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Abstract

We analyze the outcome of voting over the contribution to a pay-as-you-go (PAYG) pen-
sion system in the presence of financial and demographic shocks. The impact of shocks
on pension contributions and benefits replicates major developments of pension systems
around the world. A decrease in the return on capital increases contributions and bene-
fits, while a decrease in the population growth rate increases contributions but it lowers
benefits. The first and second moments of the demographic shock matter: in the case
of a lower mean or a higher variance, a smaller average contribution results from the
vote. In contrast to this, the Ramsey planner sets a higher average contribution when the
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1 Introduction

Developments of pay-as-you-go (PAYG) pension systems are tightly connected with both
shocks to the return on capital' and demographic shocks. Narrative evidence summarized
in Section 2 suggests that the introduction of PAYG pension systems in countries such as
Germany, Italy, Japan, US or UK was triggered by shocks that reduced the savings of old
agents or agents close to retirement. In many countries, PAYG pension systems were expanded
following other major economic downturns through early retirement schemes and decreases
in retirement age.

Beginning with the 1980s, demographic projections worsened the outlook for the financial
sustainability of PAYG pension systems, leading many governments to enact substantial re-
forms. In some countries, these consisted of increases in contributions and cuts in benefits or
a tightening of the eligibility conditions for a pension. In other countries, mainly in Central
and Eastern Europe and Latin America, the reforms entailed a partial or complete reduction
of the public PAYG pension system in favor of private fully funded pension funds.

The present paper sheds light on what reforms may result from shocks if the consensus
between young and old agents is achieved through voting. We focus on the role of PAYG
pension systems in sharing financial shocks among different cohorts in an economy with
incomplete asset markets. Young agents are prepared to contribute to the pension system
because this offers them partial protection against shocks to the real return on capital.

The contributions of this paper are the following. First, we study the interaction between
demographic shocks and the role of PAYG pension systems in sharing financial shocks among
cohorts in a setting with voting. Second, through the combination of financial and demo-
graphic shocks we can account for the most important developments of the PAYG pension
systems around the world. The first and second moments of the shocks become explanatory
variables for the significant cross-country heterogeneity in the size of the PAYG system and
in the types of reforms implemented. While internationally integrated financial markets help
to align the moments of the financial shocks, the characteristics of demographic shocks vary
considerably. Hence, allowing for demographic shocks is important to account for the afore-
mentioned heterogeneity. Finally, we compare our results to the normative benchmark of the
Ramsey planner.

We consider a small open economy in which the return on capital and the population
growth rate are stochastic. Young and old agents vote each period over the size of the PAYG
contributions. The electoral competition is modeled as a probabilistic voting game as in
Persson and Tabellini (2000). We consider differentiable Markov policies, i.e. differentiable
policies that depend only on current state variables. Since the contribution to the pension

system depends negatively on the amount of savings, young agents incorporate in their voting

We will henceforth refer to shocks to the return on capital by the term ”financial shocks”, but we bear in
mind that these may also represent inflation or capital depreciation shocks.



decision the fact that larger pension contributions imply lower savings, thereby causing a
larger PAYG scheme in the next period as well. Hence, this ”strategic effect” in the political
process weakens the opposition of the young to a social security scheme.

We show that the policy function resulting from the voting process helps overlapping co-
horts share both financial and demographic risks by appropriately adjusting contributions
each period. More specifically, following a decrease in the return on capital, the politician
will increase both contributions and benefits. After a decrease in the population growth rate
however, as long as we restrict ourselves to positive contributions, the politician increases
contributions but decreases benefits. These results are in line with the major observed devel-
opments of the PAYG pension systems.

For the special case when the financial and the demographic shock are independent and
the demographic shock has a uniform distribution, we find an analytic solution and we can
further analyze the interaction between financial and demographic shocks. We show that, in
the case of a lower mean or a higher variance of the demographic shock, the politician’s policy
function is less sensitive to the wealth of the old. Intuitively, when the population growth
rate is lower on average or more uncertain, the politician has less room to compensate old
agents for their losses from financial shocks.

This result has two opposing implications. On the one hand, the capacity of the PAYG
pension system to diversify the financial risks decreases. Consequently, young agents must
contribute more to the pension system to maintain the same level of protection against fi-
nancial shocks. On the other hand, the return of the pension system also decreases due to a
weaker strategic effect. This makes young agents less willing to invest in the pension system.

In a calibrated version of the model we show that, for low values of the political weight of
the young relative to the old, the impact through the strategic effect dominates. This implies
that the average contribution to the PAYG pension system is smaller if the mean population
growth rate is lower or the variance is higher.

The results above can explain two stylized facts. First, during the Great Recession,
governments did not expand PAYG pension systems to compensate old agents or agents close
to retirement for financial losses as they did in previous major recessions?. This decrease in
the generosity of governments can be explained by the perception of a lower or more uncertain
development of demographic indicators. Second, the decision taken by many countries from
Latin America and Central and Eastern Europe to (partially) transform the PAYG pension
system into a fully funded one can be explained by a lower average or a higher standard
deviation of population growth rates in these countries.

Analyzing the Ramsey planner’s problem, we find that, following financial and demo-
graphic shocks, contributions and benefits change in the same direction as in the politician’s

case, but the adjustments are of a smaller magnitude. If the mean of the population growth

?However, many governments took measures to alleviate the conditions of the poorest pensioners, for
example by expanding means tested benefits. See OECD (2012).



rate is smaller or the variance is higher, the Ramsey planner implements a larger average
contribution. This result is contrary to the one obtained in the politician’s case. Because in
the Ramsey planner’s problem the strategic effect plays no role, a lower mean or a higher
variance of the demographic shock weakens the pension system’s ability of sharing the fi-
nancial risk without making the investment in capital more attractive. Hence, the Ramsey
planner expands the size of the pension system in order to better protect young agents against
financial shocks.

Previous literature has focused on how either financial or demographic shocks affect PAYG
pension systems. In an economy featuring only financial shocks, D’Amato and Galasso (2010)
show that both a politician and a Ramsey planner would organize transfers that feature a
negative relationship with the wealth of the old. However, the policy rule established by the
politician exhibits more persistence and entails higher benefits for the old than the Ramsey
planner’s. We extend their model by incorporating demographic shocks since these are em-
pirically relevant for the development of PAYG pension systems. In a model featuring only
demographic shocks, Gonzalez-Eiras and Niepelt (2008) find that a decrease in the population
growth rate leads to an increase in the contributions and a decrease in the pension benefits
established by a politician. In their model however, the policy function of the politician does
not depend on the moments of the demographic shock. Hence, it cannot explain the consid-
erable cross-country heterogeneity in PAYG pension provision. Moreover, we show that the
interaction between financial and demographic shocks plays an important role in determining
the equilibrium size of the PAYG pension system. Bohn (2001) considers both financial and
fertility shocks but does not analyze the role of the financial shock in determining the contri-
butions to and benefits from the PAYG pension system. Also, he only addresses the policy
implemented by a Ramsey planner, while we focus mainly on the politician’s policy function.

The remainder of the paper is organized as follows. In Section 2 we present a number
of stylized facts motivating the analysis in this paper. Section 3 lays out the model and
derives the voting outcome for contributions to and benefits from a PAYG pension system
in an economy affected by both financial and demographic shocks. Section 4 presents, for
comparison, the policy implemented by a Ramsey planner. Section 5 concludes the main

body of this paper. The proofs of the Propositions are included in Appendix 1.

2 Motivating facts

The narrative evidence on the beginnings of PAYG pension systems shows that, in many coun-
tries, these were introduced after events that had large negative effects on existing retirement
savings (Flora (1987), Gordon and Varian (1988), Perotti and Schwienbacher (2009)). Table
1 summarizes the key moments in the development of PAYG pension systems in a number of

selected countries. The emergence of PAYG pension systems is related to shocks to the real



rate of return (UK, US) or the depletion of the capital accumulated in fully funded pension
funds during WWII (Japan, Germany, Italy). The reforms summarized in Table 1 also indi-
cate that PAYG pension systems have been expanded following other economic downturns. In
France, the Netherlands, Spain, US and Poland, during recessions, early retirement schemes
were introduced and the retirement age was reduced.

Beginning with the 1980s, when all the countries considered here started to experience a
decrease in their population growth rate (see Figure 1), substantial reforms aimed at restoring
the viability of the PAYG pension systems were enacted. These pension reforms involved
increases in contributions and cuts in benefits. The reductions in pension benefits were
achieved through a variety of means: decreases in accrual rates, indexation or valorization,
increases in the number of reference years or the retirement age or strengthening of work
incentives, increases in the number of years of contribution. A few countries (Germany, Spain
and countries that shifted to a Notional Defined Contribution system) established a direct
link between benefits paid and demographic indicators.

The reforms aimed at restoring the viability of pension systems persisted even during the
Great Recession. Unlike in previous major recessions, most of the adjustments to PAYG
pension systems were made in the view of the ongoing adverse demographic developments
and entailed increases in contributions or in the retirement age.

While many countries retained their public PAYG pension systems but tried to restore
their financial sustainability, a number of countries decided to partially or completely trans-
form them in private fully funded ones in the face of demographic shocks. Many Central and
Eastern European and Latin American countries downsized their PAYG pension systems in
this way.

In conclusion, narrative evidence supports the view that both financial and demographic
shocks were important in the development of PAYG pension systems. The present paper
develops a model that can rationalize the reforms enacted following financial and demographic
shocks. In the model, the arrangement of the PAYG pension system is established through
voting after the shocks have materialized. The politicians that run in the election determine
the size of the PAYG pension system by trading off the welfare of young and old agents.
Keeping everything else constant, a decrease of the return on capital causes the equilibrium
size of the pension system to increase. This is consistent with the stylized facts regarding
changes in PAYG pension systems after major economic downturns or large shocks to the
gross return on capital. A decrease in the population growth rate on the other hand implies
higher contributions but lower benefits. This result is also consistent with the reforms enacted
in all countries after the 1980s. The model can also explain the downsizing of PAYG pension
systems in Central and Eastern European and Latin American countries through a decrease
in the mean or an increase in the variability of the process driving the population growth

rate.
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Figure 1: Annual average population growth rate in selected countries
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Another puzzling fact about pension provision is the considerable cross-country hetero-
geneity in the size of contributions to and benefits from PAYG pension system (see table 2).
Tabellini (2000) explains this by the proportion of the elderly in the economy and the pre-tax
income inequality. In his paper, higher income inequality of young people leads to a larger
social security system. Chen and Song (2014) also single out income inequality but they
argue in favor of a negative relation with the size of the PAYG pension system. Song (2011)
explains the development of social security in the US through the wealth inequality among
old agents. The narrative evidence presented above shows little support for these determining
factors.

Perotti and Schwienbacher (2009) explain this heterogeneity by the fact that different
countries experienced inflation shocks of different magnitudes prior to the introduction of the
PAYG pension systems. While this may be a good explanation for the introduction of PAYG
pension systems, it cannot explain the subsequent expansion of the programs or the reforms
enacted after the 1980s. Our model brings an important addition to this strand of literature
by exploring other factors that can explain this cross country heterogeneity: the size of the
financial and demographic shocks hitting the economy, the mean and variance of these shocks

and the political power of the young agents relative to the old.

3 The model

The set up of the model is closely related to D’Amato and Galasso (2010). We consider an
infinite horizon economy inhabited by cohorts of overlapping generations, each living for two
periods. The size of the cohort born at time ¢ is NV;. Agents work when young, consume when
old and derive utility only from the consumption of goods. Hence, when young, they work

their entire time endowment which is standardized to one unit. Aggregate labour supply L;



Table 2: Size of the PAYG pension system in selected countries

Country Contribution Rate (%) | Gross replacement rate (%)
Austria 22.8 7
France 16.7 59
Germany 19.6 42
Ttaly 33.0 71
Japan 16.8 36
Netherlands 17.9 30
Poland 19.5 25
Spain 28.3 74
UK - 33
UsSs 10.4 38

Source: OECD (2013). The contribution rates reported are for the year 2012. For Poland the figure includes
the contribution diverted to the DC pillar. The replacement rate corresponds to an agent which earns an
average wage.

is equal to the size of the young population V.

We assume a quadratic utility function:

(ct41—7)?

u(ce1) = — 5

where v is the "bliss” level of consumption® and ¢, is the per capita consumption of agents
born at time ¢. We choose this type of utility function for two reasons: i) it allows us to
interpret the results in a mean-variance framework and ii) it allows us to obtain an analytic
solution for particular assumptions on the financial and demographic shocks.

The economy has a constant returns to scale technology which gives each period the
output Y; = wlL; + R;S¢_1, where S;_1 is the stock of capital at time ¢ given by the amount
of savings made in the economy at time ¢t — 1. Capital depreciates fully every period. We
consider the case of a small open economy in which the gross return on capital is exogenous
but stochastic, independent in time and distributed according to a cumulative distribution

function F' with mean R and variance 012%. The gross population growth rate n, = N]tvjl is

also stochastic, independent in time and distributed according to the cumulative distribution
function G' with mean 7 and variance o2. We assume that R > n. Wages w are exogenous,
deterministic and normalized to 1.

We consider a PAYG pension system that runs each period a balanced budget. Denoting
by 7 the per capita contribution to the PAYG pension system paid by the young and by

b; the per capita social security benefit distributed at time ¢, the balanced budget condition

3Expected utility can be equivalently written: Eicip1 — %Etc?_H. In this form it becomes apparent that
the parameter 7y is inversely related to the degree of risk aversion.



becomes:

biNi—1 = 1Ny = by = 14y

In the economy described above, the budget constraints of the agents are:

St+Tt:1 (1)

Ciy1 = Rip18¢ + Tep1niq (2)

where s; = J% is per capita savings of the young.

3.1 The politician’s problem

The contribution to the pension system is determined every period by a voting process that
takes place after the shocks R; and n; have materialized. Agents consume only when they
are old, so they make no economic choices when young. They pay the contribution to the
pension system and save the rest of their income. This allows us to directly define the political
equilibrium of the model.

4 in which two candidates compete

We consider the setting of a probabilistic voting game
each period in an election. The candidates are office seeking so they only care about maxi-
mizing the probability of being elected. They are also non-partisan. Since a voting process is
organized in the beginning of each period, the elected politician cannot commit to implement
the policy chosen in his program in the next period as well. We assume however that he can
commit to implement the policy outlined in his electoral platform after he is elected. In the
voting game, the two candidates take into account the preferences of agents with respect to
the policies but also the ideological views of the agents which can make them more inclined
to vote for one candidate or another.

We assume that ideology is uniformly distributed in the group of young and old agents
with density ¢1 and ¢q, respectively. In the equilibrium of this probabilistic voting game, both
candidates choose the same policy for their electoral program. They do so by maximizing
the joint welfare of young and old individuals weighed with the density distribution of their

ideologies and their relative size in the population:

WP = 1jnt<¢ou<ct> + 1 Eyu(crn)) 3)

Intuitively, in order to maximize the probability of winning the election, the candidates must
design their policies according to the preferences of agents that are more likely to vote ac-
cording to policies announced than to ideology. Hence, a group which is politically more

homogeneous (higher ¢;, so lower dispersion of ideology in the group i) will receive a higher

4The set up of the probabilistic voting game used in this paper is the one presented in Persson and Tabellini
(2000).
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weight in the objective function of the candidates and their preferences will matter more for
the policy outcome. This is because there is a higher probability that a member of this group
is a swing voter. Of course, the outcome will also depend on the relative size of the two
groups. The ideology parameters ¢; can also be tailored to reflect the historical vote turnout
of group i.

Note that, since 7341 will result from the electoral competition taking place in the be-
ginning of the next period, young agents and, consequently, current politicians must have at
time t a perception regarding the policy’s law of motion. We will restrict our attention in the
following to differentiable Markov policy functions, i.e. to policies that depend on the current
state of the economy defined in our model by the savings of the old, the financial shock and

the demographic shock. Hence, we assume the following form for the policy function:
7 = f(s1-1, Re,mp)

3.1.1 The intergenerational conflict settled by the voting process

It is worth discussing at this point the intergenerational conflict that may arise in an economy
where a policy 7, must be implemented at time ¢. The marginal utility with respect to the

policy in the case of an old agent is:

ou°
(97}

= nyu(ct) > 0 (4)

where the relation comes from the fact that the utility function is strictly increasing®. The
old strictly prefer higher contributions irrespective of the state of the economy. Consequently,
the higher the weight of the old relative to the young in the political process, the higher will
be the contribution implemented.

In the case of a young agent, his preferences over the policy that must be implemented at
time ¢ are less clear cut. The change in utility determined by an increase in the contribution

at time ¢ is:

ouYy oy
Tﬁ = Et |:U/(Ct+1) <nt+181;:1 — Rt+1>:| (5)

The term ny4q 85‘;1 captures the "strategic effect” which works through the savings of the

young generation. An increase in 73 will leave the current young generation with a smaller
amount of savings. But the contribution set at period ¢+ 1 depends on the amount of savings

prevailing at the beginning of that period (s;) and this will lead the next period politician to

5We assume that the condition ct+1 < 7 holds in every state. There is no formal restriction that we
can impose on the parameters of the model to insure that this condition holds. However, using numerical
simulations, we found that for low values of ¢ the condition is violated in less that 1% of cases.

11



set a higher contribution 7;1°.

The support of the young agents towards a higher contribution to the PAYG pension
system depends on the strength of the strategic effect relative to the return on capital. The
stronger is the strategic effect, the higher is the return of the PAYG pension system compared
to the return on capital. This makes young agents willing to expand the pension system.

Using the assumption of quadratic utility, relation (5) becomes:

ouY oT, 0T
——— = cov[cri1, Rip1) — cov ( crpn,npii——t ) + Erer1 Br [ Rep1 — nip1 ——— | —
87’,5 87} 87}
oTi
—YE; |Ryp1 — myy (;H] (6)
Tt

The first and last term of relation (6) dominate the preferences of young agents towards
higher or lower contributions to the pension system.

The first term is the covariance between consumption and the financial shock. We will
denote this term by ”the risk sharing component” because it captures the property of the
PAYG pension system of sharing shocks between young and old agents. To see this, we

substitute the budget constraint in the covariance between consumption and return on capital:
cov [ci41, Rey1] = (RQ + 012%)(1 —7¢) + cov(bi1, Riy1) (7)

A higher contribution to the pension system lowers the covariance between consumption and
return on capital. The pension system has an additional risk sharing property if the covariance
between benefits and the financial shock is negative. The more negative this covariance, the
less young agents must invest in social security in order to achieve the same level of risk
sharing.

The last term of relation (6) shows how the preferences of young agents for the pension
system are determined by the return on capital (Ry41) in excess of the return of the pension
system measured by the strategic effect (nt+1 83—;1 . We will henceforth denote this term ”the
return component”. A lower strategic effect makes the investment in capital more attractive
and weakens the support of young agents for the pension system. The return component will

dominate the incentives of young agents for high values of v (low risk aversion).

5Forni (2005) proves that the policy function is a decreasing function of the savings, meaning that the
strategic effect must be positive in the equilibrium of the game between subsequent politicians. The argument
is as follows: if the contribution is an increasing function of savings, then the young generation has an incentive
to save more in order to get a higher benefit from the pension system when old. But this cannot be an
equilibrium, because a higher benefit of the old reduces the savings of the young.

12



3.1.2 The political equilibrium

The politicians running in the election maximize the objective function (3) with respect to

the contribution to the pension system, subject to the budget constraints of the agents:

max doulct) + pineEru(cisr) (8)
ct = Rysy1 +mny 9)
St + Tt = 1 (10)
cty1 = Ryp1se + mipame (11)

At the optimum, the politicians equate the welfare gain of a marginal transfer through
the pension system coming from the increase in the utility of the old with the welfare loss

coming from the decrease in the utility of the young:

u'(er) = QE; [(Rtﬂ = N1 8gt+1> U,(Ct+1):| (12)
Tt

where we denote with ¢ = % the political weight of the young generation relative to the old

generation.

The resulting contribution to the pension system depends on the weight that the two
groups of agents have in the voting process. A higher dispersion of ideology among the young
(relative to the old) gives them a lower political weight. In this case, the politician implements
a higher contribution that implies lower consumption for the young agents.

Given a perceived policy function 7441 = f(s¢, Rey1,n¢41), the current contribution to the
pension system will be set by solving the politician’s problem formulated in relations (8)-(11).

The solution will yield the actual policy function 74 = f(s¢—1, R¢, nt).

Definition 1. A Markov perfect equilibrium of the game between subsequent election candi-

dates is obtained if the perceived and the actual policy function are equal, i.e. f = f.

In order to have a meaningful model for analysing PAYG pension systems we make two
assumptions. The first one rules out cases in which young agents are so risk adverse that they
are willing to participate in the PAYG pension system even if they expect no benefits from

the pension system next period.

Assumption 1. Young agents will not sustain positive contributions to the pension system

if these do not bring them benefits when old. This is equivalent to”: vy > Ymin = I/R, where
I'=R?+ 0’%%.

The second assumption is related to the fact that our main aim is to study pension

systems. While transfers from old to young are also possible in reality - for example through

"We obtain this relation by imposing the condition %H:O,bt 41=0<0.
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taxes on wealth -, our aim is to analyze transfers from young to old. That is why we impose
the restriction that, on average, the contribution to the PAYG pension system is positive.
We also rule out the possibility that old agents expropriate the young through the pension
system by imposing that the contribution to the PAYG pension system is, on average, less
than 1.

Assumption 2. The average contribution to the pension system is strictly positive and non-

expropriating: E(r) € (0,1).
The following proposition lays down a closed form solution to the politician’s problem.

Proposition 1. The politician’s optimization problem is solved by the following policy func-

tion:
AP — Rys
P tot—1
= 13
t BP—l-TLt ( )

The coefficients AT and BY are obtained as a solution to the following system of equa-

tions®:
RQ
1=¢BYE,— 1 14
¢ ¢ (BP 4+ nyy1)? (14)
_ Pp _ Bigr P
AP _ P)/ ¢'YB Et BP+’Vlt+1 + B (15)
L= 0BPE G

Equation (14) can have no solution, one or multiple solutions in the domain of real num-
bers. However, we can conclude that, if a solution exists, it must be strictly positive. With
this result, we can already analyse how politicians share financial and demographic risks
between agents.

Since B 4+ n; > 0, the contribution is inversely related to the wealth of the old (Rtst—1).
This means that, at the same level of savings, following a decrease in the return on capital, the
politician establishes a higher contribution for the young and hence a higher level of benefits
for the old. Consequently, the benefits of the PAYG pension system are negatively correlated
with the return on capital. This helps agents to partially protect against financial shocks.
Also, a smaller amount of savings of the old leads to a higher contribution required by the
politician and, hence, to a higher benefit paid to the old.

The impact of the demographic shock on the contributions to and the benefits from the

pension system is established in the following proposition.

Proposition 2. An increase in the population growth rate lowers the contribution to the
pension system and increases the benefits from the pension system if and only if the equilibrium

contribution is positive.

8 A trivial solution to the policy function is given by AT =+, BF = 0. However, this solution is explosive,
so we will not consider it further.
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The increase in the population growth rate benefits both young and old agents: contribu-
tions are reduced and benefits are increased. This is the way that the PAYG pension system
shares the demographic risk between young and old agents.

This impact of the demographic shock on the political arrangement of the PAYG pension
system is the same as the one obtained by Gonzalez-Eiras and Niepelt (2008). In our paper,
this result holds in an economy hit by both financial and demographic shocks. Hence, we
establish the result that a PAYG pension system can share both types of shocks, if the

contribution is adjusted correspondingly each period.

3.1.3 A special case

In this subsection we analyse a special case by imposing a number of assumptions that allow

us to obtain an analytic solution to the system of equations (14)-(15).

Assumption 3. The financial and demographic shock are independent and the demographic

shock has a uniform distribution on the interval [Npin, Mmaz| With Npyin > 0.

Note that we make no assumption on the distribution of the financial shock. In the setup
we considered, of a small open economy in which the return on capital is determined at
global level, the assumption that the financial and demographic shock are independent is not
implausible. With these assumptions, the coefficients of the policy functions A” and BY can
be easily determined.

As we mentioned above, the political equilibrium can have no solution or multiple solutions
depending on the calibration of the parameters of the economy. We impose a restriction on
the parameter defining the political weight of the young relative to the old agents in order
to insure the existence of a unique equilibrium featuring a finite average contribution to the
PAYG pension system.

(An)?

F(l—e*A"/R)(an—nmme
exists a unique political equilibrium that has a finite average contribution. The coefficients of

Proposition 3. Under Assumption 3, for ¢ > ¢min = there

An/RY 7

the policy function are:

gp_ —(2n—¢D)+ V(27 = ¢T)2 — dnmaznimin

. (16)
_ BPR BP"F”mam P
ap = 2O N D (17)

- _ BPR BP+nmam BPR
1-9¢ An In BP +npin + T

where AN = Nynaz — Mmin.-

The parameters of the policy function are completely determined by the first two moments

of the financial and demographic shock®. We analyse the impact of the mean and variance of

9See the proof of Proposition 4 below.
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the demographic shock on the sensitivity of the policy function with respect to the wealth of

the old and on the average strategic effect.

Proposition 4. Under the assumptions of Proposition 3, in an economy with a lower mean
or a higher standard deviation of the demographic shock, the politician will implement a policy

function that is less sensitive to the wealth of the old and for which the average strategic effect

n n

L e iR Wt iR W h
s vor > Vi >0, —%— <0. e impact on the average

contribution to the pension system is ambiguous.

: ; aBPr
is lower, i.e. “5— <0

A straightforward implication of the result stated in Proposition 4 is that in countries
with a lower mean of the demographic shock or a higher variance, the PAYG pension system
will be less generous to old agents in the case of wealth losses.

The fact that the policy function is less sensitive with respect to the wealth of the old has
two implications. On the one hand, this means that the benefits from the pension system
will have a weaker negative correlation with the financial shock. Hence young agents should
invest more in the pension system in order to achieve the same level of risk sharing.

On the other hand, this lower sensitivity of the policy function with respect to the wealth
of the old also implies a lower strategic effect and, consequently a lower return of the pension
system. From this point of view, young agents oppose social security more. As we mentioned
in section 3.1.1, whether the risk sharing or the return component dominates the incentives of
the young depends on the relative size of the two components and on how risk averse young
agents are.

As a result, the implication of a lower mean or a higher variance of the population growth
rate for the average contribution to the PAYG pension system is ambiguous. As we pointed
out in section 3.1.1, the politician balances the preferences of the old and young agents. Since
old agents are always in favor of a higher pension system, the preferences of the young are
crucial in determining the equilibrium contribution.

The computations presented in Appendix 2 explain the channels through which the mean
and variance of the demographic shock influence the average contribution. We also explain
how the political weight of the young matters for the results. In the next subsection we
analyse a calibrated version of the model in order to clarify how the average contribution to

the PAYG pension system depends on the mean and the variance of the demographic shock.

3.1.4 A numerical analysis of the policy function

In this subsection we analyze a calibrated version of the model. We vary the parameters
defining the political weight of the young relative to the old and the risk aversion of the
young agents {¢,v} starting with the lowest admissible values {@min, Ymin }-

We choose the calibration for the financial shock based on the estimations presented in

OECD (2013) regarding the distribution of outcomes and probabilities for a 40-years invest-
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ment horizon'®. We use the values for the 50% and 90% percentile (4.3% p.a. and 6% p.a.,
respectively) to calibrate the mean and maximum value of the financial shock. We eliminate
the technological progress (1.76% p.a. following Gonzalez-Eiras and Niepelt (2008)) from
these values. The standard deviation of the financial shock is obtained by assuming a uni-
form distribution for it. This gives us the calibration of the financial shock for a 40 years
horizon: R = 2.6262,0r = 0.6907.

For the calibration of the demographic shock, we use the projected demographics from
United Nations, Department of Economic and Social Affairs, Population Division (2012).
We take as the minimum and the maximum value of the annual population growth rate the
average forecast for US for the period 2015-2100 under the low fertility scenario and the high
fertility scenario, respectively. Assuming a uniform distribution, we obtain the mean and the
standard deviation of the population growth rate for a 40 years horizon: n = 1.19, o, = 0.127.

Figures 2 and 3 show how the mean and the variance of the demographic process influ-
ence the average contribution to the pension system for different combinations of the {¢,~}
parameters.

We analyse the {¢,~} parameter space that is consistent with the restrictions imposed in
Assumption 2. For low values of ¢, in an economy with a lower population growth rate or
a higher variance, the politico-economic equilibrium will yield a lower average contribution
to the pension system. This means that the return component dominates the risk sharing
component for values close to ¢min.

As {¢, 7} become very high, this result reverses. Figures 2 and 3 show that the derivatives

change their sign close to the boundary where the average contribution to the pension system

10We used the distribution of returns for a portfolio consisting of 50% equity and 50% government bonds.
"This is situated below the E(7:) = 0 line until the E(r;) > 1 area.
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turns negative. This implies that the risk sharing component can also dominate the return
component but only when the contribution to the pension system is very low'2. In this case,

the losses stemming from investing less in capital are counterweighted by the benefits of risk
sharing.

3.1.5 Robustness check

In this subsection we analyse whether the assumption of a uniform distribution for the demo-
graphic shock is important for the results we obtain. We consider two cases: i) a log-normal
distribution of the demographic shock n; ~ InN(u,0?) and ii) an unspecified distribution of
the demographic shock for which only the mean 7 and the variance o2 are known. For the
latter case, we use a second order Taylor expansion of the right hand side of equation (14).
For these two specifications of the demographic shock, equation (14) becomes:
P =\2, 233 o2 2 2
i) 1= qu’BP%, where i = e#T2 and 02 = (e — 1)e?#*°" are the mean and
variance of the demographic shock;

i) 1=¢I'B" ((Bpi-ﬁ)z + (BI?;UE%)4>'

We can solve for BY only numerically. For this purpose, we use the calibration in section
3.1.4. We obtain in each case two solutions for BY. Consistent with the case of the uniform
distribution, we consider only the solution which yields a finite average contribution to the
PAYG pension system. Table 3 presents the coefficients of the policy function obtained using
the uniform distribution, the log-normal distribution and the approximation by second order

Taylor expansion. In order to solve for the coefficient A", we take v = 3.

Table 3: The values of A” and BY for various levels of ¢ and distributions.

AP
10} 0.67 0.69 0.71 0.73 0.75 0.77
Uniform 2.7867 | 2.7577 | 2.7317 | 2.7075 | 2.6844 | 2.6620
Log-normal 2.7870 | 2.7581 | 2.7321 | 2.7079 | 2.6848 | 2.6625
Taylor approx | 2.7867 | 2.7577 | 2.7317 | 2.7075 | 2.6844 | 2.6620

BF
¢ 0.67 0.69 0.71 0.73 0.75 0.77
Uniform 1.8013 | 2.0364 | 2.2468 | 2.4432 | 2.6306 | 2.8115
Log-normal 1.8011 | 2.0363 | 2.2467 | 2.4432 | 2.6305 | 2.8115
Taylor approx | 1.8010 | 2.0363 | 2.2467 | 2.4431 | 2.6305 | 2.8114

The values obtained for the coefficients of the policy function are quite similar. We
conclude that the assumption regarding the distribution of the demographic shock does not

generate significant differences between the policy functions.

12For the calibration we assumed, this happens at contribution rates lower than 2.5%.
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4 The Ramsey planner’s problem

In this section we consider the problem of a Ramsey planner who has a commitment technology
and we compare the resulting policy function with the one of the politician. In the absence
of an endogeneous labour supply decision, the contribution is non-distortionary. Hence, the
solution to the Ramsey planner’s problem is consistent with the allocations chosen by a social
planner.

In order to determine the optimal contributions to the PAYG pension system, the Ramsey

planner maximizes the social welfare function, subject to the budget constraints of the agents.

oo
max Y p Eo[Nyu(crin)]

{Tt}fio =1
S.t. s¢ + 1 = 1 (18)
Ci+1 = Riv15¢ + Ter1met1 (19)

given N_1, s_1, Ry and Ny. The welfare weight of the generation born at time ¢ is p*!. We
impose p < % in order to ensure that the social welfare function is bounded.

The first order condition of the Ramsey planner’s problem is:

u'(cr) = pEy[Regau (cet1)] (20)

The form of the policy function implemented by the Ramsey planner is identical to that

of the politician, but the coefficients of the policy function will be different.

Proposition 5. The Ramsey planner’s optimization problem is solved by the following policy

function:
AR — Rysi_
R _ t5t—1
T T BR 2D

The coefficients A" and BT are obtained as a solution to the following system of equations:

= BT (22)
BE + Nt
— pYR+ pBRE
qn 1R pB i (23)
- Rit1nis1
1—pE; Bg—l—nil

The right hand side of equation (22) is decreasing in Bf while the left hand side is

constant'®. Hence, there always exists a solution for Bf + n; > 0 and this is unique.

13 As in the case of the political equilibrium, we will not consider further the solution B = 0 which features
an explosive dynamics.

19



Without making any assumptions regarding the demographic and financial shocks, we can
already compare the politician and the Ramsey planner’s policy functions. The two policy
functions are different due to the absence of the strategic effect in the Ramsey planner’s
problem but also because the weights they use may be distinct. In order to study only the

implications of the strategic effect we consider p = ¢!,

Proposition 6. If the Ramsey planner and the politician use the same weights for the young
generation (p = ¢), the following relations between the policy functions of the politician and

the Ramsey planner hold:

1. The contribution set by the politician is higher than the contribution set by the Ramsey

planner, i.e. T8 > 7F;

2. Following a financial or a demographic shock, the politician and the Ramsey planner

change the contributions and benefits into the same direction;

3. Following a financial or a demographic shock, the politician adjusts the contributions

arf orf orf orf
Rtstt—1| > |8Rt5tt—1‘ and ’677;:| > |87rft|

more than the Ramsey planner, i.c. |

The above proposition implies that the response of the politician and the Ramsey plan-
ner is qualitatively the same following a financial or a demographic shock. Quantitatively,
however, their reaction is different. The politician changes the contributions more than the
Ramsey planner because of the existence of the strategic effect.

In order to be able to study further the Ramsey planner’s policy function, we impose the
assumptions summarized in 3. We also look for a restriction on the parameters of the model

that insure that the policy function yields a finite average contribution.

Proposition 7. Under Assumption 3, the solution to the Ramsey planner’s problem has the

following coefficients:

An
Nmaz — Mmin€ T
BR: ma:vM min (24)
erl —1
— pyR+ B%
PURS AL (25)
1-pR+ ELE

where An = Mgz — Manin -

g . . . R
The average contribution to the pension system is finite for p > .

The following proposition lays down the result regarding the way in which the mean and

variance of the demographic shock affect the policy function of the Ramsey planner.

1¥We implicitly assume that p = ¢ > ¢, where ¢ is the lowest political weight for which at least one solution
for the political equilibrium exists. However, the Ramsey planner’s problem admits solutions also for p < ¢.
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Proposition 8. Under Assumptions 1-3, in an economy with a lower mean or a higher

variance of the demographic process, the Ramsey planner will impose a higher average con-
8E(TzR) 0 8E(TtR) 0
on <Y don, > 0.

tribution, i.e.

This result is exactly the opposite to the one found in the case of the politico-economic
equilibrium. Intuitively, in the absence of the strategic effect, when the mean of the population
growth rate is lower or the variance is higher the incentives of the old and young agents change
in the same direction of sustaining a higher size of the pension system. For the young agents,
the return on capital in excess of the pension system does not change when the characteristics
of the demographic shock change. But the covariance between the benefits and the financial

shock becomes less negative and this makes a higher size of the pension system optimal.

5 Conclusions

The present paper determines how PAYG pension systems are arranged through a voting
process in economies featuring both financial and demographic shocks. We find that, after
a decrease in the return on capital, the politician increases contributions and benefits. In
response to a fall in the population growth rate, contributions are raised, but benefits are
reduced. These responses correspond with major developments of PAYG pension systems
observed in reality.

The first and second-order moments of the demographic shock influence the politician’s
policy function: if the mean of the demographic shock is lower or the variance is higher, the
compensation for financial losses offered to old agents through the pension system is smaller.
This result can account for the stylized fact discussed in Section 2 that during the Great
Recession, unlike in previous major downturns, governments did not increase the benefits of
the pension system. In the political equilibrium, a weaker sensitivity of the policy function
with respect to the wealth of the old leads to a lower average contribution to the pension
system. This effect can explain reforms that involve the (partial) transition from PAYG
pension systems to fully funded ones.

Following financial and demographic shocks, the Ramsey planner changes contributions
and benefits in the same direction as the politician. However, the adjustments made are of
a smaller magnitude. Changes in the mean or variance of the population growth rate have a
qualitatively different impact on the policy function of the politician and the Ramsey planner.
Unlike the politician, if the mean of the demographic shock is smaller or the variance is higher,
the Ramsey planner increases the average contribution to the pension system.

The analysis in this paper can be extended into several interesting directions. First, it
would be important to introduce uninsurable worker specific productivity shocks. In such a
framework we can study the provision of means and asset tested old-age benefits alongside

earnings related pensions. We can also analyze how the relative size of these two pension
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pillars is influenced by the business cycle. This is a relevant policy question since we observe
that during the Great Recession many governments expanded means and asset tested benefits

5. Second,

but kept earnings related pension benefits unchanged or even downsized them!
the model can be used to study the political arrangement of pension systems that have a
mandatory fully funded component. The downsizing of this component that took place in
most of the Central and Eastern European countries during the Great Recession shows that

financial shocks may influence its size.

5Through increases in the retirement age for example. See OECD (2012).
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Appendix 1
Proof of Proposition 1

Based on the solution we guessed in (13), the strategic effect is:

ol _ a1 Ost _ Rya 91-1") _ Ren
8Ttp 8$t 8Ttp BP+TLt+1 aTtP Bp+nt+1

(26)

We substitute the expression for the strategic effect, the guess for the policy function (13)
and the budget constraints (1) and (2) in relation (12). We obtain the following expression

for the policy function:

2
Rt+l

P R P AP Riyin P2
p_ VOB B + 0BT A Bt e + BT Bugr e — Fusia
t R2

¢(BP)2Et (BP-&-t;t1+1)2 + i

Comparing the above with the solution we proposed in (13), we obtain the system of equations
for the coefficients A" and BY.

Proof of Proposition 2

orf i P
= — <0if >0
8nt BP + ng BT
8bP BP P
b =T S 0ifrf >0

8nt N BP + Ny

In the last inequality we used the fact that BY > 0.

Proof of Proposition 3

We will provide the proof in steps.

First, under Assumption (3), equation (14) becomes:

Nmax 1 qu‘BP
1=¢BT / dngiq =
QS Nomin (BP + nt+1)2(nmaz - nmzn) s (BP + nmaz)(BP + nm'm)

We obtain the solution for B

21 — ¢T') /0
2

I

where § = (27— ¢I')? — 4002 Nmin. We used the following property of a uniform distribution:

Nmaz + Mmin = 2. From (15) we obtain the solution for A”.
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Second, we notice that the political equilibrium can have no solution, one or two solutions
in the domain of real numbers depending on the sign of §. We impose the condition for having
at least one solution: § > 0 < ¢ € [0, (v/imaz — v/Tomin)*] U [(\/Tomaz + /Tomin)?, 00).

Third, we impose the condition that the policy function has a finite mean. We iterate

backwards the solution of the politician’s problem (13):

P AP _ Ry Rt(AP — Ri—1) RiRi—1(AF — Ry_9) .
BP +ny  (BP +n)(BP +ni—1) (B +ne)(BP +ni—1)(BY +ni—2)
" RiRi_1Ri—2...Ro P
(BP +n¢)(BP +ny—1)(BP +n—2)...(BP +ng) °

Using the independence between the financial and demographic shock and the fact that

each shock is independent across time, the expected contribution becomes:

1

E(rP) = (AP - R)EBP T

)tEm{’)

_ 1 _ 1 2 _
RE RE——— RE
BP+nt+( BP+Tlt) * +(

BP +ny

It follows that the mean of the process defining the contribution to the pension system is

finite if and only if EB%W € (—=1/R,1/R). Plugging in the expressions of the two values
(An)?

. P .
obtained for B'", we obtain that for ¢I' > (TR0 C———

only the policy function

defined by BY = w respects the condition for a finite mean.

Proof of Proposition 4

The sensitivity of the politician’s policy function with respect to the wealth of the old is given

n
BP Jtrnt :
of the demographic process in terms of the mean (n) and standard deviation (o) of the

by ﬁ’ while the average strategic effect is equal to RE We express the bounds

distribution:

Nmaz = N+ O'n\/§
Nimin = N — O'n\/g

The formulas for B and EB%W become:

g ot V(9T —27)2 — 4(n? — 302)

BY = 5 (27)
1 1 B +i+o,
E— — p2_tnto v3 (28)
BY +ny 20,3 BP +0—0,V3
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We can immediately obtain the following derivatives:

P
I
on VA
OB 5rim _ (BBP . 1) 1 _ o7 .
on on (BP + 4 0nV3)(BP + 01— o0nV3)  VA(BP + 7+ 0nV3)(BP +7 — 0nV/3)
OF —pt— P
Bfi+nt:783 (E 1 1)+i>0
on on BP +ny  ¢r ¢T
0BT _ bon
80'71, \/K
1 1 P
OF ppi :7EBP+M N BP 47— 0G0~ “0
don on Un(BP+n+Jnf)(BP+n—U7Lf)
OE —pt— P P =
B _ OB (715 1 +i)+Bi(E 11 A )<0
Oon Oon BP +n; ol on BP 4+n; ¢I' ¢I'BP
To sign the derivatives we used the following results:
1 1 - . ey .
~ Egp- — or > 0. This is obtained from rewriting (12):
Ne+1 1 1
Ey—s——=FE————-——>0
(BP +nt+1)2 BP + g1 oI’
8EB 1+ 1 n
_ ici _BPiny _ 1l __n )= i
the monotonicity of o = (1 and (E BPrm — T — oTB P) = () with respect to
¢:
o0 120,
— = >0
0  PAVA
009 60’3L

96 T2BPVA 0
We determine that [im €y = 0 and lim Qo = 0. In conclusion, 2; and 25 are increasing
p—00 $—00

with ¢ towards 0, hence they are negative everywhere.

The sensitivity of the contribution to the pension system with respect to the wealth of

old is inversely related to BY, hence we get the first result of the proposition.

Proof of Proposition 5

We substitute (18), (19) and (21) in (20). We obtain:

B, R
r )R+ pATE, ﬁ + pBRE, BRE;H
= (29)

BRE, gt 4y

Comparing this solution with the initial guess in (21), we obtain the system of equations
defining the solutions for BY and A%,

27



Proof of Proposition 6

1. We compare the first order conditions of the politician and the Ramsey planner (relations
(12) and (20)) for ¢ = p. Since nt+1ag—;1 >0 = u(cf) < W(cf) = & > cf. The
last relation implies that a higher size of contributions and, hence, benefits prevails in the
political equilibrium.

2. Since BY +n; > 0 and BE + n; > 0, both the politician and the Ramsey planner
decrease the contribution to and the benefits from the pension system when the return on
capital increases.

Focusing only on positive equilibrium contributions to the pension system, as shown in
the proof of Proposition 2, the fact that BY +n; > 0 and B® + n; > 0 also insures that
both the politician and the Ramsey planner decrease the contribution to the pension system
when the population growth rate increases. In order for both the politician and the Ramsey
planner to increase benefits following an increase in the population growth rate, the additional
conditions B®, B > 0 are necessary. We already know that BY > 0 always. The proof for
subpoint 3) of this Proposition establishes that B® > BY. Hence B¥ > 0 when p = ¢. This
completes the proof.

3. We compare equations (12) and (20). For p = ¢, we obtain:

BP 1 1 Nyl 1
=F s E — =F
(BP +7Lt+1)2 tBR—i—ntH tBP—FTLt_H t(BP +nt+1)2 tBR+nt+1

Ey

3 Nt4+1 .
Since Eti(BPJrntH)? > 0, we have:

1 1

1
. > By
B =+ N1 B + N1

>0« Bf > BP
(BP 4 n411)(BE 4 ng11)

E, & (BR - BP)E;

The last inequality shows that the politician decreases contributions to a higher extent
than the Ramsey planner when there is an increase in the return on capital or in the population

growth rate.

Proof of Proposition 7

We solve for BE and A® from (22) and (23) using the assumption of independence between

R; and n; and the assumption of a uniform distribution for n;. The condition for a finite

c . e e e 9 1 _1/p 1/p 1 _ i
mean is the same as in the politician’s case Egr— € (—=1/R,1/R). But now, Egrm = o1

Hence we must have p > %.
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Proof of Proposition 8

The derivatives of B with respect to 7 and o, are:

OBl
— =-1<0
on
fon fon
oBR \fe4 Ry 12%"62 T =3 0
>
\[Un
ao-n (62 oT _ 1)2

= x and rewrite the

To prove the sign of the second derivative, we make the notation 2\[% =

denominator as:

f(z) = V3(e*® — 2ze® — 1)
fl(z) =2vV3e(e® — 2 —1) >0

Consequently f(z) is an increasing function, so f(z) > f(0) =

The average contribution to the pension system has the form:

(AR R) BR+nt . AR - R

E(fY) = _
)= T RE-L ~ oT-R

BR+n

The following partial derivatives help us determine the change of F(7%) with respect to n

and op,:

OE(rf) 1
0AR  pT'—R >0
HAR (Rp -1 ( 1)

OB~ (1—pR+RB )

To sign the above partial derivatives we use:

— Assumption 1 (y > T'/R);
— the result of Proposition 7 (p > %);

— an additional restriction on the welfare weight that insures Assumption 2 is satisfied
(p > 1/R). The proof for this last restriction entails the following steps.

(y+BR—pl)(1-pR)
1—pR+ R’I?

First, we first establish that E(7f) < 1 & < 0.

Second, using the properties of 8— derived above we can establish that B > lszBR
On—
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pI' — n. Based on this inequality we can prove the relations:

RBE _ R(pI' — 7 I' — Rn
>1—-pR+ (pr n): T n>0

1—pR+
R o
v+ B —pF>’y—n>§—n>O
Consequently, for Assumption 2 to hold it must be the case that 1 — pR < 0.

Using the above partial derivatives, we can sign the derivative of E(7f?) with respect to 7

and o,,.

OE(r{)  OE(r[) AT 9BR

on ~_0AR oBE on "
— N
>0 >0 <0
OE(rf)  OE(rf) 0AT oBR S
do,  OAR OBR 9o,
—— N~
>0 >0 >0

Appendix 2

In the case it is finite, the average contribution set by the politician is equal to:

AP — R)Ep—
E(rf) = @~ B ey (30)
! 1 — RE—p—
BP 4n;

We analyse the change in A” and E(7}") with respect to the mean and standard deviation

of the demographic shock.

AP C(vR-T oBP _ _OEgpt—
= - - O . ) 775 | o (71 +¢RB B ) +¢BPR% (31)
i (T —¢I'BFREgpi— + BYR) n + ng 7
>0 =01<0 =Q3>0 =Q5>0
OE(rF 1 dAP 1 _ 1 _ OB gpi—
(ft ) _ _ 1 ) (1 —RE ) (AP — Ry BTAm (32)
on (1—REW)2 on  BP +mny BP +n, N on
nt N——— =05>0 —
>0 =Q4>0 =Q6>0
AP C(yR-T aBP _ 1 _OEgpt
- (R 1) _ (71 +¢RBYE ) +¢BPR— Bt (33)
Oon (T — ¢I'BPRE —» + BPR)2 Oon BP +ny Oon
BY +ny N——
-0 =Q7>0 =Q3>0 =Qg<0
OE(rF 1 AP 1 _ 1 _ OB gpi—
(i) _ __- - (1 ~ RE———— ) 4+ (AP - R) —BTdne (34)
Oon (1- REW)Q Oon  BY +my BY 4+ ny ——  Oop
nt N——— =Q5>0
>0 =Q4>0 =Qg<0

To sign the different components of the above derivatives we used:
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— Assumption 1 (y > I'/R);

for Q1, Qq, Qg, 27, Qg and g, the derivatives we already computed in the proof of

Proposition 4;

for €24, the assumption of a finite average contribution to the pension system:;
— for Qs, the restriction imposed by Assumption 2 (E(7) > 0).

The relation €23 > 0 does not hold for every ¢. However, we can prove that under
Assumption 2 (E(r¢) < 1) and for o, — 0 this relation holds. But if o,, > 0, the term 3 can
be negative even under Assumption 2. Numerical simulations show that in this region the
sign of Q05 dominates anyway.

Next, we explain the impact of 7 on A” and E(7f). A change in o, impacts A" and
E(7F) through the same channels, but with the opposite signs.

A decrease in 72 influences A" through two different channels:

— the risk sharing channel (€): B” increases, thus making the policy function less sen-
sitive to the wealth of the old. Young agents desire a higher size of the PAYG pension

system to better protect against financial shocks. This leads to an increase in AF.

— the return channel (€29): the strategic effect decreases, thus making the investment in
capital more attractive. This reduces the support of the young generation for the PAYG

pension system and leads to a decrease in A”.

The resulting change of A” is not clear cut. However, given the mean and variance of the
shocks, the sign of the derivative depends only on parameter ¢. Numerical simulations show
that for low values of ¢, the sign of Q2 dominates and the derivative of A” with respect to 7
is positive. As ¢ increases, the strategic effect is less sensitive to changes in 72, the sign of )y
starts to dominate and the derivative becomes negative.

A decrease in 7 influences E(7/) also through two different channels:

— through )¢ that measures the change in the sensitivity of the policy function with

respect the wealth of the old: this is always positive;

— through A”: the derivative is positive for low values of ¢, but it turns negative as ¢

increases.

Hence, for low values of ¢ the derivative of E(7) with respect to @ is positive. As ¢

increases, the derivative becomes negative.
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