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Abstract 

Central Counterparty Clearing Houses (CCPs) are institutions of great importance for the stability of the 

organized financial markets. The construction of an adequate guarantee system is vital for the 

confidence of its participants. One of the most common features for reinforcing the guarantee system is 

the implementation of a guarantee fund that protects the CCP against events of default in stressed 

scenarios. This master thesis studies the design of these guarantee funds, considering alternatives for 

measuring the risks of the CCP, and concentrating the study on the Risk Allocation Problem that arises 

when the CCP must require from the participants of the markets a contribution for filling the fund. 

Several Allocation Rules discussed in the literature are considered and implemented. An additional 

Allocation Rule is proposed based on the concepts of fair expected transfers among the participants in 

the fund. A comparison of the results of different allocation rules is provided. 
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1. Introduction 

 

This thesis studies the design of a guarantee fund in a Central Counterparty Clearing House (CCP), 

providing an understanding of the operation and risk structure of a CCP, with the target of describing 

possible measures for quantifying the size of the guarantee fund, and thus, assessing the related Capital 

Allocation Problem. The previous problem arises when the CCP must distribute among the members the 

benefits of pooling the individual risks in the fund. This distribution is done when it defines the 

contributions that each member must accomplish for satisfying the total required capital of the fund. 

The Financial crisis has attracted the attention of regulators to promote the clearing of operations 

through a CCP1. These institutions have proved2 to be efficient for managing the risk in standardized 

markets, where the CCP becomes the counterparty of all participants, providing transparent rules and 

procedures for collateral managing. A possible drawback of using a CCP for clearing the operations is 

that the cost of the guarantees that must be pledged by the members may increase the final cost of the 

negotiation. For this reason, finding more efficient mechanisms for managing the guarantees is a 

relevant issue for these institutions and for the evolution of markets where they operate. In addition, as 

the CCP becomes counterparty of an increasing number of operations in different markets, constructing 

an efficient system for protecting the CCP against the event of having insufficient resources to honor the 

operations is crucial for preventing the market to fall into a systemic risk.  

1.1 CCPs and the guarantee fund 

A Central Counterparty Clearing House is an institution created to provide efficiency and stability to the 

market, which is reached diminishing operational load, limiting and centralizing the credit risk of the 

participants and optimizing the amount of collateral the participants must pledge for covering their 

operations3.  

Central Counterparties need to build a guarantee scheme in order to protect their own capital. This 

guarantee scheme is called in some contexts Safeguard Scheme4. The guarantees pledged in this system 

must generate incentives to the participants for honoring their obligations and at the same time must 

create collateral buffers that allow the CCP to take action in case a member goes into default. As the 

CCP becomes the counterparty for each operation, after a member’s default, the CCP has the obligation 
to close or transfer the positions of the defaulted member, honoring the negotiations for non-defaulted 

members and avoiding the loss of capital. 

One of the most used protections within the Safeguard Scheme of CCPs is the implementation of a 

guarantee fund. These funds can fulfill two main (and not mutually exclusive) general roles: 

                                                           
1
 See for instance Glass (2009), Monnet (2010), CME Group (2010) and Zickwolff (2010) 

2
 See CCP12 (2009) 

3
 More benefits of CCP can be found in CCP12 (2010) 

4
 There is a limited variety of literature studying technically the characteristics of CCPs. A very good summary of 

the approached discussed in literature for modeling the risk of a CCP can be found in Knott and Mills (2002)  
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 Provide liquidity: The losses that may appear after the defaults that are not covered by the 

margin account of the member must be covered by the guarantee fund. However, the CCP 

usually have the authority for liquidating the assets of the defaulted member in order to recover 

the resources of the fund. In this case, the fund is just providing temporally the liquid capital 

required to maintain the equilibrium of the market. 

 Cover the losses: When the defaulted member assets are not enough for recovering the whole 

capital of the fund, it may face a loss. This loss is shared between the remaining members of the 

fund. 

A guarantee fund has the benefit that it could take profit of the diversification effect of the different 

positions of the members, which implies that each member would need to pledge an amount of capital 

for covering their positions that is smaller if compared with the case where there is no aggregation of 

the risks.  

For designing the guarantee fund the CCP must solve at least two problems. In first place, it must define 

a suitable size for the margin fund, in order to determine an adequate level of protection for the 

Safeguard Scheme. After defining the size of the fund, the CCP must ask from the members the 

sufficient resources for filling the fund. The mutual nature of the guarantee fund implies that making the 

decision about the quantity that each member must pledge into the fund must be considered carefully. 

This problem has the nature of a general topic called Capital Allocation Problem or Risk Allocation 

Problem. 

1.2 Capital Allocation Problems 

 

A famous issue addressed in the literature is how to distribute the diversification gains obtained in an 

environment where risks are aggregated into a great pool. A very common example that generally 

motivates this kind of problem is how to distribute the capital of a company among different business 

divisions, as in the case of an insurance company or a conglomerate. This distribution of capital is 

required in order to measure the performance of each business line separately, which could be the base 

for taking some managerial decisions.   

This problem is known as Capital Allocation, and the literature contains different approaches for dealing 

with it. The approaches for solving the Allocation Problem have been classified in different ways. For 

instance, Kim and Hardy (2009) classified each approach taking into account the chosen method for 

modeling the problem, i.e. they classified as Loss Based Allocation the methods using risk measures for 

pondering the risks and into Economic-Financials Perspective those which are motivated on the pricing 

of each business line.  Another possible classification is introduced by Dhaene, et al. (2012), categorizing 

the methods as economic, game theoretic or axiomatic, according the justification used for solving the 

problem.  In this document it is also considered a specific classification taking into account the extent 

that the Risk Measures are used for quantifying the risks (of both the total capital and the individual 

lines of business), and how they interact with the method for solving the problem. Nevertheless, this 

document discusses and applies methods classified in each of the previous categories. 
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One important aspect to consider is that usually the Allocation of Capital is studied as a management 

issue; however, in the context of a guarantee fund, the result of the allocation technique actually 

requires the physical movement of money and a change in the losses that the participants of the market 

could face. This provides additional motivation for studying deeply an allocation rule that is “fair” given 
the distributions of risk that the members are facing. 

1.3 The approach of this document 

 

Considering the design of the guarantee fund of a CCP, this project aims in first place to investigate 

deeply how is the dynamic of some of the most important CCPs, determining how the guarantee funds 

are implemented in practice nowadays. In addition, this document contains a review of some literature 

developing relevant concepts in risk measurement, allocation methods and cooperation of agents, with 

the purpose to investigate their applicability for solving the practical problem of the design of a 

guarantee fund. The analyses developed in this document pretend to include theoretical and practical 

arguments, reviewing technical fundaments for approaching the problem but also considering the 

empirical constraints that usually appear when it is required to model intricate tasks that are immerse in 

a complex context as the one in study. Finally, several methods are implemented in a realistic 

framework of risk exposure in the CCP context, providing the possibility of relating the effect that the 

assumptions used in each model with the result of the computation of different techniques.  

While studying the topics concerning the guarantee system, additional alternatives for risk management 

are proposed. This document suggests a setting for modeling the risks of the members and the CCP, 

taking into account the probability of default of the members and the variations of the market prices. 

The main aspects of the guarantee system of a CCP are completely modeled, studying deeply the design 

of the guarantee fund. In addition, among the implemented allocation rules discussed in literature, a 

new alternative based on the concept of Fair Expected Transfers is proposed. 

The rest of the document is organized as follows. The second chapter introduces deeply the operation of 

the CCPs, describing the normative behind its role, the interaction with its members and the most 

popular elements of the safeguard scheme used by CCPs around the world. The third chapter contains 

the model that it’s going to be used for applying the alternative solutions for the allocation problem. 

Before introducing the model, it will be required to set the assumptions that will be taken, justifying 

them for the current context. Chapter 4 explores a more formal background regarding risk measures, its 

common properties and some relevant examples used both in literature and in practice. At the end of 

the chapter will be discussed more specifically the application of Risk Measures in the contexts of the 

Safeguard Scheme of the CCP. Chapter 5 contains a formal definition of the capital allocation problem, 

commenting on properties and summarizing some important approaches developed in the literature 

that can be adapted for the present context. Chapter 6 put all previous chapters together, providing an 

additional analysis for approaching the problem and developing the setting for applying the allocation 

rules to the model described in Chapter 3. In this Chapter, an analysis of the allocation method 

implemented currently in most CCPs for designing the guarantee fund is also included. In Chapter 7 will 

be presented the simulation framework and some simulation results corresponding to the methods 
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developed in Chapter 6. Finally, Chapter 8 presents possible extensions for this project and concludes 

the document.  

For easing the understanding of this document, a summary of the notation is included in the section A3 

of the Appendix. 

¡Error! No se encuentra el origen de la referencia. shows a flowchart with the connection between the 

ifferent chapters of this document. 

 

Figure 1: Flowchart content of the document 

 
Flowchart describing the relations among the Chapter of this document 
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2. Central Counterparties Clearing Houses 

 

In this section a deep insight in the structure of a CCP will be provided, including how a CCP operates 

and how the Safeguard Scheme is designed for protecting the CCP and the market around it. For more 

details about Central Counterparties see BIS (2004), Ripatti (2004), Knott and Mills (2002), CME Group 

(Finantial Safeguards). 

2.1 The role of a CCP 

 

A Central Counterparty Clearing House (CCP) is an institution that has been traditionally related to 

exchanges around the world. Its main mission is to provide efficiency and stability to the market, which 

is reached through diminishing operational load, limiting and centralizing the credit risk of the 

participants and optimizing the amount of collateral the participants must pledge for covering their 

operations.  

A CCP performs the role of Clearing the transactions made in an exchange and furthermore, the CCP 

becomes the counterparty of every participant in the market through the process called Novation. In 

first place, it is important to understand deeply the notion of these two concepts. 

2.1.1 Clearing 

 

After a transaction by two participants of an exchange is made, there exists a comprehensive process 

until the final settlement of the operation, which depends on the nature of the trade. This is the clearing 

process. The entity in charge of clearing centralizes all payments related with the trades performed in 

the exchange. Some of the main activities of the clearing process are described as follows: 

 Netting: When a member executed two or more similar transaction based on the same 

intangible asset, it is possible to perform a netting procedure, adding all the operations into 

a single obligation. Netting procedure provides efficiency especially when the member 

performed similar transactions but of opposite signs. This procedure implies that at the end, 

each member will require to make a unique transaction for each type of traded asset.  

 Risk management: This activity is very broad and will depend on the responsibilities that 

have been established for the company in charge of the clearing procedure. However, the 

most common mechanisms of risk management are: (i) the requirement to the exchange 

members of minimum operative, technological and financial requisites for participation; (ii) 

the establishment of negotiation limits per member; (iii) the determination of the minimum 

guarantees that must be pledged by each member depending on its market exposure 

(usually called margining); (iv) the monitoring of the prices to evaluate the sufficiency of the 

current pledged guarantees; (v) the creation of procedures for the custody and treatment of 

the securities and capital that has been pledge by the member as guarantee; (vi) the 

establishment of limits to intra-day variation of prices.  
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 Default management: This is a pre-settled procedure involving the steps and mechanisms 

that will take place in each of the possible cases of a member’s default. This procedure must 
involve how will be affected the guarantees pledged by the defaulted member, and to what 

extent the non-defaulted member could expect to receive the traded rights.  

2.1.2 Novation 

 

Novation is a legal term which refers to the replacement of an obligation or party of a contract by 

another. In the context of the CCP, when two exchange’s members perform a trade, they are implicitly 

signing a contract between each other with the terms defined in the negotiation. However, immediately 

after an operation is accepted by the CCP, the previous contract is modified and divided in two new 

contracts, as shown in ¡Error! La autoreferencia al marcador no es válida.. 

 

 
Illustrates the process of novation of a contract, implying that the initial contract among two members is now split in two contracts 

with the CCP as Counterparty 

 

Then, the novation process occurs immediately after the CCP accepts the trade, and since that moment, 

the two participants don’t have any further right or obligation between each other, but exclusively 

against the CCP. 

The presence of a CCP in a specific market simplifies the negotiations performed by the members. The 

participants of the market don’t have to be concerned by analyzing specifically the credit risk of each 
member of the system when performing a negotiation. Furthermore, for standardized markets the 

establishment of guarantees, payment and delivery procedures, legal environment, etcetera, has been 

previously considered by all the members, situation that speeds up the trading dynamic. Furthermore, 

when a CCP is correctly designed, the transactions made by a member and accepted by a CCP are usually 

Figure 2: Novation process.  
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considered by the regulatory environment as a transaction without credit risk. This means that members 

usually don’t need to contemplate additional provisions in their accountability for computing solvency.  

It can be found further literature introducing recommendations for CCPs, extending the development of 

terms like legal environment, shareholders, Operative Procedures, technological requirements, 

contingency plans, Committees, etcetera; for the purposes of this document, it is required to be 

concentrated specially on the risk management system, and in particular, on the safeguard scheme that 

most of the CCPs share for protecting their own capital and thus, the integrity of the market. 

2.2 Safeguard Scheme 

 

Because of the nature of the Novation procedure described above, the net position of the CCP is always 

zero (for each long position, the CCP is counterparty of an identical short position), which implies that 

the market risk is initially completely hedged. However, when a member defaults, the net position of the 

CCP is no longer zero, so the CCP´s capital is facing market risk. The standard procedure of the CCP is to 

go “immediately or as soon as possible” to the market to make a new trade that hedges the open risk. 
This hedge can be perfectly done in standardized liquid markets. However, the CCP could face losses 

caused by the adverse price movements that occur in the time interval where the CCP was not 

completely hedged. 

The mission of the safeguard system is to provide the tools to the CCP for diminishing the risk of 

affecting its financial capital. As a CCP only faces market risk as a result of the default of a member (this 

is, as a result of the materialization of credit risk), CCPs always maintain a strong list of requirements 

that the members must accomplish in order to be accepted by their scheme. 

In addition, CCPs will require to the members to pledge a determined amount of liquid guarantees. The 

required amount depends on the size of the members’ open position and more specifically, on the risk 

estimation of their current exposure. The estimation of this risk is calculated by the use of a specific risk 

measure, which can vary generally among different CCPs. The pledged guarantees will be used by the 

CCP to compensate adverse price movements from the moment of default to the moment when the 

CCP is again completely hedged. 

The liquid guarantees in the Safeguard System are usually divided in two different but complementary 

protection schemes: Margin accounts and the Guarantee fund. 

2.2.1 Margin account 

 

Members of a CCP segregate their trades by accounts. In general terms, a member has at least two 

different accounts, i.e., the Own position account and the Clients account; however, members can open 

as many accounts as they would like, depending on how they want to segregate their positions or clients. 

CCP computes the margining requirements evaluating the market risk of the aggregated positions for 

each account created by the member, considering an environment of normal market conditions.  
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CCPs can consider many aspects of the positions of each account for computing the margins, which may 

vary among CCPs and the specific business stream. For the purposes of this document, just the most 

important and common aspects considered for calculating the margin will be addressed.   

Margin requirements usually take into account the aggregated risk of the open positions of a specific 

member’s account, instead of just adding the risks measure of individual contracts. Most of CCPs use 

SPAN (denoting Standard Portfolio Analysis of Risks), for measuring the amount of capital that the 

member should deposit in the margin account. 

SPAN methodology computes the worst loss estimated under reasonable likely market conditions5 for 

the aggregate position of each member’s account. SPAN computes a set of pre-established scenarios 

(each CCP provide the scenarios depending on the profile of conditions that the CCP considers plausible 

for a reasonable market behavior), and selects for the computation of the margin the scenario that 

corresponds to the worst aggregated lost for the member’s account6.  

One account can contain different trades of correlated underlings: same product with different 

expiration dates e.g. two future contracts on July and September; same product in different types of 

operation e.g. a future and an option with the same stock as underlying; or simply different products 

that have proved correlation e.g. stock futures over two different oil companies. For this reason, SPAN 

methodology allows to consider in the calculation all these particularities, in order to obtain a realistic 

result of the margin estimation. 

The required margin is in first instance calculated at the beginning of each contract (Initial margin). 

However, one of the most important roles of the CCP is to continuously7 mark-to-market the Open 

Positions during the life of the contract (this is, compute the gains and losses of each margin account), 

and to determine if the observed price variation suggests that the member must deposit or if the 

member can withdraw collateral from the margin account.  

The importance of the mark-to-market process deserves to be highlighted. Thanks to the permanent 

revision and adjustment of the guarantees, the CCP avoids facing the risk of the price variation in the 

whole period of the operation, but instead, the risk can be computed taking into account the average 

period of time that is required for hedging the positions after a member’s default. 

The final result of the process executed for determining the sufficiency of the guarantees via the mark-

to-market procedure is called Variation Margin. When the CCP requires that the member deposit an 

additional quantity on the margin account, the CCP performs a Margin Call to the member. The CCP 

usually contemplates a minimum intra-day variation threshold in the margin account before requiring an 

adjustment through a margin call. 

                                                           
5
 The usual practice is to work in the range of 95%-99% level of confidence 

6
 Further detail of SPAN methodology can be found in Chapter 4 

7
 This is usually performed in a daily or intra-day basis. 
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The addition of the Variation Margin to the Initial Margin guarantees that the members maintain in the 

Margin account the minimum amount of collateral required for covering all the scenarios that the CCP 

contemplates under reasonable likely market circumstances. 

2.2.2 Guarantee fund 

 

The guarantee fund (often called Default Fund or Clearing Fund) is a mutual fund filled with capital 

requirements that CCPs ask from the members for covering default’s events that are not covered by the 

individual margin account (residual risk / extreme events). As the deposits of each member are 

temporarily pooled in the fund, in principle the collateral pledged by a non-defaulted member can be 

affected by the default of another member. The word temporally is used to highlight that in case a 

member decides to withdraw its membership from the CCP, after all its positions have been properly 

closed and settled, the member can withdraw from the fund its respective pledged capital, according to 

CCP procedures. 

The existence of the guarantee fund is of great importance for the protection of a CCP and for the 

efficiency of the market. As previously was stated, the Individual Margin Accounts are considered for 

covering scenarios that could be presented under normal circumstances. However, if the CCP would like 

to be covered in case a member defaults under abnormal market conditions, the required size of the 

Individual Margin Account would be extremely large, diminishing the leverage potential and highly 

constraining the participation of the members.  

A mutual approach for a guarantee fund can create sufficient financial resources for overcoming the 

adverse effects of a Default, but at the same time limiting the amount of capital that each member must 

pledge for covering these undesirable scenarios. 

In principle, the methodology for computing the required amount of capital of the guarantee fund can 

be settled freely by the CCP. However, a usual practice which is recommended by some organizations is 

to require enough capital to cover the default of the largest clearing member8. For determining this 

quantity, the CCP considers for each member the total risk that is not covered by its individual margin 

accounts. The maximum uncovered position among the members that is found after this calculation 

determines the size of the fund. 

An approach used by some CCPs for determining the capital that each member must deposit to the fund 

is to compute the individual non-covered risk, calculate the size of the fund as stated before and then to 

require the contribution of each member using a pro-rata basis. 

In some cases, the CCP can also give a contribution to the fund using its own resources. The CCP must 

determine the rules for affecting the resources of the fund. However, it is natural to establish that the 

resources pledged by the defaulted member should be affected in first place. 

                                                           
8 See BIS (2004). In practice, it can be found similar rules, for instance, other possibilities are to cover the default of 

the two largest clearing members, or the maximum among the largest member and the sum of the second and 

third largest members.  
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There are other additional details that must be regulated for designing the fund. For instance, some 

CCPs ask from the members a fixed minimum participation in the fund, disregarding the size of their 

positions. Also, there must be clearly determined with anticipation the methodology that will be used 

for affecting each of the contributions of capital in the fund, including for example in which cases the 

resources pledged by the CCP in the fund can be affected. 

2.3 The event of default 

 

The rules for members of a CCP must be very strict, in order to maintain the quality of the participants 

and the assumptions for constructing the Safeguard Scheme. When a member does not fulfill any of the 

obligations that the CCP requires in its normative, the CCP could declare a default. Some causes of 

default could be failing to maintain the minimum collateral requirement in the margin account or in the 

guarantee fund, not answering in time to the intra-day margin calls, failing to settle the required 

payments at the end of the day (daily settlement of positions via the mark to market process), not 

performing the delivery of payment at the end of a contract or simply not holding the minimum financial 

and operational requirements to operate in the market. 

It is important to notice that the event of default not necessarily implies that the member has become 

insolvent or that the member is facing losses with its position in the market. For this reason, the CCP 

must execute different procedures according to the nature of the default and the impact that it can 

have in the market. Among the possible measures that the CCP can perform can be highlighted the 

following: 

 Closure of open positions. In case that the closure of the position implies a loss, the safeguard 

system will operate, affecting in first instance the guarantees pledged in the margin account, 

and if these are not enough, affecting the resources of the guarantee fund. 

 Transfer of position. Instead of closing all the positions of the defaulted member, the CCP may 

opt for transferring them to a non-defaulted member, avoiding the impact on the market that 

massive liquidation of operations could bring. This procedure is generally evaluated specially for 

the client’s positions of the defaulted member. 
 Suspend or terminate the contract with the member, which will imply that the CCP won’t accept 

further operations of the defaulted-member. The CCP could also require the exchange to 

suspend any trading activity from the member. 

 Require the payment of a penalty fee or damage expenses. 

 To increase the margin requirements for securing the future performance of the member. 

 In any case, the CCP can initiate all the necessary legal processes for recovering the losses that 

were not covered with the collateral pledged by the defaulted member.  

Any collateral pledged by the default member that was not required for covering the losses caused by 

the default, will be returned to the member. 
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Example of default 

 

Let’s first consider a simple negotiation of two members. Member A buys two future contracts of corn, 

and Member B is the seller. Each contract has a value of $100 in the date of negotiation and let’s 

suppose that the final settlement day is 30 days from now. The process of novation implies that the CCP 

has now two long contracts of corn whose counterparty is Member B, and at the same time has two 

short contracts of corn whose counterparty is A. As both positions have a value of 100, the net position 

of the CCP is exactly zero. Assume also that the CCP requires to each member to pledge $10 per contract 

in the margin account, so each member pledged $20 in the account. 

 

Consider the scenario in which the first day after negotiation, the price has increased $4. Then, member 

A has won $8 while member B lost $8. The CCP must transfer $8 to the account of member A, and will 

require member B to transfer the same amount to CCP’s account. In case that member B does not 
transfer the corresponding sum of $8, member B will be declared in default. In that moment, the net 

position of the CCP is no longer zero, as now the CCP is short in two contracts of corn. The CCP will try to 

hedge the position as soon as possible. For doing so, it will be necessary to go to the market and to buy 

two corn future contracts with the same final settlement date than the current position. In this example, 

the CCP will be able to buy the contracts at the current value in the market, which is $104 (if can 

perform the trade immediately before further changes in the price). At the end of that day, the CCP will 

have two long contracts at $104 and two short contracts at $104 (as the difference between $100 and 

$104 has been already transferred to Member A). The CCP is now completely hedged against market risk, 

but it is already facing a loss of $8 due to the transfer made to member A. However, as the CCP has $20 

in the margin account of member B, the CCP can take $8 from it, offsetting perfectly the losses and 

returning the remaining $12 to the member B. 

 

The previous default was determined because member B didn’t transfer the required quantity in the 

daily settlement process due to the mark-to-market of the open positions. However, we can also face 

the scenario of a different type of default, even when member B transfers the corresponding $8 to CCP. 

For instance, assume that due to an increment on the volatility of the contract, the CCP determines that 

each member must pledge now in the collateral account $11 per contract, so each member must pledge 

additionally $2 in their corresponding margin account. If member B fails to pledge the additional $2 in 

the margin account, the CCP will also declare the default and will proceed to close the position of 

member B. However, if in this case the CCP buys the two contracts at the same price of $104 considered 

before, the CCP will not face any losses, as the daily settlement was already performed, so now the CCP 

will be able to return completely the $20 of the margin account to member B. 
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2.4 The allocation problem 

 

As can be observed, the construction of the guarantee fund is fundamental for protecting the CCP and 

the market in case of default. The guarantee fund will be just required for covering the events of default 

that are presented in abnormal circumstances, so its utilization will be rather exceptional9. However, the 

capital for filling the fund must be physically available and exclusively pledged for its purpose.  This 

implies that the members must make an additional capital effort just for being part of the CCP scheme, 

as they need to maintain all the time the required contribution to the fund. The requirement of the 

contributions to the members is among the responsibilities of the CCP.  

The fact that the positions of the members are in principle completely netted could imply a unique 

interaction among the default of the members, i.e., in the event that additional members fell into 

default, it is possible that some defaulted position will be netted among defaulted members, thus 

reducing the total risks. In fact, in the unlikely event that all members default at the same time, all the 

positions could be netted and the overall position without hedge will be zero. This implies that there will 

be a point where an additional default could imply more netting benefits for the fund that increment of 

uncovered positions. 

For instance, in a setting with 20 members and 3 different contracts, Figure 3 shows how the total 

uncovered position in number of contracts for the CCP varies when more members enters into default.  

 

Figure 3: Example of number of contracts without hedge for several numbers of 

consecutive defaults. 

 
This graph is taken from an environment of 20 members and 3 different contracts. The x-axis 

shows the number of members that have defaulted, in a randomly selected order. The y-axis 

shows the number of contracts without hedge that the CCP faces in this example for each 

number of defaulted members. 
 

                                                           
9
 Some of the most important clearing houses around the world had never required until now to use the guarantee 

fund. Important defaults as the case of Barings Bank and Lehman Brothers have been managed with the collateral 

available in the margin account. 
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This netting effect can be clearly seen in Figure 4 running 10.000 random different sequences of default 

and computing the expected value of contracts without hedge for each number of defaulted members.  

Figure 4: Expected number of contracts without hedge for several numbers of consecutive defaults 

 
This graph is taken from an environment of 20 members and 3 

different contracts. The x-axis shows the number of members 

that have defaulted, in a randomly selected order. The y-axis 

shows the average number of contracts without hedge that the 

CCP faces for 10.000 different scenarios describing different 

orders in which the 20 members enter into default. 
 

The impact that this situation could have on the design of the guarantee fund can be found in section 

3.2.3.  

Given the previous analyses, the CCP must have an appropriate model to measure its risk for designing 

the guarantee fund. The netting effect could be definitely relevant for computing the size of the fund, 

but there is still the matter of determining the contributions per member. It is natural to conclude that 

the CCP must consider the size of the residual risk10 of each individual member in order to determine the 

contributions to the fund. In fact, the CCP could consider more than just the size of the residual risk, it 

could also take into account the shape of the distribution for the possible states of nature in which the 

guarantee fund is affected. However, the diversification and eventually the netting gains that the 

pooling of the risks is implying for the calculation of the residual risk of the CCP must be distributed 

among the members. This generates the allocation problem for the CCP guarantee fund.  

For having a clearer approach of the problem, in the next chapter is proposed a framework for modeling 

the environment of the CCP described until now. Later sections will introduce additional concepts from 

literature that will help to tackle the problem from a theoretical perspective.  

 

 

 

                                                           
10

 The term residual risk refers to the losses that the money pledged in the margin account is not covering. 
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3. Description of the model 

 

This chapter contains the design of the model that will be considered in this document for approaching 

the allocation problem of the guarantee fund. First, some of the assumptions considered in the model 

will be discussed together with additional remarks related with the environment where the contracts 

and risks are negotiated. Then, the model will be introduced, formalizing the interaction of risks 

between the members and the CCP. 

3.1 Assumptions and remarks  

 

In first place, let’s consider some general characteristics of the environment in an exchange that are 

relevant for the analysis of the problem. 

3.1.1 The distribution of risks 

 

The prices of the contracts negotiated in an exchange are related with the price of the corresponding 

underlying. Usually, the price (and more important the variations) of the contracts are modeled as 

continuous and differentiable, even if the payoff is not, as happens with the price of a call option. 

However, the setting that is introduced in this Chapter has not considered a particular distribution, and 

in general, discontinuously distributed risks could be also taken into account. 

On the other hand, it’s important to keep in mind that the distribution of risks affecting the uncovered 
positions of each member corresponds exclusively to the tail of the distribution of their aggregated risks.  

Furthermore, the distribution of the risks of the guarantee fund corresponds to the aggregation of the 

tails of the distribution of the risk for each member. One of the most important aspects that are 

interesting in this context, is that in principle, the risks are completely netted among the members, so in 

case that the members don’t default, or when the variation of the prices are within the designed level of 
the margin account, the distribution of the risks of the fund will be zero. Negative outcomes to the fund 

are then materialized just in case of extreme variation of prices combined with the event of default of a 

particular member. This analysis will be the base for modeling the risk distribution for the fund in the 

section 3.2. 

The selection of a distribution for modeling the prices is not an easy task. The distribution of risks may 

be fitted using historical data, but the shape of the distribution may change depending how many 

periods of time are taken for the historical data, which is not standardized among CCPs. To model a 

correlation structure about different distribution of risks for each contract negotiated in the exchange 

could be even more complicated. Using SPAN as a Risk Measure11 is a way of avoiding to assume a 

determined distribution of risks, and it may explain why this method is so popular among clearing 

houses. In this document it won’t be assumed a specific distribution (except in Chapter 7 for simulation 

purposes).  

                                                           
11

 See section 4.3.3 for details 



Page 19 of 92 

 

To address the inconvenient of not knowing the exact distribution of the risks, an interesting alternative 

discussed in literature, for instance in Longin (1999), is to use extreme value theory, taken into account 

that the relevant region to be considered by the CCP is located in the tail of the distribution. The 

extreme value theorem is used for proving that disregarding the distribution of risks12, the limiting 

distribution13 has the same form, which can be modeled as one of three types of limiting distributions, 

grouped in the Generalized Extreme Value Distribution. The problem of selecting the distribution 

changes to a problem of selecting the limiting distribution that best fits the data. This approach has been 

considered for determining the value of the margin accounts14, because extreme value theorem requires 

the assumption of continuity, which could be used for modeling the prices. However, this theory could 

present problems when modeling the risk of the CCP (that in general is not continuous), and thus, for 

determining distribution of the fund. 

Finally, it’s important also to highlight that as the CCP has always both sides of each contract 
simultaneously, this implies that the risks may arise at both tails of the distribution, this is, extreme 

variation of prices could always imply negative outcomes for the CCP, disregarding the direction of the 

variation. 

3.1.2 Risk Free rate 

In this document the risk free interest rate will be assumed equal to zero. This is not a particular strong 

assumption for this context, as the measures that the CCP must perform for modeling its risk are on a 

short-term basis, usually no more than a couple days and in some cases even intra-day. In these time 

intervals, the effect of any risk free return is usually negligible when compared with the movements of 

the underlings of the contracts traded in the exchange.  

3.1.3 The role of the legal framework 

As stated before, the CCP requires from participants some financial and operative pre-requisites for 

being considered as members of the scheme. In addition, the organized market that operates in an 

exchange is continuously under regulation, which implies that all participants (including the CCP by itself) 

must fulfill a set of procedures and requirements for being part of the market. It is important to keep 

                                                           
12

 Among continuous distributions. 
13

 This is the distribution when the set of periodic data (let’s say daily) is divided into larger sets (for instance 
grouping the data of each Month in a set), and then, compute the minimum (or the maximum) of each set. The 

distribution of the minimum values of each set is called the limiting distribution. In this example, the random 

variable of the limiting distribution can be called    ( ), where   is the number of data grouped in each set, in 

this case, number of days within a month. For details and a more formal construction of this distribution, see 

Longin (1999) 
14

 This is done establishing a probability that the capital of the margin account is not sufficient for covering the 

variation of price. Then, the margin level is derived from the extreme value distribution estimating from historical 

data. Although the margin is computed from the estimated shape of the tail of the distribution, it is still covering 

the changes of prices under normal circumstances, where the word “normal” will depend on the probability of 
violation of the margin account established by the CCP. 
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this in mind when considering the characteristics of the design of the safeguard system and in particular 

of the guarantee fund. 

3.1.4 Liquidity of the market 

The standardized contracts negotiated in an exchange represent some of the most liquid assets that can 

be found in the market. For most of the contracts there is a high volume of negotiations every day. It will 

be assumed in the rest of the document a scenario of infinite liquidity when the CCP requires closing a 

position given a default. This means in practice that the price of the contracts won’t depend on the size 
of the position that is going to be liquidated and that the positions can be liquidated immediately after 

the default, implying that additional adjustments won’t be required in the distribution of prices that 

could change the value of the losses after the default. 

The previous assumption is natural in a market free of arbitrage where the prices of an asset does not 

depend of the quantity that is being traded, however, in practice is known that the negotiation of very 

large positions could not be performed in all the cases due to characteristics of each market, which 

could be measured by market depth or other liquidity measures. After the event of default of a member 

in a CCP (which usually is a large company), it is common to observe a period of panic and uncertainty in 

the markets, perceived through a decrease of liquidity. Modeling these and other factors is beyond the 

scope of this thesis (see von Wyss (2004)), however, it represents an interesting topic for further 

research on the design of a guarantee fund for a CCP and especially when selecting an appropriate risk 

measure.  

3.1.5 The setting of the fund and Context 

 

As studied in section 2.2.2, there are several alternatives for designing the guarantee fund. In particular, 

the definition of the size of the fund and the contribution of the members are the main issue of this 

document, so its construction will be discussed deeply in the next chapters. However, it is important to 

establish some assumptions about the operation of the fund. 

 It will be assumed that the fund is completely filled with the contributions of the members, this 

is, it won’t be discussed the role of the contributions made by the CCP. This assumption is made 

for allowing the model to be concentrated on the allocation problem and not on the interaction 

of the capital of the CCP with the Safeguard Scheme. However, it can be noticed that the 

contribution of the CCP to the fund can be modeled in general as a smaller total capital for the 

fund ,which is exclusively filled by contributions of the members. 

 The events of default that will be considered imply that the complete position of the defaulted 

member is compromised, and that the CCP will manage the default exclusively liquidating all the 

positions at market prices. In addition, it won´t be studied possible recoveries of capital for the 

fund when the CCP takes legal position of the assets of the member when it enters in 

bankruptcy. Then, the losses of the fund will be shared among the members. 
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  It won’t be assumed minimal contributions to the fund. The contributions will still be 
mandatory but just related with the risks coming from the positions of each member in the 

market. 

 

3.1.6 An additional remark: 

 

It is possible to understand the fund as a contract where the non-defaulting members are providing 

insurance partially the position of the default member, while the CCP is providing insurance for the 

remaining position of the defaulted member. This scenario can be analyzed considering the implicit 

options that this scheme creates, dividing the situation of each member when defaulting and no-

defaulting, as follows: 

 

o Defaulted member: It holds a default call option as an asset. The strike price    is the 

amount of money that the member has pledged (         ). It may eventually be also 

included the remaining capital of the Defaulted member. 

 

o Pooled contributions of non-defaulted members: It is short in the default call option with 

strike price   , and long in the same option with second strike price   , where       ∑                if   is the defaulted member. 

 

o CCP: It is short in the default call option with strike price   . 

It  won’t be considered further detail of this approach in this document. 

3.2 Construction of the model 

In this section, a framework for modeling the random behavior of the risk of the members of the CCP 

will be introduced, initially considering the independent impact of the risk of each member, and then 

aggregating these effects considering how the dynamic of the market affects the risk of the CCP. 

Modeling the risk will permit the construction of a safeguard system, and in particular, to understand 

the behavior of the guarantee fund. This model will be implemented in a one-period setting, which is 

very close to reality given the daily settlement process carried out by the CCP at the end of each day.  

3.2.1 The trading account 

Let’s define the vector of prices   , with          denoting each of the   contracts available in the 

market.  Consider a matrix     containing the weights or the size of the position of member         

in the contract   and    the vector of weights for member  . Notice that for each contract  , the sum of 

the open positions must always add zero, this is ∑          .  A positive sign for a weight factor implies 

a long position, while a negative sign represents a short position.  
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As the model will be described in one period, the time variable   will be omitted, and the change of the 

vector of prices (using net returns) will be denoted as   .15 Then, if    is the random variable describing 

the net losses in the trading account of member   at the end of a day,    is directly computed 

as        (  ). Finally, take     as the defined amount of money that member   must pledge as 

margin16.                                                                                                                                                                                                            

The risk that is not covered by the margin account is represented by the tail of the distribution. Let’s call 
this the Excess Risk17        {        }  (      ) . As usually the Margin Level     is 

defined to cover most of the scenarios under normal circumstances,      will be zero in almost all 

realizations of   . The expected value of the excess risk is  [   ]   [(      ) ]   [(      )   (      )]  ( [  |      ]     )   (      ) 

Let’s call    the value such that the equality   (      )  (    ) holds. This implies that    could 

be interpreted as a level of confidence that the materialized Excess Risk for member   won’t be larger 
than zero. If the CCP determines that    is the same for every member  , this can be called simply  . 

3.2.2 The default of a member 

 

In principle, the quantity described by     must be covered by the member   at the end of the day. In 

this case, the CCP won’t face any loss and won’t require the additional safeguards. However, the CCP 
must build the safeguard system considering the cases when a member defaults. 

 

3.2.2.1 Exogenous Probability of Default 

 

First, let’s consider the scenario where the default of the member is independent of the result in the 

trading account. This implies that the member can default disregarding if it has positive or negative 

outcomes. This scenario is plausible since usually the members have some of their principal businesses 

lines outside the CCP. Furthermore, a representative part of the losses of the trading account for a 

member corresponds to client’s positions, which imply that the equity of the member is not necessarily 

being affected in a direct way. 

Then, in this initial setting it is assumed that the event of default, denoted by      , is independent18 

of   .  More explicitly,       is defined as follows: 

      {                                                          (       ) 

                                                           
15

 This means that if the time variable is included, the vector    would be denoted as     , and each coordinate 

would be defined as          (   )    

16
 See Chapter 4 for more details about how to determine     

17
 The term Excess Risk and Residual Risk are interchangeable in the context of this document. 

 
18

 The word exo stands for “exogenous”, as the probability of this event is defined taking into account only events 
outside the exchange 
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Let’s define an additional dummy variable    for identifying the cases where the CCP is facing losses 

caused by the default of member  . This is defined as follows: 

   {                                                         (   ) 

 

It’s possible to describe the probability that the CCP faces a loss related with member  , simply with the 

expression   (    )   (                )        (   ) . 

The distribution of the losses for the CCP in relation with the losses of the member   can be 

characterized by          .  

As it was stated before, a possible approach for a CCP is to relate the level of confidence   with the 

probability of default of each member, so the members holding larger exogenous probability of default 

must pledge larger margins for entering into the market19. Following this strategy, fixing the probability 

that the CCP faces a default caused by a particular member to a specific level  , will imply that the level 

of confidence   now must be noted in general as   . From the equation  (    )          (    ), the parameter    is solved as             . 

Table 1 shows the required level of    given different scenarios of Exogenous Probability of Default and 

the requirements of the CCP regarding the desired probability of facing a loss20. 

Table 1: Level of confidence for margin account required for maintaining a constant probability of loss. 

 
This table computes the value of the level of confidence that the CCP should consider for each member, given that the members have different 

exogenous probabilities of default, which are evaluated in the columns table from 1% to 10%. The rows represent a pre-established level of 

confidence of facing a loss that the CCP could fix as a policy. For instance, if the CCP considers that the probability of a facing a loss from a 

member is 0.25%, and if a particular member has a exogenous probability of default of 6%, then the CCP must set a confidence level of 95.83% 

for computing the margin level of that particular member. 

3.2.2.2 Endogenous Probability of Default 

Now, the more general approach considering that the probability of default depends on the size of the 

losses in the market can be introduced21. Let’s call the event of default        , so the probability of 

default defined in the previous section should be redefined now as a conditional probability        
                                                           
19

 This is not the approach that is used usually in practice, as can be observed later in this section. 
20

 Notice that until this moment is not considered the existence of the default fund. 
21

 Gemmil (1994) is an example of an attempt of analyzing the impact of the probabilities of default of members in 

the performance of the CCP. 
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 (       |   )    (   ), where    is an increasing function that might depend on specific variables 

of member   as financial indicators or trading factors as the relation between clients positions versus 

own positions. The definition of this function must be the result of a careful study of the CCP members 

and the variables that affect their performance, however, just for illustration let’s assume a simple 
setting where the events that affect the computation of the exogenous probability are independent of 

the events that affect the endogenous conditional probability, so (               ) . Let’s define       as follows 

        (   )     (       (       )) 

Where       represents the maximum loss that the member   can face given its financial resources22. The 

intuition behind this formula is simple. If the excess risk     is zero, it’s because         , which 

implies that the Margin level is enough for covering any loss; for member  , the result on the trading 

account is not generating additional incentives to enter into default, so       and the probability of 

default is not increased. However, when     is a positive quantity, the member can have the incentive of 

defaulting, and it will increase with the size of the loss. It is assumed that the total conditional 

probability of default     will be 1 when the loss is so large that it equals the denominator, which will 

indicate that the member cannot pay the required amount of money with the financial resources it 

holds23. Finally, the term (       ) is just guarantying that the total probability of default     is never 

above 1.   

             (       (       )) 

Specifying the dependence             (   ) implies that the loss for the CCP from member   is         where       with conditional probability               (       (       )) and       with 

conditional probability (     ) 24 

 

  ∫  (    |     )       ( )   
  

                                                           
22

 In principle, this Indicator should represent the availability of cash of the member for covering losses. 
23

 The Financial Indicator     can be modified to take into account additional relevant factors that may affect the 

availability of capital in relation with the size of losses. For instance, it can be considered that many of the 

positions belong in the last instance to their clients, so their guarantees and resources may be used for covering 

part of the losses. For ease of the model, it will be assumed that     is a number updated daily considering all the 

relevant variables for its computation.    
24

 An alternative way of describing    is using the dummy and indicator functions defined before.         (      ) 
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Replacing the value of the conditional probability defined before, the integral is now as follows: 

  ∫ [         ((      )     (       ))]      ( )    
    ∫           ( )    

    ∫    ((      )    (       ))      ( )   
   25 

In this case, is no trivial to modify    for fixing a particular   as it was done in the previous section. 

However, conditioning the probability of default to the value of the value of     is still more precise, and 

can be useful for designing the guarantee fund. Then, unless the opposite is explicitly stated, in the rest 

of the document this is the case that will be considered. In addition, a homogeneous   will be assumed 

for all the members when defining the margin account and the value of   won’t be fixed by the CCP.  

3.2.3 The CCP distribution of losses 

 

So far, the random variable    has been considered, analyzing the perspective of just one member. 

However, it’s even more interesting to see the problem from the perspective of the CPP. For doing so, it 
is necessary to add the positions of all   members ∑         . It will be useful to define the random 

variable          , which will determine the losses of the CCP related with the member  . 
The net position of the CCP is going to be always zero if no member goes into default. However, the CCP 

will be exposed to    in the event that the member  defaults. For defining the exposure of the CCP let’s 
denote     simply as   . The random variable for determining the losses of the CCP without considering 

yet additional safeguards in principle can be represented as the sum of the individual losses as follows: 

   ∑   
    ∑    

       ∑(      )     ∑(    (  )     )     
   

 
    

Notice that the previous expression is relating the exposure of the CCP with the vector Δ  of variation 

of prices of the contracts.    will only be different from zero if        and      for some    
However, there is an additional argument that should be considered. The previous definition of    is 

implicitly considering the tendency of having negative correlation among the positions of the members 

when conditioning each    with    , because if the probability of default of a member   increases given 

the result of its account in       then it will imply that the members      with opposite positions will 

tend to not increase their probability of default, given that its more possible that         However, 

there is another netting effect that in theory could be considered, and it is related with the discussion 

                                                           
25

 In this document is going to be assumed that        (       ), as if        (       ) it will hold that   ∫           ( )    
    ∫ (       )      ( )   

    ∫     ( )   
     (      )       ) 

This would imply that the member will default every time that the margin account is not enough for covering the 

variations of the market. 
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presented in section 2.4. If more than one member defaults at the same time, this could imply that 

there is an additional chance of netting some of the defaulted contracts. This implies that the positions 

could be initially aggregated for the members that have defaulted.  

     (∑(     (   ))     
   )  (∑(      {   {      }   })     

   ) 

 (∑(    (  )  (   {   (  )    }) )     
   ) 

 (∑(    (  )     (   {   (  )    })    ) 
   ) 

 (∑((       )   (   {   (  )    })    ) 
   )   

Notice that the difference of    with      comes mainly from the fact that the dummy variable    is 

inside the expression in large brackets. This implies that the risks of the defaulted members are 

aggregated, taking profit of the netting gains. However, the term containing the Margin Level     has 

been also modified. First of all, the operator ( )   in the expression (   {   (  )    })  guarantees 

that the term concerning the Margin Level is never negative, as it can never generate an additional loss 

for the CCP. On the other hand, the    {      } expression is limiting the guarantees that the CCP can 

use for covering its risk. The CCP cannot use the guarantees of the margin account for covering the 

losses   , but just when this losses are smaller than    . 
A possible alternative for checking the difference among    and      is observing the scenario when 

all the members go into default at the same time. In case that the risk of that CCP could be considered 

as stated in     , this expression will be transformed to the following: 

(∑(      ) 
      ∑  (   )    

   )  ( ∑(   ) 
      ∑  (   ) 

   ) 
 

where the first term can be expanded in vector notation, considering that the sum of the vectors of 

positions of all members is just the sum element wise of the positions in each contract.  

∑(   ) 
    (       )  (       )    (       )  

( 
   ∑(   ) 

    ∑(   ) 
   ) 

    (   ) 

Considering that the expression for the Margin Level is always a positive quantity, this implies that the 

previous expression becomes 
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( ∑(   ) 
      ∑  (   ) 

   )  (  ∑  (   ) 
   )    

In contrast, it can be seen that this is not the case for the expression described by   . In this case, the 

losses of the CCP will be maximized when all members default at the same time. 

These two variables can be also used for measuring the netting effects of the CCP, which is described 

again as a random variable.            

This presents an interesting opportunity for the CCP for covering by regulation the systemic risk arising 

for a massive wave of member defaults. This will require an ex-ante contractual agreement with the 

members of the CCP for protecting the CCP in the aforementioned cases, as this will imply that some 

members that have defaulted but that perceived gains in their accounts will limit their gains. 

Unless something different is explicitly stated, in the present document it will be assumed that the CCP 

works with the distribution constructed with    as it is closer to the current regulation in terms of the 

rules of novation. 

Now that the risk    has been modeled, the present setting provides a starting point for finding the size 

of the guarantee fund. Once the capital of the guarantee fund is decided, it will be required to find the 

resources for filling the fund. As the members of the CCP are generating all the risks that the guarantee 

fund is covering, it is natural to require from the members the capital for the fund. The size of the 

contributions should depend on the Residual Risk of the members, or more explicitly in the model, it 

should depend on the value of    for each member  . However, when the risks of the members were 

pooled in   , this implied that the total capital required for the fund, called  , would be smaller than 

the sum of these risks, i.e.,   ∑       . This implies that the contribution of each member could be 

smaller than the measure of their individual risk. The capital allocation problem is related with the 

determination of the individual contribution    of each member, such that   ∑       . 

Then, for completing the setting of the problem, it is required to develop formally some concepts. For 

defining    it is required to determine the value of the Margin Level    , which in turn requires the 

introduction of a Risk Measure applied to the individual risks   . In addition, for determining the size of 

the fund, the use of a specific Risk Measure over the risk of the CCP (denoted by   ) is also required. 

Finally, when the previous Risk Measures are defined, the allocation problem can be formally introduced. 

Considering this, the next Chapter will formalize the process of selecting an adequate Risk Measure, 

while Chapters 5 and 6 will be concentrated in the allocation problem. 
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4. Risk Measures 

 

In this chapter the term Risk Measure for the context of a CCP will be defined, and some of the 

properties that could be desired for a risk measure will be introduced, giving a short analysis of each one. 

At the end of the section, some of the most famous risk measures used both in literature and in practice 

are presented, including an exploration of some properties, advantages and disadvantages of each of 

them. In particular, the Risk Measures will be used in the model for quantifying the size of the Margin 

Level     of each member and for determining the size of the fund  . Furthermore, additional risk 

measures could be required when considering special Capital Allocation Problems that need to quantify 

the Residual Risks of individual Members. In section 4.4 at the end of this Chapter, a careful explanation 

of the application of Risk Measures in this document will be introduced.  

In the next two Chapters, this document will work with a rather general notation for formalizing the 

concepts of Risk Measures and Capital Allocation Problems, although the same symbols were 

maintained as possible for easing the understanding of the concepts under the CCP context.  

4.1 Introduction to Risk Measures 

 

CCPs must measure the risks they are facing in relation with the positions of the members, i.e. the 

individual risks    and the aggregated residual risk   .  Performing an accurate measure of the risks is 

important as it will be the base for determining the guarantees that will be required to the members, 

and thus, the protection of the CCP against the possible defaults.  

 

A Risk Measure in this context should be quantified taking into account all the possible states of nature 

for the prices of the contracts within a specified time interval and then, determining a monetary amount 

that must be included to the position in order to be protected against these adverse states of the nature, 

or specifically in this case, of the market.  

The literature taken into account for the development of this Chapter was taken primarily from Artzner 

(1999), Acerbi and Tasche (2002) and Föllmer and Schied (2002)  

Definition:  

 In the set of random variables  , a risk     is a random variable that assigns to each state of 

the market the loss in the future time  . This can be formally represented by defining      , 

where   denotes the set of possible states of the market. 

 A Risk Measure is a mapping from the set of risks   to a real number. Usually in literature, the 

Risk Measure is denoted with the Greek letter      . 
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4.2 Basic properties of Risk Measures 

 

There are several desirable properties discussed in the literature that a risk measure should satisfy.  

 Zero normalization:  ( )    

This is a natural condition, which states that a member with a position paying always zero in every state 

of the market is not facing any risk. 

 Monotonicity: If there exist        such that    , then  ( )   ( ).  

This is an important property, as basically it is saying that when the losses of   are weakly larger than 

the losses   for all states of nature, then the measure of risk of   cannot be smaller than the measure 

of  . This is consequent as the CCP will ask for a less quantity of guarantees for positions that will have 

less possible losses for the CCP. 

 Translation invariance: For all     and for all    ,  (   )   ( )     
The condition can be interpreted as adding a fixed amount of capital to the current risk is equivalent to 

subtract exactly that quantity to the risk measure of the original position. In other words, this is essential 

in this context as it implies that if for a risk   the CCP requires the member to pledge a guarantee 

of  ( ), then, when the member adds this quantity to the account it can be taken    ( ) and then, 

the new capital requirement for the new account is  (   ( ))   ( )   ( )     
 Subadditivity: For all      ,  (   )   ( )   ( ) 

The subadditivity property is very important for a risk measure as it implies that the members won’t get 
smaller capital requirements when dividing their positions to different accounts. In fact, taking profit of 

the diversifying effect of pooling the positions is one of the main reasons motivating the creation of a 

guarantee fund. 

 Positive homogeneity: For all     and for all          it holds that  (   )     ( ) 

This property states that increasing the size of a risk will imply a proportional increase in the risk 

measure. This property could be debatable especially in environments with limited liquidity, where a 

large position could need a longer amount of time for being closed. However, it could be still a rational 

property for modeling a Risk Measure that satisfies the subadditivity property; if the Risk Measure only 

satisfies the subadditivity property, this would imply that   (   )   ( )   ( ) . Positive 

homogeneity property grants the equality in this case, implying that there are no diversifying effects 

when increasing the size of a risk. 

Coherent risk measures: A risk measure   is called coherent if it satisfies the properties of monotonicity, 

translation invariance, subadditivity and positive homogeneity. 

The next representation can be found in Artzner (1999). It is an interesting result that will be applicable 

later for determining the coherence of some risk measures: 
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If a risk measure is defined from a nonempty set   of probability measures, as follows  ( )     {  [ ]|   } 
then,   is a coherent risk measure. 

 Convexity: For all        and       it holds that  (   (   ) )    ( )  (   ) ( ). 

Convex risk measures: A risk measure   is called convex if it satisfies the properties of monotonicity, 

translation invariance, and convexity. 

The use of convex risk measures has become more popular especially in the contexts where the term 

liquidity risk performs an important role. The advantage of this type of measure is that it relaxes the 

conditions of subadditivity and positive homogeneity, but due to the convexity property it still maintains 

the condition that merging positions is not penalized by the Risk Measure. 

There is also an interesting result called “representation theorem for convex measures of risk” that 

generalize the previous result describing of coherent Risk Measures as the supreme of a set. 

A risk measure is convex if and only if there exist a penalty function     (     ], such that   ( )     {  [ ]   ( )|   }with  ( )    ( ) 

4.3 Examples of risk measures 

In this section, some of the most relevant risk measures used currently by the literature and in practice 

for the measurement of risks will be introduced. This Risk Measure can be used for quantifying the 

Margin Level     (which in practice is usually done using SPAN), and for determining the size of the 

guarantee fund. Chapter 7 will apply some of these Risk Measures for measuring the size of the fund. 

4.3.1 Value at risk 

 

The Value at Risk measure became famous in the decade of the 1990s. For a given    (   ), the Value 

at Risk of   is formally defined as 

     ( )     { | [   ]   }. 

The Value at Risk is often called a quantile measure, as for continuous distributions     ( ) is no more 

than the  -quantile of the distribution of   under  . It can be interpreted as the maximum loss that a 

risk may face with a specified level of confidence  . The ease of its interpretation and computation in 

some contexts, are some of the characteristics that makes this measure so popular for evaluating 

financial risks. 

In general terms, the VaR measure is not coherent, as it does not satisfy the subadditivity property. It is 

not convex either, as it does not satisfy the convexity property. 
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A common critic to the VaR measure is that it doesn’t give any information about the tail of the 
distribution; this is, it doesn’t provide any insights about the extreme losses that may occur in the 

probability events over the threshold  . This is an undesirable feature as it implies that the Value at Risk 

is not longer useful in the event of a crash in the market, when the market stability is more delicate as it 

is facing the most important risks.  

The next risk measure provides a solution for this problem. 

4.3.2 Tail VAR, Worst Conditional Expectation and Expected Shortfall 

 

The Tail VaR or Tail conditional Expectation (TCE) has the advantage that provides additional information 

about the tail of the distribution. It is defined as follows     ( )    [ |   ( )( )]   
Where   ( )( )     { | [   ]   } 
It can be seen that  ( )( ) is equivalent to     ( ) if the distribution of   is continuous at     ( ). 

In this case TCE is also coherent. 

However, it is possible to define a new measure for granting the coherence of the measure even when 

the distribution of   is not continuous at     ( ). This can be done with the Worst Conditional 

Expectation as follows:     ( )     {  [ | ]| [ ]  (   )} 

This Risk Measure is coherent, as it is a direct application of the representation of coherent Risk 

Measures previously discussed in section 4.2. However, despite of the coherence of     ( ), it has 

been argued in the literature that this measure is not very easy to handle, which has driven to the 

creation of some new measures. In particular, the Expected Shortfall (equivalent to the CVAR which 

won’t be defined in this document), which computes directly the expected value of the position in the 

worst   of the cases.  

   ( )   (   )  [ (   {   ( )( )})   ( )( )  ((   )   [   ( )( )])] 
The Expected Shortfall has the advantage over the previous measures that it is continuous over changes 

of  , disregarding the underlying distribution. 

A common drawback of using the risk measures introduced in this section is that these are built for 

studying specifically what is happening in the tail of the distribution. In specific applications as Capital 

Allocation, it could be possible that the designers of the pool also require taking into account 

information about the rest of the distribution, where most of the events are happening.  
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Another possible drawback of the aforementioned measures is that it is required to have information 

about the distribution of the risks (or at least about the tail), which is not always the case in practice. In 

particular, the portfolios of the members in a CCP context contain a great variety of different financial 

products with different underlying and settlement dates. Moreover, the composition of the portfolios is 

continuously changing, which creates difficulties when is required to make accurate assumptions of the 

distribution of each portfolio. Most of the CCPs in the world have tackled this problem using the SPAN 

margin system, which is introduced in the next section. 

4.3.3 SPAN 

 

As it was stated before, SPAN software is one of the main tool used among CCPs for measuring the 

market risk of the portfolios of the members, and thus, for computing the margin requirements. SPAN is 

a technique based on an analysis of scenarios for different underlyings. SPAN computes the result of 16 

different scenarios of the market modifying the current price and volatility in a determined range of 

variation. 

 

For instance, SPAN assumes that the CCP considers that the prices change in normal circumstances on a 

range from -5% to 5%. In addition, it assumes that the CCP considers that a stable volatility is 20%, and 

that the CCP observes that an adequate range for the volatility is 16% when the volatility is down, and 

24% when it is up. Then, the following scenarios are defined: 

 

 Price stable, volatility up (24%). 

 Price stable, volatility down (16%). 

 Price up 1/3 range (1.66%), volatility up (24%). 

 Price up 1/3 range (1.66%), volatility down (16%). 

 Price down 1/3 range (-1.66%), volatility up (24%). 

 Price down 1/3 range (-1.66%), volatility down (16%). 

 Price up 2/3 range (3.33%), volatility up (24%). 

 Price up 2/3 range (3.33%), volatility down (16%). 

 Price down 2/3 range (-3.33%), volatility up (24%). 

 Price down 2/3 range (-3.33%), volatility down (16%). 

 Price up the complete range (5%), volatility up (24%). 

 Price up the complete range (5%), volatility down (16%). 

 Price down the complete range (-5%), volatility up (24%). 

 Price down the complete range (-5%), volatility down (16%). 

 35% of the loss when stressing the Price up (for instance 2 times the range (10%)), volatility 

stable (22%). 

 35% of the loss when stressing the Price down (for instance 2 times the range (-10%)), volatility 

stable (22%). 

 

In each scenario the value of each contract is computed for the positions of the member. The risk 

measure is taken as the worst lost among the different scenarios after adding the results for all the 

contracts. It can be concluded that this is a coherent risk measure according to the representation 

discussed in section 4.2, as this measure can be seen as  ( )     {  [ ]|   }, considering that 

SPAN is the maximum of the losses under different scenarios: all the first 14 scenarios can be viewed as 

the probability measure that gives all the weight to each corresponding state of the market, and for the 
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case of the last two scenarios, as the probability measure that assigns 35% to the extreme change in 

price and 65% to a stable price.  

 

With this in mind, it can be noticed that extensions or modifications of SPAN can be easily done 

maintaining the coherence of the risk measure. New coherent measures will only require adding or 

modifying scenarios provided that the risk measure is computed as the supremum over them. 

4.4 Risk Measures and the capital allocation problem 

With the design introduced in Chapter 3, it’s time to summarize the most relevant concepts and to make 
a connection among the different topics presented so far in this document, so it is possible to introduce 

the capital allocation problem. 

The first necessary step is to obtain the matrix     which represents the open position at the beginning 

of the trading day for each member         in each available contract        . When this matrix 

is combined with the distribution of the net returns of the prices   , the risk of each member can be 

defined as        (  )  26  In this moment, the margin levels for each member can be established, 

determining a specific risk measure called    .        (  ) 

The definition of the Margin Level allows to characterize the random variable     introduced in section 

3.2.1, which can be interpreted as the Residual Risk of agent  . 
On the other hand, it has been introduced the event of default   . Disregarding how    is modeled, 

adding the join distribution of     and    for all members characterize the distribution of the risk of the 

CCP, i.e.,     ∑        ∑           . This distribution describes the losses that the CCP will face 

when just the Margins have been implemented. 

When the guarantee fund is implemented, the first aspect to decide is the size of capital that the fund 

must hold. For doing so, it will be applied a Risk Measure   . The total capital of de fund is denoted by  , 

then     (  ) 

Now all the elements for the Capital Allocation Problem have been defined. Indeed, the size of the fund 

has been characterized by  , and the risk denoted by    is completely identified with the definition of 

the Margin Level, the matrix of open positions     and the vector   . 

An additional word must be said about the application of Risk Measures in this document. As discussed 

at the beginning of this Chapter, for some approaches in the solution of the Capital Allocation Problem it 

will be necessary to use an additional Risk Measure for quantifying sub portfolios of risks that might be 

                                                           
26

 Notice that the minus sign in this expression guarantee implies that the random variable    represent a loss, 

which is consequent with the notion of risk introduced when defining the properties of the Risk Measures in the 

beginning of this Chapter. 
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generated when aggregating a subset of individual risks   . Let’s denote this Risk Measure   . For 

instance,    could give a measure for an individual excess risk:       (  ) 

The next section will discuss deeply the Capital Allocation Problem, giving additional tools for 

approaching formally the problem. 
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5. Risk Capital Allocation 

 

In this Chapter, the Capital Allocation Problem presenting it under a very general setting will be 

formalized. After the definition of the problem, this Chapter analyses some of the common properties 

that can be desirable for a Capital Allocation Rule. Then, a set of some interesting solutions is presented. 

These solutions are chosen in such a way that they reflect several approaches that have been taken into 

consideration in the literature for solving similar problems in different contexts. The content of this 

Chapter is mainly based on the work of Dhaene et al. (2012), Denault (1999), Kim and Hardy (2009) and 

van Gulick et al. (2012).  

5.1 Formalizing the Capital allocation problem 

Consider an environment where   different agents are facing a set   of   27 individual risks, with   {     }   . It can also be described the aggregated loss as 

   ∑   
    

This loss has different interpretations depending on the contexts of the capital allocation problem. In 

the CCP environment, this could represent simply the sum of all the individual accounts of the members, 

or more interestingly, the losses that the CCP could face if there is no implemented a safeguard system 

and the members go into default. 

Now, assume that it is required to determine a quantity   for covering the risk   28. The most general 

definition of the Risk Capital Allocation Problem consists in assigning a quantity    to each agent such 

that 

  ∑   
    

The vector of the allocated capital {       } is denoted as       . A natural way of approaching 

this problem is to relate each    with the individual risks of each agent   . The most standard approach 

in these cases is to use of a risk measure for evaluating each individual risk, obtaining a set of 

values  (  ). 

It can be noticed that    is pooling the risks of all the individual agents, so because of the diversification 

effect, it is usually the case that the capital   required for covering the risk   is smaller than the sum of 

                                                           
27

 The risks    for         are general random variables. The notation    is used taking into account the symbol 

that has been utilized in previous Chapters for the relevant Risk in the Capital Allocation Problem of the CCP. 

However, these random variables can be replaced by other risks, for instance, in section ¡Error! No se encuentra el 

origen de la referencia. the allocation problem is not considered over    but over      
28

 Notice that if the variables    represent the expression       , then the variable    is equivalent to    

introduced in Chapter 3.  
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the required capital for each individual risk. Assume that the required capital for each line is measured 

by  , then this line of argumentation implies 

  ∑ (  ) 
    

In fact, in the particular case that the total capital requirement is measured also by  , this is  (  )   , 

then, the previous relation could be just perceived as a consequence of the subadditivity property of   

as 

 (  )    ∑ (  ) 
    

This is not the general case though, as in practice is not always the case that the risk measure used for 

defining   and each    is the same. In fact, it can even be possible that the quantity   is not defined 

directly from    29 

A simple manner of defining formally a Capital Allocation Rule   is to consider it as a mapping from the 

allocation problem   to a unique allocation       . The allocation problem can be defined as the 

tuple   (   ) where   is the total capital to be allocated and   {       } is the set of risks. Then, 

the rule can be defined as   (   )    , where        and such that   ∑       . In some settings 

a fixed risk measure   in the problem is also considered, thus obtaining a mapping   (     )       
The latter definition could be more appropriate in cases where the approach is based on a unique Risk 

Measure; however, as stated before, the selection of the risk measure is not necessarily the same for 

defining   and for measuring the individuals risks   , so the former definition gives a more general 

setting. 

Whenever it’s needed to consider an allocation rule for a subset of agents    , it’s necessary to 
make further specification about the notation. First, the capital to be allocated for a subset   will be 

denoted as   . The subset of risks    with     will be denoted as        . The allocated capital 

for the risk    of agent   in   will be denoted as   (     ). In particular, in line with the previous 

notation, when the problem concerns the complete set  , it holds that      and   (   )    .  
The aggregation of risks for the agents belonging to   is denoted as    ∑      . Sometimes, a new 

vector   {  }     30 is required. Notice that  ̂ does not have the same number of elements of  , as 

the aggregated risk    is just one element of  . 

Then, the allocation corresponding to    in the problem described by the tuple  (   ) will be denoted 

as   (   ), were   (   )    . Notice that   (   ) is not necessarily the same as ∑     
                                                           
29

 For instance, the current methodology for most of guarantee funds in CCPs is to select   as the maximum 

among the calculations for  (   ), disregarding how many risks     the fund is covering. This will be studied again 

in section ¡Error! No se encuentra el origen de la referencia.. 
30
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∑   (   ) . In fact,   (   ) represents the allocation corresponding to just one element of the set  , 

so it is analogous to   (   ) for some     ,  

5.2 Properties 

The literature has discussed some desirable properties that an allocation rule   may fulfill. In this section, 

some of them are introduced. Depending on the context, it has to be decided which of these properties 

must be attained by the allocation rule. The analysis for the CCP context in this document can be found 

in section 6.1. 

Efficiency (Full allocation): Given a set   {       },  ∑      

Non-negativity: For all agents whose risks are not strictly negative31, it holds that    (   )        
No undercut:  Consider a subset    . Then 

∑  (   )  ∑     (∑   )   (  )      
This property is analogous to subadditivity property for risk measures in the sense that the agents 

receive more benefit when they are part of the larger coalition   than when they are in a stand-alone 

basis.  

Symmetry: There is not a unique definition for symmetry in the literature. The more general definition 

for symmetry is that for two arbitrary agents    ,  and its respective risk      , if       then      . 

Riskless Allocation: If a particular risk    has a sure outcome     , then   ( )      
No diversification: Assume that a risk measure   is considered for both the computation of the total 

capital and the measurement of the individual risks. If     (  )  ∑  (  )    , then it holds 

necessarily that     (  ). 

Translation invariance: If the risk of an agent is increased by a constant   ̂      , then   ̂          
and   ̂      . 

Scale invariance: If the risks of all the agents are multiplied by a constant    , this is,    ̂         , 
then   ̂      . 
Consistency: Consider a subset     and   =    

                                                           
31

 This is, the random variables that can obtain results greater or equal to zero. 
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∑  (   )  ∑      (   )  
where   {  }     . 

Basically, the consistency property argues that if a subset of agents become part of a conglomerate, the 

sum of the capital allocated to each agent when they are independent must be equal to the capital 

allocated to the conglomerate when their risks are aggregated in   .  

5.3 Examples of Capital Allocation Rules 

In this section some of the many Allocation Rules studied in literature will be introduced. For identifying 

easily the rule that is being used for solving the Allocation problem, a superscript will be used in some 

cases. For Instance, the term        corresponds to the allocated capital for member   using the 

Proportional Allocation Rule. 

5.3.1 Proportional Allocation Principle 

First, one of the simplest Allocation Rules will be considered for an arbitrary risk measure  . The 

Proportional or Haircut Principle simply allocates the total capital   proportionally to the individual 

measures of risks. This is formulated as follows 

        ∑  (  )      (  ) 

5.3.2 Game theoretical approach 

One of the most famous approaches for solving allocation problems among a set of a determined 

number   of agents is to consider a cooperative game setting, establishing a cost function32, and 

determining the different values for particular coalitions (aggregation of risks among a subset of agents). 

A natural choice for the cost function is a risk measure  . This risk measure is usually taken for 

evaluating each coalition and for determining the total capital of the problem. This is in principle rational 

due to the fact that the total capital   is the requirement of the allocation problem when the risks of all 

agents are aggregated, which in this setting corresponds to the grand coalition. 

Formally, for a subset of players   {     }    33 the cost of the coalition   is determined as 

 ( )   (∑     ) 

                                                           
32

 See Appendix A for an introduction on the concepts of game theory 
33

 In the cooperative game context, the letter   usually denotes the set or coalition that contains all the players, 

this is called the Grand Coalition. 
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This implies that    ( )   (∑      )   (  ). This is convenient as some properties of the risk 

measure can be translated to properties of the game. However, the general setting defined previously 

implies that the quantity   could arise from an independent risk measure or from a different particular 

constraint of the allocation problem. In such cases, the structure of the game could have changed, which 

implies that further study of the properties of the new game must be considered. This will be explored 

in more detail in section 5.4. 

Considering again the case of a unique Risk Measure, it is important to notice that if the Risk Measure is 

subadditive, then, the game will be also subadditive. It will also be the case that every element of the 

core will fulfill the no undercut property. This is a consequence of the definition of the core, as for each 

element in the core it holds that the members are receiving more than they would receive in any smaller 

coalition. 

There are two general approaches used in literature for working with a cooperative game setting. In the 

first case, it will be considered that the agents are not divisible. This means that it does not make sense 

to think about a fraction of an agent (player), so players cannot form coalitions with other players where 

some of them have only a partial contribution. This is called an atomic game, as the players can be 

considered as indivisible atoms. The second case arises when it is allowed to have fractional players and 

it is called a non-atomic setting. This approach seems natural for instance when agents hold portfolios 

than can be divided and combined with portfolios of different agents.  

5.3.2.1 Atomic Games 

 

Let´s call     {       } where c is the vector of values (costs) for each of the    possible coalitions. 

Additionally, let’s impose that ∑         , where   still denotes the total capital that corresponds to 

the cost of the grand coalition. The function   can be understood as a solution of the game as it assigns 

to each player a fraction of the total cost, and furthermore it distributes all the cost among players. It 

can be noticed that it represents also a solution for the risk allocation problem. There have been some 

solutions discussed in the literature as can be observed in Appendix A. The properties of each of these 

solutions can be the starting point to discuss whether this is a good solution for the specific allocation 

problem. In particular, Denault (1999) suggest the Shapley Value is a solution concept that can be 

applied for the problems modeled on an atomic setting. The capital allocated to member   using the 

Shapley Value in an atomic Game setting will be denoted as      . 

 

An additional approach for an atomic setting can be found in van Gulick, et al. (2012). 

5.3.2.2 Non-Atomic Games 

 

When it’s possible to consider fractions of participants, the common game theoretical approach is to 

consider the players as non-atomic34, which implies that it will be possible to contemplate coalitions 

                                                           
34

 See (Denault, 1999) 
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using partially a portion of a player. For considering the coalitions that can be created in this setting, it is 

necessary to introduce new notation. 

   is a vector in     of positive values, where each component represents the full participation of each 

player in the coalition35.   is also a vector in    . The element    represents the fraction of participation that player   has in a 

particular coalition. 

With this in mind, it can be seen that the expression       denotes the level of participation of member   in the coalition  , which can contain now partial players. 

For defining the value of a coalition it can be used again a determined risk measure. In the fractional 

coalition setting, the value (or cost) of a partial coalition   can be now computed with the new function  ̃      with  ̃( )    and 

 ̃( )   (∑         
   ) 

The value  ̃( ) can be interpreted as a portfolio of risks that is built from fractions   of the risks of each 

of the members of the CCP.  

A known solution in the literature for the allocation of capital in this setting is the Aumann-Shapley value, 

which is defined for player   as: 

         ( ̃)  ∫   ̃   (  )   
  

This expression can be understood as the average of all the marginal contribution of player   to a 

portfolio that is gradually increasing with the variable   from zero to the complete portfolio  .  

It has been proved that this expression can be simplified for the case where the risk measure   is 

coherent (in particular positive homogeneous). In this case, the Aumann-Shapley value can be computed 

as  

         ( ̃)    ̃( )    

The most interesting characteristic of the Aumann-Shapley value is that it has been proved that this is 

the unique allocation in this setting that satisfy the no-undercut property. However, some drawbacks of 

this technique are that it is required that the function  ̃ is differentiable, and that it is possible to obtain 

negative allocations that can be undesired in some contexts. 

 

                                                           
35

 It is common to identify   with the vector  , this is, a vector in    with all its components equal to 1. 
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Remark about participants in a game setting: 

One of the issues for designing a solution of the allocation problem through a cooperative game 

approach is to determine clearly the players of the game and their properties. There are several 

reasons for considering that a more precise approach is to model an atomic game where each 

member of the CCP represents an atom in the game. It could be argued that as the member’s 
accounts are subdivided by different contracts expressed in money, in theory a member could be 

fragmented creating independent companies and add them as members of the CCP. However, this 

scenario is highly unlikely in practice for the following reasons: 

 The position of each member is varying in a daily basis with the price of the underlying, the 

amount of contracts that the clients require regarding their own needs, the current clients 

of the member could also vary in time, the arrival of settlement dates in the contracts, etc. 

This implies that it is very difficult for a member to maintain an exact pre-determined 

structure for the composition of its positions. 

 The creation of a new company and the fulfillment of all the requisites of the CCP to become 

a member are in general expensive processes, requiring duplicating the infrastructure and 

losing all the advantages of a scale economy. 

 Each contract has a pre-established size that cannot be further divided. Then, even if the 

account of each member is expressed in a currency, in practice it cannot be divided more 

than the size of an individual contract, which in addition, is not standard among different 

underlying. 

All the previous reasons imply that in practice is impossible for a member to predict exactly the 

optimal subdivision of their accounts that could lead them to less expensive capital requirements in 

such a way that is worth to take the load of dividing the member in smaller atoms, and even in the 

case this is feasible, it won’t be possible to divide the accounts either infinitely or homogeneously. 

However, the solution using the Aumann-Shapley value can benefit from the interpretation 

introduced by Tasche (1999), which is introduced in next section.  

5.3.3 Marginal Cost Principle 

Tasche (1999) has defined a similar Allocation Rule but taking into account completely different 

arguments. In fact, the setting considered by Tasche (1999) is not related with game theory, but with 

arguments of risk contribution within a portfolio of assets or liabilities. Considering a portfolio 

composed by risks    
 

 ( )  ∑     
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where   is the vector that represents the portfolio to be measured, containing the weights        on 

each of the   assets, such that ∑         . This is,    is the fraction of the risks    that is aggregated for 

the portfolio  ( ). The interpretation of    is analogous to the expression 
      considered before for 

defining the Aumann-Shapley value. 

A Risk Measure   is selected for quantifying the risk of the portfolio, denoted as  ( ( )). 

Tasche (1999) described some conditions36 for determining if a vector that measures the performance of 

a portfolio can be called “suitable for performance measurement”, and he proved that the vector 

constructed by the marginal contributions 
  ( )     belong to the class of vectors that satisfies this quality. 

These marginal contributions are called also risk contributions of one piece of asset represented by  , 
and considering the fact that  ( ( ))  ∑   ( )       , Tasche (1999) proposed this vector as an desirable 

allocation rule for the portfolio. 

Notice that the allocation rule is equivalent to the Denault (1999) approach using the Aumann-Shapley 

value, and for that reason, the allocations based on this methodology will be still noted as     . The 

same benefits and drawbacks defined in the last paragraph of the previous section also apply for this 

approach. 

5.3.4 Allocation considering the default option 

An approach that is also popular in the literature is to use the quantification of a default option as a base 

for defining the allocation among members. This approach can be found mainly in the context of 

insurance companies, where the insurer has several business lines and wants to allocate the total capital 

of the company among them. Usually the total capital is imposed by the regulator, and the insurance 

company can use all the capital disregarding the business lines that is generating the most quantity of 

claims (liabilities). The concept of the default option arises when the sum of liabilities surpasses the total 

capital held by the company, so it’s not possible to cover all the claims and the insurance company in 
practice is limiting its losses. This can be seen as a default option taken by the insurance company; the 

strike price corresponds to the point when the liabilities are equal to the total capital. If the liabilities are 

larger than the capital, the losses of the liabilities are covered by the positive payoff of the default 

option. 

The previous approach has some similarities with the construction of a guarantee fund. In first place, 

there is a total amount of capital that could have been set by an external entity, and that can be used for 

covering the losses of any business line (members of the fund). On the other hand, the presence of the 

default option is also evident as the fund can only cover losses until they reach the level of the total 

capital.  

The base of these types of approaches is the fact that only when the company/fund enters into default, 

it will give equal priority to all the business lines. In other words, when the company is insolvent, all the 

                                                           
36

 Details of this considerations are not studied here. 
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business lines defaults at the same time, then, the liabilities of each line can be treated with equal 

priority, implying that the policy holder will receive a quantity of money proportional to their claims, and 

this will apply disregarding the risk line where the policy holder belongs.  

First, denote   the total assets of the company (the total capital) and    the total liabilities. The payoff 

of the default option, denoted by   can be set simply as   (    ) . Considering   lines of 

business, the default option is divided representing the contribution of each line to default, this is   ∑       . As a business line can only enter into default when the whole company enters into default, 

the payoff of the individual default option must be linked to this event, this is      (     ) , where    represents the random variable of losses for line  , so ∑          . 

The allocation method described in (Kim & Hardy, 2009), which is related with (Sherris, 2006), is found 

starting from next equations 

 [(    ) ]   [ ]   [∑   
   ]  ∑ [  ] 

    ∑ [  (     ) ] 
     (    )  ∑ [  (     )|      ] 

    

After noting that  [(    )|    ]  ∑  [  (     )|     ]    , and arguing that in case of 

default all lines have the same priority, the previous equation is solved line by line, expanding the left 

side to    ∑        and   ∑         37. Then, these expressions are solved as follows: 

 [(    ) ]   (    )   [(    )|    ]   (    )  ∑ [  (     )|      ] 
    

 [(∑   
    ∑     

   )|    ]  ∑ [  (     )|      ] 
    

 

Solving the problem line by line: 

 [(     )|    ]   [  (     )|      ] 
which implies that  

      [       |      ] 
                                                           
37

 The superscript DO stands for “Default Option” 
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This result gives a simple proposal for allocating the capital, considering just the contributions of each 

business line for the state of default.  

Another famous proposal for this type of approach was proposed by Myers & Read (2001). However, 

instead of determining directly the contribution from the losses in the event of default, Myers & Read  

(2001) formulate an implicit allocation method when quantifying the values of the default option for 

each business line. The allocation of capital is defined as the distribution of capital required in order to 

obtain that the marginal contributions of each business line to the default option are the same. The 

development of this approach requires pricing the value of the options, which is done considering an 

arbitrage free environment in a complete market, where the prices can be evaluated under the risk free 

measure. Furthermore, this approach also requires assuming a normal or lognormal distribution for the 

changes on the underlying of the model, which in this case are the asset and liabilities accounts. The 

implicit allocation considered by this model will be studied in next section under the specification of a 

more general framework for capital allocation rules. 

5.3.5 General Framework for some Allocation Principles 

The idea behind this approach38 is to observe how many of allocation principles in the literature can be 

included in a general setting. The formulation is given as an optimization problem, where the objective 

is to minimize the next function, which contains the difference between the losses and the allocated 

capital.  

          ∑    [    (       )] 
    

    ∑      
      

   : It represents a non-negative real number such that  ∑         , so it can be understood as a vector 

that is weighting the deviation of each agent.   : It represents a non-negative random variable such that  [  ]      . This variable is included in 

order to give a different weight to the most important outcomes in the design of the model.  (): It represents a non-negative function designed for measuring the deviations of the outcomes from 

the allocated capital. 

Dhaene et al., (2012) proved that when   is chosen such that  ( )    , the minimization problem 

have the next unique solution: 

       [    ]    (  ∑ [    ] 
   )     

                                                           
38

 See Dhaene et al., (2012) 
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The first expression is the expected value of the risk    depending on the weight function. However, this 

does not consider the available capital   to be distributed, so the second expression corrects this issue. 

In case that the expected value of the sum of the risk is larger than  , the second term will be negative 

and then, it will adjust the allocation to each agent. Notice that the expression in brackets is the same 

constant number for all agents, however, the value of    will ponder the relative importance of each 

member. 

Dhaene et al. (2012) show that changing the definitions of    and    it is possible to arise to different 

capital allocation rules proposed in the literature, and in fact, they also propose to generate new capital 

allocation methods modifying these variables. 

An example of the application of this method is provided by Dhaene et al. (2012) for the theoretical 

concept studied by the paper of Myers & Read (2001). 

They argue that the problem defined by Myers & Read (2001) is equivalent to solving the next problem 

 [(    ) ]  ∑ [(     )       ] 
    

Where the expression on the left side is the expected value of the payoff of the default option, and the 

right hand expression considers the individual deficit or surplus of each line compared with their 

allocated capital, pondering exclusively the scenarios where the company goes into default. Dhaene et 

al. (2012) also states that the expectations “may” be taken under the risk neutral measure 

Dhaene et al. (2012) adjust the previous expression for the general solution considered above, 

determining that the allocation method is described as:            [  |    ]    (   [  |    ]) 

Where    can be selected for changing the relative importance of each member in the allocation.  

In the paper, Dhaene et al. (2012) propose to select the volume measures    using market-consistent 

prices as follows 

    (  ) (  ) 

Where  (  )   [    ],  (  )   [    ] and    denotes market consistent random variable that in 

this case is computed taking into account the probability of default of the fund. This is 

         (    ) 
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5.4 Relation of Capital allocation rules and Risk Measures 

As it could be observed in this Chapter, there exists a variety of approaches that could be used for 

creating a guarantee fund and for solving the allocation problem. These approaches not only differ in 

the quantitative techniques or theoretical settings for solving the problem, but also in how the solution 

is related with the structure of the risk measures. 

In particular, notice that is possible to use risk measures for at least two different issues: 

 Deciding the amount of capital that the fund must hold. Let’s call this measure   ( ). 

 Measuring the individual Residual Risks for each member. Let’s call this measure    ( )39. 

The Capital Allocation Rules studied in this document can be classified in this way. 

1. The Allocation Rule requires to use the measures    ( ) and   ( ). 

a.   ( )    ( ): In this case, the Allocation Rule requires measuring both the size of the 

fund and the residual risk of smaller portfolios e.g. the Residual Risk of individual 

member members. In this category must be classified the Aumann-Shapley value, and 

can be also included any of the solutions of atomic games. However, it is important to 

notice that the extent to which these methods use the Risk Measure is very different. In 

case of the Aumann-Shapley value, the Allocation Rule requires to work with the 

structure of the risk measure and the risk that it is quantifying. In the case of an atomic 

game setting, for finding the solution of the problem it is enough to know the value 

resulting of the risk measure applied to different coalitions, and no anymore the specific 

distribution of the measured risks. This implies that if a risk measure quantifies two 

different risks with the same value, the atomic solution of the game will result in the 

same result, while the Aumann-Shapley solution may lead to different answers. 

b.   ( )     ( ): This category includes all the cases where there is a particular rule for 

measuring the size of the fund, but where there is also required to measure sub 

portfolios of risks, which is done in general by using a different Risk Measure. In this 

category the current method that most CCP uses for designing the guarantee fund can 

be found. For each member is computed an individual residual risk using a specific risk 

measure (e.g. SPAN with stressed values), while the size of the fund is selected for a 

different rule, this is, determining the amount of capital to cover the maximum residual 

risk among the members. Notice that the Risk Measures are different, but interestingly   ( ) depends on the result of the application of   ( ) to the members. 

It is possible to include also in this category the solutions for atomic games. As in this 

case just the result of the computation of the Risk Measure is important, it still can be 

modeled an atomic game using   ( ) for measuring all the possible coalitions and   ( ) 

for measuring the value of the grand coalition. The important point here remains in 

                                                           
39

 The subscript   used in    ( ) allows the general case of  computing the values of each coalition using a different 

Risk Measure. However, this is not the case for any of the methods discussed here, so it will be denoted    ( )     ( )    ( ) 
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identifying whether the constructed game satisfies the conditions for applying a 

particular solution, for instance, that the imputation set is not empty for the Nucleolus 

and that the Core Cover is not empty for the Compromise Value. In addition, the 

methods discussed in section 6.2.2 will be also classified in this category. 

 

2. The Allocation rule only requires the Risk Measure   ( ). In this category, the Allocation 

Problem can be solved just using the Risk Measure   ( ). for determining the required capital of 

the fund. The general approach introduced by Dhaene et al. (2012) classifies in this category, as 

it only requires to know the capital of the fund (not even the Risk Measure used for determining 

it) and the different risks for applying the general optimization formula.  

 

The approach of Kim & Hardy (2009) and Myers & Read (2001) also belongs to this category. In 

fact, Kim & Hardy (2009) limit the use of the individual risks just for the cases when the capital in 

the fund was no enough for covering the claims of capital.  

 

Finally, in the section 6.2.3  a method for solving the Allocation problem will be introduced; this 

method will require exclusively the size of the fund measured by   ( ) and the distribution of 

the risks. 
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6. Capital Allocation for a CCP guarantee fund 

 

This Chapter will wrap up all the previous chapters for designing specific Allocation Rules for the 

guarantee fund of the CCP.  

 

6.1 Properties of the Capital Allocation rule 

In this section the relation of each of the properties discussed in the section 5.2 for the CCP context will 

be analyzed; In particular it will be determined to which extent some properties apply for selecting a 

suitable Capital Allocation Rule. 

Efficiency (Full allocation): Efficiency is one of the obvious properties that a capital allocation rule must 

satisfy. In general terms, given a capital   that is required for holding the fund, the guarantee fund of a 

CCP should fulfill efficiency in order to collect the sufficient contribution from members to complete the 

required capital for the fund. However, the case of a guarantee fund in a CCP could be an exception. 

There is an additional agent that can fulfill the capital of the guarantee fund but that does not share the 

same properties of the rest of the agents for being included in the allocation problem, namely, the own 

CCP. In fact, a contribution of the CCP with its own capital for filling the guarantee fund is a common 

feature that can be found in practice.  

Taking this into account, and as stated in section 3.1.5, without losing much generality, it is going to be 

assumed that the capital that is required to be allocated is just to portion that corresponds to the 

members, so the efficiency property must be satisfied in any case. 

Non-negativity: In the context of a guarantee fund, it does not make sense to allow negative 

contributions, this is, members that can take money from the fund instead of contributing their shares.  

This property is required for any chosen allocation. 

No undercut:  The participation in the guarantee fund is one of these mandatory requirements that a 

CCP demands to the members for being able to participate in the market. This implies than in practice it 

is not possible to create coalitions among members outside the scheme of the fund. In principle, this 

could lead space for allowing that the selected allocation rule does not satisfy the no-undercut property. 

Some authors may argue that in any case, the allocation is fair or “coherent”40 when this property holds, 

disregarding if the coalitions can be set in practice. With this in mind, it will be considered as desirable 

but not necessarily required that the allocation vector is part of the core of the set, this is, that it 

satisfies the no-undercut property. 

However, at least it’s clear that there shouldn’t be incentives for individual undercuts, i.e. the chosen 
allocation scheme should no permit that for a member is better to pledge the money in the margin 

account than to be part of the fund for covering its risk with a determined level of confidence, as it 

                                                           
40

 See Denault (1999). 
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would take away any incentive of mutualizing the risk for some agents. This implies that the selected 

allocation method must be at least in the imputation set in the cooperative game setting. If the selected 

risk measure is coherent, this is granted by the subadditivity property. 

Symmetry: Symmetry is one of the properties that must be accomplished by the selected allocation rule. 

In the CCP environment, the impartiality of the rules among the members is vital for a transparent 

market.  

Riskless Allocation: In principle, this property seems logic when the agent risk has a negative sure 

outcome, but this premise might not be feasible in the context of an exchange, as any member that has 

a sure gain or loss should pay or receive this capital immediately (or at least this loss must be covered in 

the margin account). In fact, if it’s taken into account that the risk being considered here corresponds to 
the tail of the distribution, the premise that the tail of the distribution is a sure event will imply that this 

loss is 0 or that the distribution is no continuous. In the first case, the allocation is trivial, and in the 

second case it would be part of a more complex contract, that won’t be treated in the simulation 

framework of Chapter 7. 

No diversification: The premise for this property won’t be presented in a CCP environment, as it is the 
case than in principle all risks are hedging perfectly among them. However, in case this would be a 

plausible scenario, definitely this rule must hold, as this implies that it is no cheaper for any member to 

make its contribution to its own margin account. 

Translation invariance: In a CCP, this rule is equivalent to determine the contribution to the fund in case 

the member pledge an additional quantity of collateral to the CCP (or withdraw it in case it has a surplus 

of collateral).  

In principle, this doesn’t seem an appropriate property for the design of the guarantee fund in a CCP. 
This will imply that the members could add the allocated quantity    to their margin account, and then 

be exempted of contributing in the fund, which would have negative impacts to the safeguard system.  

Scale invariance: In principle, when the size of the fund is determined by a positive homogeneous risk 

measure, this condition will hold and it’s appropriate for the present design, especially under the 
assumption of infinite liquidity. Nevertheless, when liquidity matters are considered, this property will 

need additional analysis: On one hand, the possibility of a larger default could also imply that the 

position could face a larger lost when trying to close the position. On the other hand, the increase of the 

open interest may be an indicator that the liquidity in a specific market has increased as well. 

Consistency: This is an interesting property, as in this context basically states that the corresponding 

capital allocated for a group of members must remain constant in case that a set of members decide to 

merge into one unique company. However, due to the possibility that the members have opposite 

positions in some contracts, the merging of the risks of two or more members will imply in general 
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terms a smaller aggregated risk for the merged company and the fund41, so this property will not be 

satisfied. 

Table 2 summarizes the analysis made in this section. 

 

Table 2: Summary of the analysis of properties of Capital Allocation Rules 

 
 

This table summarizes the analysis presented in this section in terms of the 

properties discussed in literature that the selected allocation rule for the 

guarantee fund must satisfy. Each property is classified as required, nice to 

have and not applicable. In the first case, the allocation rule must satisfy 

the property in order to be aligned with the context of the CCP. In the 

second case, there are classified the properties that could be satisfied, but 

that are not mandatory given the circumstances of the normative of the 

CCP. Finally, as not applicable have been classified those properties that 

are either undesirable, or for which its premises are not fulfilled bin the 

contexts of the CCP. 

 

6.2 Solving the Capital Allocation Problem 

In this section, the setting introduced in section 3.2 will be related specifically with the selected 

techniques for solving the allocation problem. In particular, some considerations for each Allocation 

Rule will be discussed and the possible variations that can be implemented for each general method will 

be listed. 

It is important to mention that in practice there is not a universal agreement of how to allocate the risk 

capital, so for selecting a particular allocation rule arguments both of fairness or practicality could be 

considered. 

 

 

                                                           
41

 This does not imply that the merged member is facing less risk, as the crossed positions may come from different 

clients. However, this situation is transparent for the CCP when it has a netting scheme for considering their risks 

and margin requirements. 
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6.2.1 Considerations about current allocation method 

 

Before discussing other Allocation Rules, this section will discuss deeply the allocation rule that is used 

currently for the design of the guarantee fund in some of the most important CCPs42. This method 

computes a measure for quantifying the Residual Risk     of each member,43 and then it chooses the size 

of the fund just selecting the larger measure of the Residual Risk among the members. The allocation is 

then performed using the proportional rule discussed in section 5.3.1. 

Assuming again that there are   members in the fund, and considering the Residual Risks     as denoted 

in Chapter 3, the current allocation can be formulated as: 

          (   )∑   (   )                 (   ) 

 

where             (   )    (∑        )    44 is the total capital of the fund. It will be also denoted 

that     ∑        . Notice that this rule is just a proportional rule that falls in the category 1 of section 

5.4. 

 

Let’s call   the member with the largest risk, then     (   ). Notice that in general, B could 

correspond to any member  , and it may change in each period of time. Let’s call      (   ) 

and    ∑   (   )    , so we can simplify the notation of the previous expression            

The current mechanism of Capital Allocation has some particular properties. The next Example will help 

to describe them. 

 

 

Example 

 

Consider a setting of 5 members, with residual risks as observed in Table 3. 

 

 The amount of collateral that each member must pledge relative to their individual own risk is 

exactly (last column) the same for all the agents. It corresponds to the proportion between the Risk 

Measure of member   against the sum of the risks for all members (         (   ))      . This is the last 

column of the table. 

                                                           
42

 See for instance LCH.Clearnet S.A. Instruction IV.3-1 (2013) 
43

 Notice that in this case, the Risk Measure is being computed over     and not over   , this is, the probabilities of 

default are not taken into account for the design of the guarantee fund.  
44

 Notice that the definition of     is not considering the individual probabilities of default of the members, but just 

the Excess risks, which defers with the general setting where the risk measure is applied to the risks   . 
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 The role of   is essential for determining the dynamic of the fund. The contribution of each member 

is not always proportional to their own risk. This can be clearly seen considering the following cases: 

 

o When a member     leaves the fund, the other members must increase their 

participation   , even if they haven’t changed their positions, as can be seen in  

 

 

o Table 4, where it is assumed that member 5 leaves the fund. In this case, one can argue that 

the overall risk of the fund    has effectively decreased (the position of the leaving 

members are closed now), however, all the remaining members must pledge more collateral. 

This phenomenon appears simply because the Risk Measure   (   ) is only depending on 

the largest measure   (   ) of individual risks. If the largest measure does not change, a 

member leaving the fund implies that the same capital must now be covered by a smaller 

number of members.  

 

There could arise cases when member     increases its own risk but it has to pledge less collateral 

than before, for instance, when   decreases in the same time interval its risks by a marginal larger 

quantity, as in  

o Table 5. This is a good example of how could be unfair the allocation of a member in the 

sense that it depends too much in the risk of the largest member. 

 

 

Table 3: Example of contributions for the current method    50           20         

  

Residual 

Risk   (   ) 

       
 

         
          

         (   ) 

Member 1 4 1,60 8,0% 8,0% 40,0% 

Member 2 8 3,20 16,0% 16,0% 40,0% 

Member 3 20 8,00 40,0% 40,0% 40,0% 

Member 4 8 3,20 16,0% 16,0% 40,0% 

Member 5 10 4,00 20,0% 20,0% 40,0% 
 

 

This table presents an example of the current design of the fund for a set of 5 members, for 

which a measure of their residual risk     is presented in the column “Residual Risk”. The size 
of the fund   corresponds to the largest of the values for in the column Residual Risk, and the 

symbol     is denoting the sum of all those values. Column       
 presents the results of 

applying the proportional allocation rule. The other columns compute the corresponding 

relations. 
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Table 4: Example modification of contributions for the current method when a member exits the fund    40           20         

  

Residual 

Risk   (   ) 

       
 

         
          

         (   ) 

Member 1 4 2 10,0% 10,0% 50,0% 

Member 2 8 4 20,0% 20,0% 50,0% 

Member 3 20 10 50,0% 50,0% 50,0% 

Member 4 8 4 20,0% 20,0% 50,0% 
 

 

This table presents an example of the current design of the fund where initially the CCP had 

a set of 5 members as in Table 3, but then member 5 abandons the CCP. The size of the fund   remains the same given that the largest Residual Risk is still the same. However, in the 

column       
 are modified. 

 

Table 5: Example varying the residual risks of a regular member and the largest member     47           16         

  

Residual 

Risk   (   ) 

       
 

         
          

         (   ) 

Member 1 4 1,36 8,5% 8,5% 34,0% 

Member 2 8 2,72 17,0% 17,0% 34,0% 

Member 3 16 5,45 34,0% 34,0% 34,0% 

Member 4 8 2,72 17,0% 17,0% 34,0% 

Member 5 11 3,74 23,4% 23,4% 34,0% 
 

 

This table continues elaborating the example presented in Table 3. In particular, the present 

table shows the effects of increasing the size of the risk of member 5 by 10% and decreasing 

the size of the Residual Risk of member 3 (the largest member) by 20%. It can be seen that 

even when the size of the residual risk of member 5 increased, the contribution of member 5 

decreases when compared with the results in Table 3. 
 

o As it was previously stated, the collateral relative to own position depends exclusively on   

by (    ). This implies that this relation won’t depend on the own risk profile of member   
and will remain constant if none of these quantities change. For instance, when a member     transfers the positions of a client to another member    . Even if the member   
decreased its overall risk and member   increased it, the relation (    ) remains constant.  
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Next table show this example, considering that member 2 transfers positions to member 4. 

See Table 6. 

 

 

Table 6: Example modification of contributions for the current method when a transfer of positions among members takes    50           20         

  

Residual 

Risk   (   ) 

       
 

         
          

         (   ) 

Member 1 4 1,6 8,0% 8,0% 40,0% 

Member 2 2 0,8 4,0% 4,0% 40,0% 

Member 3 20 8 40,0% 40,0% 40,0% 

Member 4 14 5,6 28,0% 28,0% 40,0% 

Member 5 10 4 20,0% 20,0% 40,0% 
 

 

This table presents an example of the current design of the fund based on Table 3, but testing 

the case where member 2 transfer positions to member 4, so the Residual Risk of Member 4 

will increase. The size of the fund   remains the same given that the largest Residual Risk is 

still the same. However, in the column       
 are modified. 

 

o When a member     increases its position, it benefits all other members. Even for the 

member that has increased its position, the marginal amount of additional guarantees that 

it must pledge is less than the increment of their own risk (for instance, if    increased 10%,    will increase less than 10%). See Table 7. 

Table 7: Example modification of contributions for the current method when a member increases its relative positions    55           20         

  

Residual 

Risk   (   ) 

       
 

         
          

         (   ) 

Member 1 4 1,45 7,3% 7,3% 36,4% 

Member 2 8 2,91 14,5% 14,5% 36,4% 

Member 3 20 7,27 36,4% 36,4% 36,4% 

Member 4 8 2,91 14,5% 14,5% 36,4% 

Member 5 15 5,45 27,3% 27,3% 36,4% 
 

 

This table continues elaborating the example presented in Table 3. In particular, the present 

table shows the effects of increasing the size of the risk of member 5 by 50%. The value of the 

fund is still the same as the largest residual risk has not changed, but the value of    

increases. This implies that the rest of members must contribute a smaller quantity to the 

fund, when compared with the scenario presented in Table 3. 
 



Page 55 of 92 

 

 It’s possible to determine the marginal changes of    when the residual risk    is changing. In general, 

the function    is continuous and differentiable everywhere, except in the point when the increases 

of the risk    implies that      . Figure 5 shows how the allocation of member 1 changes when its 

Risk Measure    change from 0 to 40. Notice the difference in the slope of the two regions, and the 

edge presented when         . 

Figure 5: Contribution to the fund depending on the Residual Risk of member 1 

 
This figure shows the contribution to the fund of member 1 when the Residual 

Risk of member 1 is increasing from 1 to 40, but the Residual Risks of the other 

members remain constant. 

 

 

This situation suggests dividing    in two regions: 

 

o If      , we can consider    as a constant, and define           . Then,           (     )                       (      )       (∑         ) 

 

o If      :                 (          )                      (      )       (  ∑            ) 

 

6.2.2 A simple bankruptcy setting 

 

If the reader is not familiarized with the concept of Bankruptcy problems, before starting this section it 

is recommended to review the content in section A.2. of the Appendix. 

Now, let’s consider the general problem where   (  )    ∑   (  )    . A Bankruptcy problem can 

immediately be created from this situation. Assume that the CCP asks each member to pledge in the 
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fund its own individual measure of risk   (  ). In that case, the sum of the pledged money will imply an 

excess   in the fund   ∑   (  )      . Then, the Bankruptcy problem could be set determining how 

to return this excess to each member. For completing the Bankruptcy problem, a vector   of claims such 

that   ∑     is needed. A natural selection for this vector would be the amount that each member 

already contributed to the fund, this is       (  ). 

There are several possible solutions for a Bankruptcy problem in the literature. In particular, in the 

present framework are implemented 5 possible solutions45: PROP, CEA, CEL, AM and RCD. 

Furthermore, from a Bankruptcy problem, it is also possible to create a TU game, computing the value of 

each of the individual coalitions that can be settled putting together the claims of a subset of the 

members. Recalling that   is the set of all members in the fund, and    the set of all possible coalitions. 

Then, the value of a coalition     can be computed as  

 ( )     {  ∑       }  (  ∑     ) 
 

A zero normalization of a bankruptcy game is convex and compromise stable. In the context of a CCP it 

can be seen that the game is usually zero-normalized. Let’s take an arbitrary individual member { } 

 ({ })  (  ∑     )  (∑  (  ) 
      ∑  (  )   )  (  (  )   )    

This means that  ({ })    only if   (  )   ., however, this condition will imply that the fund won’t 
be able to cover the residual risk   (  ) of member  . This contradicts the usual recommendation of 

determining the size of the fund such that it covers at least the residual risk of the agent with the 

highest uncovered position. Anyways, in case that a particular CCP does not apply this rule, it can be 

always be found the corresponding zero-normalized game subtracting the additive game   determined 

by the value   of the individual coalitions, i.e.  ({ })   ({ })   . 46 

Once the value of each coalition is determined, it is possible to estimate some known possible solutions 

for the game. In particular, it can be computed the Shapley Value, the Compromise Value and the 

Nucleolus, considering for the last two solutions that a Bankruptcy game is compromise stable. The 

Allocation resulting from this method will be denoted            , where SG stands for Simple 

Bankruptcy problem, and Method can varied among the Bankruptcy Rule selected for managing the 

allocations or the solution concept in case the problem is solved via a Bankruptcy game. For instance,          denotes the allocation to member   using the ideas introduced in the Simple Bankruptcy setting 

and the CEA Bankruptcy Rule. 

                                                           
45

 In the Appendix A can be also found an introduction to Bankruptcy rules. 
46

 See in the Appendix A the section of additive games. 
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The simple setting considered here belongs in general to the Allocation Rules classified as 1.b in section 

5.4. 

6.2.3 Allocation through fair contributions 

This section is inspired in the concept of fair expected transfers developed in van Gulick, et al. (2011). 

The concept of fair expected transfers is introduced in this document for the context of the guarantee 

fund of a CCP, and is used for developing a new Capital Allocation Rule, which will be defined in this 

section in detail. 

For this method, let’s assume that it has been determined the amount of capital   that the fund must 

hold using some selected Risk Measure   (  ). It has already been established the distributions of the 

residual risk {         } for each member. However, this residual risk only affects the fund in case of 

default, this is, using          . With this in mind, the elements for the allocation problem has been 

determined, with the total capital   to be allocated among the set of members with risks {      }; 
this is, to determine the individual contributions {       } such that   ∑         When a mutual fund 

is constructed, it will always be the case that in the event of default, there are going to be transfers of 

wealth among agents, from the members who didn’t default to those who defaulted. Then, a natural 
approach is to require that the members receive in expectation the same quantity that they will lose. 

Assume that the fund is constructed with the next rules: As it was stated before, each member 

contributes at the beginning of a period the determined quantity   . If a member   defaults, first the loss    is taken from its contribution   . If the loss    was less than   , then the value of the contribution of 

the member   is updated to        In case the      , then, the contribution of the member is set to 

zero and the fund must cover the difference      . At the end of each period the fund is dissolved. 

Then, the contribution of each member at the end of the period is called     (     )  and the fund 

would have a total Equity   to be returned to the members. This quantity can be expressed as   (  ∑       ) . To decide how to dissolve the fund, a Bankruptcy rule can be used. Let’s denote it as   (  {         }), and the allocation to the member   as    (  {         }). Now, in case the Equity   is equal to zero (∑         ), the capital    could not be enough for covering the losses. Then, it 

must be decided how to distribute the fund for covering the individual losses. This leads to a different 

Bankruptcy problem   (  {       }), where member   will get    (  {       }).47 

Additionally, let’s define a dummy variable   as follows 

   {    ∑   
                 

To see this process more clearly, let’s divide in 3 steps the time line of the fund for each trading day: 

                                                           
47

 Notice that in general the two Bankruptcy problems introduced in this paragraph can be solved using different 

Bankruptcy Rules. However, for easing the notation and reducing the number of possibilities Chapter 7, in the rest 

of this document will be assumed that the same Bankruptcy rule is used for both problems. 
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Step 1: Filling the fund: Each member must contribute    to fill the capital   of the fund. 

Step 2: Covering the losses: In this step the fund covers all the possible losses. The price change during 

the day and at the end of the day some members may have defaulted. There are two alternatives: 

 The capital of the fund was enough for covering the losses. Then      and each member   will 

receive from the fund the quantity     Furthermore, there will be an additional unused quantity 

in the fund.  

 The capital of the fund was not enough to cover all the losses. Then      and the CCP will 

distribute the capital of the fund using    (  {       }) . This is, each member 

receives    (  {       }). 

Finally, the value of the individual contributions is updated     (     ) .  If there is still some 

unused money capital in the fund, it is required to distribute this capital. This will be done in the next 

step. 

Step 3: Fund dissolution: Finally, the fund is dissolved. Each member will receive the 

quantity    (  {         }), with the equity   (  ∑       )  (  ∑       )  (    ). Notice 

that if in the step 2 the capital of the fund was depleted, the Equity of Step 3 will be zero, and the 

dissolution of the fund is trivial. 

Then, we can put all this in one expression for measuring the total transfer of each member.               [  (    )     (  {       })    ]      (  {         }) 

If the value of           is negative, this implies that the member loses money caused by the defaults 

of other members. Conversely, if the value of           is positive, this implies that the other members 

have faced losses caused by the default of member    
If there are no defaults, the terms in squared brackets (corresponding to the step 2) are 0, this is          and thus,     . Additionally, this implies that          . Then, the net transfer is              +    (  {         })     +    (  {       })   , as if the selected Bankruptcy 

rule is fair it must satisfy    (  {       })    , given that ∑         .  

It’s possible to check that this mechanism of distribution is budget balanced (there is no money added 

or taken from the fund) verifying that ∑                 
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∑          
    ∑(      (    )     (  {       })         (  {         })) 

    ∑    
    ∑  (    ) 

    ∑   (  {       }) 
       ∑   (  {         }) 

       (    )∑   
          

    (    )∑   
         (  ∑   

   )  (    )
   (   (    )   )  (    )  (∑   

    ∑   
   )    

As stated before, in order to determine a fair contribution     it’s natural to require that  (         )       . This is:  [      (    )     (  {       })         (  {         })]    

For instance, let’s assume that the fund uses the Proportional Bankruptcy Rule.  Then, the previous 
equation is: 

 [      (    )      ∑                 ∑        ]    

Considering that   (  ∑       )  (    ),      (     )  

 [      (    )      ∑            (  ∑   
   )  (    )  (     ) ∑ (     )     ]    

This expression can be related with the trading account of each member recalling the extended 

expressions:  

          ,  
 ∑        ∑           , 

      (      )  

         (  ) 

    {                                                                 (     ) 

               (       (       )) 

This problem must be solved numerically. In Chapter 7  some results using this Bankruptcy rule will be 

presented, and also a comparison with the results when using CEA, CEL and AM will be provided. From 
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now on, the allocation rule implemented for member   using this method will be denoted as         , 

where BR will be replaced by the selected Bankruptcy Rule. 

6.2.4 Aumann – Shapley Value 

For the Aumann-Shapley Value, the existing closed formula can be employed when the Expected 

Shortfall is used as Risk Measure48: 

        ( )       [ (           (  ))     (           (  ))] 
With   (   )  (       (  )) (       (  ))   if   (       (  ))    and     otherwise. 

This formula can be simplified for the case when the distribution    is continuous at the level of     . 

However, this cannot be guaranteed for the risk   , as if   is not big enough, the     (  ) could be 

equal to zero. When considering the case that the distribution of the prices of the underlyings is 

continuous,    will only present a discontinuity in zero, so in general, if       , the previous formula 

can be simplify to       (  |       (  )) 

As discussed in section 5.3.2.2, the assumptions of a non-atomic setting could be polemic for justifying 

this method. However, as the previous solution can also be interpreted as the marginal contribution of 

each risk to the aggregated risk of the CCP, the implementation of this Allocation Rule can still be 

consistent with the context of the CCP. 

6.2.5 Atomic Game setting 

Simulating the atomic game setting will require computing the values of all the possible coalitions using 

the Risk Measure    for each group of merged members. A coalition   corresponds to the aggregated 

risk    ∑       . The value of each coalition will be computed as   (  ). Notice that it is assumed 

that the coalitions are formed after the individual contributions    has been already given.49  

This simulation process will take more time, as it implies to compute a Risk Measure of        different 

sub portfolios of risks. 

Once the values of the coalitions have been computed, the game can be solved. For instance, depending 

of the properties of the resulting game, it can be used the Shapley Value, the Compromise Value or the 

Nucleolus. However, as the last two solution concepts requires an additional study of the properties of 

the game, in Chapter 7 just the Shapley Value will be implemented for illustrating the approach of this 

                                                           
48

 Other Risk Measures won’t be considered for this document for computing the Aumann-Shapley value. 
49

 A possible alternative would be to study the result of merging members before the computation of   , which will 

imply a more difficult definition of    as it must be determined a new probability of default for the merged 

members and some of the positions of the individual Open Interest could be netted, resulting in ∑          , so    can be determined as          . 
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section. The allocation to member   using the Shapley Value of a TU-Game constructed using this 

methodology will be denoted as       

6.2.6 Allocation Based on a solvency option 

 

The computation of Kim & Hardy (2009) rule simply implies to use the formula already introduced in 

section 5.3.4: 

      [       |      ]  
where     (  )   
 

For the case of the approach of Myers & Read (2001) following the concept of Dhaene, et al. (2012), the 

next formula must be applied            [  |    ]    (   [  |    ]) 

Using as volume measure 

    (  ) (  )   [    ] [    ] 
Where          (    ) 
For the purpose of this document, this method will be implemented taking the expectation under the 

real world measure. Although the pricing won’t be achieved rigorously, given the short interval of time 
that is been considered in the calculations (1 trading day) and the assumption of an interest rate equal 

to zero, the results should not perceive drastic changes and the application could be still useful for 

comparing it with the other approaches. 
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7. Simulation Results 

 

This Chapter contains the numeric results obtained when applying different Allocation Methods or/and 

Risk Measures in a simulated framework of the trading accounts of several members in a CCP. First,  the 

simulation environment will be described by modules. After that, the results of the simulations created 

for different scenarios will be presented, based on the models introduced in Chapter 6.  

7.1 Simulation environment 

This section has been organized aiming to explain the simulation framework by modules. The 

description will be restricted to the most important modules constructed for solving the allocation 

problem. 

7.1.1 Simulation of the Open Position 

There are two functions that simulate the composition of open contracts among the members. The 

output of these two functions basically corresponds to the matrix     of positions of each member in 

each contract. 

The structure is shown in Figure 6: 

Figure 6: Module for generating Open positions 

 
This figure contains a schematic representation of the simulation module that contains the necessary functions for simulating the trading 

account of each member. The labels on the left side denote the inputs and on the right size the outputs. 

 

The first function simulates the operation of a contract in a specified number of trading days. In each 

trade, the function selects randomly a pair of members, the number of contracts negotiated and a side 

of negotiation (long and short). Then, in each trade there are two members involved in the opposite 

sides of the negotiation. The function returns the “trading book” of the exchange for the selected 
contract and the selected trading days. The trading book is a three dimensional matrix, where the first 

dimension correspond to the trading day, the second one to the contracts negotiated in each trade and 

the third one to the member participating in the trade. It can be also included a vector containing the 

probability that a trade belongs to a specific member, allowing with this the simulation of larger 

members that concentrate an important quantity of the trades, as it usually happens in reality. The 
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distribution of the size of positions among members is simulated using a Pareto distribution, which was 

fitted from the positions of some real data.  

For instance, the simulation for one trading day could return the result in Table 8: 

Table 8: Example of a trading day 

 
 

This table shows the simulation of a trading day for a unique. Each column represents one of the 10 trades that were performed in this example 

trading day for the selected contract. It can be noticed that each trade is represented by a long and a short positions, where two different 

members are always involved. As each trade column is adding zero, the final column summing up the net position at the end of the day must 

also add zero. 

 

The second function in this module constructs the total trading account for each member, this is, it runs 

several times the previous function in order to simulate the trading book of several contracts, and then, 

aggregates all the positions accrued by the members in each contract. Then, this function returns the 

complete trading book, which now is a 4-dimensional matrix, where the first dimension corresponds to 

the number of contracts, and the other dimensions are trading day, trades per day and the member 

holding the positions, respectively. However, a matrix     can be extracted for this general setting just 

taking the members and contract dimension, adding the other two coordinates. 

For instance, the simulation of the matrix      after 100 days of trading, for 10 members negotiating 3 

different types of contracts can be summarized as seen in Table 9: 

Table 9: Example of the trading account for 10 members and 3 contracts 

 
 
The table shows the resulting matrix     , containing the total number of contracts that each member has opened at the end of the simulated 

trading period. As the position of each member has been built from operations of equal size but opposite sign with other the members, the sum 

of positions per contract should add always zero, as shown in the last column of the table.  
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7.1.2 Simulation of the prices of the contracts 

 

Independently, the outcomes of a trading day in each contract (vector   ) are generated. See Figure 7. 

Figure 7: Module simulation of outcomes 

 
This figure contains a schematic representation of the simulation module that reproduces the outcomes of the prices of each of the contracts 

included in the simulation environment. This module is used for simulating historical data for determining the Margin Level     and for 

simulating the daily outcomes that affects the daily risks of the members and thus, of the CCP. The labels on the left side denote the inputs and 

on the right size the outputs. 
 

This simulation has two different uses. First, several days are run for each contract independently, 

getting the historical data that is used by the CCP for defining the margin level (see next section). This 

corresponds to the variable     of the model setting. The second use of this function is for simulating 

the correlated interaction of the contracts, replicating an operational day in the exchange. This will be 

used for computing the gains and losses of each member regarding its own positions, which were 

defined in the matrix    . The previous computation corresponds to the variable   , describing the value 

of the trading account after each day of simulation. 

For allowing long tails, this module simulates the outcomes using a t-student multivariate distribution 

with 5 degrees of freedom. This distribution could be modified for another elliptical multivariate 

distribution, in order to maintain the usual shape of the returns of prices. 

7.1.3 Risk Measures 

An independent function computes a Risk Measure given a set of data, as it is shown in Figure 8. 

Figure 8: Module Risk Measures 

 
 

This figure contains a schematic representation of the simulation module that computes the required Risk Measures in the simulation 

framework. In particular, this module is used for determining the values of the Margin Level    , the size of the guarantee fund   and the 

values of coalitions of risks for some allocation rules. The labels on the left side denote the inputs and on the right size the outputs. 
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As it was stated before, this function is useful for computing the margins of a contract given a historical 

set of data. The risk measure can be selected among some alternative options. In addition, this function 

can be used again for determining the risk measure of the distribution of losses of the CCP. Then, the 

output of this module can be for instance the margin level for each asset  (  )      or for each 

member  (  )      or the required capital for the fund  (  )   . 

7.1.4 CCP account 

This module (Figure 9) uses all the previous data to simulate the distribution of losses for the CCP before 

the construction of the Guarantee fund. 

Figure 9: Module Simulation of the CCP account 

 
 
This figure contains a schematic representation of the simulation module that computes losses of the CCP. The outputs of the modules 

explained in Figure 6, Figure 7 and Figure 8 interacts for determining the inputs on the left side of this diagram. The results of applying this 

module are the simulated outcomes of the random variables    and    for all  . 
 

The CCP account (random Variable    ∑            in the model) requires the matrix     of positions 

per member, the probability of default of each member and the quantity     that each account must 

hold. This function can also generate the random variable      considered in section 3.2.3. 

For instance, after running 10.000.000 of iterations is natural to expect that most of the outcomes of the 

distribution of    are 0. Only in the cases when the prices have extreme variations and it coincides with 

the default of a member, it will imply a loss for the CCP. 

Figure 10 corresponds to the distribution of losses of the CCP for a simulation of 10 million trading days, 

30 members and 10 contracts. 
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Figure 10: Histogram of CCP aggregated losses 

 
This figure shows the histogram of the distribution of the risk   , when 10.000.000 different scenarios of outcomes are 

computed, in an environment of 30 members and 10 

contracts. Most of the results are 0 given that the CCP 

perceives losses just in the cases when a member defaults 

and the variation of the prices was larger than the margin 

account. 

 

Even though the previous figure isn’t very clear, it can be noticed how the distribution of the CCP is no 

longer continuous. In fact, it has a unique point in discontinuity in zero. Figure 11 shows how the previous 

histogram seems if it is restricted to the events where the risk was larger than zero. 

Figure 11: Histograms of positive losses for the CCP. Left hand figure is generated with 50 ranges, right hand figure with 1000.  

 
The histograms presented in this figure correspond to the events of Figure 10 where the CCP is facing losses, this is, when     . The two 

figures represent the same distribution with a different resolution. On the left side, 50 different ranges for generating the histogram we used. 

The histogram of the right side was plotted using 1000 ranges, in order to observe clearly how this region can be considered as being 

continuous when the prices of the contracts are also continuous. 

 

 

 

0 50 100 150 200 250 300
0

1

2

3

4

5

6

7

8

9

10
x 10

5

0 50 100 150 200 250 300
0

0.5

1

1.5

2

2.5

3

3.5
x 10

4

0 50 100 150 200 250 300
0

1000

2000

3000

4000

5000

6000

7000



Page 67 of 92 

 

7.1.5 Allocation Methods 

 

The final big module shown in Figure 12 corresponds to the set of code that computes the allocation rules 

for each simulation that is considered. 

Figure 12: Module Allocation Rules 

 
This figure contains a schematic representation of the simulation module in charge of computing the different allocation rules introduced in this 

document. As input, the module receives the relevant parameters for defining the allocation problem, and the selected method for computing 

the result. The output is the vector    of allocations. 
 

This module requires as an input the size of the fund and the outcomes of the simulations of the risk for 

the CCP and for the individual members (vector of results), this is,    and      . In addition, the module 

requires the desired allocation rule to be selected from the different options discussed in Chapter 648. 

Finally, the module has a parameter which allows to change specific criteria among each allocation rule, 

for instance, changing the Bankruptcy rule for the method considering fair allocation or a simple 

Bankruptcy setting, and also changing the Risk Measures for Methods that required the additional risk 

measure    for computing the values of “partial” risks, as happens in the atomic game theoretical 

approaches. 

7.2 Assumptions 

 

Some relevant assumptions for the computation of results will be considered here. This section presents 

exclusively the general assumptions for the results shown in this Chapter. Specific assumptions of each 

simulation will be presented when required. 

Simulation of prices: It will be assumed that the returns are time-independent, and that the volatility is 

also constant in time for each contract. Multivariate Student’s t distribution with 5 degrees of freedom 

is arbitrarily chosen for simulating the outcomes of the vector of price’s variation   . This distribution 

was selected in order to consider the effect of the long tails in the distribution. The mean, standard 

deviation and correlation of prices are taken from daily prices of public historical data. The historical 

data was utilized for obtaining a realistic size of returns and volatilities, and also for easing the input of 
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the positive semi-definite correlation matrix required for computing the multivariate distribution of 

prices. 

Trading account:  The matrix   presents different parameters in each section for number of members 

and number of contracts. When   is computed in the concentrated scenario, it is used a Pareto 

distribution for determining the probability that a particular member performs a trade. Then, the 

trading account is simulated performing trades among random members, each trade with random 

contracts’ size and with a random number of trades per day. This process is run for 100 trading days. 

The simulated positions are assumed to be future contracts, so options or other complex contracts are 

not considered in this stage. 

The event of default: The exogenous probability of default       is assumed to be 1% and is the same for 

all the members. Moreover, the events of default of the members are considered to be independent 

from the default of other members. The variable     for the formula of conditional probability of 

default is chosen as 2 times the value of the margin account for illustration purposes.   

Margin accounts: The margin accounts (   ) are computed independently for each member using the 

Expected Shortfall Risk Measure. The chosen level of confidence is     . For computing the Risk 

Measure 100.000 simulations are provided for the outcomes of the multivariate distribution of prices 

explained above. 

All the monetary results in the tables have been multiplied by 1.000 for easing the comparison. 

7.3 Determining the aggregated Risk Capital (The size of the fund) 

The very first feature for designing the guarantee fund is to decide the amount of capital that it must 

hold. Through the document, different assumptions have been established that can be used for the 

design of the guarantee fund in the CCP. For instance, a larger number of risks or members will imply 

that the size of the fund must grow in order to hold a similar protection. Other parameters in the design 

of the model will also impact on the size of the fund. This section will show some examples of how the 

size of the fund is affected for a fixed open position and margin account, changing the assumptions for 

modeling the probabilities of default (exogenous and endogenous), the Risk Measure, the level of 

confidence   and including the netting effects introduced in sections 2.4 and 3.2.3. 

Table 10 presents the result of these scenarios. This table uses some of the Risk Measures discussed in 

Chapter 4 (Value at Risk, Tail Value at Risk, Expected Shortfall and SPAN). However, it is important to 

give an additional explanation about SPAN, MaxSPAN and MAX.  

In the case of SPAN, as the current simulation framework is just considering futures contracts (not 

options), the scenarios that modify the volatility are not relevant, as they don’t affect the price of the 

contracts. Furthermore, the relevant scenarios are only the ones that contain the full variation of the 

price and the 35% of the stress variation of the price: For the full variation of the price is taken a 
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quantile variation based on alpha50, and for the stress variation is taken the maximum loss among the 

simulated outcomes.  

For computing the MAX measure, first the worst observed loss in the trading account of each member is 

taken. Then, MAX corresponds to the worst loss among the previous losses. Notice that the Risk 

Measure MAX does not depend on the chosen level of  . 

MaxSPAN measure is similar to MAX, but instead of computing the worst loss for each member, it is 

computed the SPAN measure. MaxSPAN is the maximum among the previously computed measures for 

each member (being analogous to the measure used in practice for computing the size of the fund). 

Table 10: Simulation of Fund Size using different Risk Measures and parameters 

 
This table presents the required size of the guarantee fund when different Risk Measures are using for measuring the risk of the CCP. In 

addition, the table shows different the results when different parameters are changed, i.e. the Level of confidence   , the approach of modeling 

the probability of default of members (exogenous or endogenous) and the way of modeling the risks of the CCP (with or without the Netting 

Effects). The simulation was performed computing 10 million of different scenarios of prices, in a setting of 20 members, 10 contracts, where 

each member has a probability of default of 1%, and the events of default of a members does not affect the performance of the other 

members. 

 

In Table 10  some interesting facts about the previous Risk Measures can be analyzed. In general, it can 

be observed that when the size of the fund is computed using the formula that includes the endogenous 

                                                           
50

 This is, VaR for the selected level of   
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probability, all Risk Measures require larger capital for the fund when compared with the assumption of  

exclusive exogenous probability of default.  

It can also be seen the difference among the scenarios with “no netting” (corresponding to    in the 

model) and “with netting effects” (corresponding to     ). Although the latter case tends to present in 

general a smaller size of the fund, the changes do not seem so important in Table 10. This situation can 

be explained from the small probability of exogenous default (1%) that was used for this simulation and 

the independence of the events of default among members, which does not reflect a scenario of 

systemic risk in the market. However, the appendix A.4 shows two additional tables where the 

probability of default is increased, and where the number of members in the CCP is varied. In those 

cases, the simulation shows important differences among these two methods for modeling the risk of 

the CCP.  In any case, the most extreme scenarios of alpha shows similar results among the Risk 

Measures, however, this is caused by the limited number of simulations that are computed within the 

range of           .  

It is no surprise that the VaR generates the smaller results among the Risk Measures. However, the 

scenarios where the VaR is zero demonstrate the limitations of VaR as Risk Measure when it falls in a 

region where the distribution is not continuous. It is also interesting to observe that the Tail VaR and the 

Expected Shortfall are different just in the scenarios where the VaR is zero (highlighted in orange), this is, 

when the distribution is discontinuous at the level of VaR. 

For MaxSPAN and MAX Risk Measure, the results among the netting and no netting cases coincide. This 

occurs because these two methods only use one Residual Risk (the largest) for computing the size of the 

fund, so there is no chance for perceiving the netting effects.  

The previous effect is also observed for the four first values of   on SPAN. This implies that in these 

selections of  , the 35% stress scenario used by SPAN is giving worst results than the selected full 

variation of price. Furthermore, it also implies that in the scenario where the CCP presented the largest 

losses, no netting effects where perceived51. However, when   increases as in the last two values of   in 

Table 10, the full variation of price becomes more important, and it can be seen that the values of the 

fund for the SPAN Risk Measure corresponds exactly with the values of VaR. 

It can be also seen that size of the fund that is obtained when choosing the MaXSPAN Risk Measure can 

be also being reached using the one of the first four Risk Measure for a larger level of confidence. This 

implies that if the CCP uses some of the Risk Measures discussed in this document, it can still maintain 

the level of protection for covering the default of the largest member, by just increasing the level of 

confidence when performing the calculation. Then, the negative effects of the current risk measure for 

                                                           
51

 Which implies that the largest lost was caused just by one member, or by two or more member whose positions 

were in the same side for the contracts that presented the extreme variation, thus, avoiding the possibility of 

netting the positions. Again, this situation is a consequence of simulating the results with a small probability of 

default, as it is unlikely to have in the same scenario a situation where two members are defaulting at the same 

time. In the tables presented in Appendix A.4 can be seen two examples where agents have larger probability of 

default. 
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the fund studied in section 6.2.1 could be avoided without sacrificing the level of protection of the 

Safeguard Scheme. 

7.4 The Allocation Results 

For this part of the analysis, it will be assumed that the size of the fund is given, and the comparison of 

the results will be concentrated in the perceived difference among the Allocations Rules.  

Furthermore, an environment of 8 members will be used. This limited number of player is selected for 

limiting the number of coalitions that can arise in the Rules that require computing the values of the 

atomic TU-game.  

An alpha of 0.999 is taken for securing that the VaR is within the continuous part of the distribution, and 

also for obtaining a sufficient number of results in the tail of the distribution for performing the 

computation. 

Two different sets of matrix   will be used. In the first case, it will be considered a scenario where there 

is concentration of positions in few members. The second case will be simulated with homogeneous 

positions among members. These matrices can be observed in Table 11 and Table 12. The last row of the 

tables shows the sum of the absolute value of the positions of each member, in order to observe the 

concentration in the positions. The outcomes and underlying of the contracts used for simulate these 

two scenarios are independent. 

Table 11: Matrix   of trading positions in a concentrated scenario 

 
This table contains the matrix   that was used for simulating the allocation rules in this section. It presents an environment 

of 8 members and 4 Contracts. In particular, this matrix presents concentration of positions in member 5.  

 

Table 12: Matrix   of trading position for a homogeneous scenario 

 
This table contains the matrix   that was used for simulating the allocation rules in this section. It presents an environment 

of 8 members and 4 Contracts. In particular, this matrix presents relative homogenous positions among members (low 

concentration). 
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7.4.1 The simple Bankruptcy setting 

 

First, let’s compare the Allocation Rule             introduced in section 6.4.1 for different Bankruptcy 

Rules and for some solution concepts for the corresponding Bankruptcy Game. 

For the case when the positions are concentrated, it can be seen in Table 13 some problems in the 

allocations for the Bankruptcy Rules CEA and CEL. In the case of CEA, some allocations are set to zero. 

This is caused because CEA rules aim for giving the same benefit to all players, disregarding the size of 

the claim. Then, the small claims are fully returned to the claimants, which implies that no capital is 

required to small members. The opposite happens for CEL rule. In this case, small members will lose 

their entire potential claim since the beginning, so they will have to pay their complete residual risks. In 

this case, all the largest members will receive the same value. This condition can change depending on 

the relation between the size of the fund   and the sum of the Excess Risks of the members ∑   (  )    . 

The closer these two values are, the Allocation will be more similar among the members. 

Table 13: Allocation for a simple Bankruptcy problem when the positions are concentrated. 

 
This table shows different methods for the allocation rule             discussed in section 6.2.2 using the concentrated matrix shown in Table 

11. The environment is built with 8 members and 4 contracts. The first five columns denote Bankruptcy rules, while the last three are solution 

concepts for the corresponding Bankruptcy game.  

 

In the case when the positions are well distributed among members (this is not the usual case in an 

exchange), CEA rules seems in Table 14 to behave better that in the concentrated case, but CEL rule 

tends to allocate the same capital to all members. This phenomenon can be explained considering that 

all members have similar claims, so the allocation tends to be (    ) for all members52. Then this will 

imply that            (  )  (    )    (  )  (  (  )   )    

 

                                                           
52

 See Appendix A, section A.2 
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Table 14: Allocation for a simple Bankruptcy problem when the positions are homogeneously distributed among members. 

 
This table shows different methods for the allocation rule             discussed in section 6.2.2 using the matrix with low concentration shown 

in Table 12Table 11. The environment is built with 8 members and 4 contracts. The first five columns denote Bankruptcy rules, while the last 

three are solution concepts for the corresponding Bankruptcy game. 

 

In general, it can be noticed that CEA rule tends to benefit the smaller members, while the CEL rule 

benefit the larger members. For this type of Bankruptcy games, the compromise value coincides with 

the proportional rule and the nucleolus with the Aumann Shapley Value. For this reason, they won’t be 
included again in the tables of next sections. 

7.4.2 Fair Allocations 

The results using the fair expected transfers’ principle          can be seen in Table 15 and Table 16. In 

this case, the problem regarding the allocation rules CEA and CEL does not seem to appear so trivially. 

However, it can still be noticed that for the member 5, which has most of the positions in the 

concentrated case, contrary of the effect in previous section, the allocation for CEA is reduced and it is 

distributed among other members (when compared with proportional case), while the allocation using 

CEL rule increases, and for the smaller members (3 and 8) decreases dramatically. 

Table 15: Fair transfer’s allocation for concentrated case 

 
This table shows different Bankruptcy rules for the allocation rule         discussed in section 6.2.2, using the concentrated matrix shown in Table 

11. The environment is built with 8 members and 4 contracts.  
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Table 16: Fair transfer’s allocation for the not concentrated case 

 
This table shows different Bankruptcy rules for the allocation rule          

discussed in section 6.2.2, using the matrix with low concentration shown in Table 

12. The environment is built with 8 members and 4 contracts.  
 

7.4.3 Game theory and default value 

The allocations presented in Table 17 and Table 18 correspond to the results discussed in literature. In 

particular, the following allocation methods are compared:  

 Allocation designing an atomic game, using the Shapley Value as solution concept      . 

 Allocation using the Aumann-Shapley value     . 

 Allocation using the Contribution of each member to the events of default     . 

 Allocation considering the marginal values of the default option          through the method 

of Dhaene, et al., (2012), using real world measure. 

It can be seen that they don’t differ much among them, and it’s not easy to find a tendency in them. 

Table 17: Game theory and Default option allocation for the concentrated case 

 
This table shows the allocation rules discussed in sections 6.2.26.2.4, 6.2.5 and 

6.2.6, using the concentrated matrix shown in Table 11. The environment is 

built with 8 members and 4 contracts. 
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Table 18: Game theory and Default option allocation for the not concentrated case 

 
This table shows the allocation rules discussed in sections 6.2.4, 6.2.5 and 6.2.6, 

using the concentrated matrix shown in Table 12. The environment is built with 

8 members and 4 contracts 

7.4.4 Comparison of methods 

Let’s take a look to Table 19 and Table 20, which show a broad comparison of all the allocation methods 

discussed in Chapter 6.  

Table 19: Comparison of several allocation methods for the concentrated case 

 
This table summarizes the results of Table 13, Table 15 and Table 17, showing the results of different allocation rules exposed in this document 

for an environment of 8 members, 4 contracts, and the concentrated trading account matrix of Table 11. In the last column it also included the 

result of the allocation method       
. 

 

Table 20: Comparison of several allocation methods for the not concentrated case 

 

This table summarizes the results of Table 14, Table 16 and Table 18, showing the results of different allocation rules exposed in this 

document for an environment of 8 members, 4 contracts, and the concentrated trading account matrix of Table 11. In the last column it also 

included the result of the allocation method       
. 
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In Table 19 it can be seen that the methods using the Aumann-Shapley and the Default option tend to 

require more capital to the member with largest open positions (member 5), compared to the other 

methods. This could be explained considering that these methods measure the distributions only for the 

extreme cases of affectation of the capital in the fund (the methods with the default option, ponder the 

cases when the capital of the fund is exhausted).53  

Figure 13 shows the allocation for member 5 in detail, comparing the relative size of the allocated capital 

in each method with the relative size of the open position of the member (red line). Figure 14 gives a 

similar representation for the member with smallest open position in the concentrated case (member 8). 

When the blue bars are located above the red line, it implies that the allocation method is charging 

more to the member than its initial participation in the broad position. However, it is very important to 

clarify that in these two figures the red horizontal line just gives a general reference: The sum of the 

number of open positions is not necessarily proportional to the risks the agents are facing, e.g. A 

member could have more open positions in a contract with a very stable price or the correlation 

between the contracts could be hedging the risks of the member.54  

 

Figure 13: Participation in the allocation for the member with highest exposure in concentrated scenario 

 
 

This Figure compares how the participation in percentage of the member with the largest position varies 

among risk measures, using the scenario of concentrated positions. The bars indicate the participation of 

the contribution of member 5 in the total capital of the fund, for each allocation rule. The horizontal line 

represents the relative absolute participation of member 5 in the matrix  .  

 

 

 

 

 

 

                                                           
53

 See section A.5 in the Appendix for observing the expected transfers of each allocation method. 
54

 See for instance the difference in allocations between members 3 and 8 for the concentrated case. Member 3 

has more open contracts; however, member 8 receives larger allocation of capital.  
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Figure 14: Participation in the allocation for the member with lowest exposure in concentrated scenario 

  
This Figure compares how the participation in percentage of the member with the smallest position varies 

among risk measures, using the scenario of concentrated positions. The bars indicate the participation of 

the contribution of member 8 in the total capital of the fund, for each allocation rule. The horizontal line 

represents the relative absolute participation of member 8 in the matrix  . 

Finally, Figure 15 and Figure 16 show a diagram of the accumulated allocations organizing the members 

from the largest to the smallest, in terms of their absolute participation in matrix  . These diagrams 

allow observing how each allocation rule concentrates the contributions to the fund in the largest 

members. It can be seen that the most dramatic changes in terms of allocation are given when 

comparing the Bankruptcy rule CEA and CEL. 

Figure 15: Accumulated contributions for the concentrated case, ordered by size of participation from largest to smallest  

 
 

In this figure can be observed the participation that the contributions of the largest members have in the total capital of the 

fund, for the concentrated scenario. This diagram organizes the members from the largest (left) to the smallest (right) 

considering their absolute participation in matrix  . Then, each bar represents the percentage contribution of each member to 

the fund, so the accumulated effects of the largest members can be observed. 
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Figure 16: Accumulated contributions for the not concentrated case, ordered by size of participation from largest to smallest 

 
 

In this figure can be observed the participation that the contributions of the largest members have in the total capital of the 

fund, for the scenario with low concentration. This diagram organizes the members from the largest (left) to the smallest (right) 

considering their absolute participation in matrix  . Then, each bar represents the percentage contribution of each member to 

the fund, so the accumulated effects of the largest members can be observed. 
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8. Final Remarks 

 

8.1 Suggested Extensions 

The topic discussed in this thesis could be very broad when considering the details that the design of a 

Safeguard Scheme in a CCP requires. In this document were set various assumptions for making the 

problem more assessable, so there are several extensions that can be implemented for exploring more 

elements within the CCP environment. 

 The liquidity of the market is one of the most important features for the correct performance of 

the CCP. In this document, it has been assumed unlimited liquidity, however, in practice this 

assumption have proved to fail even in the largest markets, especially in periods of financial 

panic. Considering a limited liquidity could imply to require the implementation of alternative 

risk measures that may not hold the positive homogeneity property.  

 Within the design of the fund, it would be interesting to consider in detail the case when the 

CCP contributes to the fund, developing how the distribution of losses and gains among the 

members change when the contribution of the CCP is affected in the same conditions of a 

member contribution, or before the member’s contribution are required. It can also be studied 

how the amount to be contributed by the CCP to the fund can be optimized. 

 The Allocation Rule developed from the argument of fair expected transfers can also be studied 

for solving other allocation problems in different contexts, such as in issues related to insurance 

companies or financial conglomerates. The effect of the risk free rate omitted in this thesis shall 

be included in some of these allocations problems. 

 The model for determining the probability of default of a member has been introduced with a 

very simple approach in this document. This model can be upgraded using relevant techniques 

developed in literature for assessing credit risk. In addition, this setting could be more 

interesting if the model allows taking into account previous losses in the trading account within 

a dynamic environment, so a period of successive losses increases the probability of default of a 

member. In particular, this should imply to include the possibility of heteroscedastic volatility, so 

the accumulated returns of the trading account are more realistically modeled. It would be also 

desirable to model the systemic risk that may arise from the mutual dependence of the events 

of defaults of some members. This model would allow to test in a greater extent the discussed 

proposal for including netting effects in the design of the CCP distribution of losses. 

 In practice, the regulation of the CCP implies that when a member goes into default, the CCP has 

the legal authority to claim additional assets of the member for covering any losses that may 

arise. This implies that the transfers of the fund by the non-defaulted members to the defaulted 

member can be reduced if the CCP recovers partially the losses from additional assets of the 

defaulted members. For including this into the model, the amount, time and probability of these 

recoveries must be modeled, and maybe linked with the financial requirements that the CCP 

requires to the participants of the market for being formal members of the CCP. 
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 A simple model for determining a Bankruptcy setting in the design of the guarantee fund has 

been introduced in this document. New possibilities for the vector of claim can be studied.  

 Additional features of the Safeguard Scheme can be included in the model, for instance, the 

possibility of applying limits to the variation of prices or limits to the size of exposure of a 

member in relation with its financial strength. Other interesting features are related with the 

management of the margin account, for instance, the inclusion of the intra-day margin calls. 

8.2 Conclusions 

This thesis has covered the construction of a guarantee fund in a CCP from different perspectives. A 

specific model has been constructed for developing the theory and linking the practical requirements of 

a Safeguard Scheme of a CCP with the theoretical approaches for related problems in literature. The 

design of the guarantee fund has been discussed providing different alternatives for determining the 

size of the fund through the theory of Risk Measures, and the problem of determining the contributions 

of the members for filling the fund has been approached using the concept of Capital Allocation Rules 

developed in literature. Moreover, additional Allocation Rules have been introduced in this document, 

based on arguments of fairness for the participants of the fund. This rule seems appropriate considering 

that it implies that the expected fair net losses in the fund will be zero, which is a desirable fact when 

money is involved. 

The design that is currently used by some important CCPs for implementing the guarantee fund has 

been evaluated in this document, identifying how the current rule generates in some cases undesirable 

dependence between the contributions of the members and the Residual Risk of the largest member. 

Theoretical properties of the Allocation Rules have been also studied, identifying which of them are 

relevant for the context of a guarantee fund in a CCP. The application of some Allocation Rules has been 

presented for a simulation framework that models the interaction of the positions of the members in a 

CCP. 

The model described in this document also presents an alternative from the usual approach of a CCP, 

where the probability of default of the members is not considered for determining the parameters of 

the guarantees. In this document, it can be observed how considering the probability of default can add 

value to the manager of the CCP and the Safeguard Scheme in general, as it gives additional information 

for Measuring the risks. A possible drawback is that the number of scenarios to be considered must be 

increased in order to obtain the same amount of data, which might be a problem if the CCP is only 

working with historical data for determining the guarantees.   

In this document the possibility of a modification in the regulation for limiting the effects of systemic risk 

has been also discussed, allowing the CCP to net the positions of defaulting members. 

Further extensions to this document have been suggested, considering the myriad of details that the 

design of the Safeguard Scheme may hold. 
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A. Appendix 

  

A.1. Game Theory 

Some relevant literature has used game theory concepts for solving allocation problems. This appendix 

will introduce the most relevant concepts for understanding the proposed solutions in the literature. 

A1.1. Transferable Utility games 

A Transferable Utility (TU) game is defined as a pair (   ), where       .   denotes the set of 

players,   the number of players in   and    represents the set of coalitions, with    being the number 

of possible coalitions among members.  

The function denoted here by   represents the value or profit that a specific coalition is gaining in the 

game. In this case, a coalition     obtains a larger gain when the  ( ) is larger. However, there is 

another common approach for TU-games, defining the values of coalitions as costs. When this is the 

case, instead of using the letter   it will be noted with the cost function   for ease of interpretation. 

When working with cost functions, players aim to pay the smaller possible cost. 

A profit game can be related with a cost game using the concept of dual game. This relation is 

established as follows:  ( )   ( )   (   )       

A1.2. Some special games 

A1.2.1 Additive games 

An additive game   is a TU-game such that    ,      such that      , then   (   )   ( )   ( ). 

Notice that an additive game can be uniquely determined just fixing the values of the individual 

coalitions  ({ })     .   

A1.2.2 Unanimity games 

A unanimity game    for a coalition      is defined as    ( )   ( )  {                 

with     . In other words, a coalition   is assigned the value 1 if and only if all the members 

of   belong to the coalition.  

A TU game can be written uniquely as a linear combination of unanimity games.  
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  ∑             

Where the coefficients    can be determined as     ( )  ∑          {   }  

A1.3. Imputation set and the core 

 

The imputation set of a TU game   is defined as 

 ( )  {    |∑       ( )         ({ })   } 

The core of a TU game   is defined as 

 ( )  {    |∑       ( )     ∑       ( )   } 

In the case of a cost game, the previous definitions  ( ) and  ( ) are achieved inverting the inequalities 

in the previous equations. 

A1.4. Solution concepts 

A solution of a TU-game is a function applied on a game   (or  ) that allocates to each player a specific 

profit (or cost). Usually it is required that the solution allocates completely the profit (cost) of the grand 

coalition among the players. 

There are several solutions discussed in the literature, here some of them will be introduced, remarking 

that in some cases is required that the game has a specific characteristic for applying the solution. From 

the solution introduced below, just the Shapley value doesn’t require additional characteristic of the 
game, so it can be always computed. 

Shapley Value: There are several closed formulas for computing the Shapley Value of a TU game. In 

particular, it has been implemented the solution using the decomposition in unanimity games:   ( )  ∑   | |      

Were | | denotes an operator for computing the number of members of a particular coalition, and    is 

the coefficient that corresponds to the unanimity game    in the unanimity decomposition of    
Compromise value: For defining the compromise value, first some intermediate definitions are required:  
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  ( )   ( )   (  { }) 

  ( )          {   ( )  ∑   ( )    { } } 

A game is called compromised stable if the Core Cover of a game, defined by 

  ( )  {    |∑       ( )       ( )       ( )   } 

is non-empty. 

The fact that the game is compromise stable implies that  ( )   ( ), and that the compromise value 

exists. The compromise value is found as the unique vector  ( ) such that  ( )   ( )   ( ) 

and ∑   ( )     ( ). The compromise value is usually related with value   [   ] such that it holds 

the following relation:  ( )     ( )  (   )   ( ) 

Nucleolus: For an allocation    ( ), let’s define the excess of a particular coalition   as  ̅(   )   ( )  ∑      

It can be noticed that    ( ), if and only if  ̅(   )          { } .  
The excess vector  ( )     

 is built using the Excess values for each coalition, but organizing them in 

decreasing order, this is   ( )      ( ) for   {          }. 
The nucleolus is defined as the unique    ( ) such that ( )    ( )      ( ) . 

By definition, the nucleolus belongs to the imputation set.  

This implies that if     is the nucleolus, then  ̅(     )    ( )  ∑          . Moreover, the 

nucleolus always belongs to the core. This can be seen easily as for each element   of the core holds 

that  ̅(   )    ( )  ∑       . If     denotes the first element of the set, it also holds that   (   )     ( ). This implies that    (   )       , so      ( ). 

A.2. Bankruptcy problems 

A Bankruptcy problem is characterized for an available equity   and a set   of   players that hold a 

vector of claims   over the equity. The Bankruptcy problem arises when the sum of the claims is larger 

than the available equity, implying that not all the players can get its claims. Formally, the class of 

Bankruptcy problems can be noted as: 
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   {(   )|             ∑     } 

A Bankruptcy rule can be defined as the function          such that satisfies at least the next 

properties: 

 Efficiency:  ∑    (   )       

 Individual rationality:    (   )           
 Claim Boundedness:    (   )          

Some Bankruptcy Rules for solving this problem are introduced below. 

Proportional Rule (PROP): 

       (   )   ∑          
Constrained Equal Award rule (CEA):  

The idea behind this rule is that all members receive the same amount of money, always that this 

amount is not surpassing the individual claim. This rule can be formalized as follows:       (   )     {    } 
Where   is such that ∑    {    }     . 

Constrained Equal Loses rule (CEL):  

Analogously to CEA rule, CEL rule has the aim of assign the equity such that all members lose the same 

amount of money when compared with their own claims. However, this rule is also constrained so no 

member can have a loss such that it receives a negative quantity of money.       (   )     {      } 

Where   is such that ∑    {      }     . 

Aumann-Maschler rule (AM):  

This rule is constructing conditioning on the relation between the total amount of claims and equity, as 

follows: 

     (   )  {  
        (     )                                      ∑         
        (∑           )     ∑          
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Random Coincide and Divide rule (RCD):  

The computation of this rules is more complex. First, the Coincide and divide principle for Bankruptcy 

problems of two claimants has to be defined. This principle states than initially each member receives 

the amount of capital than the other player is not claiming, and after that, the remaining equity is 

divided in equal parts among the claimants. The allocation for each member is as follows: 

     (  [     ])     {      }    (     {      }     {      }) 

     (  [     ])     {      }    (     {      }     {      }) 

For a vector of 3 or more claimants, the     rule is computed applying recursively the previous rule for 

each of the    possible permutations of the claims 55.   

 

A bankruptcy problem can be related with a TU-game, defining the values of each of the coalitions      as follows: 

 ( )     {    ∑        } 

In this case   is called a Bankruptcy game.  

A very interesting property of a Bankruptcy game is that the Shapley value, the compromise value and 

the nucleolus belongs to the core of the game. 

A.3. Glossary of notation 

In this section of the appendix the most important notation used in the document is summarized: 

 The letter   represents a particular member. The total number of members is  . The set of 

members {     } is represented by    
 The letter   represents a particular contract. It will be considered   different contracts. 

   is a matrix of size    . The element     represents the position in number of contracts  

that the member   holds for the type of contract  . Long contracts are denoted as being positive 

while short contracts are denoted as a negative number.    is a row vector of dimension   

containing all the positions of member  .  
    represents the price of the contract  .     represents the variation or net return of the 

contract (positive for increases), this is, if time   is included in the notation,          (   )    . 
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 See (Borm, s.f.) page 87 for details  
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   is the vector of dimension   containing in the coordinate   the net return of the contract   
for the time period being considered in the model. 

    describes the gains and losses of the trading account of member  . 
     is the Margin Level required that member   must hold, for covering the risk   . 
     is the Excess Risk (also called Residual Risk) of the trading account, once the guarantees 

pledged as margin are discounted. (      ) . 

 The letter       denotes the exogenous probability of default of member  . The letters     and       denote correspondently, the total and endogenous, conditional probability of default of 

member  . Both probabilities are conditioning on the Risk   :         (   )     (       (       ))    and                 (       (       )) 

    is a dummy variable that gets the value 1 in case of default of member   and 0 in case of no 

default. Particular notations are       when the variable is defined just from exogenous 

probabilities and        for the endogenous case.    is also a dummy variable, which gets the 

value of 1 when the CCP is facing losses from member  . 
     represents the level of confidence such that the Margin Level is enough for covering the risk 

of member  . When this value is notated as  , this implies that the same level has be taken into 

account for all members. 

   represents the probability that the CCP will face a default caused by a particular member, this 

is, it is the probability that      for some member  , and it is chosen for being equal for all 

members. 

     ( ) is the density function of the risk    
    represents the direct losses of the CCP caused by member   
    represents the aggregated risk of the CCP.      represents the aggregated risk of the CCP 

considering netting effects.    stands for Netting Effects. All these are random variables. 

     is the Risk Measure selected for computing the value of the Margin Level.  

    is the Risk Measure selected for computing the size of the fund (measuring the aggregated 

risk). 

    is the risk measure selected for quantifying the risk of coalitions of members.  

 In general    represents the aggregation of risks of members belonging to  . For instance,    ∑       . 

 The letter   represents the size of the fund     (  ).    is the allocated capital for member    such that   ∑       . In particular: 

o       
: Allocation using a proportional rule. 

o      : Allocation using a Game setting for the Solution Concept   . In particular,    

denotes the Shapley Value. 

o     : Allocation using the Aumann-Shapley Rule (Equivalent to Tasche (1999)). 

o     : Allocation using the Default Option. 

o      : Allocation using the general framework. In particular,          Is the allocation 

using the general framework for the Value of the Default Option. 
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o            : Allocation using the Simple Bankruptcy Setting and the selected Method. 

Method could be chosen among Prop, CEA, CEL, AM, RCD, SV, CV and Nuc. 

o         : Allocation using the Fair contributions method and the Bankruptcy Rule BR. Br 

could vary among Prop, CEA, CEL and AM.  

   denotes the set of risks to be allocated. 

   (   )     is a mapping that allocates the capital   to the participants of the fund holding 

the risks     . For further detail, see section 5.1. 

    denotes the measure of the residual risks for member   without considering the probability of 

default, this is      (   )    represents member with the largest residual risk in this context. 

Then,    is the largest residual risk among members.     is the sum of f     ∑   (   )     

A.4. Additional scenarios for measuring the Aggregated Risks (The size of the fund) 

This section presents two additional tables that provide more details about the inclusion of the netting 

effects in the computation of the risk of the CCP. In Table 21, a scenario where the probability of default is 

increased to 0.3 is considered, while in Table 22 an environment with 100 members is presented. 

Table 21: Computation of the Fund Size increasing the probability of default. 

 
This table is analogous to Table 10, increasing the exogenous probability of default to 0.3 for each member. This modification permits to 

observe better the effect of the scenarios where the netting effects are considered. The simulation was performed computing 1 million of 

different scenarios of prices, in a setting of 20 members, 10 contracts. 
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Table 22: Computation of the Fund Size increasing the probability of default and the number of members.  

 
This table is complements the Table 21, for an environment with 100 members. This modification also increases the difference between the 

cases with and without netting effects. The simulation was performed computing 1 million of different scenarios of prices, in a setting of 100 

members, 10 contracts and an exogenous probability of default of 0.3, as in the previous table. 
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A.5. Expected Transfers 

 

In this appendix the expected transfers using the Proportional and Aumann-Maschler rules are 

presented, for each of the allocation methods considered in section 7.4.   

Table 23: Expected transfers for different allocation methods, using the proportional rule and the Aumann-Maschler rule. 

 
 

 
 

 
 

 
 

This set of tables show the corresponding expected transfers that each allocation method is generation for the concentrated and no 

concentrated cases studied in section 7.4. The first two tables are computed using the proportional rule for solving the Bankruptcy Problem. 

The last two cases use Aumann-Maschler rule. Positive transfers imply that in expectation, the member is receiving more than contributing. 

Negative transfers imply the opposite. 
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A.6. Sensitivity Analysis 

In this appendix a sensitivity analysis will be offered, comparing how some allocations rules assign 

contributions to a member that is increasing the size of its open positions. For performing this 

simulation, it was selected a member that has an intermediate level of positions in matrix   (not too big, 

no too small). The positions of the member are set to zero, and then, they are gradually increased 

adding randomly short and long positions to its trading account, and guarantying that in each increment 

another random member is occupying the opposite position, thus, maintaining the balance in each 

contract. When the positions of the selected member are increasing, it is also increasing its relative size 

in matrix  , until it reaches to almost 50%56 of the total positions. 

Figure 17 shows how the contributions to the fund of the member are increasing while its relative size in 

matrix   is also increasing. The y-axis is showing the relation (   )  ( ∑ |   |    (∑ ∑ |   |        )), this is, the 

proportion between the percentage contribution and the percentage participation of the positions of 

the member in matrix  .  

This method is increasing the positions of the selected member; however, as the member that is 

matching the other side of the position is random, it is possible that in some iteration other members 

have increased relatively in a larger quantity its risks, explaining the kinks that are presented in some 

cases. It can also be seen that after some point, the previous relation begins to decrease, which is also 

explained taking into account that the additional increments in the allocated capital are marginally 

inferior that the increments in the trading account. 

Figure 17: Sensitivity analysis 

 
This figure shows how the contribution to the fund of a particular member   varies when its relative positions in   matrix are also increasing. In 

particular, the y-axis is showing the relation (    ) ( ∑ |   |    (∑ ∑ |   |        )) while the x-axis represents each of the 50 equal increments of positions 

that member   receives. The figure presents the case for the concentrated positions introduces in Table 11. Several allocation rules are 

compared. The bars correspond to the increasing relative size of positions for the member in the matrix  , which tends to its maximum value 

(50%). 
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 Notice that it is not possible for a member to have more than 50% of the contracts, as for each contract he 

acquires, another member must exist that has the opposite position. 


	Doc2
	Javier Clavijo

