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Abstract

In this thesis, we aim to find an age-specific sample size for the Lee-Carter
model that maximizes the likelihood in the out-of-sample forecast. We set up a
dynamic sequential Bayesian updating model which explicitly models the sample
size as one of its parameters. Markov Chain Monte Carlo methods are used to
fit the model and to sample from the posterior predictive distributions. This
model is applied to the sex neutral mortality rates of the Dutch population
from 1928 to 2009 for ages from 0 to 99, and results for age 0, 25, 50, 75,
and 90 are reported. We present a dynamic algorithm as well as a reduced
static application. Results from the static model show that the means of the
conditional posterior densities of sample size for the 5 ages range from 31 to 34,
while in their dynamic counterpart, they turn out to be 33.7 and 32.6 for age
0 and 25, respectively, and from 38 to 43 for the other three ages. In addition,
the standard deviations of the conditional posterior density of the sample size
obtained from the static model are approximately 11 for all ages. In the dynamic
case, nevertheless, the standard deviations range from 3 to 5. Furthermore, the
dynamic model delivers narrower confidence intervals than the ones obtained
from the static model, but, except for age 0, still mildly wider than the original
Lee-Carter model.
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Chapter 1

Introduction

Government agents and private insurance companies rely on mortality forecasts
when making financial policy and design insurance products. For example, due
to the increasing of life expectancy in the Netherlands, the Dutch government
is planning on increasing the retirement age from 65 to 67. In the past, the
forecasts of mortality rates were based mostly on life table methods and expert
opinion. However, due to the change in the trend of the life expectancy, these
methods became less and less satisfying. As an illustration, the expected re-
maining life time for a Dutch male increased from 11.2 years in 1900 to 15.4
years in 2000, while this number increased from 11.8 years to 19.4 years for a
Dutch female at the same age (Hári, De Waegenaere, Melenberg, and Nijman
2008). Since evolutions of the life expectancies in most countries have presented
a nonlinear pattern, the simple linear projection method or expert opinions
tend to underestimate the future life expectancy. Therefore, methods for more
precise mortality forecasts are in need.

Over the past two decades, various methods for forecasting mortality have
been developed. Among these methods, the Lee-Carter model (Lee and Carter
1992) is perhaps the most widely used one nowadays. The Lee-Carter model
describes a time series of age-specific log mortality rates as the sum of a time-
invariant and age-specific component and another age-and-time-specific com-
ponent which is the product of an age-invariant and time varying parameter,
which reflects the common trend of development of the log mortality, and an age-
specific, time-invariant component, which reflects the sensitivity for each age to
the common trend. The Lee-Carter model was first used to fit the historical U.S
mortality data. After the original work of Lee and Carter, various extensions
of the model are proposed (Lee and Tuljapurkar (1994); Lee (2000); Lee and
Miller (2001), to mention a few1). Despite its popularity, the Lee-Carter model
has some drawbacks. First, the Lee-Carter model does not explicitly consider
the optimal sample size. In their original paper, Lee and Carter estimate the
model based on the U.S log mortality data from 1900 to 2000. They argue that
the length of the sample size is not critical as long as it is longer than 10 to
20 years. However, Lee and Miller (2001) restrict the sample size to start from
1950, in order to avoid structural breaks, and to obtain a better fit. Therefore,
we see that the choice of sample size is not a trivial problem in the estimation

1Interested readers may refer to Pitacco, Denuit, Haberman, and Olivieri (2009), which
includes various discussions and extensions on the Lee-Carter model
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of Lee-Carter model. More specifically, if the choice of sample size is so large
that the evolvement of mortality is non-linear even within this sample size, then
the estimation of the trend of mortality might be inconsistent in the context
of the Lee-Carter model. Also, the Lee-Carter model does not account for the
variances of the parameters in the model while computing the prediction errors.
The omission of such variances may lead to serious underestimation of the un-
certainties in the evolvement of the future mortality, especially in the short run
(Appendix B in Lee and Carter (1992)).

There are already some attempts to solve either of the aforementioned prob-
lems alone. Booth, Maindonald, and Smith (2002) design a procedure to search
for a maximal sample size, based on which the trend of mortality development
is linear. In particular, they first fix the ending year of the sample size, then
look for a starting year that is as early as possible, while trying to assure the
linearity of the development of mortality within the whole sample size. To ad-
dress the second problem, Brouhns, Denuit, and Vermunt (2002) and Brouhns,
Denuit, and Van Keilegom (2005) implement a bootstrap method for a log bi-
linear formulation of the Lee-Carter model bootstrap method. Similarly, Koissi,
Shapiro, and Högnäs (2006) use a bootstrap method to compute the confidence
intervals of the Lee-Carter model. A more natural way to incorporate all sources
of parameter variances into the estimation of the Lee-Carter model is using a
Bayesian approach. For example, Pedroza (2002) and Pedroza (2006) present a
state space representation of the Lee-Carter model. Pedroza formalizes the Lee-
Carter model as a statistical model in those papers, and estimates the model
by Bayesian approach. This method also incorporates all sources of parameter
variance. Pedroza (2006) applies the Bayesian method to the U.S male mor-
tality, and obtains appropriately wider confidence intervals than those obtained
from the original Lee-Carter estimation.

However, so far little research has been carried out to combine the Bayesian
approach, which accounts for all sources of parameter variance in a natural way,
with the search for a reasonable sample size, which can assure the consistency
of the estimator, in the context of the Lee-Carter model. This thesis attempts
to combine these two aspects into a single statistical model. To elaborate, our
interest is to find a sample size for the Lee-Carter model that yields the largest
likelihood in the out-of-sample forecast. Under a Bayesian framework, our ob-
jective function is the posterior distribution function, which is proportional to
the product of the likelihood function and the prior distribution. Therefore,
we are looking for a conditional posterior distribution function (possibly age-
specific and conditional on the estimation of other parameters) of the sample
size that gives the highest probability during the out-of-sample forecast. In this
thesis, we practice two setups for the Bayesian model, namely, a static model
and a dynamic one. In the static case, we update the conditional posterior dis-
tribution for the sample size only once, while in the dynamic case, we choose
an update period and update the conditional posterior distribution at every
stage during this period. After obtaining the final conditional posterior distri-
bution, we can then compute the posterior forecasts and do the inference of the
Lee-Carter model. The way we proceed is that, for each age, we first estimate
the Lee-Carter model and compute the forecasted log mortality rates and confi-
dence intervals based on different sample sizes, then weight these forecasts and
confidence intervals by the corresponding conditional posterior density function.

We apply our Bayesian model to the log of sex neutral mortality data of
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the Dutch population from year 1928 to 2009 for all ages from 0 to 99, but we
present the results of 5 representative ages: 0, 25, 50, 75, and 90. According
to our results, the conditional posterior densities of sample size obtained from
the static model are flatter and display no clear peak, while the ones obtained
from the dynamic model are more condensed and peaked. Also, the posterior
means obtained in the static case are in general smaller than those obtained
in the dynamic case. The posterior means of the sample size for the 5 ages
obtained from the static model range from 31 to 34, while in the dynamic
model, the posterior means of the sample size are 33.7 and 32.6 for age 0 and 25,
respectively, and between 38 to 43 for the other three ages. In addition, except
for age 0, in both cases we obtain wider confidence intervals of the forecasted
mortality rates than those obtained from the original Lee-Carter model, while
the dynamic model delivers narrower confidence intervals than the static model
for all ages.

The thesis also has some future research potentials. A possible extension
is to apply the Bayesian model to other sources of data, for instance, male or
female log mortality data of the Dutch population, or mortality data from other
countries. We expect different patterns of conditional posterior distribution for
the sample size with different data. In addition, due to the compatibility of
the Bayesian model and the Markov Chain Monte Carlo method, it is possible
to apply the Bayesian model to model specifications other than the Lee-Carter
model.

This thesis is organized as follows. Chapter 2 presents the static Bayesian
model and results obtained with the Dutch mortality data. Section 2.1 intro-
duces briefly the Lee-Carter model and the historical Dutch mortality data.
Section 2.2 and 2.3 presents the setup of the static Bayesian model, and section
2.4 presents the empirical results obtained from the model applied to Dutch
mortality data. Section 2.5 discusses the Bayesian sample size selection prob-
lem. Chapter 3 presents the dynamic Bayesian model. Section 3.1 describes the
idea of sequential Bayesian updating. Section 3.2 and 3.3 presents two cases of
Bayesian updating and their empirical results applied to Dutch mortality data,
respectively. Conclusion is presented in chapter 4.
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Chapter 2

Static analysis

In this chapter, we start our investigation by employing the static Bayesian
analysis, which could be treated as a reduced form of the sequential Bayesian
updating algorithm that we will introduce in chapter 3. This approach is called
“static” because we only update the conditional posterior distribution for the
sample size once.

First of all, we give a brief introduction to the Lee-Carter model (Lee and
Carter 1992), nowadays perhaps the most widely used model to forecast the log
of mortality rates, as well as some relevant concepts and methodologies from
Bayesian statistics.

2.1 Lee-Carter model

Denote by N and T the set of ages and time periods considered, respectively. A
common choice of age group is from age 0 to 110+, thusN = {1, 2, ..., 109, 110+}.1

We can estimate the Lee-Carter model using an arbitrary subset n of N . Sup-
pose the set of ages n ∈ N has k components. Let mt = (mx1,t,mx2,t, ...,mxk,t)
be the mortality rates of ages x1, x2, ..., xk at year t with n ∈ N and t ∈ T . The
Lee-Carter model representation for the age group x1, x2, ..., xk at time t can be
formulated as

lnmt = α+ βκt + εt, εt ∼ N (0,Σ), (2.1)

where lnmt = (lnmx1,t, lnmx2,t, ..., lnmxk,t)
′ is a k × 1 vector of the log of

mortality rates from age x1 to xk at time t. α = (αx1
, αx2

, ..., αxk
)′ and

β = (βx1
, βx2

, ..., βxk
)′ are vectors of age-specific and time invariant parame-

ters. κ = {κt : t ∈ T} is a collection of time-varying parameters. Note that
the components of βκt in Equation (2.1) are products of two parameters, and
thus cannot be fully identified in general. Therefore, we have to impose some
normalization on β and κ, respectively. The common normalization is

∑

x

βx = 1, and
∑

t

κt = 0, (2.2)

1In most online data sources, such as Human Mortality Database
(http://www.mortality.org/), the mortality rates of the population that is older than
109 years old are integrated in the entry “110+”. Therefore, in this way, we have 111 age
groups.
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or
∑

x

β2
x = 1, and

∑

t

κt = 0. (2.3)

Given the above normalization, αxi
can be interpreted as the average log-

mortality of age xi over time, and βxi
measures the sensitivity to the change of

the κ process for age xi. Furthermore, the state vector κ captures the change
of the log-morality for all age groups. In literature, κ is often modeled as an
ARIMA(0, 1, 0) process,

κt = d+ κt−1 + ωt. (2.4)

In addition, the components of the error vector εt = (εx1,t, εx2,t, ..., εxk,t)
′

are invariant with respect to time and independent among ages, which means
that Σ is a N ×N diagonal and time constant covariance matrix.

In Equation (2.4), d is the drift term, i.e., the mean evolvement of κ. ωt is
an i.i.d error process, i.e., ωt ∼ N (0, σ2

ω). Equations (2.1) and (2.4) are called
a state space model representation in Pedroza (2006).

However, one should note that the Lee Carter model is a linear approxima-
tion of the log mortality. If the development of the log mortality was linear,
(2.4) could perfectly capture this change, which means that we could have more
and more efficient estimation of the drift term d by extending the sample size.
However, we do not have this ideal situation in the real world. In Figure 2.1,
where we plot the log of mortality rates of the Dutch population in the past 160
years, we can see that they changed apparently not in a linear way, especially
for young age groups. The same case applies to other developed countries such
as Japan, France, and the US, etc. We can see that the speed of decline of
log-mortality is in general increasing. In fact, the state vector κ obtained by
Lee and Carter was not linear either (figure (5) in Lee and Carter 1992). As
a consequence, it is probably not the case that we can obtain a consistent es-
timation of the drift term d by using a linear approximation. Therefore, under
the context of Lee-Carter model, it is important to find a (probably age-specific
and weighted) sample size that can yield the forecasts of future mortality rates
that are closest to the real ones.

There exist several estimation methods of the Lee-Carter model, for example
the singular value decomposition (SVD) method (Lee and Carter 1992) and the
weighted least square estimation method (Wilmoth 1993). In this thesis, we use
the weighted least square method, and the normalization in Equation (2.2).

2.2 Bayesian model

2.2.1 A Bayesian setup

Before getting to the setup of the Lee-Carter model in the Bayesian context, we
first introduce some relevant concepts. One distinct feature of Bayesian statis-
tics from the viewpoint of frequentist statistics is that, in a Bayesian framework,
we consider a model space which includes all possible model specifications. More
specifically, in a parametric frequentist framework, we consider a family of mod-
els P = {Pθ : θ ∈ Θ}, which contains the “true” model, P0. Θ is the associated
parameter space. We say that the model is identifiable if there exists a one-
to-one mapping Θ → P for each θ ∈ Θ. In other words, the mapping Θ → P
should be invertible. Furthermore, if the model is identifiable and the parame-
ter space is chosen appropriately, there exists a “true” parameter, θ0 ∈ Θ, such
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Figure 2.1: Sex neutral log-mortality of Dutch population

that θ0 is associated with the “true” model, i.e., Pθ = P0. On the other hand,
in a Bayesian framework, the existence of a “true” parameter is not assumed.
Instead, we study the parameter space Θ as a whole by imposing probability
distributions on it. In particular, we assume a prior distribution on Θ before
having access to the sample, and use the sample to “correct” the prior distribu-
tion after it is obtained. In the subsequent introduction to Bayesian statistics,
we rely ourselves heavily on the lecture notes from Kleijn (2012).

In a Bayesian framework, we may combine sample and model into a product
space. Denote by Y and Θ the sample and model space, respectively, and B
and G the associated σ-algebra. At this stage, B and G can be any σ-algebras
that assure our functions of interest to be measurable. Then we can denote
the product space by (Y × Θ, σ(B × G)) and impose a probability distribution
(usually according to expert opinion) on it,

Π : σ(B × G) → [0, 1]. (2.5)

Π assigns a joint probability distribution of observations Y ∈ Y and parameters
θ ∈ Θ. In this way, we are able to define a conditional distribution induced by
Π: ΠY |θ(·|θ) : B × Θ → [0, 1], which gives the distribution of observations Y

conditional on any particular θ ∈ Θ.2 A nice property about this conditional
distribution is that it can be linked to the frequentist setting: for each ΠY |θ we
can find a corresponding element Pθ ∈ P. Actually, for any particular θ∗ ∈ Θ,
ΠY |θ∗ is an almost sure version of the corresponding Pθ∗ . This relation can be
stated as

Pθ∗ = ΠY |θ∗(·|θ∗) : B → [0, 1], a.s. (2.6)

An immediate consequence from Equation (2.6) is that the notion of “model”
in the frequentist setting is represented up to the null set of the marginal distri-

2The notation Θ in B × Θ has the interpretation that, we are able to condition on any
θ ∈ Θ, and then measure any subset of the B. All domains denoted by the product of a
σ-algebra and a space in the subsequent context can be interpreted in the same way.
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bution of Π with respect to Θ. Denote this marginal distribution by Πθ, then
we have

Πθ(·) : G → [0, 1]. (2.7)

Equation (2.7) is also called the prior distribution of θ in a Bayesian context.
For simplicity of notation, we hereafter drop the subscript θ and denote the
prior distribution by Π(θ). The prior distribution can be interpreted as as the
degree of belief we attach to any subset of the model a priori, that is, before any
observation is realized. After observations Y are obtained, we can then correct
this prior belief by computing the posterior distribution. Denote the posterior
distribution induced by Π by Π(·|Y ), then we have

Π(θ|Y ) : G × Y → [0, 1]. (2.8)

The interpretation of equation (2.8) is that, for any θ∗ ∈ Θ, Π(θ∗|Y ) reflects
the amended belief we attach to θ∗ after observing Y .

Apart from the posterior distribution, the posterior density is another im-
portant concept. In fact, a posterior density is often more convenient to deal
with in applications. Assuming that the model P = {Pθ : θ ∈ Θ} is dominated
by some σ-finite measure, say µ, on Y, we could define the model in terms of
µ-densities, pθ = dPθ

dµ
: Y → R. In this way, the posterior distribution can be

expressed as

Π(θ ∈ G|Y ) =

∫

G
pθ(Y )dΠ(θ)

∫

Θ
pθ(Y )dΠ(θ)

, (2.9)

and the corresponding posterior density can be written as

dΠ(θ|Y ) =
pθ(Y )dΠ(θ)

∫

Θ
pθ(Y )dΠ(θ)

. (2.10)

To sum up, the Bayesian statistics procedure is as follows. First, based on our
prior understanding of data Y , we choose a statistical model P equipped with
a parameter space Θ. Second, based on the expertise, we impose a (possibly
uninformative) prior distribution Π(θ). After observations are obtained, we can
compute the posterior density function according to Equation (2.10).

After the above introduction, we can now turn to the Bayesian Lee-Carter
model. In this thesis, we have Y = R as the collection of the Dutch log-mortality
rates and B = B(R). In addition, we define Θ = {θ : θ = (α′, β′, d, σ′

ε, σω)
′ ∈

R2N+1 × RN+1
+ } and G = σ(R2N+1 × RN+1

+ ). As the dominating measure,
we simply choose the Lebesgue measure λ. We denote the prior and posterior
density as π(·) and π(·|Y ), respectively. Then, according to Equation (2.10), for
any θ∗ ∈ Θ, we can write the posterior density as

π(θ∗|Y ) =
pθ∗(Y )π(θ∗)

∫

Θ
pθ(Y )π(θ)dθ

∝ pθ∗(Y )π(θ∗). (2.11)

Note that in equation (2.11), pθ∗(Y ) can be treated as the likelihood of observing
Y given θ∗.

2.2.2 An introduction to Markov Chain Monte Carlo

Before we can search for an optimal sample size, we should be able to fit the Lee-
Carter model given any sample size. For this purpose, we need to obtain a joint
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distribution of the parameters (α′, β′, d, σ2
ε , σ

2
ω)

′. However, to obtain a posterior
predictive distribution of such high dimensionality is difficult. For example, if
we include 100 ages, we have 302 parameters, and thus have to integrate out a
302 dimensional function. Integration of this kind is very computationally com-
plicated and inefficient. Therefore, we have to consider an alternative method,
preferably short of direct integration, to calculate the desired posterior distribu-
tions. A common approach applicable in this case is the Monte Carlo Markov
Chain (MCMC) method. We now give a brief introduction to some relevant
concepts based on the lecture notes by Walsh (2004).

Monte Carlo integration

The Monte Carlo method was developed originally by physicists to use random
number generation to calculate complex integrals. Suppose we want to calculate
an integral

b
∫

a

f(x)dx. (2.12)

We can decompose f(x) into the product of a nowhere-zero density function

p(x) and another integrable function g(x), given by g(x) = f(x)
p(x) , which enables

us to write (2.12) as
b

∫

a

g(x)p(x)dx = Ep(x)[g(x)]. (2.13)

Therefore, equation (2.12) could be treated as the expectation of g(x) under
the density p(x). We could generate, say N draws, from p(x), and approximate
(2.12) as

b
∫

a

f(x)dx = Ep(x)[g(x)] ≈
1

N

N
∑

i=1

g(xi). (2.14)

Equation (2.14) is called Monte Carlo integration.

Markov chain

First, let X = (X1, X2, ...XT ) be a discrete stochastic process. Therefore, for
each t ∈ {1, 2, ...T}, Xt is an E valued function, where E is a finite dimensional
space endowed with the σ-algebra E . X is called a Markov chain with state space
(ET , ET ) if the transitional probability between any two states in E depends
only on the current state, i.e., for any s ∈ E,

P (Xt+1 = s|X1, X2, ..., Xt) = P (Xt+1 = s|Xt). (2.15)

The interpretation of Equation (2.15) is that the current state of X includes
all past knowledge of X that one could use to predict the future values of
X. Therefore, for a discrete time Markov chain, we can define a transitional
probability matrix P , with its (i, j)-th component Pij = P (Xt+1 = sj |Xt = si).
Besides the transitional matrix, we also need to specify the starting position of
the process. We do it by defining an initial distribution, i.e., the distribution
of X0. In fact the family of initial distribution is very large: it can be any
probability that satisfies the mapping E → [0, 1]. We denote this family by V.
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A discrete time Markov chain can be defined by the transitional matrix together
with the initial distribution.

Furthermore, define πν
sk
(t) = P ν(Xt = sk) as the probability that Xt =

sk given a ν ∈ V , then by a simple application of the Chapman-Kolmogorov
equation (Athanasios 1991), we have

πν
sj
(t+ 1) =P ν(Xt+1 = sj)

=
∑

si∈E

P (Xt+1 = sj |Xt = si)P
ν(Xt = si)

=
∑

si∈E

Pijπ
ν
si
(t), (2.16)

which means that the probability that X reached stage sj at time t + 1 is the
sum of the transitional probability from si to sj times the probability that X is
in state si for all si ∈ E. This relation holds for every initial distribution, thus,
for simplicity of notation, we drop the subscript ν hereafter.

In fact, we can write the Chapman-Kolmogorov equation more compactly.
Assume that E contains n components. Denote by π(t) a 1×n vector, with πsi(t)
the i-th component, we then have the matrix form of Chapman-Kolmogorov
equation

π(t+ 1) = π(t)P. (2.17)

Using the matrix form, we can immediately obtain the induction

π(t+ 2) = π(t+ 1)P = π(t)P 2 = ... = π(0)P t+2. (2.18)

In fact, a Markov chain may reach a stationary distribution π∗, such that

π∗ = π∗P, (2.19)

and π∗ is independent of the initial value X0. The sufficient condition for the
existence of a stationary distribution is that the “detailed balance equation”
holds, i.e.,

pijπ
∗
i = pjiπ

∗
j . (2.20)

Equation (2.20) is called the reversibility condition, and this condition immedi-
ately implies equation (2.19).

The notion of discrete time Markov chain can be generalized to a continuous
time framework. The transitional probability matrix would then be an infinite
dimensional matrix and thus be infeasible. Instead, we can specify a transi-
tional kernel P (x, y). This kernel is of an infinitesimal sense such that P (x, y)
represents the probability of changing to y in the next infinitesimally small time
interval while the current state is x. P (x, y) should satisfy

∫

P (x, y)dy = 1. (2.21)

Furthermore, if there exists a continuous time stationary distribution π∗, then
it holds that

π∗(y) =

∫

π∗(x)P (x, y)dx. (2.22)
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Markov Chain Monte Carlo

We have already mentioned that we can use the Monte Carlo integration to
approximate a complex integral. However, one problem of Monte Carlo integra-
tion is that sampling from a density function p(x) might still be very difficult.
To get over this problem, Markov Chain Monte Carlo is an attractive method.
In particular, the Metropolis-Hastings algorithm and its special case, the Gibbs
sampler, are the most widely used sampling methods. We hereby give a brief
introduction.

The first attempt of Metropolis-Hastings algorithm was to integrate complex
functions in the field of mathematical physics, for example, Meteopolis and
Ulam (1949), Metropolis, Rosenbluth, Rosenbluth, Teller, and Teller (1953),
and Hastings (1970). Suppose we want to draw samples from a distribution,
p(x), where p(x) is known up to a constant K, where K might be very difficult

to compute, say p(x)= f(x)
K

. We can then proceed as follows;

1. Start with any x0 which is within the support of f(x).

2. Given the current value x(0), draw a candidate value, x(1), from a proposal
distribution q(x). There are two general forms of the proposal distribution:
random walks and independent chain. In the former case, the draw of x(1)

depends on (and only on) the current value x(0). In this case we can
write q(x) as q(x(0), x(1)). In the latter case the draw of x(1) can also be
independent of the current value. Note that the support of the proposal
distribution should cover the support, or at least the most part of the
support of f(x).

3. Given the candidate value x1, calculate the acceptance probability α. In
the random walks sampling case, we have

α = α(x(0), x(1)) = min(
f(x(1))q(x(1), x(0))

f(x(0))q(x(0), x(1))
, 1), (2.23)

and in the independent chain case, (2.23) becomes

α = α(x(0), x(1)) = min(
f(x(1))q(x(0))

f(x(0))q(x(1))
, 1). (2.24)

Note that here we have f(x(0))
f(x(1))

= p(x(0))
p(x(1))

, thus the unknown constant K

cancels out.

4. We accept the proposed value x(1) as the new current value with proba-
bility α. If x(1) is accepted, we replace x(0) by x(1), otherwise we keep x(0)

unchanged.

We then repeat step 2 to step 4 for n times for n large enough. After a suffi-
cient burn-in period, say n

2 , the recorded vector (xn
2 +1, ...xn) can be treated as

a sample from the density p(x). Now we give some intuitions to this conclusion.
In the Metropolis-Hastings algorithm, the acceptance probability from x0 to

x1 could be interpreted as the ratio of densities penalized by the corresponding
proposal density of two draws. Take the independent chain sampling for exam-

ple, If f(x1)
q(x1)

is larger than f(x0)
q(x0)

, then we accept x1 as the new current value
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with probability one. Otherwise we still accept x1 with probability f(x1)q(x0)
f(x0)q(x1)

rather than just simply reject it. The proposal densities, q(x0) and q(x1), could
be interpreted as a sort of penalty, which could help the chain to better explore
the support of f(x), and leads to a quicker convergence.

It can be shown that the Metropolis-Hastings sampling generates a Markov
chain whose equilibrium density is our interested density p(x). A sufficient con-
dition is that the Metropolis-Hastings transitional kernel satisfies the detailed
equation (2.20) with p(x).

The transition probability from x to y in the Metropolis-Hastings algorithm
is

p(x, y) = q(x, y)α(x, y) = q(x, y)min(
f(y)q(y, x)

f(x)q(x, y)
, 1). (2.25)

Therefore, for the detailed equation to hold, we show that

q(x, y)α(x, y)p(x) = q(y, x)α(y, x)p(y), for all x, y ∈ Support(p). (2.26)

1. For q(x, y)p(x) = q(y, x)p(y), we have α(x, y) = α(y, x) = 1. Thus (2.26)
becomes

q(x, y)p(x) = q(y, x)p(y),

which holds apparently.

2. For q(x, y)p(x) > q(y, x)p(y), we have

α(x, y) =
q(y, x)p(y)

q(x, y)p(x)
, and α(y, x) = 1.

Thus (2.26) becomes

q(y, x)p(y) =q(x, y)
q(y, x)p(y)

q(x, y)p(x)
p(x)

=q(y, x)p(y) (2.27)

3. The case where q(x, y)p(x) < q(y, x)p(y) is similar to case 2.

To summarize, the Metropolis-Hastings algorithm works as follows. For
an m dimensional probability density function p(x), we first specify an initial

x(0) = (x
(0)
1 , ..., x

(0)
m ), and sample a candidate values x(1) = (x

(1)
1 , ..., x

(1)
m ) from

some proposed density q(x). We then decide whether to accept x(1) according to
Equation (2.23) or (2.24). One advantage of the Metropolis-Hastings sampling
algorithm is that there is barely any restriction: the posterior distribution could
contain arbitrary many variables, the posterior distribution and the conditional
posterior distributions do not need to be any familiar forms (Gaussian or χ2,
etc), etc. Therefore, it could be treated as a backup method, i.e., when all other
sampling methods fail, we can still use the Metropolis-Hastings sampling.

However, there are also drawbacks in applying the Metropolis-Hastings algo-
rithm. The biggest disadvantage of this method might be the lack of efficiency.
Sometimes it requires an enormous time of iterations to reach convergence. In
addition, it is often difficult to control the acceptance probability α. If α is
too high, then the chain could possibly be poorly mixed, which means that the
chain would stay in a small region of the parameter space for a long time, in-
stead of exploring the whole space quickly. On the other hand, if α is too low,
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then we might reject too many candidate draws, and the sampling could be very
inefficient.

Therefore, although the Metropolis-Hastings algorithm can be applied in
almost all situations, it is better to treat it as the last choice. In situations
where we have sufficient knowledge on the family of the posterior and conditional
posterior distribution, there is a more efficient alternative applicable, the Gibbs
sampler.

The Gibbs sampler, first introduced by Geman and Geman (1984), is a
special case of the Metropolis-Hastings algorithm, where the acceptance rate α

is always 1. One distinct feature of the Gibbs sampler is that we only need to
consider univariate conditional distributions. Assume again that we have an n

dimensional distribution p(x). For each round of sampling, we need to draw n

times from n conditional distributions. For the i-th draw, we sample xi from
p(xi|x−i), which means that we fix all other components of x except for xi. In
general, the sampling procedure is as follows.

1. Specify initial value x(0) = (x
(0)
1 , ..., x

(0)
n ), where p(x0) > 0.

2. For each variable, fix the values of all other variables, and draw from the
univariate conditional distribution.

x
(1)
1 ∼ p(x1|x

(0)
2 , ..., x(0)

n );

x
(1)
2 ∼ p(x2|x

(1)
1 , x

(0)
3 ..., x(0)

n );

...

x(1)
n ∼ p(xn|x

(1)
1 , x

(1)
2 ..., x

(0)
n−1).

3. Save x(1) = (x
(1)
1 , ..., x

(1)
n ), and continue step 2 for desired number of times.

A nice property of the Gibbs sampler is that, the Gibbs sequence will eventu-
ally converge to an equilibrium distribution that is the target distribution that
we want to draw from. What’s more, the Gibbs sequence is independent of the
starting values (Tierney 1994).

Ergodic Theorem

For both the Metropolis-Hastings algorithm and the Gibbs sampler, after record-
ing x-s that can be treated as draws from the target distribution, it seems like
we could now compute the Monte Carlo integration and all quantities of inter-
est. However, one thing we need to notice is that the parameters that we draw
during the sampling procedure are rarely independent. Therefore, we are not
able to employ the strong law of large numbers, and conclude to equation (2.14).

Fortunately, we have a useful tool, the Ergodic Theorem.3 To illustrate
the Ergodic Theorem, we first introduce some properties about Markov chains.
First of all, a Markov chain is called aperiodic if, for any state x and y, the
minimal number of steps that the chain require to transfer from x to y is equal
to one. In other words, the chain is not forced to run with some cycle of fixed
length between any two states. Second, a Markov chain is called irreducible if
the chain is able to commute between any two state. At last, a Markov chain is

3There are many textbooks that give extensive discussions on the Ergodic Theorem. In-
terested readers may refer to, for example, Walters (2000) and Anosov (2001).
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said to be recurrent if, when a chain is in any state x, it will eventually return
to state x with probability one. A Markov chain has the positive recurrence

property if the expected time of return is finite.
These three properties can be satisfied in many Bayesian statistics applica-

tions. With these properties at hand, we could then apply the Ergodic Theorem:
If x(0), x(1), ... x(N) are N values drawn from a Markov chain which is aperi-
odic, irreducible, and positive recurrent, then for any function f(x) that satisfies
E[f(x)] < ∞, we have

1

N

N
∑

i=1

f(x(i)) →

∫

f(x)π(x)dx, (2.28)

with probability one, as N → ∞, π is density of the stationary distribution. The
Ergodic Theorem can be considered as the Markov chain analog of the strong
law of large numbers, and thanks to it we are able to compute the Monte Carlo
integration by Markov chain Monte Carlo method.

2.2.3 Markov Chain Monte Carlo applied to Lee-Carter

model

As stated in Equation (2.1) and (2.4), the Lee-Carter model can be represented
as a state space model. Therefore, we can find some nice conditional distribu-
tion, such as the Gaussian distribution and the Inverse-Gamma distribution, for
the parameters. In particular, for our sampling procedure we rely on Pedroza
(2006), but with some changes that will be discussed later.

In order to obtain comparable results to those obtained from the original
estimation of the Lee-Carter model, we assume uninformative priors for our
parameters: p(α, β, d) ∝ 1, p(σ2

ε) ∝ 1
σ2
ε
and p(σ2

ω) ∝ 1
σ2
ω
. In the state space

model, we proceed our sampling in two steps. We first sample the parameters
(α′, β′, d, σ2′

ε , σ2
ω)

′, and then we sample the state vector κ.
In order to run the Gibbs sampler, we first need to obtain the form of the

conditional posterior distributions of each parameter. As mentioned earlier, we
first sample the parameters (α′, β′, d, σ2′

ε , σ2
ω)

′. Since we have assumed nonin-
formative conditional priors for each parameter, we can update their posterior
conditional distributions respectively by the standard routine as we stated in sec-
tion 2.2.1. The conditional posterior distributions for each parameter is stated
here:

1.
(αi, βi)|y, κ, σ

2
εi

∼ N ((X ′X)−1X ′y, σ2
εi
(X ′X)−1).

2.

d|κ, κ0, σ
2
ω ∼ N (

κT − κ0

T
,
σ2
ω

T
).

3.

σ2
εi
|α, β, κ, y ∼ Inv-Gamma(

T

2
,

∑

t(yi,t − αi − βiκt)
2

2
).

4.

σ2
ω|κ, κ0, d ∼ Inv-Gamma(

T − 2

2
,

∑t=T
t=1 (κt − κt−1 − d)2

2
).
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Next we need to sample the state vector κ. One way to proceed is to
use the single-state Gibbs sampler, i.e., for each entry κt, we draw κt from
p(κt|y, κ−t, φ), where φ denote all other parameters. However, this algorithm
could be extremely inefficient. We hereby rely on the method proposed by West
and Harrison (1997): we first run the Kalman filter, and then sample κ by the
equation

p(κ1, ...κT |y) = p(κT−1|κT , y)p(κT−2|κT−1, κT , y)...p(κ1|κ2, ...κT |y). (2.29)

The Kalman filter, first introduced by Kalman et al. (1960), is a natural
estimation method for state space model. In the context of the Lee-Carter
model, we could imagine the state vector κ as the real trend of the change
of log-mortality. This trend evolves as an ARIMA(0, 1, 0) process as stated in
Equation (2.4). The error vector ω can be treated as the system error, which rep-
resents the deviation of the state variables to a linear trend. However, the state
variables are unobservable, so we can only observe the realized log-mortalities,
the so called measurements. Therefore, we are actually facing two sources of
uncertainties: the system error ω and the measurement error ε. The Kalman
filter can be used to obtain minimal standard error estimators, compared with
estimation methods that consider only one source of error.

The Kalman filter algorithm works in a recursive manner. In each time
period it proceeds in two steps. Before the new observation arrives, we first
estimate the state variables a priori based on the current information. This step
is called a prediction step. Next, when the new observation arrives, we update
our estimates by incorporating the estimation error. The updated estimates are
called a posteriori estimates and could be used to predict the state variables in
next time period. We next give a formulation of Kalman filter in the context of
Lee-Carter model.

Assume that there are n ∈ N ages, denote by yt = lnmt a n× 1 vector con-
taining log-mortality rates of all ages at time t, i.e., the measurements. Denote
by at = E(κt|y1, ...yt−1) the prediction of κt using all information up to time
t − 1, and Rt = V ar(at|y1, ...yt−1) the prediction variance. The at and Rt are
called the best predictions, in the sense that at is the minimal-quadratic-loss
estimator that we could obtain before the measurement yt arrives. After we
obtain yt, we can compute the prediction error of the measurement vector yt
according to Equation (2.1) and (2.4),

νt = yt − α− βat, (2.30)

and the variance of νt
Qt = βRtβ

′ +Σ. (2.31)

Also, with the new observation yt at hand, we can then update our predictions
a and R,

at+1 = at + d+Ktνt, (2.32)

and
Rt+1 = Rt(1−Ktβ) + σ2

ω, (2.33)

where
Kt = Rtβ

′Q−1
t (2.34)

is called the Kalman gain, which we can use to correct our a priori estimates.
Note that we have to specify the initial value, a0 and R0.

17



Now the procedure of the Gibbs sampler becomes clear. The posterior con-
ditional distribution of each parameter depends on other parameters, thus we
can run the Gibbs sampler recursively. After a sufficient iterations, we can
reach the stationary conditional posterior distribution for each parameter. We
let the initial value of a0 and R0 be κ̄ and σ̂2

ω obtained from the original weight
least square estimation, respectively. Now we can start the Gibbs sampler, the
procedure is as follows. 4

1. Draw κT from N (aT , RT ). Then for each t ∈ {1, ..., T − 1}, draw κt from

κt|κt+1, y ∼ N (ht, Ht),

where ht = at +
Rt

Rt+1
(κt+1 − at+1), and Ht = Rt −

R2
t

Rt+1
.

2. For every age i, draw σ2
εi

from

σ2
εi
|α, β, κ, y ∼ Inv-Gamma(

T

2
,

∑

t(yi,t − αi − βiκt)
2

2
).

3. Let X = (ι, κ), where ι is a T × 1 vector of ones. Then for each age i,
draw αi and βi from

(αi, βi)|y, κ, σ
2
εi

∼ N ((X ′X)−1X ′y, σ2
εi
(X ′X)−1).

4. Draw d from

d|κ, κ0, σ
2
ω ∼ N (

κT − κ0

T
,
σ2
ω

T
).

5. Draw σ2
ω from

σ2
ω|κ, κ0, d ∼ Inv-Gamma(

T − 2

2
,

∑t=T
t=1 (κt − κt−1 − d)2

2
).

2.3 Forecasting and inference

In a frequentist framework, forecasting future mortality is simply done by com-
puting

κ̂T+ℓ = κT + ℓd, (2.35)

4Our procedure of the Gibbs sampler is different from the one in Pedroza (2006). First, on
the 10-th page of the paper, the author mentioned that she sample κT from N (aT , Qt), and
during the sampling of κt for t ∈ {1, ..., T − 1}, she computes

ht = at +Bt(κt+1 − at+1), Ht = Qt −BtRt+1B
′

t, Bt = QtR
−1

t+1
.

However, based on our computation, Qt is a N × N matrix. Moreover, both of ht and Ht

are also N × N matrix. It’s impossible to draw a scalar, κt, from a multivariate normal
distribution. Hence, we think there is at least a typo in the formulation of Pedroza. Instead,
we replace all Qt with Rt in the above derivation. The reason is that, Rt is the variance of the
prediction error of state variables, while Qt is the covariance matrix of the prediction errors
of the measurement equation. Therefore Rt seems to be more appropriate as the variance of
the proposal distribution of κt. Another different specification in our sampling is that, we
assign different variance to the measurement equation of each age, rather than assigning the
same variance for a cluster of more than 10 ages (the number of ages in each cluster was not
specified by the author).
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and
ŷT+ℓ = α̂+ β̂κ̂T+ℓ, (2.36)

where yT denotes the log-mortality rates at time T .
Let ∆κt=κt − κt−1, we can compute the variance of d as

σ2
d =

∑T
t=1(∆κt − d̂)2

T
. (2.37)

The computation of 95% confidence interval proposed by Lee and Carter
(1992) is

ŷT+ℓ ± 1.96β̂σ̂κT+ℓ
, (2.38)

where
σ̂2
κT+ℓ

= ℓ2σ2
d + ℓσ2

ω. (2.39)

One problem about the computation in Equation (2.38), as stated in their
original paper, is that it considers only the variance from the {κ} process, and
thus ignores the variance other parameters. Although they stated that σ̂2

κT+ℓ
in

Equation (2.39) could capture at least 95% of the standard error based on all
sources, the confidence interval estimated from σ̂2

κT+ℓ
would seriously underes-

timate the errors in age-specific death rates in a short horizon, say 15 years.
In contrast, under the MCMC framework, errors from all sources are nat-

urally incorporated during the estimation of confidence interval. The forecast
of log-mortality rates and inference following MCMC is straightforward. We
calculate the log-mortality rates for ℓ year-ahead from the posterior predictive
distribution

p(yT+ℓ|Y
T ) =

∫

Θ

p(yT+ℓ|θ, Y
T )p(θ|Y T )dθ, (2.40)

where Y T is the observed sample up to time T .
The way we proceed is as follows.

1. Run one chain for m iterations, and save the parameters of the latter m
2

draws.

2. Denote θ(k) as the parameters simulated from the k-th draw. For fore-
casting log-mortality rates at ℓ year-ahead, we first draw

κ
(k)
T+ℓ ∼ N (κ

(k)
T + ℓd(k), ℓ(σ(k)

ω )2),

then draw
y
(k)
T+ℓ ∼ N (α(k) + β(k)κ

(k)
T+ℓ,Σ

(k)).

3. For each ℓ, draw y
(k)
T+ℓ for every k ∈ [m2 + 1,m]. These draws then form

the empirical posterior predictive distribution for the log-mortality rates
at year T + ℓ.

Given that the chains attain convergence5, we could closely approximate this
distribution, and calculate the posterior mean consistently. For the confidence
interval, we could just take the 0.025 and 0.975 quantiles from the empirical
distributions. Next we fit our model with real data.

5Some methods for testing convergence of Markov Chains will be introduced in section 2.5
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2.4 The Bayesian model applied to the Lee-Carter

model

In this section, we use the sex neutral central death rates in Netherlands from
1949 to 2009, and ages from 0 to 99, collected from the Human Mortality
Database6. We use the data from 1949 to 1999 to estimate the models, and
use the last 10 years to run the out-of-sample forecast.

A common approach in estimating the Lee-Carter model is to include all
ages available, typically from age 0 to 110+. However, as shown in Figure 2.1,
the developments of log mortality among different ages in the Dutch population
is different. Therefore, as we include more ages, we are taking the risk of
incorporating more irrelevant information in the estimation.7 Therefore, from
this section on, we make a specification at the choice of age groups. In particular,
we run our estimation for 5 ages at a time. In other words, we first estimate our
model using log mortality rates from age 0 to 4, then update the conditional
posterior density for the sample size conditional on these 5 ages, and we estimate
the model based on log mortality rates from age 5 to 9, and so on. We run the
estimation for 20 age groups, i.e., until age groups 94 to 99. We report hereafter
the results for 5 ages:0, 25, 50, 75, and 90.

One problem that should be considered carefully is the number of iterations
needed for each sample size. If the iteration time is too small, we might end
up with a posterior distribution that is away from the stationary one. On the
other hand, if we have too many iterations, our program becomes inefficient.
Furthermore, it’s possible that the number of iterations needed for different age
groups are different. Therefore it’s necessary to assure convergence for each age
group before we could draw any statistical conclusion.

We start with 2000 iterations. For a preliminary check of convergence, we
can look at the plots of the parameters. In figure 2.2 and 2.3 we report the
plots of part of the parameters for the model based on the sample size of 12.8

We see that the draws of all parameters from age 25 are well mixed, while α, β,
and σε from age 90 are not well mixed. However, even though there exist very
large peaks in the plots of parameters obtained from age 90, we can see that
the means of these plots are still stable.

One possible explanation is that, since we normalize the sum of β to be 1, it
could happen that when the ratios of two or more of the β-s are large, some β

would become very large after normalization. To test whether this explanation
is valid, we change the normalization of β to the one stated in Equation (2.3),
and re-run the program. We can see from figure 2.4 that, after normalization,
the plots of parameters simulated from age 90 are well mixed, which indicates
of convergence of Markov chain with 2000 iterations for age 90.

Apart from the intuitive check of convergence, there are more sophisticated
statistics, of which the most famous ones are the Gelman-Rubin statistics (Gel-
man and Rubin 1992) and Geweke diagnostics statistics (Geweke and of Min-
neapolis 1991). We calculate the Gelman-Rubin statistics for the above two
ages. We now give a simple example.

1. Suppose the parameter of interest is α. We run m ≥ 2 chains, and record

6http://www.mortality.org/
7We provide a more detailed discussion of this problem in the Extension.
8In fact we also plot the parameters based on other sample sizes, and the results are very

similar.

20



(a) α25 (b) α90 (c) β25 (d) β90

Figure 2.2: Parameters old normalization

(a) σε25 (b) σε90 (c) d (d) σω

Figure 2.3: Parameters old normalization (cont.)

(a) α90 (b) β90 (c) σε90

Figure 2.4: Parameters new normalization
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Parameter Gelman-Rubin Statistics Gelman-Rubin Statistics under alternative normalization
d 0.9995 0.9999
σω 0.9995 1.0043
σε0 0.9995 0.9996
σε25 0.9995 0.9995
σε90 0.9995 0.9995
α0 0.9996 0.9995
α25 0.9995 0.9995
α90 0.9995 0.9995
β0 3.7628 0.9995
β25 0.9995 0.9995
β90 1.2554 0.9995

Table 2.1: Genman-Rubin statistics

the last n components of each chain. Denote by αi
j the i-th parameter

from the j-th chain.

2. Calculate the within chain variance

W =
1

m

m
∑

j=1

s2j , (2.41)

where s2j = 1
n−1

∑n
i=1(α

i
j − ᾱj)

2, and ᾱj =
1
n

∑n
i=1 α

i
j .

3. Calculate the between chain variance

B =
n

m− 1

m
∑

j=1

(ᾱj − ¯̄α)2, (2.42)

where ¯̄α = 1
m

∑m
j=1 ᾱj .

4. Estimate the variance of α from the stationary distribution as a weighted
average of W and B

V̂ (α) = (1−
1

n
)W +

1

n
B. (2.43)

5. Calculate the potential scale reduction factor

R̂ =

√

V̂ (α)

W
. (2.44)

In general, if convergence is attained, the Gelman-Rubin statistics should be
around 1. From table 2.1, we can see that statistics obtained from age 25 are
very close to 1 under both normalizations. In addition, Gelman-Rubin statistics
for β0 and β90 are different from 1 under the old normalization, but close to
1 under the alternative normalization. This observation confirms our earlier
conclusion.

After checking the convergence of the Markov chains, we can look at the
results of forecast and inference generated by the Markov chains. Here we
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report the forecasts obtained from the Bayesian model as well as the original
Lee-Carter model. We see that, for all ages, the confidence intervals generated by
the Bayesian model are larger than the one generated by the original Lee-Carter
model. This result is consistent with our expectation, since in the Bayesian
model we incorporated all parameter variances in the computation process, while
in the original Lee-Carter model we only consider the variance of the κ process.
Furthermore, we can see that, for age 25, the confidence interval generated by
the original Lee-Carter model fails to fully capture the actual log mortality
rates, which indicates that the neglect of parameter variance other than κ is a
nontrivial problem.

2.5 Bayesian sample size selection

As stated earlier, due to the linear structure of the Lee-Carter model and the
nonlinear development of the log mortality rates, using as large a sample size as
possible might not be the best idea. Our goal is to find an optimal sample size
for the Lee-Carter model. To do this, we consider the sample size as an extra
parameter, M , and study its conditional posterior distribution.

For the search of optimal sample size, we extend our parameter space to
be θ = (M,α′, β′, d, σε, σω)

′ ∈ Θ =∈ N × R2N+1 × RN+1
+ . In particular, we

specify M = {12, ...51}. The reason is that Lee-Carter model behaves poorly,
in the sense that the likelihood ratio is much lower, in most cases where the
sample size is too small. Denote by Mi the Lee-Carter model estimated based
on sample size of i, and Y T the log mortality rates observed up to time T . For
the purpose of comparison, all samples used to estimate end at the same period.
For example, at time t, the model M2 is estimated with sample {Yt−1, Yt}, M3

with {Yt−2, Yt−1, Yt}, and so on.
Since we have no prior knowledge that which sample size is better, we impose

a uniform conditional prior distribution onM , i.e., Π(M |θ−M ) = 1
40 , where θ−M

denotes all parameters other than M .
In many demographical and actuarial applications, people are interested in

finding the optimal predictions of mortality rates at several years ahead. To be
consistent with this purpose, we make one specification during the computation
of the conditional posterior distribution of M , that is, at time t, we estimate
all the parameters except for M using information only up to time t − 10. By
doing this, we hope to approximate the situation where we are looking for the
optimal “prediction” of the 10-year-ahead log mortality rates at every t.

In this section, we use the Dutch log mortality rate from 1949 to 2009. In
other words, we estimate the 40 models with data from 1949 to 1999, and update
the conditional posterior distribution of M based on the fit of the data at year
2009. The results are shown in Figure 2.6. We can see that there is a peak at
around sample size 30 for age 75, but except for that, there is no clear peak for
the posterior density of M . Therefore, it seems that the conditional posterior
distribution of sample size is still vague with only one update. In addition, the
sample size shorter than 15 has significantly lower density, which might indicate
that the Bayesian models based on such short sample size do not perform well.

Furthermore, we show some summary statistics of the conditional posterior
densities for the sample size in Table 2.2. We see that the posterior means
concentrate within 31 to 35. Also, the standard deviations are large, which
verifies the conclusion that our current knowledge of the behavior of sample size
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Original Lee-Carter model the Bayesian model

Figure 2.5: Static Bayesian model forecasts
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Age Group Mean Median Standard deviation
0 32.6227 33.5 11.0891
25 33.8986 35.5 11.2517
50 34.0199 35.5 10.9156
75 31.5030 30.5 11.1176
90 33.9310 35.5 11.0904

Table 2.2: Summary of Statistics static model

is limited.
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Figure 2.6: Conditional posterior density
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Chapter 3

Dynamic analysis

In the previous chapter, we have conducted a static analysis, which means that
we only update the posterior distribution once. As we see from the empirical
results, by doing only one update, we are not able to find an optimal sample size
in general. Therefore, one might wonder what would happen if we update the
conditional posterior distribution of M for more than one time, by treating the
previous conditional posterior distribution as the conditional prior distribution
at every stage. This idea brings us to the dynamic Bayesian model.

As in section 2.5, we consider the sample size, M = {12, 13, ..., n}, as one
component of the extended parameter space θ = (M,α′, β′, d, σε, σω)

′ ∈ Θ =∈
N×R2N+1×RN+1

+ , with the corresponding appropriate σ-algebra. As a starting
point, we may first consider a lower dimensional subset of Θ. For example,
we may first study the conditional distribution of M , and treat the rest of
parameters as known fixed values.

3.1 Sequential Bayesian updating

In the context of Bayesian updating, we consider the situation where we obtain
data Y1, Y2, ... sequentially at every stage. At time t0, we impose a prior distri-
bution Π(θ). At time t, t ≥ 1, we can treat the posterior distribution obtained
in time t − 1, Π(θ|Y1, ...Yt−1), as the prior distribution at t. For example, in a
discrete case, at time t, the posterior probability of any set G ∈ G is

Π(θ ∈ G|Y1, ..., Yt) ∝

∫

G

pθ(Yt)dΠ(θ|Y1, ..., Yt−1). (3.1)

Again, denote by π(θ|Y1, ..., Yt−1) the posterior density at time t− 1. Then

π(θ|Y1, ..., Tt)dθ ∝ pθ(Yt)dΠ(θ|Y1, ..., Yt−1). (3.2)

3.2 Case I: conditional optimal sample size, a

basic approach

3.2.1 Model setup

To illustrate the idea of sequential Bayesian updating, we first consider the
simplest case, where we have only a one-dimensional, discrete parameter space.
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Denote by Mn the model estimated with sample size n, and fix all other pa-
rameters, our parameter space becomes θ = M ∈ Θ = N. Suppose that we
have observed the information up to time T , let n ∈ {m, ..., N} with some
N < T and m > 1 be the collection of possible lengths of sample size that we
consider. Again, to reflect our prior ignorance, we impose a uniform prior on
(Θ,G). Suppose n have k components, then

πθ(Mi) =
1

k
, for every i ∈ n. (3.3)

Suppose we want to find a fit of the log mortality rates at time t that yields
minimal quadratic variation using information up to time t. We could then
write (3.2) as

π(Mn|Y1, ..., Yt) ∝ pMn
(Yt)π(Mn|Y1, ..., Yt−1), (3.4)

for any n ∈ {m, ..., N}, with

π(Mn|Y1, ...Yt−1) =
pMn

(Yt−1)
∑N

i=m pMi
(Yt−1)

. (3.5)

We then repeat this computation from time t to T . Finally, we end up with
a posterior density function πθ|Y1,...,YT

(·), which we can use to predict the log

mortality rates in the future. Denote by Ŷx,τ (Mn) the forecasted log mortality
rate of age x at time τ > T using model Mn, the weighted forecasted log
mortality rate can be computed up to a constant,

Ȳx,τ ∝
T
∑

i=1

πθ|YT
(Mi)Ŷx,τ (Mi) (3.6)

In order to yield comparable results to the ones shown in chapter 2, we also
make the specification that, at any time t, we estimate all the parameters except
for M using information only up to time t− 10.

3.2.2 Application to the Lee-Carter model

In this section, we base our analysis on the log mortality rates from Dutch
population from 1928 to 2009, and the ages from 0 to 99. In particular, we use
the log mortality rates from 1928 to 1979 to estimate and save θ−M using the
weighted least square estimation. Then we use samples from 1980 to 1999 to
update the posterior densities. At every year, we first re-estimate and save θ−M ,
then use θ−M to compute the likelihood and update the conditional posterior
density of M .

In this chapter we also choose M = {12, 13, ..., 51}, denote by Mi the Lee-
Carter model estimated based on sample size of i, and Y T the log mortality
rates observed up to time T . Also, all samples used to estimate end at the
same period. For example, at time t, the model M2 is estimated with sample
{Yt−1, Yt}, M3 with {Yt−2, Yt−1, Yt}, and so on.

The normalized conditional posterior densities for M obtained in the end
of our sample are presented in Figure 3.1. We can see that, different from the
static Bayesian model, the conditional posterior densities now have clear peaks,
which means that we now have more information on the behavior of sample size.
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Age Group Mean Median Standard deviation
0 24.1468 24 4.0298
25 21.1002 21.5 1.8310
50 34.7548 35.5 2.9057
75 25.8562 26.5 2.9474
90 29.0189 29.5 4.5116

Table 3.1: Summary of Statistics dynamic model (basic)

Furthermore, the peaks are obviously different among different ages. However,
the sample sizes of length 20 to 40 seems to cover most probability mass for
all ages. This result verifies the preliminary observation in Figure 2.1: the
development of life expectancy of the Dutch population is non-linear, thus the
largest sample size does not have to be the optimal one.

From Table 3.1, we see that the posterior means of the conditional distri-
butions of sample size are more dispersed compared with the ones obtained
from the static model. Also, the standard deviations are much smaller in this
case. Therefore, it seems like we have gained more knowledge on the posterior
behavior of sample size after sequential updating.

Note that the results shown in Figure 3.1 should be interpreted with cau-
tion. In particular, the whole computation process is implicitly conditioned
on the point estimations of all parameters except for M , i.e., the true value of
θ−M = (α′, β′, d, σε, σω)

′ is assumed known. Therefore, it ignores the parameter
variance and may probably induce biases.

3.3 Case II: conditional optimal sample size, an

extended approach

3.3.1 Model setup

In this section, we extend the search for an optimal sample size. In particular, we
combine the method from the static analysis with the simple dynamic method
introduced in the last section. Again, define Θ = {θ : θ = (M,α′, β′, d, σε, σω)

′}
and Θ−M = {θ : θ = (α′, β′, d, σε, σω)

′}.
First of all , we define a conditional distribution induced by Π in Equation

(2.5),
Πθ−M |M (·|M) : σ(Θ−M )×N → [0, 1], (3.7)

with Θ−M = {R2N+1 × RN+1
+ }, and σ(Θ−M ) the corresponding Borrel σ-

algebra. Equation (3.7) can be interpreted as the “conditional prior” distri-
bution of the parameter θ−M ∈ Θ−M . Therefore, we can construct the cor-
responding (conditional) posterior distribution in the similar way as we did in
Chapter 2. Denote this posterior distribution by

Πθ−M |M,Y (·|M,Y ) : σ(Θ−M )×N × Y → [0, 1]. (3.8)

Note that, Equation (3.7) and (3.8) can be interpreted as the extensions of
the prior and posterior distributions that we used in static analysis. Conditional
upon M and Y , the study of θ−M is no different from that in the static case by
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Figure 3.1: Normalized posterior densities (basic)
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using these two equations. The additional property of Equation (3.7) and (3.8)
is that different values of M -s and Y -s can be explicitly considered.

Now we are able to proceed. The procedure is as follows.

1. Define M , and adopt the choice of sample as in the previous section. Start
from any t ≥ 45, run the Gibbs sampler introduced in section 2.2.3 for
each Mi. We set the number of iterations as 2000 for every run, and save
the parameters drawn in the last 1000 iterations.

2. Impose a uniform conditional prior of M , as in the previous section. De-

note by θ
(j)
(Mi,T ) the j-th draw of parameter for model Mi at time T , the

posterior conditional distribution of M at time T can be written as

ΠMn|Y1,...YT
∝

1

1000

1000
∑

j=1

p
θ
(j)

(Mi,T )

(YT )Π(Mn|Y1, ..., YT−1). (3.9)

3. Continue step 2 up to the end of observed sample, which is year 2009
in our case. We then obtain the evolution of posterior densities of each
Mi. Furthermore, we compute the weighted average of the normalized
posterior densities of Mi-s as the optimal conditional sample size.

After obtaining the optimal conditional sample size, we can use it to do the
prediction and inference in a similar way as in section 2.3.

3.3.2 Application to the Lee-Carter model

We use here the same data as in last section, i.e., we use log mortality rates from
1928 to 1979 to estimate θ−M , and use samples from 1980 to 1999 to update
the posterior densities. The results are presented in Figure 3.2. We can see that
the normalized posterior densities are different among ages, and are different
than the ones obtained from the static Bayesian model. We can see that the
conditional posterior density have also clear peaks. In addition, from Table 3.2,
we see that the posterior means are on average larger than the one obtained
in section 3.1.2. In particular, except for age 0, the optimal interval of sample
size increases as the age increases. This fact is consistent with the observation
in Figure /reffig:dutchmortality. The development of the log mortality rates of
ages 75 and 90 are almost linear, thus the optimal sample sizes for these ages
tend to be large. Meanwhile, the log mortality of age 25 and 50 develop in a
less linear way, thus the largest sample size is not the best one. In addition, the
log mortality rates of infants decreased the most during the last one hundred
years, and displayed a somehow linear trend in the last 60 years. Therefore, the
optimal sample size for age 0 is in middle of all ages.

In addition, the forecasts and inference generated by the dynamic Bayesian
model are presented in Figure 3.3. We can see that the confidence intervals
generated by the dynamic Bayesian model is much smaller than the ones gen-
erated by the static model, which indicates that the dynamic model is indeed
more efficient. Furthermore, we obtain a smaller confidence interval for age 0
compared with the one obtained by the original Lee-Carter model. Also, the
realized log mortality of age 25 does not exceed the confidence interval, as in
the original Lee-Carter case.
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Figure 3.2: Normalized posterior densities (extended)
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Figure 3.3: Dynamic Bayesian model forecasts
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Age Group Mean Median Standard deviation
0 33.7209 34.5 2.9696
25 32.6860 33.5 2.5962
50 38.5340 38.5 4.2238
75 41.8286 41.5 5.0002
90 42.9300 42.5 4.8163

Table 3.2: Summary of Statistics dynamic model
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Chapter 4

Conclusion

In this thesis we investigate the choice of the sample size of the Lee-Carter
model by using a Bayesian approach. In particular, we formalize the Lee-Carter
model to be a statistical model, and explicitly consider the sample size as a
parameter of the model, and finally compute the conditional posterior density
of the sample size. We estimate both the static and the dynamic Bayesian
model; in the former case we update the conditional posterior density once, and
in the latter case we update the conditional posterior density at every stage.
Furthermore, we do the out-of-sample forecast and carry out inference in both
cases. Specifically , we estimate the Lee-Carter model based on the different
sample sizes, then forecast the future log mortality rate and confidence intervals
for each sample size. We then weighted these forecasts and confidence intervals
by the conditional posterior density for sample size. We report the results for 5
ages: 0, 25, 50, 75, and 90.

In the static case we observe no clear peak in the conditional posterior density
of sample size for all ages except for age 75, while in the dynamic case we
obtain clear peaks in the conditional posterior density for all ages. Moreover,
the standard deviations are around 11 for the conditional posterior density for
the sample size for all ages from the static model, while in the dynamic case
they range from 3 to 5. Therefore, it is likely that we gain more information on
the conditional posterior density of the sample size after sequential updating.
In particular, in the dynamic case, the posterior means of sample size range
from 32 to 43, and display an increasing trend except for age 0. This finding is
consistent with the preliminary observation of the development of log mortality
rate of the Dutch population in the past 160 years.

In addition, in both cases, we obtain wider confidence intervals in all ages
except for age 0 compared to the original Lee-Carter estimation. However, in
the dynamic case, we observe significantly narrower confidence interval than in
the static case for all ages. Furthermore, for age 25, the realized log mortal-
ity exceeds the 95% confidence interval for the original Lee-Carter estimation,
but not for either Bayesian estimation. Therefore, it seems that the dynamic
Bayesian model delivers appropriately wider confidence intervals than the orig-
inal Lee-Carter model, and we obtain more accurate and reasonable forecasts
and inference results by using the dynamic Bayesian model.

The thesis also has some future research potentials. A possible extension
is to apply the Bayesian model to other sources of data, for instance, male or
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female log mortality data of the Dutch population, or mortality data from other
countries. We expect different patterns of conditional posterior distribution for
the sample size with different data. In addition, due to the compatibility of
the Bayesian model and the Markov Chain Monte Carlo method, it is possible
to apply the Bayesian model to model specifications other than the Lee-Carter
model.
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Chapter 5

Extension: An examination

of the choice of age groups

In the previous chapters, we estimate the Bayesian model for 5 ages at a time,
and thus run the estimation for 20 age groups. However, one may wonder
whether the Bayesian model is, especially computational, capable of the esti-
mation of all ages at a time. In this chapter, for the purpose of illustration, we
estimate the dynamic Bayesian model for 5 times, including ages 0-98, 65-99,
65-84, 75-79, and 75-76, respectively, and study the posterior distributions of
the relevant parameters.

Figure 5.1 reports the posterior mean, as well as the 95% confidence intervals
of β for the 5 estimations. We can see that the posterior means of β obtained
from the 5 estimations are very consistent, in the sense that they are very similar
to each other within the same age interval. Due to the normalization we make in
Equation (2.3), the posterior means of β are of different magnitude, nevertheless
they display almost the same shape in the same age interval. Similarly, the
posterior means of σε obtained from the 5 estimations are also very consistent,
as shown in Figure 5.2. Also, from the first sub-figure in Figure 5.2, we can
see that the posterior means of σε are not significantly different among different
ages. Therefore, it does not harm in assuming that the εt-s in Equation (2.1)
are homoscedastic.

Figure 5.3 plots the posterior density of σω obtained from the 5 estimations.
We can see that as the number of ages included decrease from 99 to 5, the
posterior density of σω becomes narrower and more concentrated at the region
near 0, reflecting more precise knowledge about the behavior of the κ process.
One plausible explanation is that, as shown in Figure 2.1, the developments of
log mortalities are different among different ages, therefore the more ages we
include, the more irrelevant information is taken into account, and thus the
variance of ωt becomes larger. However, we notice that the posterior densities
obtained using 5 ages and 2 ages are very similar.

Similar results can be observed in Figure 5.4. As the number of ages in-
cluded decreases from 99 to 5, the 95% confidence intervals of the forecasted log
mortality become narrower and narrower. Meanwhile, the forecasted confidence
intervals obtained using 2 ages are significantly wider than those obtained using
5 ages. The reason might be that, when we use only 2 ages for estimation, we
are using too few data so that the results are more noisy.
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Figure 5.1: Posterior mean of β
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Figure 5.2: Posterior means of σε
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Figure 5.3: Posterior densities of σω
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Figure 5.4: Out-of-Sample forecast
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