance premium as follows. Define the actual
probability measure P as the measure under which the actual equity payoffs 2 are
generated, and () as the risk-neutral measure under which equity and options are priced.
The difference between P and () is determined by the preferences of our representative
agent. In our one-period discrete-state setting, the variance premium is defined as
the difference between the risk-neutral variance and the actual variance of log equity

returns:

vp = yve_y”P

- () - [ (D]
(=@l e

where ¢; denotes the risk-neutral probability of state ¢, which is formally defined as

us [(Wog)_7 +bo(1+ (A1) ]Xi<o)]

ot [(Wolk) ™ 4 b (L4 (A= 1) o) |

i = (2.10)

Equation (2.10) summarizes the preferences of the investor and illustrates how our
setting differs from more traditional models. There are three defining components of ¢;.
First, the difference between the risk-neutral probability ¢; and the actual probability
p; depends on the derivative of the CRRA part of the investor’s utility function in
equation (2.1). This is the standard component in traditional CRRA-based asset pricing
models. Second, ¢; depends on loss aversion and the reference point via the derivative
of the value function (the second term inside the square brackets). Third, probability
weighting transforms actual probabilities p; into distorted probabilities ;. The model
collapses to the standard CRRA model for ¢; = ¢; = 1 and b = 0, in which case ¢; is
simply a function of marginal utility.

The variance premium can be calculated directly from equation (2.9). However, it
is instructive to rewrite this expression. Exploiting a standard result from the option

pricing literature, which we derive formally in appendix A, the risk-neutral variance,



V@ can be rewritten as a weighted average of puts and calls with prices sg)’m across all
possible strike prices. Hence, there is a direct link between understanding the variance
premium and understanding the pricing of out-of-the-money options. Intuitively, one
can “earn” the variance premium using a static option strategy. Specifically, by selling
out-of-the-money put and call options with various strikes, one obtains a strategy that
pays out RLfVQ today and has an expected payoff of —V at time T'. Essentially, this
strategy is a portfolio of short positions in so-called “strangles,” where each strangle is
a combination of an out-of-the-money put and a call option. The variance premium,
V@ — VP represents the expected profit on this option portfolio. Hence, the vari-
ance premium reflects information about compensation for extreme outcomes on the
underlying asset, as these outcomes determine the value of out-of-the-money puts and
calls.

Rewriting equation (2.9) in terms of option prices shows that the variance premium
aggregates expected returns on put and call options across all strikes into one number.
As a result, a sufficient condition for our model to match the variance premium is to
match the returns of out-of-the-money options. This has three main implications for
our study. First, we can use this insight in our GMM procedure by adding option
returns to the moment conditions. Second, because its construction is based on the
rewritten expression for V¥ that we derive in appendix A, we can use the squared
value of the VIX as a measure of V9 in the data. Third, because fitting the variance
premium by fitting options is a stricter test than fitting only the variance premium,
we can implement a more informative test of the CPT model by incorporating option
returns.

Finally, as an important point of reference for our subsequent analysis, note that
the variance premium is zero for the CRRA case. If 2 and hence the terminal wealth
of the investor W have a lognormal distribution and the representative agent has pure
CRRA preferences (b = 0, ¢ = ¢ = 1), Samuelson and Merton (1969) and Rubinstein
(1976) show that call and put options are priced by the Black-Scholes formula, even
though the investor is not allowed to trade during time 0 and 7'. This directly implies
that the risk-neutral variance, as implied by option prices, equals the actual equity

return variance and, hence, the variance premium is equal to zero.?

®Brennan (1979) in fact shows that CRRA preferences are the only preferences that lead to the
Black-Scholes formula in a setting with discrete trading and lognormal returns. Thus, only CRRA
preferences generate a zero variance risk premium. The intuition for this result is that CRRA in-
vestors, when faced with constant investment opportunities and lognormal equity returns, optimally
choose a constant equity exposure even over longer horizons. Hence, these investors are not interested

10



3 CPT and the Variance Premium: Baseline Results

This section presents our results for the baseline static CPT setting. We start by
performing a comparative static exercise that conveys the intuition for most of the
results that follow. We then use a more formal GMM approach to match our CPT

model to actual data.

3.1 Comparative Statics

We solve the model in section 2 for the equity and variance premiums under different
input parameters. Our benchmark specification is as follows. We assume that the equity
E

7 )

return, R;*, is lognormally distributed with parameters pup = FE (RE ), which is to be
determined endogenously, and volatility oz.°6 We assume a one-period constant risk-free
rate of Ry = 0.25% and an unconditional volatility of equity returns of op = 5.18%.
These are, respectively, the observed unconditional mean of the risk-free rate proxied
by the U.S. 1-month T-bill rate and the unconditional monthly volatility of the S&P
500 index returns for the period running from January 1996 to October 2010. We
parametrize preferences using standard values in the literature. Specifically, following
Tversky and Kahneman (1992), we use a loss aversion parameter of A = 2.25 and, to
parameterize the probability weighting function in equation (2.4), we use ¢; = ¢ = 0.65.
We use a benchmark coefficient of relative risk aversion of v = 1 and a reference level
Rpes equal to the risk-free rate. Finally, we assume that b = 0.65, which, in combination
with the other parameters in the benchmark specification, makes CPT’s contribution

to the value function equal to 50%.

3.1.1 The Variance Premium

Figure 1 shows the annualized CPT-implied variance premium as a function of the
scale parameter, b, loss aversion, A, and the probability distortion, ¢, in panels A to C,
respectively.” As discussed in section 2, our model setup implies a variance premium

of zero for the pure CRRA model (b = 0 and ¢ = 1) irrespective of the assumed level

in dynamic trading over time. Given that options are equivalent to dynamic trading strategies, these
investors thus price options in the same way irrespective of whether they are allowed to trade con-
tinuously (the Black-Scholes world) or not. Drechsler and Yaron (2011) show that CRRA preferences
generate a zero variance premium also in a multi-period setting with long-run risk.

6Specifically, we use a discrete approximation of the lognormal distribution, taking a grid of 500
potential outcomes for the one-month-ahead equity return ranging from -50% to 150%.

"We do not vary the reference level, as it turns out to have little effect on the variance premium.
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of risk aversion. By contrast, the main conclusion from figure 1 is that the CPT model
can generate a substantial variance premium. Importantly, this ability to generate the
variance premium derives almost exclusively from the probability distortion. Panel
C shows that the variance premium tends toward zero as ¢ — 1 (no distortion), but
reaches high levels of about 1000 for high levels of distortion (¢ = 0.35).

To understand the magnitude of the variance premium, it is interesting to com-
pare the realized with the implied volatility. The actual annual variance in this set-
ting, 120%, is equal to 322.0%* given that the actual monthly volatility is op =
5.18%. A variance premium of 1000%? thus implies a monthly risk-neutral volatility of
/(1000 + 322) /12 = 10.5%, which is indeed well above the actual volatility. The effect

of ¢ on the variance premium is only slightly lower as we consider loss-averse agents

(A > 1), especially for highly distorted-probability scenarios (¢ — 0.35), and holds even
when the scale is set to 0—the case where agents have strictly CRRA-type preferences.
Hence, our results suggest that, even in the absence of a CPT-type value function, the
probability distortion has an economically meaningful impact on the implied variance
premium.

The mechanism for the effect of the probability distortion on the variance premium
is intuitive. In the presence of distorted probabilities, the state prices of extreme out-
comes increase as the investor attaches a higher distorted probability to these events.
Investors with probability weighting find insurance and lottery tickets attractive, and
are willing to pay higher prices for out-of-the-money puts and calls. As discussed in
section 2.3, the variance premium directly represents the expected return of a strat-
egy that sells out-of-the-money put and call options, which implies that the variance
premium increases with the degree of probability weighting. While the purpose of this
comparative static exercise is simply to show the ability of the probability distortion to
generate a substantial variance premium, rather than to pin down one specific value,
the model-implied variance premium with ¢ = 0.65 is 400%2. This value is higher
than what is typically observed in the data (in our sample it is 152.5%, see section 3.2),
which suggests that even moderate values of ¢ will be sufficient to fit the data. We will
investigate this issue more formally in the GMM framework in section 3.2.

Contrasting the strong effect of probability weighting, panels A and B show that
the variance premium hardly moves with the scale or loss aversion parameters. For
loss aversion, in panel B, we find at best a weakly negative relationship between A
and the variance premium, even if we give extremely high relative weight to the CPT

part in the utility function. This result contradicts the simplistic intuition that loss-
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averse agents are willing to pay a higher price to cover themselves against the risk
of extreme outcomes. However, as equation (2.7) shows, more loss aversion increases
the equilibrium expected return on the risky asset, which makes extremely positive
returns more likely and negative returns less likely. This in turn makes calls more
expensive and puts less expensive, with a theoretically ambiguous overall effect on the
variance premium. Empirically, the figure shows that the lower put prices dominate the
higher call prices, which implies a lower variance premium as loss aversion increases.
Quantitatively, however, the effect is tiny. The results from varying the scale parameter
b in panel A underline that the ability of the model to generate the variance premium
is largely independent of the shape of the utility function. That is, as long as we have
probability weighting, it does not matter whether we give a high or low weight to the
CRRA utility part.

In sum, then, the model can generate a substantial variance premium, mostly be-
cause of the probability weighting feature. Without probability weighting, both CRRA
and CPT models cannot generate a variance premium. In particular, loss aversion plays
no role for the variance premium, which highlights directly the usefulness of a model
that incorporates probability distortion—an integral, but often neglected, ingredient of
CPT.

3.1.2 The Equity Premium

Figure 2 replicates figure 1 for the expected equity return. Contrary to what we found
for the variance premium, we find that the equity premium is most sensitive to loss
aversion (panel B). The ability of loss aversion to generate a substantial equity premium
underlies the results in Benartzi and Thaler (1995) and BHS. Figure 2 documents
this very robust feature for our model. Panel B also shows that the equity premium
increases more in loss aversion if we put a large weight on the CPT part of the utility
function (high b). Higher A makes the utility function more concave, which increases
the effective risk aversion of the investor and, in turn, leads the equity premium to rise
as loss aversion increases.

Panel A shows model-implied equity premiums obtained from varying the scale
parameter b. While it is tempting from panel B to conclude that increasing the weight
of the CPT part would necessarily increase the equity premium, because loss aversion
matters only for the CPT part, this reasoning is incorrect. Specifically, because the

utility function of the representative investor is a blend of CRRA and CPT parts, the
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overall effective risk aversion is a blend of the risk aversion implied by the individual
components of utility. If risk aversion implied by the CPT part is lower than that of
the CRRA part, increasing b can actually lead to a decrease in the equity premium, as
the investor becomes more risk tolerant. The dashed line in panel A documents this
finding for A = 1.

Panel C shows that probability distortion alone cannot generate a meaningful eq-
uity premium. Without a CPT part in the utility function, or without loss aversion,
the equity premium is essentially flat in ¢, which reflects the property that probability
weighting overweights both left and right tails largely symmetrically under our assump-
tion that ¢; = cy. Interestingly, panels C and B reveal a complementarity between loss
aversion and probability weighting: if the investor cares more about losses (larger \),
and if the investor cares more about the tails of the distribution (smaller ¢), then losses
dominate and the required return for holding equity increases.

The results from figures 1 and 2 highlight the incremental usefulness of loss aversion
and probability weighting. While probability weighting captures the variance premium,
loss aversion captures the equity premium. Combining these two components in one
model can therefore help us learn about the variance premium without losing CPT’s

ability, documented in Benartzi and Thaler (1995) and BHS, to fit the equity premium.

3.1.3 The Impact of Volatility

The previous results used a benchmark volatility level equal to the average historical
one-month volatility of the S&P 500. A feature of actual data is that the level of
volatility can vary substantially over time around this mean. It is therefore interesting
to investigate how the previous results depend on the level of volatility.

Figures 3 and 4 show that both the model-implied variance premium and the eq-
uity premium depend strongly on the level of equity volatility, and increase whenever
volatility increases. The model-implied variance premium (figure 3) nearly triples when
monthly equity volatility is set at 10% (about 35% annually) rather than at the bench-
mark level of 5.18% (about 18% annually), and drops substantially for very low levels of
volatility. This pattern is intuitive, as higher volatility leads to more extreme outcomes,
which, in turn, are overweighted by CPT investors, leading to an even higher variance
premium. The figure also shows that high volatility alone is not sufficient to generate a
variance premium. Only when coupled with probability weighting does higher volatil-

ity lead to a higher variance premium (panel C). This complementarity is one we will
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exploit further in our time-varying setting in section 4. The patterns for alternative
levels of loss aversion and relative weight of the CRRA and CPT components of the
utility function remain unchanged, as those parameters play no role for the variance

premium. Figure 4 presents a very similar pattern for the equity premium.

3.2 GMM Estimation

In this section, we provide more formal evidence on the ability of our CPT model
to match the equity and variance risk premiums. We use GMM to estimate a set of
model-implied parameters 0 = [\, Rg.y, b, c|'. Following the evidence in section 3.1 on
the importance of probability distortion to generate a substantial variance premium,
we center the attention on the estimated degree of probability weighting, c¢. Because
we are calculating the variance premium from a series of puts and calls with different
strike prices, the moments we try to match include the returns on those options as well.
This section will, therefore, highlight an additional advantage of our model, namely its
ability to fit returns for out-of-the-money options. It is well known that these option
returns are hard to explain with more traditional models. However, fitting option
returns increases the hurdle for the model: while it is possible to match the variance
premium well without matching any individual option return well, we show that our

model can match both.

3.2.1 Data and Method

The option data we use run from January 1996 to October 2010. Our data contain daily
closing midquotes of S&P 500 index options for various strikes and maturities obtained
from the OptionMetrics database. Using these data, OptionMetrics creates a “surface”
of interpolated option prices for fixed levels of the Black-Scholes delta (ranging from
0.2 to 0.8 for calls, and from -0.8 to -0.2 for puts) and fixed maturities (30 calendar
days, 60 days, etc.). We focus only on the 30-day options because these are the most
liquid options and the ones used more often in the literature. On each day and for each
option, we construct the return on buying an option and holding it to maturity (i.e., for
30 calendar days). This gives a panel of 26 option returns across strikes (or deltas). Of
these 26 options, 13 are puts with delta ranging from -0.8 to -0.2 (from in-the-money
to out-of-the-money). The other 13 are calls with deltas ranging from 0.2 to 0.8 (from
out-of-the-money to in-the-money).

The summary statistics for option returns are reported in table 1. The observed
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option returns are in line with the documented stylized facts in the literature (Coval
and Shumway (2001); Jones (2006); Driessen and Maenhout (2007)). First, average
call option returns are negative, in line with existing work of, for example, Bakshi
et al. (2010), and in contrast to the standard CAPM, which implies positive call option
returns (call options have a positive exposure to the underlying equity index, and a
positive equity premium would thus imply positive expected call option returns). The
negative average call returns suggests that call option prices are higher than what
standard models predict (Bakshi et al. (2010)). Second, put options have strongly
negative average returns. For example, for deep out-of-the-money put options, the
average returns are about —55% per month. Of course, the CAPM predicts negative
expected put returns because put options have a negative exposure to the equity index
but, as we will show in section 3.2.2, the observed average put returns are well below
the predictions of a standard CAPM-style pricing model.

We also construct the corresponding S&P 500 index returns for the 30-day holding
periods at daily frequency. This gives an average return of 0.60% per 30 calendar days
and a standard deviation of 5.18% per month. The average 1-month T-bill rate over the
sample period is 0.25%, which gives an in-sample equity premium of 0.35% per month.

The variance premium is calculated as the difference between the risk-neutral vari-
ance and the expected actual variance of equity index returns. For the risk-neutral vari-
ance, V%, we use the square of the VIX, which is an implementation of the theoretical
expression in equation (A.3).8 To calculate the expected realized variance, we perform
a regression of the realized variance on the one-month-lagged realized variance and the
square of the VIX, where, at each point in time, the realized variance is calculated
using daily returns over the last 22 trading days. At each point in time, the expected
realized variance is then calculated as the forecast implied by this regression model
(see Londono (2014)). In our sample, the average of the squared VIX equals 563.8%?2,
while the average expected realized variance equals 410.4%? (annualized). This gives
an average variance premium of 152.5%?2. These numbers are similar to those in the
related literature; for example, the numbers in table 1 of Bollerslev et al. (2009) im-
ply an annualized variance premium of 219.6%? and the average variance premium in
Londono (2014) is 144.4%2.

8The expression in equation (A.3) differs slightly from the formula used to calculate the VIX
(Carr and Wu (2009), eq. (5)). The VIX is a measure of the integrated variance over a given time
period, while equation (A.3) gives the variance of the log return over this time period. If returns are
uncorrelated over time, both measures are equal to each other.
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We use a GMM procedure to estimate the preference parameters using the following

set of moment conditions:

p (0) = T30 RE
VPO)-T 'S T VPR
ppa(0) =T~ 30 R

fip13(0) — T2 51 RPY
fen(0) — T~ 37 Ry

| peas(0) = T 07 R
where g (.), pp(.), and p.(.) are the CPT-implied equilibrium expected returns for
equity, calls, and puts (indexed by their strike prices), respectively, and V P (.) is the
model-implied variance premium, all matched to their empirical counterparts in our
sample. Then, we find the set § that minimizes the function VF = m(0)'Wyim(0),
where W is the weighting matrix for the moment conditions. We force the weighting
matrix to give an equal weight of 1/4 to the equity, call, put, and variance premium
moments. We also calculate the Newey-West corrected standard errors for the estimated
parameters to account for the potential autocorrelation and heteroskedasticity in the
residuals due to overlapping returns as we construct holding-to-maturity returns each

day. Thus, we can do inference on the estimated parameters knowing that

0 ~ N(6,V/T),

where

V= [MWM]*MWSWM[MWM']|™*

where M = ém/06 and S is the standard Newey-West-corrected covariance matrix. To
keep the estimation feasible, we exogenously fix risk aversion, 7, and, in most speci-
fications, loss aversion, X\. Those curvature parameters are highly correlated with the
scale parameter, b, and are, therefore, hard to jointly identify with sufficient precision.
Specifically, we use the standard value of A = 2.25 for loss aversion and CRRA risk

aversion levels of 0.5, 1, 5, and 10.
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3.2.2 GMM Results

Table 2 presents the GMM results. For each specification, we report CPT’s contribution
to the value function, the model-implied variance and equity risk premiums, and the
value function evaluated at the optimum. We also report the level of risk aversion that
would be needed in the no-CPT case (b = 0 and ¢ = 1) to obtain the same model-implied
equity premium.? We find the value function V F to be lowest when risk aversion, v, is
set to 0.5, and call this our benchmark specification (specification #1 in table 2). This
specification fits the variance and equity premiums well: the model-implied premiums
are 153.5%?2 and 0.30%, compared with in-sample estimates of 157.4%2 and 0.35%,
respectively. For higher levels of risk aversion, we still match the variance premium
but increasingly overestimate the equity premium. This is because in our sample the
equity premium is rather modest, while equity volatility is substantial. Hence, only
a relatively low level of risk aversion is needed to fit the observed equity premium.!®
In sum, the first key finding is that the model can fit the observed variance premium
remarkably well.

The second key finding in the table is that, for all levels of risk aversion, the prob-
ability distortion parameter, ¢, is estimated with high precision. Depending on the
specification, we find an estimated degree of probability weighting that ranges between
0.72 and 0.79. This is somewhat higher than the Tversky and Kahneman (1992) bench-
mark value of ¢ = 0.65, but it is remarkably close to the value of 0.71 reported in
another well-known experimental study on the probability weighting function by Wu
and Gonzalez (1996). We view this similarity between our results and those in the
literature as a particular success for our model.

There is no guarantee that we can get anything close to experimentally observed
values, and the fact that we do based on financial market data, rather than from exper-
iments, provides further support for the view that probability weighting is a pervasive
phenomenon in decision making more generally. Moreover, it is often argued that pa-
rameters based on laboratory studies would not hold in field settings with professional
investors because professional investors would be less prone to behavioral biases. The

fact that our estimates imply slightly less probability weighting than in lab experiments

9The contribution of CPT to the total utility function is calculated as %, see equation

(2.6).
10Tn our approach, we exogenously match the observed level of equity volatility. We do not focus on

explaining the relation between consumption volatility, dividend volatility, and equity volatility, as in
BHS.
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may indeed partly reflect that the marginal investor in option markets overweights ex-
treme probabilities less. However, this does not take away from the fact that we still
estimate substantial curvature in the weighting function, which is highly statistically
significant—the standard errors on the estimate of ¢ imply that we can reject it being
equal to 1 at any reasonable significance level.

The third key finding is that we can not only match the variance premium, which
aggregates the various underlying option returns, but also the underlying average option
returns individually. Figure 5 shows the actual and model-implied expected returns for
each of our 13 puts and calls. Clearly, the model fits the overall pattern in the data very
well, producing only small estimation errors. Notably, even for the out-of-the money
options, the fit is good. This finding is not trivial, as several studies have documented
that prices of out-of-the-money put options are higher than predicted by the standard
Black-Scholes model and that average put option returns are very low.!'*

To emphasize the latter point, figure 5 shows that the pure CRRA model fits options
quite poorly, especially those far out of the money. In fact, the CRRA model yields
that all calls have, on average, positive returns, in contrast to the observed call return
pattern.'? Thus, allowing for probability distortion also resolves the puzzlingly low
returns on out-of-the-money call options.

The estimates discussed so far are based on a lognormal distribution for the under-
lying equity index returns. To assess whether our results are sensitive to the assumed
return distribution, in table 3, we consider various alternative distributions. First, we
use a normal distribution of returns instead of a lognormal distribution, where the
volatility is again matched to the equity return data. This alternative specification
(specification #2) generates very similar GMM estimates for the preference parame-
ters. Next, we use the class of skewed student-t¢ distributions, which are more flexible
in matching the skewness and kurtosis that is observed in the data, through a skewness
parameter ¢ and a kurtosis parameter v. The normal distribution is a special case of
the skewed-t distribution with ¢ =1 and v = co. In appendix B, we describe in detail
how we estimate the parameters of this distribution using Maximum Likelihood on the
equity return data. If we allow both skewness and kurtosis to be different from the

lognormal case (specification #3 in table 3), we find that the estimated return distri-

HGee, among others, Bondarenko (2003b), Jones (2006), Bollerslev and Todorov (2011), and Con-
stantinides et al. (2013).

12To understand why the pure CRRA model predicts positive call returns, one can apply a second-
order Taylor approximation to the CRRA utility function, which gives mean-variance utility and CAPM
pricing expressions. As call options have positive betas, the CAPM predicts positive expected returns.
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bution exhibits negative skewness (¢ < 1) and substantial kurtosis (v = 6.33). Most
importantly, for this alternative specification, the GMM estimates for the preference
parameters are again similar to the benchmark case. In particular, the distortion pa-
rameter is estimated at 0.80 which is close to the benchmark estimate (0.79). The
model-implied variance premium is very similar as well. The only difference is for
the equity premium. Both negative skewness and higher kurtosis amplify the equity
premium that is implied by the model.'?

In sum, in this section, we show that a CPT model with probability weighting can
generate a substantial variance premium, fit individual option returns, and produce
precise and reasonable estimates of the probability weighting parameter in the Tversky

and Kahneman (1992) probability weighting function.

4 Exploring the Time-Varying Nature of the Variance

Premium

In the previous section, we showed that our model can match the unconditional level of
the variance premium for a reasonable level of probability distortion. We now investi-
gate whether it can also capture its substantial movement over time, focusing on time
variation in three key parameters: equity market volatility, probability distortion, and

loss aversion.

4.1 Time-Varying CPT Setting

As discussed in the previous section, figure 1 shows that the variance premium is, above
all, sensitive to the level of probability distortion, while the equity premium is more
sensitive to the degree of loss aversion. Figure 3, on the other hand, indicates that,
for a fixed degree of distortion and loss aversion, the model-implied variance premium
depends positively on the level of equity market volatility. Because the equity and
variance premiums are most sensitive to them, we focus on time variation in these
three parameters, keeping other parameters at their benchmark values. To the best
of our knowledge, our paper is among the first to attempt to examine how probability

weighting and loss aversion among investors in asset markets change over time.

130bviously, for this alternative return distribution we could improve the fit to the observed equity
premium by lowering the fixed values for the relative risk aversion and/or loss aversion parameters.
The analysis in section 3.1 shows that this would not affect the fit of the variance premium.
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We calculate the conditional monthly equity market variance as the integrated vari-
ance based on a simple GARCH(1,1) model estimated on daily returns over the 1996-
2011 period.!* The estimated GARCH(1,1) specification is

hisr = 1.38¢ — 06 + 0.91h; + 0.08 (r, — p)*.

All estimated parameters are statistically significant at the 1% level. Consistent with
previous evidence, we find the daily conditional variance process to be highly persistent
but stationary. To calculate the conditional variance for the next month, we simply
take the sum of the model-implied predictions of the variance for all days over the next
month (“integrated variance”).

We introduce time variation in probability distortion and loss aversion by letting
these parameters vary with the recent performance of the representative agent’s port-
folio. Specifically, to stay as close as possible to the framework of BHS, we use the
state variable z; proposed by BHS as the sole driver of the time-series variation in the

probability distortion and loss aversion:

Cy = c -+ KC(Zt — 2775),

M= A+rr(z—7), (4.1)

where ¢ and A are the unconditional estimates of the probability distortion and loss
aversion parameters, respectively. Z; is the average of z; and k. and k) are, respec-
tively, the sensitivity of probability distortion and loss aversion to recently realized
gains and losses as measured by z;. Following BHS, we assume that the representa-
tive agent compares the current price of the risky asset with a benchmark level, where
the price benchmark level responds sluggishly to changes in the value of equity. The
sluggishness is defined in BHS as follows: “when the stock price moves up by a lot, the
benchmark level also moves up, but by less. Conversely, if the stock price falls sharply,

the benchmark level does not adjust downwards by as much.” Formally:

14 Although we believe that the integrated variance from a GARCH process is a good approximation
of the actual variance, in unreported results (available on request), we show that the results in this
section are robust to alternative conditional variance methods, such as an exponentially weighted
moving average or, even more simply, last month’s realized variance.
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Zip1 = (2 )+ (1 —=n), (4.2)

where Ry is a fixed parameter calibrated to guarantee that half of the time the agent
has prior gains (RF > RE) and the rest of the time she has prior losses (RF < RE).
The parameter n measures the degree of sluggishness which can be interpreted as the
agent’s memory horizon. We assume 1 = 0.5, which implies that the half-life of the

representative agent’s memory is 1 month.!?

4.2 Estimation Method and Results

In the estimation procedure, we center our attention on the time variation of the prob-
ability distortion and loss aversion. We extend the moments in the GMM procedure in
section 3.2 to a time-varying setting as follows.

At each point in time ¢, we compare the model-implied equity and variance premiums
to empirical estimates of the time-t conditional equity and variance premiums. The
conditional variance premium at any time ¢ is estimated as the difference between the
square of the VIX at time ¢ and the time-t expectation of the realized variance, as
explained in section 3.2. To obtain an estimate for the conditional equity premium, we
use two methods. In the first, the PD-based method, we perform a predictive regression
of monthly S&P 500 returns on the price-dividend ratio and use the fitted values of this
regression to obtain the empirically observed conditional equity premium at each point
in time. In the second method, the PD and VP-based method, we add the variance
risk premium to the predictive regression of S&P 500 returns.!® The PD and VP-
based procedure is also followed for the conditional expectations of the option returns.
We thus obtain a panel of errors—at each point in time, we have model-implied and
“empirically observed” values for the equity premium, variance premium, and option

returns:

15In unreported results, we investigate the sensitivity of k. and sy, the only parameters to be
estimated, and the model fit to alternative values of 7.

16The model in Bollerslev et al. (2009) implies that the variance premium has predictive power for
equity returns, an implication for which they find empirical evidence.
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We then fix all parameters at their unconditional GMM estimates (section 3.2) except

ke and k), which we estimate by minimizing the sum of the squared errors described
above, thus summing across assets and over time using the same weighting of the equity
premium, variance premium, and put and call returns as for the moment conditions
defined in section 3.2. To avoid numerical problems, we use a grid of values for x. and
K to identify the values that minimize the weighted sum of the squared errors for each
specification.

Table 4 presents the results for alternative specifications of the time-varying CPT
setting. For each specification, we also report the value function divided by the number
of months and the model’s fit for the equity premium, the variance premium, and an
aggregate of put and call returns.

Before turning to the estimation results, we first discuss a simple case where only
the equity return volatility is time varying, while the CPT parameters are fixed at their
unconditional estimates and hence the time-varying parameters are not estimated. In
such a model (specifications #1 and #2 in table 4), the equity and variance premiums
vary over time only due to their dependence on the equity volatility level (see figures 3
and 4 and section 3.1.3). To get an idea of the model’s fit, in figure 6, we show the model-
implied and “empirically observed” variance and equity premiums for specifications #1
and #2 in table 4. The results suggest that, overall, our model fits the level and
dynamics of the variance premium remarkably well, although it seems to overestimate
the variance premium in late 2008, around the collapse of Lehman Brothers, because
the equity return volatility is unusually elevated in this period. Our model also seems to
fit quite well the unconditional level of equity premium, although it seems to miss some
of its large movements, especially for the PD and VP-based equity premium, which

displays much more time variation than the PD-based equity premium.
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The model also fits the time variation in expected option returns well: the mean
absolute error for option returns is 11.1% and 8.5% for puts and calls, respectively. In
unreported results, we show that the residuals for option returns are of a similar magni-
tude irrespective of the degree of moneyness. However, our model seems to systemically
underestimate the expected return of puts (and overestimate that of calls) in late 2008,
precisely when we also overestimate the variance premium. In sum, when we keep all
preference parameters constant over time, a model with time-varying equity volatility
already generates a very good fit of the time-series variation in the variance premium.

Turning to the setting with time-varying probability distortion (specification #3 in
table 4), we find that our estimate of k. is negative, which implies that the probability
distortion increases (lower ¢) following losses (high z). However, the economic magni-
tude of this effect is small. Given that z; ranges between 0.95 and 1.20 in our sample,
with a sample average very close to 1, k. = —0.05 implies that the distortion parameter
ranges between 0.78 and 0.79 over the sample period. Not surprisingly, the fit of the
model with time variation in the distortion is very close to the fit of the model with
constant parameters.

Finally, a setting with time-varying loss aversion yields a positive sensitivity of loss
aversion to recent losses. Our estimates thus support one of the key assumptions in
BHS, namely that loss aversion increases after losses. The estimate for k) generates a
substantial range in loss aversion, from about 1.1 to 6.5. However, this wide variation
has a minor effect on the fit to the equity and variance premiums and to the option
returns moments. The small effects on the variance premium and expected option
returns are not surprising, as these are not very sensitive to the degree of loss aversion
(see section 3.1). For the equity premium, the model with time-varying loss aversion
still misses some of the large movements and the fit is slightly worse.

In sum, the main implication of the time-varying setting is that even a model with
constant CPT parameters can generate substantial swings in the variance premium
once we take into account the interplay between volatility and probability weighting.
Hence, we can make progress explaining the time-series pattern of the variance premium
without needing to use any additional degrees of freedom for making CPT parameters
time dependent. All we need is a positive degree of probability weighting and time-

variation in volatility observed in the actual data.
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5 Conclusions

This paper investigates the potential of prospect theory to capture both the level and
dynamics of the variance premium. We extend the representative investor model of
Barberis et al. (2001), where the investor’s preferences are the sum of a CRRA utility
function and a prospect theory value function, by incorporating probability weighting.
Probability weighting is an integral part of cumulative prospect theory (Tversky and
Kahneman (1992)), and we document that the extended model is able to generate a
positive variance premium. We show numerically that probability distortion is the key
parameter driving the variance premium, while loss aversion is the main driver of the
equity premium. The central new insight from our model is that loss aversion and
probability weighting combine to jointly explain the equity premium and the variance
premium.

When we estimate the preference parameters from our theoretical model using GMM
on S&P 500 equity and options data, we find an estimate for the probability distortion
parameter of 0.79. Hence, real-world investors in option markets distort probabilities
significantly, but less so than subjects in lab experiments.

Finally, we extend the static baseline setting and explore to what extent the model
can generate time variation in the variance premium. We find that the dynamic version
of our model performs remarkably well once we allow for time-varying volatility, even
when probability weighting is fixed. A second main insight from our paper is therefore
that combining probability weighting—overweighting of extreme returns—and time-
variation in volatility—the presence of extreme returns—yields a parsimonious model
that matches the time-series behavior of the variance premium closely.

Our findings have a number of potentially important implications for future research.
In particular, relative to the standard CRRA-lognormal model, which cannot generate
a variance premium, we show that one can explain the variance premium by keeping
returns i.i.d, and changing only the representative agent’s preference structure. This
is in contrast to most of the existing literature, which changes either preferences, the
return generating process, or both. The cumulative prospect theory model can generate
a variance premium even in a one shot game with known probabilities. It is therefore
possible that some of the variance premium is driven by a fundamentally different

mechanism than suggested by the existing literature.
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Appendix A: Rewriting V¢ using Options

In this section, we present a more formal derivation of the statement in section 2
according to which V® can be restated in terms of options. For ease of notation, we
switch to a setting with an infinite number of outcomes for the equity payoff z¥ at time
T. As shown by, for example, Bakshi et al. (2003) and Carr and Madan (2001), any

continuous and twice-differentiable payoff function G(z¥) can be written as

o

G(2F) = G(f)+G'(f)(xE—f)+/ G"(K)max(z¥ K, 0)dK+/ G"(K)max(K—z¥,0)dK

T

(A1)
for any value of . This equation shows that any payoff function can be replicated by
an equity position and a position in an infinite number of call and put options with
different strike prices. The risk-neutral expected value of the payoff function G can

then be written as a function of call and put prices

o0

E° [G(2")] = G(z)+ G (2)(Rys) — )+ / G"(K)R;C(K)dK +

xT

G"(K)R;P(K)dK,

O\m\

(A.2)
where we use the risk-neutral pricing equations for equity, s = RifEQ [xE], call op-
tions with strike K, C(K) = RifEQ [maz(z¥ — K,0)], and put options with strike K,
P(K) = RLfEQ [maz(K — z%,0)]. Equation (A.2) shows that the risk-neutral expecta-
tion of any payoff function GG can be written in terms of the prices of equity, call, and
put options. To see the link with the risk-neutral variance, we choose the functions

2
G(zF) =In (%) and G(zF) = (ln (g)) , and directly use (A.2) to write the risk-
0

50
neutral variance as a function of option prices. Carr and Madan (2001) show that this

gives
xP 2
Ve =E“ (ln (-E) — F) =
S0
ro2 5y
/ —2(1—zn(K/s§)+F)RfC(K)dK+/ ﬁ(1—zn(K/s§)+F)P(K)dK, (A.3)
stel 0
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where the expression for ' = E© [ln (i—g)] is given in Carr and Madan (2001). This
shows that the risk-neutral variance (:aJnO be calculated directly from option prices. To
follow the standard in the literature, we use this calculation approach for V¢ in our
numerical and empirical work in sections 3 and 4, following Britten-Jones and
Neuberger (2000), Bollerslev et al. (2009), and Carr and Wu (2009).%7

17We have verified that the difference between the continuous measure and the discrete measure in
equation (2.9) is very small.
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Appendix B: Alternative Stock Returns Distribution:
Skewed-¢ Distribution

In section 3.2.2, we investigate to what extent our baseline results are robust to using
a skewed fat-tailed distribution instead of a standard lognormal distribution for stock
returns. In this appendix, we first introduce the standardized skewed-t distribution
(see, for example, Lambert and Laurent (2001) and Bauwens and Laurent (2002)).
Then, we report the Maximum Likelihood estimates for the key parameters of these
distribution using our sample of S&P 500 returns.

The return on the S&P 500, r;, follows the process

Te =+ & (B.1)

£1 = 06, (B.2)

where the random variable ¢; is SKST (0, 1,&,v) distributed; that is, it follows a stan-
dardized skewed-¢ distribution with parameters v > 2 (the number of degrees of free-
dom) and £ > 0 (a parameter related to skewness). The density of this function is given
by

2
v 89 [€ (sq +m) [v] i G < —m/s
Flaler) ={ ©D Sl gy
@0 [§ (sq+m) /€[] if o =-—m/s
where ¢ (.|v) is a symmetric (zero mean and unit variance) Student-t density with v
degrees of freedom, denoted x ~ ST (0,1, v), defined by

)
r|v) = 1+ B4
olel) = T |10 (5.4
where I'(.) is an Euler’s gamma function.
The constants m = m (§,v) and s = /s?(£,v) are, respectively, the mean and

standard deviation of the non-standardized skewed-t density, SKST (m, s* &,v), and

are defined as follows:

(B.5)
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s% (&,v) = <§2 + 5—12 - 1) —m? (B.6)

The parameters £ and v are related to the distribution’s skewness and kurtosis. Because
&% can be shown to be equal to the ratio of the probability masses above and below the
mode, the distribution has zero skewness when £ = 1, negative skewness when £ < 1,
and positive skewness when £ > 1. The fatness of tails (kurtosis) decreases with the
degrees of freedom parameter, v, but converges to a skewed normal as v — oco. When
v — 00 and & = 1, this distribution collapses to a standard normal distribution.

Table B.1 reports estimates and standard errors for 0 = (u, 0, &, v), using monthly
log returns on the S&P 500 over the period running from 1960 to 2011. All parameters
are statistically significant at the 1% level. £ is significantly below 1, implying negative
skewness. The ratio of the probability masses above and below the mode is equal to
€2 = 0.71, implying that the degree of negative skewness is also important in economic
terms. The estimated degrees of freedom parameter, v, equals 6.33, indicating that the

return distribution is not only left skewed but also fat tailed.

Table B.1: Parameters of the Skewed-¢ Distribution

This table reports the estimated parameters for the Skewed-¢ distribution described in equations (B.1)
to (B.6). The standard errors are reported in parenthesis.

I o & v
Estimate  0.0077 0.0437 0.8448 6.3301
(s.e.) (0.0017)  (0.0019) (0.0487) (1.5862)
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Table 2: Unconditional Setting, GMM Estimated Parameters

This table reports GMM estimates for the degree of loss aversion, A, reference level, R, scale, b, and
probability distortion, ¢, for levels of relative risk aversion of the CRRA component ranging from 0.5
to 10. The p-values to test the hypotheses A =1, R,y =1, b =0, and ¢ = 1 are reported in brackets.
The p-values are calculated using Newey-West standard errors. For each specification, we also report
CPT’s contribution to the utility function, the model-implied variance and equity risk premiums, the
value function evaluated at the optimum, and the level of risk aversion that would be needed in the
no-CPT case to obtain the model-implied equity premium. These parameters are estimated applying
GMM to returns on the S&P 500 and on S&P 500 call and put options with different strikes and
30-days to maturity and to the variance premium. We force the weighting matrix to give an equal
weight of 1/4 to the equity, call, put, and variance premium moments. The sample period runs from
January 1996 to October 2010.

21 49 43 44 45
~ (risk aversion) 0.5 1 5 10 0.5
A (loss aversion) 2.25 2.25 2.25 2.25 9.12
[0.49]
R,cs (reference) 1.01 1.01 1.00 1.00 1.01
[0.06] [0.27]  [0.41] [0.36]  [0.00]
b (scale) 0.06 0.77  83,664.12 22,597.55 0.01
(0.33]  [0.12]  [0.50] [0.50]  [0.50]
¢ (distortion) 0.79 0.75 0.72 0.72 0.79
(0.00]  [0.00]  [0.00] [0.00]  [0.00]
CPT contribution (%) 9.54 55,55 100 100 4.40
Implied Variance Premium (%?) | 153.53 152.91 151.86 151.87  153.53
Implied Equity Premium (%) 0.30 1.27 2.12 2.12 0.29
VF 2.52 152.65 480.55 480.59 2.51
RA without CPT 1.11 4.83 8.17 8.17 1.11

35



Table 3: Unconditional Setting, GMM Estimated Parameters, Alternative
Equity Return Distributions

This table reports GMM estimates for the reference level, R,.f , scale, b, and probability distortion, c,
for equity return distributions alternative to the benchmark lognormal distribution. In particular, we
compare the benchmark lognormal distribution with a normal distribution (column #2) and a skewed-
t distribution (column #3). For the skewed-¢ distribution, the parameters driving the skewness and
kurtosis—¢ and v, respectively—are calibrated to match the observed monthly equity returns (see
appendix B). In all specifications, the level of risk aversion, 7, is fixed at 0.5 and loss aversion, J, is
fixed at 2.25. For each specification, we also report CPT’s contribution to the utility function, the
model-implied variance and equity risk premiums, and the value function evaluated at the optimum.
These parameters are fitted using GMM to returns on the S&P 500 and on S&P 500 call and put options
with different strikes and 30-days to maturity and to the variance premium. We force the weighting
matrix to give an equal weight of 1/4 to the equity, call, put, and variance premium moments. The
sample period runs from January 1996 to October 2010. The p-values to test the hypotheses A = 1,
Ryc; =1,b=0, and c =1 are reported in brackets. These p-values are calculated using Newey-West
standard errors.

1 e 43
Benchmark Normal Skewed-t¢
~ (risk aversion) 0.5 0.5 0.5
19 0.84
v 6.33
A (loss aversion) 2.25 2.25 2.25
R,y (reference) 1.01 1.01 1.00
[0.06] 0.06]  [0.31]
b (scale) 0.06 0.04 0.03
[0.33] 0.39]  [0.41]
¢ (distortion) 0.79 0.80 0.80
[0.00] [0.00]  [0.00]
CPT contribution (%) 9.54 6.06 5.04
Implied Variance Premium (%?) 153.53 153.05 150.48
Implied Equity Premium (%) 0.30 0.30 2.03
VF 2.52 2.34 21.00
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Table 4: Time-Varying Setting, GMM Estimated Parameters

This table shows the estimated parameters and the model’s fit for alternative specifications of the
time-varying CPT setting. The specifications in columns #1 and #2 do not allow for time variation
in the CPT parameters. The specification in column #1 uses the PD-based method to calculate
the observed equity premium, wherein the expected equity returns are calculated using an in-sample
forecast from the P/D ratio. In all other specifications, the observed equity premium is calculated
as an in-sample forecast from the P/D ratio and the variance premium (PD and VP-based method).
For every specification, we report the value function divided by the number of months (Avg. VF).
The value function is calculated as a weighted average of the squared residuals for the variance and
equity premiums as well as for the 10 options considered in the time-varying setting. We also report
a decomposition of the model’s fit into its variance premium, equity premium, and option return
components. For each component, the fit is calculated as the mean absolute error. In all specifications,
we assume v = 0.5 (risk aversion) and n = 0.5 (agent’s memory). The time-varying volatility is
calculated as the integrated volatility based on a GARCH(1,1) method (see section 4.1).

#1 42 43 #4

EP Method PD PD and VP

ke (distortion) -0.05

kx (loss aversion) 22.07
Avg. VF 87.45 87.47 87.44 85.20
EP fit (%) 0.39 0.45 0.46  0.48
VP fit (%?) 101.72 101.72  103.12 96.71
Put fit (%) 11.07 11.07 853  8.44
Call fit (%) 8.55 8.55 11.08 11.01
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Figure 1: CPT-Implied Variance Premium for Alternative Preference Param-
eter Values

This figure shows the annualized CPT-implied variance premium for alternative values of the scale, b,
loss aversion, A, and probability distortion, ¢, parameters, in panels A to C, respectively. In the CPT
setting, the representative agent’s preference combines CRRA and CPT functions (equation (2.1))
and the probabilities are distorted, as explained in section 2. The variance premium is defined as the
difference between the risk-neutral and the expected realized variance of equity returns, as explained
in section 2.3. For the benchmark setup (the bold line) we set ¢ = 0.65 , b = 0.65, and A = 2.25,
respectively, unless otherwise indicated in the panel. We additionally assume v = 1.
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Figure 2: CPT-Implied Equity Premium for Alternative Preference Parame-
ter Values

This figure shows the one-month CPT-implied expected equity return for alternative values of the
scale, b, loss aversion, A, and probability distortion, ¢, parameters, in panels A to C, respectively. The
expected equity return is calculated as explained in section 2.2. For the benchmark setup (the bold

line) we set ¢ = 0.65, b = 0.65, and A = 2.25, respectively, unless otherwise indicated in the panel. We
additionally assume v = 1.
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Figure 3: CPT-Implied Variance Premium for Alternative Volatility Levels

This figure shows the annualized CPT-implied variance premium (see figure 1) for three different values
of monthly equity volatility: 2% (low), 5.18% (benchmark), and 10% (high). For the benchmark setup
(the bold line) we set ¢ = 0.65, b = 0.65, and A = 2.25, respectively, unless otherwise indicated in the
panel. We additionally assume v = 1.
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Figure 4: CPT-Implied Equity Premium for Alternative Volatility Levels

This figure shows the one-month implied expected equity return (see figure 2) for three different values
of monthly equity volatility: 2% (low), 5.18% (benchmark), and 10% (high). For the benchmark setup

(the bold line) we set ¢ = 0.65, b = 0.65, and A = 2.25, respectively, unless otherwise indicated in the
panel. We additionally assume v = 1.
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Figure 5: Average Option Returns and Model Fit

This figure compares the average observed 30-day return for all options in our sample with the ones
fitted by our benchmark CPT representative agent model and by a CRRA model—a restricted CPT
model with ¢ = 1 and b = 0. Our sample includes 26 option returns grouped across strikes (or deltas).
Of these 26 options, 13 are puts (panel A), with delta from -0.8 to -0.2 (from in-the-money to out-of-
the-money). The other 13 are calls (panel B), with delta from 0.2 to 0.8 (from out-of-the-money to
in-the-money).
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Figure 6: Observed vs. CPT-Implied Equity and Variance Premiums

This figure compares the observed equity and variance risk premiums with those implied by a CPT
setting where the model’s CPT parameters are constant and the stock return volatility is time varying
(specifications #1 and #2 in table 4). The variance premium, in panel A, is calculated as the difference
between the square of the VIX and the expected realized variance (see section 3.2). The expected
realized variance is calculated as an in-sample forecast of the stock return variance using the lagged
stock return variance and the square of the VIX. The CPT-implied equity and variance risk premiums
are calculated as explained in section 2.3. In panel B, the observed equity premium is calculated as
an in-sample forecast of equity returns from the price-dividend ratio, while, in panel C, we add the

variance risk premium as a predictor of equity returns.
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