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Abstract

The current paper derives a mathematical model of a pension insurance contract which
simultaneously provides an escalating guarantee for retirement income and allows for a life cycle asset
allocation style of investing. With the help of simulations we are able to measure the difference in welfare
between life cycle strategies that contain different levels of guarantees and a life cycle strategy without
guarantees. In an expected utility framework we observe that guarantees generate a loss in utility although
the loss is negligible. Furthermore, the paper found that the demand for an escalating guarantee may be
explained by the inclusion of agent’s behavioral characteristics. More specifically, the incorporation of
cumulative prospect theory enables the combination of guarantees and life cycle investment strategies to
be welfare improving. This result holds irrespective of the level of guarantee. The superiority of the

insurance strategy seems to be dependent on the behavioral trait of subjective probability weighting.
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Chapter 1: Introduction

1.1. Introduction

The economic crisis in 2008 brought to light the problems that pension plans have. The
retirement benefit decreased due to high exposure to equity risk in the pension plan and poor
asset management. As the defined pension benefit schemes are transformed in defined
contribution schemes, interest in guarantees has been high as pension members are asked to bear
an increasing amount of risk. An approach that limits the downside risk in terms of retirement
investments but still allows for a certain degree of upward potential has been viewed favorably
by investors. Guarantees have been incorporated in retirement asset allocation strategies due to
several reasons. Guarantees are used in terms of insurance in order to curb equity exposure that
can lead to substantial shortfall in retirement wealth while still permitting some equity exposure
in order to capture the equity premium. As high participation in equity markets is accompanied
by a risk premium it is only natural to ask if guarantees are rational. Whilst expected utility is
unable to accommodate guarantees, this paper will investigate whether they will be desirable
when we attribute well known behavioral characteristics to our agents.

In order to test the value of this feature for investors, the current paper advances a
pension insurance contract type, namely an escalating life-cycle guarantee, which mimics a life-
cycle type of asset allocation, while at the same time guaranteeing the financial investment in
risk free assets. The model includes life-cycle model specifications, with risk free human capital,
which are based on the representation assumed by Bodie Merton and Samuelson (1992) and
Gollier (2008). Members contribute to the pension fund in a mandatory manner where
contributions are defined and the only risk they are exposed to is stock market risk. A particular
feature of the pension guarantee structure proposed is that it increases in absolute terms over
accumulation period, even in the event of financial market downturns.

Having realized that the desirability of guarantees is dependent on the assumptions made
by agent’s utility function, it is only natural to assess the performance of portfolios inclusive of

guarantees under different behavioral assumptions. The initial hypothesis was that the
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incorporation of an agent that behaves according to cumulative prospect theory (Kahneman and
Tversky, 1992) would lead us to conclude that guarantees are beneficial.

However, there are many layers of prospect theory that influence an investor’s preference
for guarantees. Loss aversion, probability weighting as well as other typical phenomena
encapsulated in the cumulative prospect theory, play an important part in the explanation. As a
result, the workings of various forces does not allow for a ceteris paribus assessment of an
individual behavioral characteristic on agent’s desire to have guarantees. Therefore, above and
beyond the use of cumulative prospect theory, the paper will decompose the theory into its
fundamental building blocks in order to pinpoint the key driver for the demand of escalating
guarantees. In this manner we will be able to obtain the relevance and significance of the
individual layers and their respective combinations in the context at hand.

Most notably, probability distortions discovered by empirical research have long been
neglected by individuals examining pension design. Actually, there are only a handful of articles
that have combined that have combined CPT with portfolio insurance. Our paper shows that

bundling the two concepts can yield novel insights.

1.2. Main research questions
- Can behavioral theory justify the use of a pension guarantee in a life-cycle framework?

- What feature of prospect theory is responsible for the attractiveness of a pension

guarantee?

1.3. Structure
Chapter 2 is a literature review and it presents research that has incorporated retirement

insurance strategies and assessed them in a behavioral framework. Furthermore, a brief summary
on research regarding life cycle specifications is presented as our model is based on a life cycle
asset allocation. The theoretical illustration of the escalating guarantee is put forward in Chapter
3. In order for the model to be tractable, only stock market risk is incorporated. Chapter 4 lays
out the methodology in terms of conducting welfare analysis from an expected utility framework.
Chapter 5 offers a comprehensive theoretical summary of cumulative prospect theory and its
effect in terms of welfare. The results, together with a variety of robustness checks, are presented
in Chapter 6. The paper summarizes the main findings in the conclusion and proposes further

lines of research in Chapter 7.



Chapter 2: Literature Review

The literature relevant to our paper can broadly be placed in three areas: (1) optimal asset
allocation over agent’s life cycle, (2) pension insurance and (3) applications of Cumulative
Prospect Theory to research whether insurance strategies are favorable in pension asset

management.

2.1. Life-cycle theory

The life cycle theory, where human capital is included, proposes that agents move from
high exposure to equities to less volatile securities as they age. The aim is to provide the investor
with high portfolio return when agents are young and human capital is abundant. At the same
time, the life cycle framework enables the aging investor to secure his wealth as he approaches
retirement by advising him to shift his assets to less risky securities. Once the investor
incorporates a life cycle approach he does not have to constantly monitor his portfolio allocation.
Researchers like Ameriks et al. (2004) have pointed out the inherent inaction of pension fund
members. They seem to be unwilling to make adjustments to their asset allocation as they age.
Selecting a life cycle allocation that employs a guarantee will enable an automatic adjustment by
the pension fund. In this manner the behavioral biases that prevent optimal pension provision are
avoided while insurance is granted.

The first thing one should consider is whether the life cycle allocation strategy is beneficial
to pension fund members. In this respect, empirical research has been useful in pointing out that
a changing asset allocation where agents move to riskless assets, as they approach the end of
their working life, is beneficial as it enables the avoidance of extreme losses before retirement. In
addition, authors like Blake et al. (2001) have argued that the life cycle allocation is beneficial as
it promotes reduced portfolio variability and consequently better approximation of expected
benefits in the years close to retirement.

The arguments presented above make a solid foundation for the creation of an insurance
framework that is accompanied with an optimal life cycle asset allocation for investors. This
paper argues for an individualized asset allocation that incorporates insurance in a life cycle

methodology. Therefore, the paper proceeds with a presentation of research in life cycle theory.



The initial work of Samuleson and Merton (1969) suggested that an optimal way of investing
over the life cycle is to maintain constant the fraction invested in risky assets over the agent’s
life. The fixed investment in equities will be made regardless of age or capital. The main
determinant of the fraction invested in risky assets should be the agent’s appetite for risk.
Nevertheless, this initial research did not incorporate human capital. Therefore researchers such
as Bodie et al. (1992) took it upon themselves to investigate the influence of labor income on
asset allocation. Their work has been the foundation of Gollier (2008) work in a DC framework
and consequently, to the adjusted asset allocation framework with guarantees presented in this
paper. In Gollier’s framework the labor supply is constant and wages are assumed to be riskless.
Furthermore, the model postulates that an agent begins without initial financial wealth. The
agent uses his yearly wage either for consumption or for saving (contribution to the pension
fund) in a life cycle manner. The end goal is to reduce consumption variability over the agent’s
lifetime.

The work of Bodie, Samuelson and Merton (1992) and Gollier (2008) as well as the life-
cycle strategy inclusive of guarantees as presented in the current proposal, recommend that
agent’s commit their entire wealth to risky assets in their early years and then reduce the
riskiness of their portfolio as they approach the end of their working career. Human capital can
be considered as an asset with low level of risk and is therefore assumed to be risk free in our
model. Therefore, individuals are able to maintain an exposure to risky assets in order to capture
risk premiums while the ‘riskless” human capital forms the safe part of agent’s portfolio.

As previously mentioned, Gollier (2008) uses the work of Bodie , Samuelson and Merton
(1992) and creates a model in a define contribution framework where agents decide to save or
consume a fixed proportion of their wages. The model is solved in discrete form where human
capital is set to be the present value of fund contributions over agent’s life. This modeling
particularity will be introduced also in our framework as it is quite relevant to see how the life-
cycle model with guarantees does in a defined-contribution framework since most of the pension
funds will converge to such framework.

In the life cycle framework investments in assets with low risk (or riskless) are dependent on
the agent’s circumstances. Note that there can be many more additions to the life cycle
framework; however, we believe that they will unnecessarily complicate the analysis and draw

our attention from the research question at hand, which is the impact of CPT preferences on



guarantee desirability. The paper proceeds by reviewing research on improvements in life cycle
allocation strategies.

Agents, whose human capital is risky, such as undiversified business owners, may find it
optimal to allocate a significant portion of their financial wealth in assets with low risk. As labor
income is risky for some individuals, researchers such as Benzoni et al. (2007) have worked on
an asset allocation framework that incorporates this risk. They noted that agents should not
invest fully in equities during their early years. However, as agent age they should increase their
equity exposure. This trend reverses at the age of fifty five when they start lowering the risk of
their portfolio. As a result, the asset allocation over the life cycle takes the form of an inverse U-
shape curve.

Nevertheless, it is important to observe how the asset allocation might change when the
return to bonds is a random variable. Munk et al. (2010) include labor and bond returns in a
stochastic way and provide the optimal asset allocation over the life cycle. Volatile interest rates
increase the need for hedging and make the purchase of long term bonds more desirable.
However, their analysis is also not complete as the risk premium is not incorporated. At the
moment, Koijen et al. (2010) have provided the most complete model that is inclusive of
borrowing constraints, unexpected inflation, random interest & wage rates and varying bond risk
premiums.

To conclude, using a life cycle investing perspective allows agents to enjoy a smooth
consumption by optimally investing their financial wealth over the life cycle. As a result, any
retirement investment strategy should strive to resemble a life cycle asset allocation in order to

optimize pensioner’s welfare.

2.2. Pension insurance strategies

Due to recent movements in financial markets, retirees have suffered in terms of losses in
financial wealth, as they have seen their promised retirement income diminish. Consequently,
there is a need of implementing strategies that allow for insurance against losses while at the
same time still maintain some exposure to equity risk which is in line with the life-cycle.

Adding pension guarantees is a way to decrease the risk born by retirees with different
wealth. There are many ways in which guarantees can be provided; however, their objective is

quite clear. They aim to provide a minimum value to retirees’ income. Needless to say, as



guarantees are introduced in order to determine the minimum acceptable value of retiree savings
it is quite important to obtain a decent rate of return. When it comes to returns, guarantees can be
structured in two ways: (1) absolute return guarantees and (2) relative return guarantees.
Absolute return guarantees aim to provide a predetermined rate of return; for example they may
aim for an annual return rate of 2,5%. Alternatively, relative return guarantees are tasked with
providing a return that is a function of a particular index. An example would be the mean rate of
return of retirement portfolios. Having considered the alternative return possibilities, it should be
noted that providing a fixed level of savings is best obtained by the absolute return approach. To
contrast this, relative guarantees do not provide stable retirement income as they allow the asset
allocation to be dependent on market’s movement.

Among the many ways in which guarantees can be provided, it seems that portfolio
insurance is the most widespread. Notable examples of portfolio insurance in the literature will
be presented further.

Dybvig (1988) focuses on stop loss strategies and determines their usefulness. The most
straightforward method to insure against losses is to construct a stop-loss insurance scheme.
Under this scheme, the agent has his entire wealth placed in the risky security. The all equity
investment remains unless its market value surpasses the net present value of the minimum
predetermined guarantee. However, the author argues that the potential cost of implementing this
approach can be economically significant as stop loss strategies do not properly diversify agents’
wealth across time. This is because the stop loss strategies are not are not successful in
incorporating fast enough important information from the market.

One of the disadvantages of stop loss portfolios is that in extremely volatile markets stop
loss orders can be problematic as they prevent the investor from enjoying the rebound.
Furthermore, in a severe downturn the price may skip the minimum floor at which point the
broker will have to sell the asset at a somewhat lower price. Sometimes prices may depart from
fundamentals as investor sentiment has been shown to lead to both overpricing as well as under
pricing. Blindly selling assets when they have become cheap would not be the rational thing to
do. These assets have underlying cash flows that offer dividends and interest income; if these
remain unchanged then a substantial reduction of price should lead them to become more
attractive not less. Risky assets have become less risky given the fact that they are offered at a

low price and this is the best time to increase exposure. Nevertheless, in terms of final retirement



income and risk return trade off, the stop loss strategy seems to perform better than the more
refined portfolio insurance frameworks (Benninga, 1990).

Another insurance setup represents the constant proportion portfolio insurance (CPPI)
strategy. It all starts with an investment cushion which is the difference between NPV of the
minimum guarantee and agent’s current capital. Wealth is invested in a risky and a riskless asset
based on the size of the cushion. More specifically, investments in risky securities are
determined by the interaction of the cushion with a multiplier which has a relevant economic
interpretation. Its inverse determines the maximum losses in the portfolio such that the buffer is
not completely eliminated. The remaining wealth not allocated to risky securities is invested in
the riskless asset. Researchers such as Black et al. (1992) have already shown that for an investor
with a hyperbolic absolute risk aversion utility, the CPPI is welfare improving. Nevertheless,
their analysis assumed no borrowing constraints which are often relevant in practice.

Another form of portfolio insurance is the implicit put contract. It is characterized by a
predetermined minimum rate granted to the agents by the pension fund. This scheme has a
payoff that provides both a guarantee and upside exposure. From the point of view of pension
members, their pension savings can amount to either the maximum capital found in the fund or
to the capital insured to have receive the minimum rate. The date at which the member starts
receiving retirement benefit from the pension fund can be considered as the maturity date of the
option. At that point the holder of the option, or namely the retiree, can decide whether to let the
option expire and take portfolio payoff minus the option premium. Alternatively, the holder can
exercise the option and obtain the strike price if the portfolio value falls below the floor.

In Black and Scholes (1973) model on which the implicit put contract is constructed, the
asset allocation needs to be updated continuously to obtain the required protection. If transaction
costs are relevant then portfolio adjustment becomes cumbersome as continuous adjustment will
be accompanied with substantial transaction fees.

The work of Huu (2002) tries to compare the implicit put framework with CPPI strategy.
Based on his simulation results, he argues that the strategies above mentioned cannot be
defendable in terms of reducing the potential loss in income or allowing a substantial upside
potential to be captured.

Although, it is worth noting that CPPI is preferred when one considers floor protection

and the expenses associated with insurance. Cesari and Cremonini (2003) have pointed out that



the relative successfulness of the portfolio insurance strategies is influenced significantly by the
market stage. To illustrate the point, their use of simulations has shown that CPPI is preferred in
downturn and sideways markets. In order to evaluate the successfulness of the different
insurance strategies they used different measures such as the Sortino ratio. To conclude, Annaert
et al. (2009) apply stochastic dominance but are unable to detect a dominant portfolio insurance
or buy & hold strategy. What could be concluded was that even though strategies grounded on
insurance provided lower returns, their reduced riskiness offset the lower return effect to an
extent that made them a valid contender.

The Floor-Leverage rule was proposed by Scott and Watson (2011). The idea is to invest
more than 85% of agents wealth in a safe riskless asset (create a floor) and use the remainder to
maintain a leveraged position in risky assets. The proposed leverage by the authors is three and
its aim is to disable reductions in spending. In favorable times the value of the leveraged
portfolio rises and the authors advise that resources are transferred to the riskless portfolio in
order to lock in higher certain consumption. In addition, in market downturns the riskless part of
the portfolio is protected from losses due to the floor portfolio.

In the current paper we will not consider portfolio insurance strategies when considering
guarantees in a pension framework. Potential drawbacks of the explained portfolio insurance
strategies have been already mentioned above. However, there are two significant reasons why
these strategies are not considered in this paper. This is because of two reasons. Firstly, it is
costly and sometimes not practical to maintain a life cycle allocation while incorporating
portfolio strategies. As noted in the previous section, a long term investor should optimize over
the life cycle the asset allocation in order to smooth its consumption as best as possible.
Secondly, if a particular insurance strategy is incorporated in the pension system as a whole, a
systemic risk can be created.

Normally, an asset manager can use portfolio insurance in order to guarantee a
predetermined level of retirement income. For the predetermined exposure to equity, a synthetic
put portfolio strategy could be implemented in a fairly flexible manner. The hedging strategy
needs to be adjusted as soon as the allocation strategy changes which implies the availability of
an adequate and liquid put market where different maturities are available. Moreover, this
insurance strategy does not produce an ascending type of guarantee, as the amount protected by

the put portfolio strategy could fluctuate with the fraction needed to be invested in risky assets.



Even mitigating this deficiency by trying to find a dynamic stop loss strategy can prove to be
costly but most important lead to a systemic risk if implemented by a large majority of
institutional investors.

Therefore, the paper elaborates a strategy that incorporates an escalating guarantee in a
life cycle model. We define guarantees as the amount invested in risk free assets which only
increases with time. Various levels of financial wealth invested in risk free assets (depending on
the level of guarantee) is locked in the guarantee account and cannot be sold off in order to
accommodate a downturn in the equity market. Therefore, the guarantee account will provide an
ascending pension retirement income. As individuals tend to feel losses harder than gains and
therefore a prospect investor would prefer their retirement income to increase during their
working life, rather than vary. A detailed explanation of the escalating guarantee will follow in

Chapter 3.

2.3. Cumulative prospect theory implementation

When assessing the desirability of insurance we use cumulative prospect theory. Findings in
the literature already suggested that guarantees are not desirable in an expected utility
framework. This might be due the particular characteristics that expected utility has as it
postulates what individuals should behave and not how they actually do in most situations.

A lot of the work done in finance is grounded on the rational investor assumption and
expected utility maximization. Furthermore, expected utility can also be seen as a normative
theory in the sense that it states how agents should behave. The analysis done in this paper uses
prospect theory (Tversky and Kahneman, 1992). Prospect theory can be useful for analyzing
decisions under risk and it has been corroborated by empirical research.

Bowman et al. (1999) have incorporated loss aversion in their life cycle model. The
authors found that changes in income cause different changes in consumption. It was concluded
that positive shocks cause agents to instantly change consumption while negative shocks had less
of an impact on current consumption. Therefore, income uncertainty causes agents not to
immediately adjust consumption when there are unfavorable developments. Thaler and Johnson
(1990) have analyzed how decisions under risk are influenced by past outcomes. The authors
found that repetitive losses increase agent’s aversion to risk. Therefore, initial losses can lead to

lower levels of risk tolerance and a different preferred asset allocation.
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Doskeland and Nordahl (2007) and Dichtl and Drobetz (2011) have done research in
assessing the impact of insurance on pension design in prospect theoretical framework. By
introducing various combinations of portfolio insurances they were able to assess their effect on
retiree incomes. In creating these schemes, the contracts maintained the characteristic of limited
downside risk and partial upside exposure. Nevertheless, for a long-term investor, investing in a
life-cycle manner is of outmost importance as one would want to smooth consumption over the
life cycle.

There are other behavioral characteristics of agents that can have an impact on the
decision to provide insurance. Some of the previous research on behavioral insurance has used
optimism & disappointment in the analysis. Gollier and Muermann (2010) analyzed if agent’s
beliefs such as ex-ante optimism and ex-post disappointment, can account for the desire to have
guarantees. Shapira and Venezia (2008) have empirically demonstrated that agents anchor on
complete insurance prices. The end result is a disliking for partial insurance policies. Instead
agents like complete insurance and low deductibles.

Nevertheless, in this paper, we focus on a prospect utility investor. Our intuition is that
people will therefore make insurance decisions in order to minimize the domain where a loss is
experienced and maximize the domain where a gain is experienced. Therefore, individuals will

choose their insurance coverage so as to minimize the experience of a loss.

Chapter 3: The model

The central question of the paper is how an individual will value the introduction of an
escalating guarantee to a pension allocation system. To understand that, we build a life cycle
specification that incorporates an escalating guarantee which is based on Bodie and Merton and
Samuelson (1992) and Gollier (2008) asset allocation strategy over one’s life cycle. In line with
the literature on insurance (Grosen et al. , 2000; Hansen et al. , 2008) the proposed model is
characterized by a mandatory contribution system where no actuarial risk exists and the agents
have no desired to leave bequests. By incorporating an escalating guarantee, a decreasing
exposure to risky assets during working life is achieved without the sale of guarantees once
invested in. The model assumes an agent that starts participating to the system at the moment he

enters the labour market. All variables are expressed in real terms.
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3.1. The economic framework

Economy: The model analyses a small open economy with complete and frictionless financial

market. Two assets can be traded continuously: an equity index (S;; ) and a zero-coupon bond

(B;¢). Only one risk factor is considered, more exactly equity risk, described by a stochastic
process:

ASit4ne=H S At +S;¢ O€;¢ VAt (3.1)

AB;tyat=7 Bi¢ At (3.2)

where S; ; is the current price of the risky asset, risk free rate is deterministic (r), equity return is

lognormal distributed (i.i.d.) AS;.a¢/S;¢ ,At represents time steps in annual terms' and the
expected growth rate follows u=pg+ %02 and (,u — %0’2 > r). The Gaussian process

(Brownian motion) is given by ; ; VAt for which g;, ~ N(0,1).

Labor market: Income is deterministic and risk free* while labour supply is predetermined; this
simplification is done for a better understanding of how each risk type influences asset
allocation. The return on human capital is the real after-tax wage which each individual receives
during his working life. This process goes on until all human capital is depleted (fixed retirement
age (R)). Wage is normalized to 1. In the light of Gollier’s (2008) work, the paper assumes a
defined contribution system (DC). The savings rate, which coincides with the contributions rate
(K) to the pension system, is determined exogenously to the model. In a stochastic contribution
framework, individuals need to optimally adapt their savings rate in order to smooth
consumption over the life-cycle. However, agents suffer from a series of behavioural traits that
can lead to either a suboptimal contribution or a complete failure to contribute. Among these
behavioural traits, time inconsistency and loss aversion are the most documented ones’.

Policymakers have realized the possibility that some agents will not save for retirement.

! For a better prediction of the Equity return, Ito’s lemma can be used. However, it is beyond the scope of this
paper and is not relevant for the research question.

? Stochastic variation in human capital return can change the optimal asset allocation path during working life.
Nevertheless, Campbell and Viceira (2002) find still an equity targeted allocation for a young agent if no correlation
between stock market and wages exists.

® The idea of loss aversion put forward by Kahneman and Tversky (1979) together with the time inconsistency
problem can lead to low contributions rates. Individuals feel a sense of loss once they have to forgo current
consumption for future consumption.
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Therefore, they mandated contribution rates that are independent of the age or wealth of the
pension participant and predefined them by law.
Given the defined contribution framework, the specification of human capital (Hy) is the

PV of all fund contributions:

K_ —F(R- 1) 3 .
th{f (1 exp ) when t€ (w;R) (3.3)

0 when t € (R;D),
where the contribution rate is set exogenously to (K), starting working age is (w) and the agent

retires at the age (R) and expects to live until a fixed, exogenous age (D) * .

Preferences & optimal asset allocation: The model of an escalating guarantee will incorporate
the optimal asset allocation observed in Gollier (2008) and Bodie et al. (1992). In the present
framework, the individual needs to decide how much of his financial wealth will be allocated to
equities and bonds. Let z; represent the amount allocated to equities over the working period.
The agent can be characterized by a constant relative risk aversion (CRRA) utility. Since we are
working in a defined contribution framework, to make matters simpler, the individual tries to
allocate financial assets such that it maximizes its terminal wealth. Retirement consumption can
be directly calculated once terminal financial wealth (Wg) is known (financial wealth at

retirement). Therefore, the dynamic asset management strategy can be defined as:

D _owet) 1 wi-
max , E ([ eP™ t)ry Fr! dw) (3.4)

s.t. AFur=(1—1z) FrAt+zF, (G * LAt + GE\/A_t) + KAt fort € (w;D) (3.5)
F0= FD =0 (36)

where A = % and represents the Sharpe ratio. Agent's rate of preference across time (p > 0)

defines the value each future expected utility will receive. A positive (y) risk aversion attitude
denotes an inclination towards moderate consumption outcomes (smoothing) across random
contingencies.

The resulting optimal investment share in risky financial wealth in accordance to Bodie et al.

(1992) is:

Z =$§ (1 +‘;—tt) fort € [w; D] 3.7)

* Asaresult, perfect idiosyncratic longevity risk is insured against.
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Wealth is a function of financial (F;) and human capital (H;). Since non-tradable human
wealth is riskless, the asset allocation should tilt towards a bigger exposure to risk as financial
wealth increases and the PV of labour income decreases towards zero as the agent approaches
retirement. The allocation in risky assets (z; ) is age depended and forms a glide path over the
working life of the individual. The path declines for several reasons. Firstly, total wealth
diminishes over time as human capital depletes; consequently, the absolute amount of risky
assets falls. Secondly, young workers expose themselves to more risk and capture the risk
premium as they depend to a lower extent on financial wealth than elderly individuals do. As a
consequence the stock of financial wealth rises’.

In light to Gollier (2008) methodology, borrowing and short selling constraints are
imposed ex-post optimizing:

zt=max{min[$ﬁ(1+%),1],0} fort € [w;D] (3.8)
o t

The constraint is enforced since investors cannot borrow against future human capital as
future labor earnings are not tradable on the financial market and therefore no collateral can be
pledged. Information asymmetries hinder the use of human capital as collateral. As a result, one
is forced to place a restriction on financial wealth allocation. That is, it cannot be allowed to
exceed 100%. In addition, agents may find it cumbersome in practice to go short on equities.
This results in an additional restriction which makes short selling impossible in our model.

Nonetheless, introducing an extra budget constraint hinders the dynamic asset allocation
and unfortunately does not lead to a closed form solution. To solve such a problem, the use of
dynamic programming is required. Nevertheless, one can argue that the solution obtained to the
ex-post constrained problem is the most similar to the optimal unconstrained solution as the
utility function has the shape of a concave parabola.

However, since employing the techniques of dynamic programming can be quite
demanding and most importantly the focal point of the current paper is to investigate the
desirability of a guarantee in a behavioural framework, potential allocation deviation between the
two methods described are ignored. The model of the escalating guarantee is just a tool that

enables us to assess the expected utility framework versus prospect theory.

>Nevertheless, since the risk factor follows a random walk, unpredictable shocks can momentarily create jumps in
the glide path as for example the stock of financial wealth can surpass the decline in human capital for the time
being.
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Additional assumptions to Bodie et al. (1992) and Gollier (2008): In order to realistically
improve the model utilized in our research question, additional assumptions are imposed:
No exposure to risk during a drawdown period: Total financial wealth is completely allocated
after retirement to the riskless security, zero coupons in our case, where no mortality risk is
included and a deterministic interest rate is assumed®. This assumption is imposed on a number
of grounds. First, in order to fully understand and quantify the viability of an escalating
guarantee in a straight forward matter, we need a constant consumption during retirement in
order to conduct a welfare analysis both in terms of expected utility as well as various non-
expected utility variations including cumulative prospect theory. Secondly, many countries in
the world have opted for a one off annuitization of pension income at retirement. In our model
this can be translated as a complete allocation of resources to riskless assets at retirement. Poor
decision making when it comes to annuitization can brought by the inexperience of retirees with
financial matters (Agarwal, et al. , 2007), can be alleviated by pre-deciding the conversion date.
Peijnenburg, Nijman, and Werker (2009) show that the advantages of providing insurance in
case of longevity risk can offset the loss of stock exposure and liquidity during retirement.

Full investment in risk free assets at retirement, in a straight forward manner, implies no
exposure to equity risk’. Therefore, the optimal amount allocated to equities is adjusted in the

following manner:

. 1 2 Hy .
max{m1n[;;(1+g),1],0} fort € [w;R) (3.9)
0 fort € [R;D)

Zy =
Income (Y) is normalized in all states to 1. Consumption during drawdown period (Cg),
which in our case coincides with the replacement ratio (C/ Y) , is calculated using the following

formula :

Ce = Fr* r* (1+r)P-R+1
R (1+r)D-R+1 1

(3.10)

No reinvestment risk exists as interest rate is constant over time. As a result, buying an

annuity or investing in zero coupon bonds results in an equivalent annual wealth at retirement.

6 By imposing exogenously this constraint, retirement income will be lower than the optimal one presented by
Gollier (2008) as no upside potential due to risk exposure can be exploited.

7 Avariable annuity can be bought if a certain exposure to equity risk is desired after retirement. However, this
beyond the scope of this paper and provides lines for future research.

15



3.2. Escalating guarantee framework

An escalating guarantee model is introduced, where a life cycle framework is used, in
terms of asset allocation. Three funds are utilized in order to construct the desired guarantee
while still maintaining a glide path investment strategy: equity fund, bond fund and a guarantee
fund. The assets in each fund are denoted by E; ,B; and G, . Assume that an individual who enters
the labor market starts investing for retirement in all three funds. As a result, aggregate wealth in
the funds represents the agents’ total financial wealth (F;). All assets that are invested under the
bond and guarantee fund are assumed to be without risk. The difference between the two
accounts is the fact that resources in the guarantee fund are non decreasing bellow a certain level
of threshold (explained further bellow) and cannot be moved to the risky equity fund. In this

manner an escalating guarantee is created.

Equity fund: Part of financial wealth and yearly contributions are invested in equities in order to
take advantage of the risk premium during agent's working life. The fund invests exclusively in

risky assets and represents the only exposure to risk the agent faces.

e E¢At+E¢ (o * AAt + oev/At) + 7, KAt — TRE At for (—1) TRF?At < B.At 6.41)
T |t + Ey(o * AAt + 0evVAD) + z KAt + ByAt for (—1) TRE?At > B.At '

where E;,; =0, fort € [w+ 2;R)8, z, represents the fraction invested in risky assets
described in equation (2.9), K is the constant contribution the agent gives to the pension plan,
TR]tEQ are the transfers made between the three accounts.

In order to maintain the glide path asset allocation provided by Gollier (2008) and Bodie
et. al (1992), transfers of financial wealth between the three funds (TRf Q) are allowed. The

transfers take the following form:
TREQ = (1 - 2) (B + Gy + Ep) — (By + Gp) (3.12)

In order to maintain the desired asset allocation in risky assets, prescribed by fraction z; ,
the model checks in each period whether the prescribed amount of financial wealth that needs to

be invested in risk free assets (1 —z,)(B; + G; + E;) is actually invested in risk free assets

® Assets in first period are equal to zero (E,=F,=0). Assets in second period E,; are equal to financial wealth F,in
Bodie et al. (1992) in order to maintain the same fraction of assets invested in risky assets in first year as in the
model since x,, is not defined as F,,= 0. Therefore, E, .1 = Fy+1 = Fy, At + X, Fw (a * At + asxlAt) +Y,, At —C At.
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(B; + G.). If the prescribed amount that needs to be invested in risk free assets is bigger than the
actual financial wealth within the bond and the guarantee fund, (1 —z,)(B; + G; + E;) = (B; +
G:), the difference is transferred from the equity account to the bond and guarantee account. If
the reverse is true, (1 — z,)(B; + G + E;) < (B; + G;), the difference of financial wealth, that is
needed to maintain the life cycle asset allocation, gets transferred only from the bond fund to the
equity fund.

In case the difference needed to be transferred to the equity account is lower than the
current wealth held in the bond fund (TRf Ut > B:At ), all of the bond assets are transferred.
However, at all times the resources in the guarantee fund remain constant. By allowing only
transfers from the bond account to the equity account, we create an escalating guarantee.

To sum it up, the transfers ( TRf ¢ ) between the funds enable the creation of an

escalating guarantee while at same time a life cycle asset allocation path is followed.

Bond fund: Financial wealth within the bond fund will be solely invested in zero-coupon bonds.
These bonds can be sold and reinvested in the equity account if required.
i {BtAt + By r At + (1 — 8)(1 — z)KAt + TRE®At + TRBGAt  for (—1)TRE?At < B.At for TRE? < 0
t+1 —

BiAt + By r At + (1 — 6)(1 — z)KAt — BiAt + TREGAt  for (—1)TR; %At > ByAt (3.13)
BAt + By r At + (1 — 60)(1 — z)KAt + (1 — 8) TR At + TRBG At for TRE? > 0

where B;,; = 0 fort € [w+ 1;R) , K are the contribution made to the funds, z; is the fraction
of risky assets, transfers between the bond fund and guarantee fund is represented by TREC and
0 is the level of risk free assets guarantee.

The parameter 6 represents the level of guarantee in terms of risk free assets; that is, only
a fraction of risk free assets are guaranteed and not a fraction of total financial wealth. A 100%
guarantee (8 = 1) means that all assets are invested in the guarantee account. Furthermore, when
0<1 a fraction of resources go to the bond fund from where they can be fully used to increase
equity exposure. However, an asset manager is restricted in the sense that he cannot withdraw
resources from the guarantee account if they equal the desired amount 6(G, + B;)At . He can
only withdraw resources from this account when they are above the desired amount: G.At >

0 (G; + B;)At and transfer it in the bonds fund.
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Transfers between the bond fund and the guarantee fund (TRE®) are needed in order to
maintain the desired level of guarantees in risk free assets. These transfers take the following
form:

TREC= G.At — 0At (G, + By) (3.14)

At each time step, the model checks whether the desired level of guaranteed financial
wealth in risk free assets (64t (G; + B;)) is found in the guarantee account (G;). If more than
required by the level of guarantee, 8, exists in the guarantee fund (G At > 64t (G, + B;)), the
difference is transferred in the bond fund’.

To sum it up, the transfers ( TRE® ) between the guarantee and the bond fund help at
maintaining the desired level of guaranteed risk free assets.

Transfers from the equity fund are split between the bond fund ((1 — 9)TREQAt ) and
guarantee fund (6 TREQAt) depending on the level of guarantee 8. For example, if 8 = 0 then the

transfers from the equity account go fully to the bond account.

Guarantee fund: The assets of the guarantee fund are earning the return of a zero-coupon and
follow:

GeAt + Gy r At + 6(1 — z)KAt — TRBGAt for TRFY < 0
Geyqp = (3.15)

GiAt+ Gy r At + 6(1 — z)KAt + OTR} 2At — TRBGAt for TRE > 0
where G;,; = 0fort € [w+ 1;R) ;

In case financial wealth needs to be invested in the equity fund in order to maintain the
desired asset allocation (TR]tEQ < 0), only financial wealth from the bond fund and not from the
guarantee fund can be transferred. This can be observed in equation (2.15) since no transfers are
allowed from the guarantee fund in such case.

One important aspect to notice is that if & = 0 the model goes back to Gollier (2008) life
cycle model without guarantee. This model will represent the benchmark case against which the

escalating guarantee will be assessed.

° As a guaranteed zero coupon bond has the same properties as a zero coupon bond, the cost of converting
guarantees in bonds is close to zero. However, if for example these guarantees would also provide mortality points
(deferred annuities) and transaction costs would be in place, transfers between the two accounts can prove costly
depending on the timing of such transfers.
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Another important aspect is that our model has two relevant fractions. The first fraction is
the financial fraction which determines how much assets are invested in the risky (z;) or riskless
assets (1-z;). This fraction is determined by the life cycle model. The second fraction is the
guarantee fraction and it determines how much of the assets invested in riskless securities are
guaranteed. The remainder of the riskless assets which are not guaranteed are invested in bonds.
To understand the interaction between these two fractions, consider the following examples.

If the fraction prescribed by the life cycle model specifies that 50 % of all financial
capital in that year needs to be invested in risk free assets, a guarantee of 100% will mean that
the full 50 % of total financial wealth invested in risk free assets will be guaranteed. That is, all
of the proportion of total financial capital invested in riskless security will be guaranteed. The
following year, the guaranteed financial wealth can only increase and cannot be used in case of a
market downturn. The same idea holds for a guaranteed level of 20% when we are still
considering the case of investing 50% of all financial wealth in risk free assets. In this case, 20%
of the financial wealth invested in risk free assets will be transferred in the guarantee account and
the rest (30%) will be invested in bond fund. If needed, the wealth in the bond fund can be
transferred back in the equity fund in order to accommodate downturns in the market. As noted
before, transfers cannot be done with the resources invested in the guaranteed fund.

A detailed mathematical description of how the escalating guarantee model when 6=0

converges back to the Bodie and Merton (1992) is described in Appendix C.

Chapter 4: Welfare analysis with Expected Utility Theory

Expected utility theory was at the center of research in finance for the past decade. The
characteristics of the expected utility function, such as risk aversion, have been analyzed in detail
(see Markowitz (1952)). At a closer look, expected utility has three characteristic features. The
first characteristic is that the utility derived from a particular option is the probability weighted
utility of the different outcomes. The second characteristic states that an option will be taken if it
increases the value of the portfolio. The third and final characteristic, states that agents are

strictly risk averse.
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Constant relative risk aversion utility, is often assumed when analyzing different
retirement plans. Examples for the use of CRRA include Doskeland and Nordahl (2008) and
many others.

In order to calculate the welfare of each plan the paper proceeds by computing the
Certainty Equivalent Consumption (CEQ). It represents the certain consumption that will give
agents equivalent utility as a risky level of consumption. The CEQ is calculated using the
following formula:

U(CR) =E [ [ e™® (1/1—y)CEQ'™dt] fort€ [R;D], (4.1)
where U(Cg) represents the utility attained by the retirement planlo, R the retirement date, D the
time at which the agent leaves the plan, § is the time preference and y the risk aversion
parameter.

The paper now proceeds with a detailed discussion of the parameter assumption used in

calculating the welfare.

(1)Volatility and equity riskiness: Having a fraction of wealth invested in equities can have a
significant impact on retirement income. Therefore, having a wrong estimate of excess returns
can bias the results. The work of Teulings et al. (2006) is based on an excess return of 4% and a
standard deviation of 20%. As a result the paper, examines the impact of changing parameter

value on pension benefits especially changes in the standard deviation.

(2)Risk free rate: The risk free rate also has a significant impact on the results. In our model the
risk free rate is 2%. A similar assumption is made in Rooij et al (2007) where a fixed actuarial

discount rate of 4% is assumed.

(3)Risk aversion: Aggressive allocations are more appropriate for agents with low levels of risk
aversion. The reverse also holds true; agents with high risk aversion would prefer a low risk
portfolio. In addition, Rooij, Kool and Prast (2007) have found that agents are even more risk
averse when it comes to their pensions. This is natural given the limited value of agent’s human
capital during retirement. In their paper Teulings et al. (2006) have propose that the risk

aversion parameter in retirement models should be between 1 and 10. In our paper, the risk

®The utility attained by the retirement plan in discrete form follows:

1 —_ - 1
UCr=; X I exp ™ Cre) 1
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aversion parameter of 5 as benchmark for the average pension member. In addition, we vary the
risk aversion parameter to introduce a high risk appetite (risk aversion equal to two) and a more

conservative risk appetite (risk aversion equal to ten).

Chapter 5: Welfare analysis with Cumulative Prospect Theory

The dominance of expected utility was challenged by the work of Kahneman and
Tversky (1972;1992). This new theory, named cumulative prospect theory (CPT), was derived
from experimental evidence and could be applied to various circumstance. Furthermore, CPT
accounted for a wide range of behavioral observations that could not be reconciled with expected
utility theory. CPT have shed new light on human behavior; consequently, it has had a huge
impact on various social disciplines. It has been suggested that CPT provides the most
comprehensive description of human behavior in environments characterized by risk. Such
argumentation has been put forward by Starmer (2000) and Barberis et al. (2003).

One can think of expected utility as being a particular case of cumulative prospect theory.
Expected utility is a normative theory that postulates how individuals should behave when
making decisions under risk. It is also descriptive in the sense that sometimes it captures actual
agent behavior. However, in other circumstances, different theories like cumulative prospect
theory do a better job at explaining actual agent behavior. The feature of CPT that is hardest to
incorporate into Expected utility is probability weighting.

Interest in incorporating these relatively new theories in portfolio allocation has been
rising. Nevertheless, the incorporation of Kahneman and Tversky's work has so far been limited
to one period models. Such work has been done by researchers such as Shefrin et al. (2000),
Levy et al. (2004), Gomes (2005). The work mentioned was conducted in discrete time. This
gap in the literature is due to the fact that is challenging to model a S-Shape function (concave
and convex in different domain) mathematically in a dynamic optimization life cycle framework.
Normally, when performing a standard optimization, a global twin notion of either concavity or
convexity. Moreover, incorporating distorted probabilities hiders the use of some useful
mathematical properties that are typical of normal expected utility ( e.g. linear expectation).
This paper will attempt to go beyond that and assesses the outcome of a dynamic asset allocation

in a framework that incorporates behavioral criteria from CPT. In order to assess the framework
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over various stock scenarios a Monte Carlo simulation is used. Furthermore, the paper performs
a Monte Carlo analysis with predetermined asset allocation without the use of the expected
utility framework.

CPT empirically provides information about the behavior of individuals and it
distinguishes two building blocks'": (1) value function and (2) decision weighting process. The
value of a prospect is described in terms of the value function that assigns a value v(x) to each
outcome x and a decision weighting process which assigns a transformed probability. The paper
proceeds with analyzing the individual components of the evaluation phase starting with the

value function.

5.1. The value function

We begin by considering the nature of the value function which incorporates three
characteristics: (1) framing (reference point), (2) s-shape function (diminishing sensitivity) and
(3) loss aversion. The first part states that outcomes are evaluated in relative terms in relation to

the agent’s reference point.

5.1.1. Framing & Reference point

In expected utility theory states that outcomes and agent’s utility are evaluated based on
their final absolute wealth position. CPT’s focus on changes relative to a reference point and
therefore recommends paying particular attention to agent’s starting point. Once prospects are
framed, the decision maker evaluates these options and makes a choice among them.

In an expected utility framework, the way in which outcomes are presented should not
influence the way in which they are perceived; that is, in an expected utility framework a rational
investor would assess an outcome in the same way irrespective of the manner in which the
outcome is presented. This prediction of expected utility theory stands in stark contrast to what
experimental data has shown us. It has been shown experimentally that individual’s choices are

affected by what is known as the framing effect. The framing effect can be illustrated by the

" In the literature, cumulative prospect theory incorporates two parts: editing and evaluation phase. The first
phase describes agents’ consideration and simplification of possibilities at hand. During the editing phase the agent
frames the choice in terms of gains and losses. In the evaluation phase the individual examines the edited
prospects and evaluates them using the value function. The value function incorporates diminishing sensitivity and
loss aversion. To each prospect, a transformed probability (decision weighting) is assigned. For the purpose of the
current paper, we simplified the framework as the editing phase is largely ignored in the literature.
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following example; more agents will accept a gamble where there is 40% probability of being a
winner relative to a gamble with a 60% probability of being a looser. The change in agent's
preferences across the two representations of the same problem demonstrates the framing effect.
It shows that people experience outcomes differently than what expected utility theory predicts.
CPT tries to address this problem by incorporating the framing effect as its building block.

In order to create the framing effect, CPT introduces a reference point through which
outcomes can be evaluated as being losses or gains. The reference point is a benchmark level that
is unique to the agent. One as to take into account the fact that individuals obtain utility by
making losses or gains relative to their reference point when analyzing the pension income
obtained at retirement. The literature defines the reference point as the status quo level of
income/consumption. Furthermore, it can also be seen as the leave of income that agents are
accustomed to or aim at. In addition, the reference point can also be affected by other relevant
factors such as expectations. Setting the proper reference point is key as it determines the domain
in which the outcome is assessed; that is, it determines whether we are considering losses or
gains.

The reference point in this paper is defined as a target retirement consumption. This
target retirement consumption set equal to C*. It serves to represent an adequate level of
consumption during retirement. The current paper assumes income to be normalized hence
retirement consumption can interpreted in terms of a replacement rate.

We proceed by defining as x; the deviation of the retirement consumption (CR) observed
in the simulation from the chosen ex ante reference point (C*). The variable x; can represent both
a gain and a loss:

X;= CR—c" forie [1;n], (5.1)
where the subscript i is the consumption specific to agent i and n the number of outcomes

Consequently, the utility derived by agents for a particular scenario is defined as :

Vi=f eV (X; ) dt fort€ [R;D], (5.2)
where V(X ; _t) is the CPT value function, r the risk free rate, # the time subscript, R represents the
retirement age and D the final period for the agent i.

For comparison, in expected utility X; , represents the absolute outcome while in CPT it
represents a deviation from the reference point. In both frameworks, knowing X; ; determines the

impact the outcome has on agent’s utility. Furthermore, experimental data has shown that agents

23



also have different risk preferences across the two domains (losses & gains). This is exemplified
by CPT through a value function to which we turn to next. The value function is the first

component of CPT’s evaluation phase. CPT introduces

5.1.2. Diminishing sensitivity ~ S-Shape value function

The value function is primarily characterized by its S-shape. The S-shape serves to
capture the convexity to the left (losses domain) of the reference point and concavity to the right
(gains domain). The shape of the utility function in each domain explains the risk preferences of
the individual in that particular domain. In order to capture how sensitive an individual is in
observing outcomes that differ in magnitude from the reference point we use the slope of the
curve. The utility function of the agent is less sensitive to large changes in wealth relative to the
reference point; that is, the slope approaches zero as we move further into the gains or losses
domain. Alternatively, one can also look at it by noting that changes close to the reference point
have a larger influence on agent’s utility. For example, more agents can be expected to prefer a
certain win of 10$, relative to a coin flip gamble where head wins 20$ and tails brings no gains.
Alternatively, one can consider the same gamble in the domain of losses where the choice pattern
is reversed. Agents can be expected to prefer a coin flip gamble where tails brings a loss of 20$
dollars and heads brings no loss, relative to a certain loss of 10$. These examples are captured by
the s-shaped utility that is characterized with risk aversion for positive deviations from the
reference point and risk seeking for negative ones. Illustrated in Figure 1. is the value function. It

also contains the loss aversion component to which we turn to next.

[
Value

Value of gains

Losses ' Reference level
Gains

Figure 1. Kahneman and Tversky (1992) value function
Value of losses which incorporates diminishing sensitivity and loss

aversion.
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Loss aversion: The third component of the value function is loss aversion. That is, losses have a
larger impact on agent’s utility than equivalent gains. Rabin and Thaler (2001) have stated that
loss aversion is key for accurately modeling agent’s preferences and it can be used to determine
how retirees view their retirement income; that is, they will use their expected income as a
reference point and evaluate changes to their wealth relative to this point rather than evaluate
absolute wealth levels as prescribed by expected utility. Research on investor behavior has
incorporated loss aversion as it helps explain observed decision making patters of investors.

The CPT value function'? incorporating the features mentioned above, takes the
following form:
X;* for X; =0

V(X)= {(_Aa) (_Xi)ﬁ forX; <0’

(5.3)
where 1>a >0and 1> >0 are the curvature parameters for gains and losses allowing
for an S-Shape CPT utility function: convex below the reference point (derivative of V
(X;) is negative) and concave above the reference point (derivative of V (X;) is positive);
A, > 1 is the loss aversion ratio which implies that individuals are A, times more loss averse to a

unit of loss than to a corresponding gain.

5.2. Decision weighting process (Non-linear Probability weighting & Ranking)

The first part of CPT’s evaluation phase was explained in the previous section. This
section turns its attention to the second part of the evaluation phase which is the decision
weighting process. The decision weighting process incorporates probability weighting which is

the subjective assessment of probabilities by individuals as well as rank dependence. Every

'2 several studies in the literature (Blavatskyy , 2005; De Giorgio et al. ,2006) point out that PT and CPT have a few
drawbacks when applied to finance, among which portfolio selection. Kahneman and Tverski (1992) assume a
piecewise power function which does not perform well when the selection of outcomes is usually uncountable and
unbounded. As a consequence, several problems arise. For gambles with finite expected values, the St.
Petersburg Paradox arises (Rieger and Wang , 2006), when one can find infinite utility, irrespective of the curvature
of the value function. Kobberling et al. (2005) argue for a negative exponential function that improves on the
shortcoming mentioned above and has in addition, the following improvements upon PT and CPT value function: it
plays a role in helping us understand the disposition effect . For robustness check, | will implement Kobberling et
al. (2005) value function. The piecewise-exponential value function take the following form:
I(x) = { A" (1= em@D) forx; =0
¢ - Aa_(l - e’”xi) forx; <0
where 0< a <1, B€[0;1] and 4,* and 1,” are positive numbers. In order to approximate Tversky and Kahneman’s
(1992,1979) value function found in their experiments, (De Giorgio et al. ,2006) proposes 1*=6.52 and 1-=14.7 in
order to have 1,7 /1,%=2.25 similar loss aversion parameter.

(5.4)
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outcome that has a probability p will be assigned a particular decision weight m(x,-;). This
decision weight will differ across the domains.

Decision weights are an empirically based variable that tries to capture individual’s
perception of probabilities. This stands in contrast to the way in which agents should evaluate
probabilities as incorporated by expected utility. The decision weighting process in the expected
utility framework is only depicted by the actual probability. The actual probability is transformed
in a subjective manner based on individual perception of probabilities. When translated into a
formal setting, this means that the actual probabilities are transformed by the decision weighting
process which incorporates subjective probability weighing and rank dependence. The concept of
subjective probability weighting has been corroborated by empirical research where agents
where found not to perceive probabilities linearly. For example, Gonzalez and Wu (1999) have
done research on agent’s tendency to underweight high probabilities and overweigh small
probabilities. Modeling this characteristic of agent probability perception can be done by
constructing a probability weighting function denoted as w(p;). We can then proceed to interact
this construct with the outcome in a way which takes into consideration its rank in relation to all
other outcomes.

It is important to note that the decision weight in CPT contains a rank dependent function
which converts the cumulative distribution of probabilities, instead of individual probabilities.
This is incorporated because is compatible with stochastic dominance. Stochastic dominance
means that an outcome might be chosen even if it leads to a bad outcome with certainty. This
improvement was made by Kahneman and Tversky in their 1992 paper.

A good way to understand decision weights is to consider them in relation to marginal
utility. The marginal utility of an additional unit can only be known if the value to which it is
added is known. In a similar way, decision weights are related to their rank. For example, if we
take into account gains, cumulative probabilities will capture the likelihood of getting a
particular outcome i or a higher one ( r = pi+...4p, ). In order to obtain the decision weights one
considers the difference among altered cumulative probabilities. In terms of losses, the
cumulative probability describes a particular outcome or worse realizations. The weighting

function described by Kahneman and Tversky (1992) is depicted in Figure 2.
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Weig?‘gng function

Figure 2. CPT weighting function based on Kahneman

and Tversky (1992) paper

0.0 = ———t————————————t——+——
0.0 1.0
Probability
The decision weights in each domain, take the following form:
G (Xp=j) = W (p1 + Py tpg + p].) -—w- (p1 + Pyt AP, p]._l) 2<j<| (5.5)

T[]-’L(szj) = wt (pj + Pttt pm) -wt (p].Jr1 +PjypPpg t pm) [+1<j<m-1 (5.6)
where [, represents the number of positive outcomes and, m-/, the number of losses.

It is worth noting at this point that when w(p) = p for all p (objective probabilities), the
decision weights m; are all equal to p; This brings us back to the expected utility model. The
reasoning presented above further emphasizes the idea that CPT is a generalization of EU.

Part of the decision weighting is the probability weighting function. The probability
weighting function plays an important role; therefore, more detailed explanations and intuitive

examples will be presented further.

Probability weighting function: This section describes in further detail probability weighting.
The solid line in Figure 3 (next page) illustrates the weighting function put forward by Tversky
and Kahneman (1992). The 45 degree line represents the expected utility benchmark and is
marked with black. As it can be observed the weighting function is characterized for

overvaluation of low probabilities (optimism) and undervalues medium to high probabilities

w (p)' S — g S (pessimism). Optimism is used in the sense that
Twarsicy and Eatmeman [1992), wé{p)
preecizsse {/ agents feel that outcomes will occur more
/f/ | likely than they actually will.

e Figure 3. KahnemanTversky (1992) probability
oal _,.;;'f’f"’ | weighting function for both gains and losses
0'3_ : | when y = 0.61; 6= 0.69 ; Prelec (1998)
' | ';_A,-f""/ | probability weighting function with ¢= 0.61 is

,/'”d’ shown in red.
L ]
DD I I D.I3 D.Ilt I].IE I I I I 1
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Probability weighting causes the individual to overweight the tails of any distribution.
This comes about by the fact that the tails of the distribution are low probability events and
agents tend to overestimate them according to subjective probability weighing. In order to
illustrate this consider the following: extreme outcomes in stock returns are given a higher
probability than the actual probability as they have a low probability in absolute terms. This
behavior is difficult to explain with expected utility. Cumulative prospect theory can explain
these choices by the probability weighting. An experiment conducted by Gonzalez and Wu
(1999) showed that agents were willing to take a certainty equivalent of $10 to give up a gamble
with a 5%probabilityto win 100$. However, they were willing to take only 63$ with certainty to
give up a gamble with 90% probability to win 100$. These results corroborate the prediction that
low probabilities are overweighed while high probabilities are underweighted by agents.

The function used by Tversky and Kahneman (1992) to show the distortion of

probabilities (illustrated in Figure 3) takes the following form :

wt(py) = Ll for0.5< <1 (5.7)
((-pp) )

5 ,
w(p) =—2—7 for0< 8 <1 (5.8)

(G-pp 402 )
where \y lower bound is given by Rieger et al. (2006).

To incorporate optimism and pessimism with respect to the actual probabilities the
probability weighted function needs to be inverse S-shaped. The parameters i and & show the
curvature of the S-shape and determine the inflection point.

However, many in the literature (for example see Doskeland and Nordahl,2007; Dichtl
and Drobetz, 2011) have used the Prelec’s probability weighting function (Prelec, 1998) as it
offers a single parametric version rather than Kahneman et al. (1992)"°. Therefore the probability

weighting function can be rewritten as:
w(p) = [e~ (@), (5.9)

where ¢ > 0; w(0) = 0,w(1) = 1 and b=1 in order for w(p) to fall on the 45 degrees line.

3 Additional information about the workings of probability weighting can be illustrated by the work of Wu et al.
(1999).
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The probability weighting function as constructed by Prelec (1998) can be seen in Figure
3 and is marked with red color. The Prelec function is optimal when one considers very small or
very large probabilities. In order to better comprehend the decision weights we can observe the

derivative of the probability weighting function at a certain rank r in Figure 4.

w'ir]

| Figure 4. The derivative of Prelec’s weighting function where
|
k @ =0.65 and b=1.0467:
|
. —— — | , b g .
: £ P o W O)=2n @) exp (- (Inr)*) (exp(- (In(r))*

Rank

The concept of pessimism states that the probabilities of bad events will be overweighed.
We can observe from the figure that when considering rank dependence it means that the weight
assigned to each event will be larger when the rank of the event is lower. In general, relatively
high or low ranked outcomes will receive disproportionately high weights while intermediate
outcomes will be relatively undervalued. This captures the fact that individuals focus particularly
to extreme outcomes.

Since probability weighting will play an important role in explaining the need for an
escalating guarantee, we will give a psychological interpretation to the two features of the
weighting function. The first one is associated with diminishing sensitivity and it captures the
curvature of the weighted function. The second feature is the attractiveness which tells us how
elevated the weighting function is.

Tversky and Kahneman (1992) have proposed the idea of diminishing sensitivity. The
idea of diminishing sensitivity states that agents are affected to a lesser extent by changes in
likelihood when these changes occur far from the point of reference. If we consider the domain
of probabilities, the two probability extremes (1 and 0) are considered by agents as key points;
consequently, far away deviations from this reference point have less influence in agents’

decision. The concept of diminishing sensitivity also has a role to play in determining how the

29



weighting function is shaped. The inverse s-shape is characterized by both concavity and
convexity.

Nevertheless, diminishing sensitivity does not explain the elevation in the weighting
function. Therefore, the concept of attractiveness is proposed which is a key feature of
probability weighting; it deals with the absolute level of weight. In order to better understand the
concept consider the following example. The agents can obtain a particular amount of dollars,
say X$ with a predetermined probability of 60%. One of the agents weighting function may be
equal to w;(0.6)= 5.8. The second agent on the other hand, may have the following subjective
probability weight w,(0.6)=5.5. Therefore, in this example we can conclude that the first agents
looks relatively more favorably (attractiveness) on the gamble as he gives a higher weight to the
60% probability relative to the second agent. This can be translated in figure 3 by a lower
difference between the 45 degree line and the probability weighting function.

Now that we understand what the decision weighting process consists of we can now

write the total CPT value for the gain and loss domain respectively.

V' (x5, 1) = WH(pDV(xr=1) + SIS (WH i+ +P1) = W (P +.. . +P)] V(X)) (5.10)
V(% pp) = 25 ([ (- +pn) = W (Pjert - 4+Pn) V(D) ) + W (Pr)V(xr=1), (5.11)
where r represents the rank of the outcome among the other outcomes in its domain.

The simulation runs n scenarios each with a //n probability. Given that the probability for each

event is 1/n, the equations (5.10 and 5.11) can be reduced to:
Vr(x,p) = wt (%) v(%p=1) + 2K, ([W+ (i * %) —wt ((i —1) % %)] V(Xp=i) ) (5.12)

VG b)) = Seen ([w (0 =1+ D) = w (=D <3| w0 )+ w () verem) (513

A numerical example for the application of the CPT can be found at the end of the

chapter in Appendix D.

5.3. Modular simulation design for analyzing CPT welfare differentials

Our assessment includes different elements of CPT described one by one in order to see

their individual and combined effect. The elements included are the characteristic of loss

30



aversion, the diminishing sensitivity ( S-shaped value function) & the distortion in probability

weighting.

(A) Piecewise utility with loss aversion: In the third step we use only the loss aversion

characteristic with a piece wise utility (¢ = = 1 and 4 #1 ) with no probability weighting.

X; for x; >0 s 14
V)= (=) x; forx; <0 (5.14)
As a result total CPT utility is:
- 1
VP =V (p) +V (p) =5 [Zieaxi + Ziigerde %)) (5.15)

(B) S-Shape utility (diminishing sensitivity) plus loss aversion: The value function marked as

(5.3) is added next. At this stage there is still no probability weighting added to the model. .

_ x;* for x; =20 s 16
VOD=N ) (cx)f forx <0 (16

Total CPT utility then takes the following form:

Vxp) =V (x,p)+V (up) = - [T x® + Z?=k+1(_/1a)(_xiﬁ) ] (5.17)

Sk

(C) S-Shape utility with loss aversion and probability weighting: The paper proceeds by
adding the final element of CPT to obtain the equations 5.10 and 5.11. . Any change in the
welfare of retirees must come from the inclusion of probability weighting and it’s interaction
with the remaining CPT characteristics. The steps follow the Cumulative prospect theory
explained above.

To better compare the different cases we again define the Certainty Equivalent in similar

ways as in Chapter 3, adjusted to fit each utility description:

V*(CEC) ifV(gp) > 0

V(CEC) = {V‘(CEC) ifV(g,p) <0

(5.18)
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Chapter 6: Simulation analysis

The section will present the results of our simulation. The results will be run against a
variety of robustness checks. The simulation framework will allow us to inspect whether the

popularity of guarantees can be explained with cumulative prospect theory.

6.1. Simulation design:

The paper compares the certainty equivalent CEC of the different life cycle specifications
(no guarantees and different level of guarantees) in order to assess the welfare costs or gains. As
stated in Chapter 4, CEC is the financial capital that agents get for sure and gives an equivalent
utility as a risky strategy. Therefore, the contract with the highest CEC is the most desirable. The
evaluation of each life cycle specification with different guarantee fractions is made in relative
terms with respect to the benchmark case of no guarantee.

The parameters used are in line Teulings and Vries (2006) in terms of stock market
parameters and expected utility parameters, as they are routinely used in the literature (see
Bovenberg et al. 2007) . For the implementation of Prospect Utility, we will employ parameters
used in Kahnemen and Tversky (1992). In terms of reference point, a replacement rate of 70% is
chosen. The Financial Assessment Framework (FTK) in Netherlands sets as an objective a
replacement rate of 70% in terms of final wage (Broeders and Ponds, 2012). The parameters

utilized in our model are expressed in real values. Time steps are taken on an yearly basis.
The baseline parameters used when assessing welfare are presented in Table 1.

Table 1. Baseline parameters

Name Value Parameter
Retirement Age 65 R
Starting working age 24 to
Time of Death 85 D
Preference Parameters
Relative Risk aversion 5 Y
Time preference 0.02 o
Economic Parameters
Bond Return ( Risk free rate) 0.02 r
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Expected equity return 0.06 1

Risk premium 0.04 M- r
Time step 1 At
Volatility 0.2 o]
Sharpe ratio 0.2 A
Prospect theory parameters
Reference level 0.7
Loss aversion ratio 2.25 s
Curvature parameter for gains 0.88 o
Curvature parameter for losses  0.88 B
Probability Weighting
Weighting for gains + 0.61 )]
Weighting for losses - 0.69 6

In our paper we perform a Monte Carlo simulation. Therefore, we generate 10.000 stock
market returns. The various scenarios are generated with changes in the benchmark parameters.
The different scenarios are presented in Table 2.

Table 2. Market scenarios

Scenario A (r=2%, 2=0.2, 6=10%) Low volatility period
Scenario B T=2%, 2:=0.2, 6=20%) Benchmark
Scenario C (r=2%, 2=0.2, 6=30%) High volatility period

First, we assume a 4% risk premium in the benchmark case. This conservative estimate is
often used in the literature (Teulings and Vries (2006). Dimson et al. (2006)) and is used to
represent the nature of the risk premium.

We allow equity volatility to be high or low. The benchmark standard deviation case is
set at 20%. To define a low volatility we use a standard deviation of 10% while a high level of
volatility is accompanied with a standard deviation of 30%. The parameters used are in line with
the work done by Benninga et al. (1990) and Dimson et al. (2006). At the same time, the Sharpe
ratio is maintained constant at 0.2 in order to keep the price of risk constant as modeled by
Broeders and Chen (2010).The next section will present a cash flow analysis in terms of

retirement consumption.
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6.2. Pension benefits- cash flow analysis

Prior to computing the welfare analysis, the retirement consumption path for the case
with no guarantee and full guarantee is illustrated in terms of replacement rates (consumption
divided by final wage)'*. Various studies make use of target replacement rates as their point of
reference in evaluating the adequacy of pension income (Moore and Mitchell, 1998; Munnell et.

al, 2007).

w
ek
m
=
]
(]
i ‘l
D---.JJl
4 5 8

=== No guarantees

--- 100% guarantees for
risk free assets

Figure 5. The distribution of
I I II-I-.. A retirement consumption (replacement

e s 11 1213 14151&-1? rates)
Replscerrentratm

The distributions of replacement rates presented in Figure 5 were obtained from a Monte
Carlo simulation. The red bards provide the distribution of terminal financial wealth in the
absence of guarantees. To contrast this, the black spikes enable us to see how the distribution
would have evolved with full guarantees (0=1) for risk free assets. It can easily be seen that
participants are able to capture more of the risk premium and obtain a more positively skewed
terminal wealth distribution when no guarantee is provided (allowing between fund transfers).
This enables a higher exposure to equity markets in the absence of guarantees. However, the
outcome is not without a cost. There is a higher downside potential, when financial wealth is not
locked in risk free assets. Most of the observations fall between 0.6 and 0.85 with a volatility of
approximately 17%.

In order to identify and quantify the potential costs of providing an escalating guarantee
in a system where Gollier’s (2008) life cycle asset allocation is implemented, we will have a

closer look at the actual transfers between the equity and the guarantee fund. The optimal asset

185 - . . . R
Taking as base for replacement rate average career wage will not change our results as income is normalized in all states.
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allocation is not affected by transfers across funds as they are not included in the optimization
problem. Their only role is to facilitate the implementation of a life cycle asset allocation. It is
relevant to point out that in the case of no guarantee, financial wealth accumulated in the
guarantee fund varies over the life cycle. Despite the fact that the capital converted in guarantees
is risk free (constant risk free rate), the fraction committed to risky investments is a function of
shocks to equity risk. As a result, in order to maintain the life cycle asset allocation preferred
financial capital needs to be transferred across funds. When a 100% guarantee is implemented,
namely everything that is invested in risk free assets is guaranteed, only transfers from the equity

fund to the guarantee fund are allowed but not the reverse.

0% guarantee 100% guarantee Panel (b)
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fund into the Guarantee fund
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fund into the Guarantee fund
Wealth transfers from the Equity
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Figure 5. Panel (a) Transfers between the guarantee fund and Equity fund; Panel (b) Transfers from the
Equity fund to the guarantee fund

Figure 5. illustrates transfers between the guarantee and the equity account under
different scenarios. The numbers presented are in percentage terms relative to total financial
wealth in the respective year. Transfers from the guarantee account to the equity account can be
observed from the deviation of the lines below zero. The green line represents the 10% percentile
of simulated transfers, in that particular year. A guarantee can be provided at a cost of at most
10% of the financial wealth in the respective year, provided that an institutional investor will
allocate their financial assets throughout their working life according to the asset allocation
specified in Gollier (2008). In expectation, no transfers are required between the guarantee and
the equity fund; this implies that no cost is associated with the provision of guarantees in

expectation.
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6.3. Main simulation results

The simulation allows us to examine whether the need for escalating guarantees can be
explained within a cumulative prospect theoretical framework. A level of 100% guarantee means
that the financial wealth invested in risk free assets is fully guaranteed and increases each year (6
=100%).

Firstly, we assess the benchmark case of no guarantee life cycle investing and compare it
with the case where guarantees are added at different levels in an expected utility framework
(outcomes are assessed in terms of final outcome). Secondly, in order to assess how various
aspects of cumulative prospect theory affect the need for guarantees, a modular simulation is
used:

- The basic setup incorporates a piecewise utility function (outcomes are described in
terms of deviation from a reference level) where loss aversion is incorporated.

- The next setup includes two behavioral traits: diminishing sensitivity & loss aversion.
Therefore, the utility function exhibits an S-Shape.

- In the last setup, includes all features of CPT, namely, diminishing sensitivity (S-

shape), loss aversion and probability weighting.

6.3.1. Expected utility analysis

The view that a typical life cycle contract with no guarantee (Gollier, 2008) performs
better in an expected utility framework is confirmed by table 3 panel (a). This is in line with
findings in the literature (Doskeland and Nordahl, 2008). It is evident in the benchmark case in
panel (b), Table 3, that increasing the level of guarantees the welfare losses between contracts
with or without escalating guarantees are no more than 1.48% when we consider the case of
guarantees for risk free assets set at 100%. Therefore an individual will experience a welfare loss

when guarantees are incorporated in the life cycle model.

Table 3. Robustness checks in an expected utility framework, with respect to stock market
scenarios and risk aversion levels.

Scenarios 0=0% 6=5% 06=10% 6=20% 06=50% 06=80% 6=90% 6= 100%
(BM)
Panel (a) v=2
Scenario A  (1=2%,1=0.2 , 6=10%) 0% -0.03% -0.078% -0.26% -0.46% -1.01% -1.31% -1.74%
Scenario B (1=2%, A=0.2, 6=20%) 0% -0.028%  -0.046% -0.20% -0.37% -0.94% -1.21% -1.7%
Scenario C  (r=2%, A=0.2, 6=30%) 0% -0.02% -0.03% -0.19% -0.36% -0.79% -1.03% -1.60%
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Panel (b) v=5

Scenario A  (r=2%, A=0.2 , 6=10%) 0% -0.031% -0.08% -0.27% -0.47% -0.89% -1.15% -1.61%
Scenario B  (1=2%, A\=0.2 , 6=20%) 0% 0.025%  -0.04% -0.19% :0.32% :0.76% -0.91% -1.48%
Scenario C  (r=2%, A=0.2 , 6=30%) 0% -0.022%  -0.023%  -0.179% -0.311% -0.61% -0.73% -1.381%
Panel (C) =10

Scenario A (r=2%, A=0.2 , 6=10%) 0% -0.03% -0.07% -0.16% -0.38% -0.64% -0.88% -1.01%
Scenario B (r=2%, A\=0.2 , 6=20%) 0% -0.02% -0.038% -0.10% -0.29% -0.57% -0.78% -0.9%
Scenario C  (r=2%, A=0.2 , 6=30%) 0% -0.017%  -0.021% -0.09% -0.281% -0.52% -0.6% -0.801%

Note: This table shows the CEQ for the Gollier (2008) adjusted contract and the escalating guarantee for Expected Utility. The results are
depicted as a percentage change in comparison to the CEQ of Gollier (2008) for different levels of guarantees. We run 10000 simulations in order
to generate a complete distribution of potential terminal wealth. A sensitivity analysis is conducted with respect to different stock market
scenarios and different risk aversion parameters.

The results remain robust irrespective of the market state. Table 3 displays the simulation
result for the low and high volatility state. The introduction of escalating guarantees results in a
higher utility loss of -1.61% for a full 100% guarantee in terms of risk free assets. An
explanation for this phenomenon is that a lower equity variance leads to a decrease in the
magnitude of potential losses. Insuring terminal pension income becomes less valuable as
volatility decreases. This is derived from the fact that investing in equities becomes a relatively
stable strategy when risk is limited.

In order to implement further robustness checks, we run our simulations for various risk
aversion preferences. The idea that guarantees are less desirable at different level of risk aversion
is illustrated in table 4 in all three panels. We can observe in panel (c) that higher risk aversion
makes guarantees more beneficial even though there is still a loss in welfare associated with the
inclusion of guarantees at all levels. For low levels of guarantees in terms of guaranteeing risk
free assets, the welfare loss is minor (see panel (a)).

Overall, no guarantee is desirable from an expected utility framework across all
specifications. Moreover, if we assume investors are rational and a CRRA utility describes their
utility function then the optimal level of guarantee seems to be as low as possible. Nevertheless,
the certainty equivalents show that differences in contracts become negligible for a low level of
guarantee. To put the level of welfare loss in perspective, Bovenberg et al. (2007) shows that
borrowing and short selling constraints can cause losses in welfare of 3.6% for a 0% annual
implementation costs. This loss of welfare arises when we compare the first best solution of

Bodie et al. (1992) to the second best solution with borrowing and short selling constraint.
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6.3.2. Results with Non-expected utility

The paper proceeds by investigating how different features of CPT and combinations of
such features lead to a desired implementation of escalating guarantees. The benchmark
reference point in terms of target replacement rate for retirement consumption is 70%.

Table 4 presents the simulated results decomposed for all CPT features. Panel A presents
the results for a piecewise utility with loss aversion (Barberis et al., 2001). We observe that a
loss-averse agent does not prefer guarantees irrespective of the level of guarantees. Basically,
agents are willing to take the gamble because the upside is so good that it compensates potential
losses even when losses loom larger than gains (even under loss aversion). So agents would be
willing to take the gamble and avoid purchasing the guarantee. This outcome is contrary to our
intuition about human preferences and it holds irrespective of level of reference point chosen
(between 0.7- 0.83). When comparing expected utility with piecewise utility with loss aversion,
logically it is ambiguous to tell a priory whether the introduction of loss aversion would result in
larger or smaller losses in welfare. The difference between the two will be significantly influence
by the choice of a reference point. Providing a guarantee may make a lot of losses certain if the
reference point is set too high and therefore, despite the loss aversion agents may feel that they
prefer no guarantees to a larger extent.

Table 4. Welfare results for Non-Expected utility

Scenarios 0= 0% (BM) 0= 5% 0= 10% 0= 20% 0= 50% 0= 80% 0= 90% 0= 100%
Panel (a) Piecewise utility with loss aversion (Aa =2.25;a0=1;p=1; y=1; 6=1)

0% -0.02% -0.04% -0.07% -0.12% -0.27% -0.51% -0.76%
Panel (b) S-Shape utility with loss aversion (La =2.25; y=1; 6=1;0=0.88;p=0.88)

0% -0.009% -0.03% -0.04% -0.08% -0.17% -0.36% -0.51%
Panel (c) S-Shape utility with loss aversion and probability weighting (Cumulative Prospect Theory)

(Aa =2.25; y=0.61; 6=0.69;0=0.88;$=0.88)
0% 0.73% 0.69% 0.56% 0.36% 0.18% 0.10% 0.06%

Note: This table shows the CEQ for the Gollier (2008) adjusted contract and the escalating guarantee for Non-Expected Utility. The results are
depicted as a percentage change in comparison to the CEQ of Gollier (2008) for different levels of guarantees. The baseline parameters for the
asset returns are found in table 2. The reference point is set at 70% replacement rate.

Guarantees are still not welfare improving to agents under the assumption of an s-shaped
utility function. This can be observed in panel (b), Table 4. This conclusion is equivalent to the
conclusion under Piecewise utility. However, the difference in welfare between guarantees and

no guarantees under s-shaped utility is smaller than under Piecewise utility. The diminishing
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sensitivity that characterizes the s-shaped utility function is especially applicable to extreme
winnings. Extreme winnings, which are a characteristic of positive skewness, are further away
from (any reasonable) reference points when compared to the distance of extreme losses to the
reference point. These extreme gains which are closer to the ‘flatter’ part of the s-shaped utility
function (characterized by diminishing utility) have a weaker impact on agents’ welfare.
Therefore, the no guarantee framework has a lot of upside potential but when we assume
diminishing sensitivity this positive skewness does not matter as much to pension fund members.
Consequently, they find gambling (not taking guarantees) not as beneficial as before. However,
as previously mentioned, this effect is not sufficient to reverse the choice between guarantees
and no guarantees; it just diminishes the welfare difference between the two.

Looking at panel (c) in Table 4, we can observe that the interaction of all the elements of
CPT allows for guarantees to be welfare improving. Adding probability weighting magnifies the
effect of loss aversion'”. Agents’ welfare losses from extreme negative outcomes are magnified
by the interaction of probability overweighting and loss aversion. On the other hand, even though
extreme positive outcomes are also overweighed in terms of probabilities they do not have the
additional push from loss aversion. In addition, they are further from the reference point
compared to extreme losses so they have a reduced impact on welfare due to diminishing
sensitivity (s-shape). As a result the interaction of all the elements of CPT makes guarantees
beneficial from the point of view of pension fund members. On a related note, Dierkes et al.
(2010), Dichtl et al. (2011) and Driessen and Maenhout (2007) also document that loss aversion
together with an S-Shape value function cannot explain the need of pension insurance. Similarly,
the addition of probability weighting in combination with the other features seems to be an
important factor for portfolio insurance strategies.

Next, we investigate whether the results observed are dependent on the benchmark
parameters chosen. Therefore, essential parameters to our framework are varied in line with

findings in experimental literature. The substitute probability weighting function put forward by

> we investigated separately also a piecewise utility and probability aversion to observe whether guarantees
would be desirable. However, the introduction of guarantees at any level still produced welfare losses. Similar
results were obtained for a piecewise utility function where loss aversion and probability function is included.
Apparently the combination of all CPT features lead to a desirability in terms of pension guarantees. For this
reason and for creating a more understandable framework for non behaviorists readers, we constructed a
framework in which each feature of CPT is added.

39



Prelec (1998) is used in order assess the reliance of our results robustness on the selection in

terms of probability framework. The results exhibit the similar traits as referred to before.

Table 5. Sensitivity analysis in terms of loss aversion for Non-Expected utility

Scenarios 0= 0% 0= 5% 6=10% 06=20% 0=50% 0= 80% 6= 90% 0= 100%

(BM)
Panel (a) Piecewise utility with loss aversion (Aa=2.25;0=1;B=1; y=1; 6=1)
a=1.75 0% -0.04% -0.07% -0.11% -0.32% -0.57% -0.80% -1.01%
2a=2.25 (KT) 0% -0.02% -0.04% -0.07% -0.12% -0.27% -0.51% -0.76%
Aa=2.50 0% -0.01% -0.03% -0.05% -0.09% -0.21% -0.48% -0.65%
Panel (c) S-Shape utility with loss aversion (Aa =2.25; y=1; 6=1;0=0.88;3=0.88)
la=1.75 0% -0.03% -0.05% -0.08% -0.16% -0.33% -0.57% -0.85%
Aa=2.25 (KT) 0% -0.01% -0.03% -0.04% -0.08% -0.19% -0.39% -0.51%
Aa=2.50 0% -0.01% -0.02% 0.03% -0.06% -0.10% -0.32% -0.46%
Panel (d) S-Shape utility with loss aversion and probability weighting (Cumulative Prospect Theory)

(Aa =2.25; y=0.61; 6=0.69;0=0.88;$=0.88)

la=1.75 0% 0.64% 0.57% 0.41% 0.20% 0.07% 0.03% 0.01%
a=2.25 (KT) 0% 0.76% 0.70% 0.59% 0.36% 0.18% 0.10% 0.06%
la=2.50 0% 0.81% 0.79% 0.71% 0.50% 0.26% 0.14% 0.08%

Note: This table shows the CEQ for the Gollier (2008) adjusted contract and the escalating guarantee for Non-Expected Utility. The results are
depicted as a percentage change in comparison to the CEQ of Gollier (2008) for different levels of guarantees. The baseline parameters for the

asset returns are found in table 2. The reference point is set at 70% replacement rate. .

As can be noted in table 5, a lower loss aversion leads to a decreased desire to hold
guarantees. The reverse holds true for higher loss aversion. Even if the loss aversion parameter is
increased, the only utility specification that leads to a desire for guarantees is the one that

incorporates all the traits of Cumulative Prospect theory.

Table 6. Sensitivity analysis in terms of probability weighting and diminishing returns for Non-
Expected utility

=0% ©6=5% 6=10% ©6=20% ©6=50% ©0=80% 6=90% 6= 100%
(BM)

S-Shape utility with loss aversion and probability weighting (Cumulative Prospect Theory)

Panel (a)
Kahneman & Tversky (1992)
{=0.61; 6=0.69;a=0.88; 0% 0.76% 0.70% 0.59% 0.36% 0.18% 0.10% 0.06%
B=0.88;
Panel (b)
Prelec (1998)

1. a=0.88; B=0.88;=0.43; 0% 0.86% 0.78% 0.63% 0.42% 0.25% 0.17% 0.09%
2. a=0.88; $=0.88;1=0.56; 0% 0.78% 0.73% 0.60% 0.39% 0.20% 0.12% 0.07%
3. a=0.88; $=0.88;1=0.71; 0% 0.36% 0.14% 0.06% -0.03% -0.09% -0.15% -0.33%
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Panel (c)

(A) Doskeland and Nordahl

(2008)
a=0.5; B=0.5; $=0.75; 0% 0.13% 0.05% -0.03% -0.11% -0.42% -0.51% -0.68%

(B) Camerer and Ho (1994)
a=0.22; =0.22; $=0.56; 0% 0.81% 0.78% 0.62% 0.44% 0.23% 0.17% 0.09%

(C) Wu and Gonzalez (1996)
a=0.5; =0.5; $=0.71; 0% 0.41% 0.19% 0.092% -0.002% -0.06% -0.1% -0.28%

Note: This table shows the CEQ for the Gollier (2008) adjusted contract and the escalating guarantee for Non-Expected Utility. The results are
depicted as a percentage change in comparison to the CEQ of Gollier (2008) for different levels of guarantees. The baseline parameters for the
asset returns are found in table 2. The reference point is set at 70% replacement rate. Loss aversion is set to Aa=2.25.

As the agents move towards less distorted probabilities (increasing the probability
parameter), they finds guarantees less welfare improving. As we can observe in Table 5, panel
(b), at a particular level of distortion, which in our case is ¢=0.75, there is a switch towards a
loss in welfare when guarantees are incorporated. This switch happens at the level of 20%
guaranteed risk free income. The parameter ¢=0.75 was proposed by Doskeland and Nordahl
(2008) for Prelec (1998) function. By incorporating probability distortion we amplify the effect
of loss aversion. Therefore, the smaller the probability distortion, the closer we are to a
framework with diminishing sensitivity and loss aversion. As we already noted in Table 4 panel
(b) individuals do not prefer guarantees at any level in such a context.

Nevertheless, the welfare improving impact of guarantees holds for strong probability
distortions (¢=0.61 and § =0.69 as suggested by Kahneman et al.,1992 and ¢ = 0.56
recommended by Bleichrodt and Pinto (2000)). Similar results are found by and Driessen and
Maenhout (2007) for different portfolio insurance strategies.

The parameters that control the curvature of the CPT utility function are also varied.
Looking at Table 6 panel (c) previous findings still remain robust. The specification mentioned
by Camerer and Ho (1994) and also Wu and Gonzalez (1996) is used. A lower value of o and 3
will increase the need of a guarantee as large gains will become less valuable (upside potential).
This can be observed by comparing panel (b) specification 2 with panel (c) specification (B).
Losses close to the reference point will have an extreme impact on welfare when there is a
substantial curvature of the value function (parameters tend to zero). This result is robust to
different reference points (between 0.7- 0.83).

Further, we also analyze and present in Table 7 panel (b) the contracts where the

reference level equals consumption during agent’s working period. We choose this particular
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reference point given that in the literature the reference level is taken as the status quo. In
addition, the replacement rate of 0.62 will be chosen as a reference level as well ( panel (a)). At
this level there is a shift in terms of guarantee desirability. These robustness checks are relevant
for CPT with rank dependency, given that the reference level and the difference between losses
and gains are not only relevant for the value function but also for the distorted probability
weights.

Table 7. Sensitivity analysis in terms of reference point for Non-Expected utility

0= 0% 0= 5% 0=10% 6=20% 06=50% 6=80% 060=90% 0= 100%
(BM)

Panel (a) Reference Point: 0.62
Piecewise utility with loss aversion
(ra=2.25;a=1;p=1; y=1; 6=1) 0% -0.07% -0.13% -0.21% -0.47% -0.63% -0.94% -1.30%
S-Shape utility with loss aversion
(Za =2.25; y=1; 0=1;0=0.88;=0.88) 0% -0.04% -0.09% -0.14% -0.23% -0.42% -0.79% -1.02%

S-Shape utility with loss aversion and
probability
weighting (Cumulative Prospect 0% 0.14% 0.09% 0.04% -0.03% -0.09% -0.15% -0.24%
Theory)
(ra =2.25; y=0.61;
6=0.69;0=0.88;$=0.88)
Panel (b) Reference Point: Consumption working life =0.83

Piecewise utility with loss aversion
(ra=2.25;a=1;p=1; y=1; 6=1) 0% -0.001% -0.011% -0.23% -0.31% -0.22% -0.47% -0.68%
S-Shape utility with loss aversion
(Pa =2.25; y=1; 0=1;0=0.88;=0.88) 0% -0.005% -0.02% -0.032% -0.06% -0.14% -0.31% -0.45%

S-Shape utility with loss aversion and
probability
weighting (Cumulative Prospect 0% 0.74% 0.72% 0.59% 0.40% 0.21% 0.16% 0.09%
Theory)
(ra =2.25; y=0.61;
6=0.69;0=0.88;$=0.88)

Note: This table shows the CEQ for the Gollier (2008) adjusted contract and the escalating guarantee for Non-Expected Utility. The results are
depicted as a percentage change in comparison to the CEQ of Gollier (2008) for different levels of guarantees. The baseline parameters for the

asset returns are found in table 2.

The higher the reference point the more likely the agent will prefer the guarantee. This is
the case because moving the reference point higher increases the number outcomes that are
considered as losses. These more numerous loss outcomes can be eliminated with a guarantee
which is why it will be looked more favourably by pension fund members. Naturally the logic
also goes the opposite way. The lower the reference point the more outcomes are considered
gains and the guarantee becomes less useful. The arguments presented above are constructed for
changes in the reference point close to the mean of the replacement ratio distribution (see figure

5 for a better understanding of this argument).
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A robustness check in terms of equity volatility is performed in order to observe whether
the results are dependent on stock market parameters. Irrespective of the level of guarantees the
escalating guarantee still remains the dominant strategy for a CPT specification (see table 8
appendix A). Having a larger standard deviation causes large swings for terminal wealth.
Similar to the results obtained with expected utility theory, lower equity volatility induces higher
demand for guarantees. The reserve logic applies when equity volatility is higher. The properties
of guarantees to provide downside protection and upside potential is the reason why there are
preferred by an agent in a CPT framework.

It was already stated in chapter four that Kobberling et al. (2005) suggested that the
building block of CPT which postulates decreasing marginal utility when the agent is close to the
reference point (zero wealth deviation) is somewhat different from our intuition about reality.

Following equation (5.4) we incorporate Kobberling et al. (2005) novel value function
within the CPT framework. However, this does not change our previous findings; on the contrary
it actually reinforces them (a higher loss in CPT utility is attributed to Gollier (2008) framework

in comparison to the desired framework) as the impact of large losses is increased.

Chapter 7: Concluding remarks

7.1. Conclusion

The current paper aimed at answering whether guarantees can be welfare improving for
an investor that exhibits the behavioral characteristics incorporated by cumulative prospect
theory. The problem is both interesting an important; still, limited research has been published on
the topic. The lack of research can partly be attributed to the difficulty of incorporating PT and
CPT in dynamic asset allocation models relative to expected utility theory. In order to answer the
research question we constructed an escalating guarantee in a dynamic life cycle framework
where the asset allocation is individualized in line with life cycle optimization.

The escalating guarantee constructed is based upon Bodie et al. (1992) and Gollier’s
(2008) life cycle specification. Not surprisingly, Gollier’s (2008) life cycle solution with DC
framework is appropriate if the agent is characterized by expected utility. Our paper found the

highest losses in terms of welfare were realized with a 100% guarantee for risk free assets.
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However, it is arguable whether the losses in utility for low levels of guarantee are
strong enough to discourage the use of guarantees. Papers like Doskeland and Nordahl (2007)
and Dichtl and Drobetz (2011) who employ portfolio insurance strategies and compare the
performance in an expected utility and CPT framework find similar results in terms of guarantee
desirability. In a CPT framework, portfolio insurance schemes (guarantees) improve welfare.

Further, the paper analyses the escalating guarantee in a non-expected utility framework.
The utility of retirees is calculated based on prospect theory and its components. When choosing
the proper asset allocation we compare the different ‘prospect’ utilities to select the proper
allocation. Consequently, prospect theory helps us select the optimal asset allocation plan and the
risk and return characteristics that are inherent to that allocation.

The introduction of probability weighting in combination to other features of prospect
theory (diminishing sensitivity and loss aversion) is found to have an important role in the
desirability of guarantees. Guarantees are found to be desirable only when all aspects of
cumulative prospect theory were included in the analysis. The results are robust to changes in
parameters; however, as we move towards less distorted probabilities, the guarantee is seen as
favorable in terms of welfare only at small levels. Furthermore, the paper found that the choice
of reference point can have a significant impact on the desirabilities of guarantees. Lowering

considerably the reference point, made guarantees have an adverse effect on utility.

7.2. Further Research

To conclude, this paper showed that having escalating guarantees can be welfare
improving for an investor that behaves according to CPT. In this respect, we have shown that
guarantees are preferred to no guarantees under certain assumptions. Other papers have shown
that other forms of guarantees (portfolio insurance) are also welfare improving under similar
assumptions. Consequently, the papers I have examined so far in the literature review, including
this paper, corroborates the idea that escalating guarantees can be welfare improving. The next
step would be to evaluate the different guarantee schemes and show which one is the most
welfare improving under changing assumptions. This research question could be further
examined in the future. The primary objective of this paper was to examine under which

behavioral assumptions escalating guarantees would be welfare improving.
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Another line of research would be incorporating regret aversion into our analysis. We can
examine whether a regret averse investor would have divergent preferences compared to the
present paper, in terms of desirability of guarantees. Determining the desired life cycle asset
allocation agents may take into account regret. This means that they anticipate the possibility that
the ex ante asset allocation choice leads to a retirement consumption that is not optimal ex post.
For instance, if the retirement consumption turns out to be lower than expected, the agent can
regret not adding a guarantee to the asset allocation in order to maintain retirement income to a
certain level.

Regret can be incorporated in one’s utility function by employing the methodology of

Braun and Muermann (2004):

Uy(Cr) = U(Cr) - g * £ (U (CR™) -~ U (Cr) ),

where Cr stand for the actual level of retirement consumption obtained when simulations are
made. CR™" represents the desired ex post retirement consumption; namely, the particular
retirement consumption resulted from the desired ex ante portfolio strategy if the agent had
foresight about the return on equities. The function f(.) represents the agents regret level in terms
of plausible ex post optimal retirement consumption relative to obtained retirement consumption.
The parameter g quantifies the relative significance that is given to the behavioral aspect of
regret compared to one’s risk appetite.

The introduction of such a behavioral trait can reinforce the findings presented in this
paper. However, similar to the our findings, it can be expected that the desirability of guarantees
can hinge on the maximum retirement consumption expected ex ante (the reference point in
CPT) . Moreover, it can be expected that the lower the relative significance of regret is in one’s

decision, the less preferable the introduction of a guarantee would be.
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Appendix A:

Sensitivity analysis in terms of equity risk for Non-Expected utility

Table 8. Sensitivity analysis in terms of equity risk for Non-Expected utility

Scenarios 0=0% 0=5% 0=10% 06=20% 6=50% 06=80% 0=90% 6= 100%
(BM)
Panel (a) Piecewise utility with loss aversion (Aa=2.25;a=1;p=1; y=1; d=1)
Scenario A  (1=2%, \=0.2 0% -0.03% -0.08% -0.14% -0.23% -0.43% -0.68% -0.80%
,6=10%)
ScenarioB  (1=2%, A=0.2 0% -0.02% -0.04% -0.07% -0.12% -0.27% -0.51% -0.76%
,6=20%)
Scenario C  (1=2%, \=0.2 0% - -0.034%  -0.068% -0.11% -0.28% -0.47% -0.69%
,6=30%) 0.017%
Panel (c) S-Shape utility with loss aversion (Aa=2.25; y=1; 6=1;0=0.88;$=0.88)
Scenario A (r=2%, A\=0.2 0% -0.02% -0.04% -0.09% -0.14% -0.27% -0.56% -0.63%
,6=10%)
Scenario B (r=2%, A=0.2 0% -0.01% -0.03% -0.04% -0.08% -0.19% -0.39% -0.51%
,6=20%)
Scenario C  (1=2%, A\=0.2 0% - -0.036%  -0.031% -0.067% -0.16% -0.34% -0.46%
,06=30%) 0.013%
Panel (d) S-Shape utility with loss aversion and probability weighting (Cumulative Prospect Theory)
(Aa=2.25; y=0.61; 6=0.69;0=0.88;p$=0.88)
Scenario A  (1=2%, A=0.2 0% 0.64% 0.57% 0.48% 0.21% 0.12% 0.06% 0.04%
,6=10%)
Scenario B (r=2%, A=0.2 0% 0.73% 0.69% 0.56% 0.36% 0.18% 0.10% 0.06%
,6=20%)
Scenario C  (1=2%, A\=0.2 0% 0.73% 0.68% 0.60% 0.41% 0.23% 0.14% 0.084%
,6=30%)

Note: This table shows the CEQ for the Gollier (2008) adjusted contract and the escalating guarantee for Non-Expected Utility. The results are

depicted as a percentage change in comparison to the CEQ of Gollier (2008) for different levels of guarantees. The baseline parameters for the

asset returns are found in table 2. The reference point is set at 70% replacement rate.
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Appendix B:

Sensitivity analysis in terms of value function for Non-Expected utility

Table 9. Sensitivity analysis in terms of value function (Gomez,2005) for Non-Expected utility
0= 0% 0=5% | 6=10% | 6= 20% | 6=50% | 6= 80% | 6= 90% 0=

(BM) 100%
Panel (a) S-Shape utility with loss aversion (A=2.25; y=1; 6=1;0=0.88;p=0.88)
0% ‘ 0.017% | -0.03% | -0.03% ‘ -0.071% ‘ -0.163% | -0.354% | -0.502%
Panel (b) S-Shape utility with loss aversion and probability weighting (Cumulative Prospect
Theory)

(A=2.25; y=0.61; 6=0.69;0=0.88;p=0.88)

0% 0.738% 0.71% 0.58% 0.38% 0.189% 0.11% 0.068%
Note: This table shows the CEQ for the Gollier (2008) adjusted contract and the escalating guarantee for Non-Expected Utility. The results are

depicted as a percentage change in comparison to the CEQ of Gollier (2008) for different levels of guarantees. The baseline parameters for the

asset returns are found in table 2. The reference point is set at 70% replacement rate.
Appendix C: Mathematical description for the escalating guarantee

Mathematical description for the escalating guarantee:
= For TRI? > 0 and (—1)TR} At > B(At the model solves to :

Gis1 + Bua +Ewq = GAt+ GerAt+6(1 —z)KAt + 6TRI?At — TRBGAt +  BoAt +
By r At + (1 — 0)(1 — z)KAt + (1 — 6)TR; %At + TREGAt  + E(At+ E¢(o * AAt + oeVAt) +
7 KAt + B/At = GAt+ GyrAt+ BAt+ BirAt+ EAt+E(o *AAt+ oeVAt) + KAt
=F, At+ (1 —z)F, rAt+ ZtFt(G * AAt + O'S\/A—t) + KAt

The same solution can be observed if the model is solved for the remaining conditions.
EQ EQ .
» For TR~ = 0and for (—1)TR; At < B{At the model solves to :

Gis1 + Bua +Ewq = GAt+ Ger At+0(1 — z)KAt + OTR. %At — TRECAt +  B,At +
Ber At + (1 — 0)(1 — z)KAt + (1 — 0) TRy *At + TRECAt + E.At+E (0 * AAt + oeVAL) +

7¢ KAt — TREQAt = GAt+ Ger At+ BAt+ BerAt+ EAt +E((o* Mt + oeVAL) + KAt
=F At+ (1 — z)F r At + z,F (o * MAt + oeVAt) + KAt
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= For TR{® < 0 and (—1)TR;%At > B(At the model solves to :

Geyr + Biy:r +E1 = GAt+ Ger At +0(1 — z)KAt — TREGAt + BAt+ B rAt+
(1 —0)(1 — z)KAt — BiAt + TRECGAt + EAt + E((0 * Mt + oeVAt) + z, KAt + BiAt

In the case of 8 = 0, the escalating guarantee model converges towards Bodie et al. (1992)

model with no guarantee. Therefore, we have:

GiAt + Gyr At — TREGAt + BiAt+ B r At + (1 — z) KAt — B;At + TRECAt + E(At +
Ec(o At + oeVAt) + z, KAt+ BiAt =  GeAt+ Ger At+ BAt+ BirAt+  EAt+E(o*
At + oeVAD + KAt =F; At + (1 — z)F, r At + z;F (o * MAt + oeVAt) + KAt

When ¢ # 0, the model allows for a buildup of an escalating guarantee and does not converge to
1:“t+1

*  For TREQ < 0 and (—1)TREQAt < B{At the model solves to :

Geyr + Ber tEip1 = GAt+ GerAt +60(1 —z)KAt — TREGAt +  B.At+ BirAt+
(1 —8)(1 — z)KAt + TREAt + TRECAt + EAt+E (0 * AAt + oeVAt) + z KAt — TR{CAt =
GiAt + GerAt+ BAt+ Byr At + EAt +E((o * At + oeVAt) + KAt =F, At + (1 — z)F, r At
+ tht(o * AAt + GSM) + KAt

Appendix D: A numerical example of CPT

This section examines an example of CPT. A simulation is run and we observe the following
outcomes which represent gains in relation to the reference point: 10, 5, 2. Similarly, the

outcomes that represent losses are -3, -6, -8. Each particular outcome has the likelihood of

happening equal to % . In order to calculate the total CPT utility we use the following equations:
!

v = 3 (12w (00 o)

=
m

1 1
V_(x]-,pj) = Z ([W_ ((m +1—j)= E) —-—w- ((m ) *E>] U(xr=j) )
j=k+1
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In our case, p is 1/6= 0.16(6), the number of outcomes (m) is equal to 6 and the number of
positive outcomes (1) is equal to 3.

V*(x,p,) =w*(0.16(6))v(10) + [w*(2-0.16(6)) — w* (1 0.16(6))]v(5)
+ [wH(3-0.16(6)) — w*(2 - 0.16(6))] v(2)
V= (x;,p,) = [w™ (3 0.16(6)) —w (2 0.16(6)) Jv(=3) + [w™(2 - 0.16(6))
—w(1-0.16(6))]v(=6) + w=(0.16(6))v(—8)

Incorporating Prelec weighting function provided in equation (5.9), and taking the parameters
equal to (0.75= ¢; b = 1; a=p=0.5; A, = 2.25) the CPT value functions become:
V*(x;,p) =026-3.16 + (0.44 — 0.26) - 2.23 + (0.59 — 0.44) - 1.41 = 1.43

V= (x;,p;) = (0.59 — 0.44) - (—3.89) + (0.44 — 0.26) - (—5.51) + 0.26 - (—6.36) = -3.22

Total CPT equals:
V(xp)=V+(x,p) +V (x,p;) =143 + (—3.22) = -1.79
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