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Abstract

We explore the feasibility of a funded pension system with intergenera-
tional risk sharing when participation in the system is voluntary. Typically,
the willingness of the young to participate depends on their belief about
the future young’s willingness to do so. We characterise equilibria with
voluntary participation and show that the likelihood of their existence in-
creases with risk aversion and financial market uncertainty. We find that
it is likely that mandatory participation is necessary to sustain a funded
pension pillar and to let participants benefit from intergenerational risk

sharing.
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1 Introduction

All over the world countries introduce funded pension systems in anticipation
of the projected rise in aging costs. Often those systems are of the defined-
contribution (DC) type, which means that workers save through a pension
fund and at retirement receive whatever they have accumulated in their own
account. Hence, under such an arrangement much of the potential benefit from
intergenerational risk sharing, in particular risk sharing between workers and
retirees, will be lost. However, this need not be the case if the funded pension
scheme is appropriately designed. For example, in the Netherlands, a country
with a large pillar of sectoral and company pension funds, risks are shared
among generations of workers and retirees through changes in the contributions
paid by workers and through changes in the indexation of pensions and pension
rights to wage or price inflation. Participation of employees in the system is
mandatory.! This is important, because a risk-sharing arrangement that is
not legally enforced is only viable when there exists no ex-post incentive to
quit the arrangement whenever a transfer has to be made. In a situation of
underfunding (low buffers) of the pension fund, the young would be tempted
to leave the system instead of guaranteeing the pensions of the retired through
higher contributions. If the buffers are too big, the old will be tempted to close
the fund. If participation in a funded pension system is voluntary, the ex-ante
benefits of intergenerational risk sharing may be forgone.

In this paper we explore the feasibility and welfare consequences of a funded
pension system with voluntary participation and intergenerational risk sharing.
So far, there hardly exists any formal analysis addressing this issue. However,
we believe that such an analysis is of substantial policy relevance, because the
countries that are increasing or planning to increase the funded component
of their pension systems, need to take informed decisions about its design.
In particular they need to decide whether to introduce certain defined-benefit
elements and whether to make participation obligatory. Ongoing discussions
and in some instances very slow reform are taking place in the U.S., Austria
and Ireland (OECD, 2009). Moreover, as outlined in Holzmann et al. (2008), a
number of East-European countries, such as Hungary, Romania and Slovenia,

are in the process of transforming parts of their pay-as-you-go (PAYG) state-

'More precisely, participation is mandatory when there is a collective labour agreement
between the social partners (trade unions and firm or employers’ organizations). Except for

the self-employed this is the case for most of the workers.



provided pensions into private funded systems.

Our analysis takes place in the context of a simple infinite horizon model
with two overlapping generations. Voluntary participation is modeled through
a participation constraint that requires the expected utility from participation
to be at least as large as expected utility under autarky. When financial market
performance is bad and, hence, the return on the pension fund portfolio is low,
the current young make a transfer to the current retirees. Individuals always
have the option to not participate after the current shock has materialised. Par-
ticipation yields benefits in terms of intergenerational risk sharing. However,
numerical results show that the ex-post option to not participate in the system
renders a funded system unfeasible for low degrees of risk aversion and when
portfolio returns have low variance. In those circumstances the risk-sharing
benefits will be lost. Increases in risk aversion and uncertainty about the re-
turns raise the likelihood of a sustainable funded system based on voluntary
participation. However, risk sharing would still be less than under the optimal
arrangement with obligatory participation. Raising risk-aversion and volatil-
ity further, we find that the optimal solutions under voluntary and obligatory
participation coincide.

This paper draws from several strands of the literature. First, there is
a literature on intergenerational risk sharing in pension systems. Bohn (1999,
2003) analyses such risk sharing in PAYG pension systems. Krueger and Kubler
(2006) find that PAYG pension systems can only be welfare improving when
markets are incomplete, while, moreover, their welfare effects depend on the
degrees of risk aversion and intertemporal substitution. Gottardi and Kubler
(2006) extend the analysis of Krueger and Kubler (2006) and Ball and Mankiw
(2007) compare risk sharing of an overlapping generations economy under au-
tarky and in the presence of a full set of state-contingent assets. De Menil and
Sheshinsky (2003), Hassler and Lindbeck (1997) and Matsen and Thogersen
(2004) explore the trade off between a PAYG and a funded pension system.
The optimal relative sizes of the two components of the pension system depend
on the preferences and the characteristics of the stochastic processes driving
wages and returns. Beetsma and Bovenberg (2009) and Beetsma et al. (2011)
explore risk sharing through a combination of a PAYG and a fully funded sys-
tem. Finally, Cui et al. (2009) compare risk sharing in various types of funded
pension systems such as an individual DC scheme, a collective DC scheme and

a collective DB scheme.



Second, our paper is linked to the literature on participation constraints.
Kocherlakota (1996) and Thomas and Worrall (1988) explore risk-sharing be-
tween two types of infinitely-lived agents in which transfers can go both ways
between the agents, who always have the possibility to walk away from the
risk-sharing agreement. Our setup differs in that our agents only live for two
periods and transfers always go from the young to the old. The young are
prepared to make such transfers because they expect the future young to also
honour the risk-sharing arrangement. Krueger and Perri (2009) explore limited
participation constraints when public insurance is introduced into a market in
which private insurance contracts are not fully enforcable. They show that
public insurance can crowd out private insurance, because agents who break
the private contract have the option of joining the public insurance contract.

The third strand of the literature to which this paper is related is that on
discontinuity risk in pension systems. In Teulings and De Vries (2006) the young
may be exposed to equity risk already before they enter the labour market,
implying that they may have accumulated losses even before they start working.
Under those circumstances young individuals may prefer not to participate in
the pension fund. Bovenberg et al. (2007) also discuss the problem of negative
buffers that make it unattractive for new young generations to enter a pension
fund. Other articles exploring discontinuity risk in funded pension systems are
Van Ewijk et al. (2008), Gollier (2008) and, in particular, Westerhout (2009),
which is closest to our analysis. He employs an infinite horizon model with
two overlapping generations. He quantifies the feasible amount of risk-sharing
under the assumption that the old are bound by their pension contract and the
young are free to choose whether they will join the fund. They will not join
when the financial position of the fund is weak. Hence, risk sharing is possible
only for a limited set of states. An important assumption is that the return
on the pension funds’ assets exceeds that on private savings. This makes it
relatively attractive to join a pension fund. We do not need to make such an
assumption.

The remainder of this paper is structured as follows. In Section 2 we set up
the model and solve for the autarky solution. Section 3 introduces a pension
fund and solves for the optimal transfer rule in the absence of a participation
constraint. In Section 4, we introduce the participation constraint and charac-
terise the various equilibria. This section also solves for the optimal pension

fund rule. Section 5 works out a numerical example. Finally, Section 6 con-



cludes the main text of the paper.

2 Model and autarky solution

We set up an infinite-horizon overlapping generations model. In each period, a
new, young generation is born. The generation born in period t will be referred
to as the ”period-t generation”. Each generation consists of identical individuals
and lives for two periods. In the first period of its life, the generation works,
consumes and saves for its old age. When old in the second period of its life, the
generation is retired and consumes all of its savings. Savings can be invested
in a single risky asset. We assume that subsequent returns are independently
distributed. All generations are of the same size, which we normalise to unity.

The preferences of an individual born in period ¢ are given by:

U = u(cet) + BE [u(ciq1,t)], (1)

where ¢;; denotes consumption in the first period of its life and ¢;41,; denotes
consumption in the second period of its life. Hence, the first subscript denotes
the period in which consumption takes place and the second subscript denotes
the period in which the individual is born.

In the absence of any form of pension system, that is, under ”autarky”
(denoted by superscript ”a”), consumption of the period-t generation in the

two periods of its life is:
Ctt = Wt — St (2)
1t = (1 +7e41) st (3)

where w; is the exogenous wage rate, s; are private savings under autarky
and 7441 is the return on savings. The individual solves the intertemporal

consumption allocation problem:
max  u(we = s¢) + BE{u[(1+7er1) si]} (4)

which implies the first-order condition:

o (cgt) = g8F [(1 + ) u’ (c?+17t)] . (5)

Utility under autarky is given by:

Ul=u (cgt) + BE, [u (C?Jrl,t)] , (6)

where cf, and ¢f,, ; are the optimal consumption levels under autarky.



3 Introduction of a pension fund

We introduce a pension system with a simple funding rule. A young person
privately saves an amount s; and contributes an amount 6 to the pension fund.
The fund invests this contribution in financial assets and pays out the gross
return as a pension benefit one period later. In addition, if the fund is under-
funded in period t, each individual of the period-t generation pays an additional
re-funding contribution 7, which is used to supplement the benefit to the cur-

rent old generation. The transfer 7; is non-negative.

3.1 Individuals

The consumption levels of a period-t generation member are:

Ctt = wy — 8¢ — 0 — 1, (7)

Ct+1,t = (1 + Tt+1) <3t -+ 9) + Tt+1- (8)

The individual takes as given the known policy function set by the pension
fund and now maximises (1) subject to (7) and (8). This implies the following

first-order condition for his intertemporal consumption trade-off:

' (cgt)t) = BE; [(1 + Tt41) v’ (c€+17t>} ) 9)

where ci) , and ¢/ 1+ are the optimal consumption levels under participation in

period t.

3.2 The pension fund

We assume that the pension fund applies the very simple funding rule given by:

i { (r*—mr) 0, Vry<r®, (10)
0, Vry>r*
We choose this rule, because it would be appealing from a practical point of
view, as it is intuitive and it would be easy to implement. It features two
parameters to be set by the pension fund, »* and 6. In the remainder of the
paper, we assume that 6 is given and that the pension fund uses r* as its
policy instrument. Figure 1 depicts the size of the transfer as a function of
the current asset return and the effect that this rule has on consumption of

young and old (the blue solid line). The transfer is rising in the short-fall of

the actual market return from r*. This dampens the sensitivity of the old’s



Figure 1: Transfer and consumption of young and old
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consumption to fluctuations in financial market returns when compared to the
autarky situation (the purple dashed line).
The objective of the pension fund is to maximise welfare of the current and

all future generations from an ex ante point of view:

maxV = Ep{u(cio)+ [u(ci1) + Bulez1)] + Blulez2) + Bulese)] + ...}

T

= FEou(cio) + Z B Ey [u (cre) + Bu (cegrt)]
=1

oo

= Eou(cio)+ Y B E[UF], (11)

t=1
where Fy denotes the expectation taken at the start of period 1, before r;
had materialised, and U} = wu(ciy) + fu(cit1,4). Notice that the transfer is
not a function of the savings of the previous young generation, but of the
time-invariant pension fund rule parameters r* and 6. This implies that all
young generations are affected in an identical way by the funding rule and in
expectation the decisions of all young generations will be identical. Hence,
EoUY = EoUY = -« = EyUP. Using this, we can rewrite (11) as:
rr;@xV = Epu(c10) + 1_15E0Up
The optimum is reached by setting r* such that the derivative of the objective
function with respect to r* equals 0:
P
e = B gt g =0

We call the value for r* implied by this first-order condition r°P.




4 The participation constraint

For any period t, we denote the set of possible realisations of the state of the
world by R = [—1, 00). The particular state that actually materialises in period
t is exhaustively described by the asset return r; in that period.

We define participation or lack of participation in the pension fund as:

Definition 1: A young generation in period ¢ is said to participate in the
pension fund if it chooses to follow the funding rule 7 = 7 (1) for the current

realization r;. It does not participate if it does not follow this funding rule.

Before we continue the analysis we make the following assumptions for an

arbitrary period ¢t > 1:

Assumption 1: Suppose that all preceding young generations as of period
1 have participated in the pension fund. Each period-t young individual is free
to choose whether or not to participate in the pension system after the state r;

has materialised.

Assumption 2: Suppose that all preceding young generations as of period 1
have participated in the pension fund. Then, if the period-t young decide not
to participate, the economy shifts to autarky and remains in autarky forever

after. Hence, none of the future young generations will ever participate.

The ensuing analysis assumes that all preceding young generations as of period
1 have participated in the pension fund. Using the above assumptions we can

write the participation constraint for the period-t young individual as:
w (el ylre) + B{E: [u (51 lre)] + B [u (e 4Ir) |} = U, Vr € R, (12)

where Ciil,t (cf_”ﬁtlt) is period t + 1 consumption of the period-t young when

next period’s young choose to participate (not participate) in the pension fund.

4.1 Recursive formulation of the participation constraint

Since subsequent generations are identical, and assuming that the economy has
not shifted to autarky in the past, the participation constraint for each state

of the world is identical in any period. This means that we can drop the time



subscripts and write (12) in terms of current and next-period variables (which

are denoted by a prime) as:
u(cPlr)+ 8 {E [u (cm '\7“)] +F [u (c"“t ']r)]} >U% VreR, (13)

where a prime denotes next-period variables.

Hence, in our OLG setting, there is a participation constraint analogous to
that in the literature that deals with participation constraints in settings with
two types of infinitely-lived agents, such as Kocherlakota (1996) and Thomas
and Worrall (1988). However, because in our setting the old have no incentive
to walk away from the contract, the pension fund does not need to ensure
that it delivers at least the utility promised in the previous period. Instead,
the fund should ensure that it does not violate the promised funding rule, so
that the insurance it promises the current young for the next period remains
credible. In addition, in contrast to models with infinitely-lived agents in which
transfers can go both ways, in our model transfers always go from young to old
individuals. While they may have to make a transfer to the current old, the
current young depend on the next period’s young for their own insurance. That
implies that we do not have a repeated game between agents who can punish
each other when one of them deviates from the rule. Hence, the beliefs about
the willingness of the next period’s young to make a transfer are crucial for the
current young’s willingness to pay a transfer, as will become clear below.

The next period’s young will decide not to participate if the transfer they
have to pay is "too large”, i.e. if v’ < 7/, where 7' denotes the threshold value for
the next-period return r’ that makes next period’s young indifferent between
participating and not participating. Using this we can write participation con-
straint (13) as

Ut < UP(r|f)=u(w—s"(r)—0—1(r))
JIp ) ul(1+10) (57 (r) + 6)) dr'+
+ B3 [P [<1+r>s (1) + (L4 6] dr'+ o,
S o) ul(L4 ") (sP (r) + 0)] dr’
where the right-hand side is the utlhty to the young when the current return is

r and the next period’s cut-off return for participating is 7.

4.2 Equilibrium definition

We explore equilibria that are defined as follows:



Definition 2: A recursive equilibrium with participation is an autarky savings
decision s, an autarky value U?, a pension funding rule {7 ()}, a set of savings
decisions under participation {s? (r)}, values under participation {U? (r|7')}, a
current cut-off return 7 and expectations about the next period’s cut-off return

7', such that

(i) For any r, given the funding rule and expectations about future partici-
pation, the savings decisions {sP (r)} solve the young generation’s optimization
problem.

(ii) For r < 7, UP (r|#') < U, while for r > 7, UP (r|t') > U“.

(iii) The cut-off return for the current young, 7, computed given the expecta-
tion about the future cut-off return 7/, equals the cut-off return for the next
period’s young, 7.

(iv) For at least one element r € R, the funding rule sets 7(r) > 0 and has
Ur (r|#) > U®.

4.3 Solutions for 7

The cut-off return 7 depends on the size of the current transfer prescribed by
the funding rule and the belief about the cut-off return of the young in the next
period. If r > r*, the current young would for sure want to participate. How-
ever, if r < r*, there may be a cut-off return at which the young are indifferent
between participating and not participating in the pension fund. This cut-off
return depends on the size of the transfer and on the beliefs about the cut-off
return of the next period’s young. Because subsequent young generations are
identical in all respects under the assumption that all preceding young gener-
ations have participated in the pension fund, the cut-off return must be the
same for every young generation that still has the option to participate. This

implies that 7 = # = (#) = ....

10



4.3.1 Interior solutions

An interior solution for 7 is implicitly defined by:

Ut = UP (i =7) (14)
= u(w—8sP(7)—0—(r"—7)0)
flp() [(L+7) (s (7) + 6)] dr+
+ Bq S pr)ul(+r) s () + 1+ 0dr+ o
T*P() wl[(L+7)(s”(F) +0)] dr

Hence, UP (7|7 = 1) is the utility from participation under the assumption that
the portfolio return is at the cut-off return of the current young, » = 7, and
the cut-off return of the future young equals the cut-off return of the current
young, 7' = 7. A change in 7 will alter both current utility of the current
young, because of the change in the transfer they have to pay, and future util-
ity of the current young, because of the change in the insurance provided by
the pension fund. As the Appendix shows, the derivative of U? (7|7 = 7) with
respect 7 is the sum of a positive and a negative term and its sign is generally
indeterminate. However, as the Appendix also shows, function UP (7|7 = 7)
has the property that U? (7|7 = 7) approaches U® from below as 7 1 r*. In
the examples below, we will work with a constant relative risk aversion utility
specification. Plots of the resulting function UP (7|7 = 7) show that it is always
convex. Henceforth, we restrict ourselves to the case in which U? (7|7 = 7) is
convex. Under this assumption, depending on whether U? (7|7 = 7) is larger
or smaller than U® (7) at 7 = —1, there are three possibilities as illustrated by

Figure 2, which as a function of 7 plots the function AP (7) = UP (7|7 = 7)—-U*:

Situation 1 If AP (7) < 0 at 7 = —1, then UP (F|7 =7) < U® for all —1 <
7 < r* and, because UP (7|7 = 7) = U® at 7 = r* and UP (7|7 = 7) is strictly
convex on [—1,7*], the only value for 7 for which U? (7|7 =7) = U® is 7 = r*.
This is the situation depicted by the lowest curve in Figure 2. In this case, (14)

collapses to:
U =u(w—s”— —I—ﬁ/ uwl[(1+7") (P +0)] dr’,

which always holds, because there is no risk sharing in the pension fund. Hence,
sP+60 = s® The pension fund operates as an individual DC arrangement which

provides exactly the same utility as autarky.

11



Figure 2: Net benefit from participation
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Situation 2 If AP () = 0 at 7 = —1, then UP (7|7 =7) < U® for all —1 <
7 < r* since UP (7|7 =7) = U* at ¥ = r* and UP (7|7 = 7) is strictly convex
on [—1,7*]. In this case, depicted by the middle curve in Figure 2, equation
(14) has exactly two solutions for 7, namely 7 = —1 and 7 = r*. This first
solution implies that if the current young believe that the next period’s young
will join the pension system with certainty, then in the worst scenario today
(i.e. 7 = —1), the current young are indifferent between participating and not
participating. Hence, the pension system continues to exist forever.
Situation 3 If AP (7) > 0 at 7 = —1, as depicted by the upper curve in
Figure 2, then 7 = —1 is a corner solution, because under the belief that the
next period’s young will always participate the current young have higher utility
from participating in the pension system than under autarky even if they have
to pay the highest possible transfer. Again, ¥ = r* is also a solution. Finally,

there exists a third solution —1 < 7 < r*, such that U? (7|7 =7) = U“.

4.4 Properties of the solutions for r

We shall now further analyse Situation 3. If the current young, given their
belief that the next period’s young will participate in every state (7' = —1), are
also willing to participate, there exist three solutions, namely ¥ = —1, ¥ = r*
and a solution —1 < 7 < r*. The first two solutions are stable, while the third
is a knife-edge solution that will never be realised unless the current young start

with an initial belief at exactly that point. Let us denote this solution by 7“.
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Which one of the two stable equilibria is reached depends on the initial belief

of the current young.

4.4.1 Initial belief between -1 and the unstable solution

If the current young initially believe that the cut-off return 7 of the next young
generation lies between —1 and 7%, then we will end up in the equilibrium with
7 = —1. We illustrate this case using Figure 3, in which we plot the solid
curve AP (7) as a function of 7 and the dashed curves U? (r|i') — U® for two
different values of 7/. Note that there exist an infinite number of such curves,
one for each possible belief about next young’s cut-off value 7. Since U® does
not depend on 7, the shape of these curves is identical to that of U? (r|# = 7).
Hence, they are strictly increasing and concave in r for r € [—1,7*]. They hit
the vertical axis below, at or above the origin.

Take an arbitrary starting value —1 < 71 = 7 < 7% for 7 = 7. This
corresponds to the point where the lower dashed line crosses the solid line. At
r = 71, one has UP (r|f' = 71) > U®. Hence, r = 71 cannot be the cut-off return
7 of the current young. While keeping 7 fixed at 71, we decrease r, thereby
raising the required transfer and reducing expected utility from participation
UP (r|# = 1) until we reach the value of r such that U? (r|7’ = 7;) = U®. (That
is, we move along the lower dashed line to the left until we hit the horizontal
axis.) This defines the cut-off return 7y of the current young given their initial
belief about future participation. However, 7o < 71, implying that the belief
7' = 71 cannot be an equilibrium belief, as in equilibrium the cut-off returns of
all subsequent young generations must be identical. Hence, the current young
update their belief about the next young’s cut-off return to ¥/ = 75 < 7.
However, at r = 79, one has UP (r|f' = rq) > U®. Lowering r, we move along
the top dashed line to the left until we hit the horizontal axis. This yields the
new cut-off return r = 7’3 of the current young defined by U? (r|¥' = 79) = U®.
Because 73 < 79, 79 cannot be an equilibrium cut-off return. We repeat the
updating procedure until after a finite number of steps the dashed line either
takes us through the origin or we hit the vertical axis at a positive value. The
next update then yields the stable equilibrium 7 = 7/ = —1.

In Figure 3 we have depicted a situation in which the stable equilibrium is

achieved after three iterations.

13



Figure 3: Stable solution with participation
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4.4.2 Initial belief between the unstable solution and r*

We illustrate this case using Figure 4, in which we again plot the solid curve
AP (7) as a function of 7 and the dashed curves UP (r|7') — U® for two different
values of 7. There exist an infinite number of these curves, one for each possible
value of 7. All these curves cross AP () and are strictly positive at r = r*.

To see these properties, take an arbitrary starting value 7% < 71 = 7} < r*
for 7 = 7. We are at the point where the upper dashed line crosses the solid
line. That is, at this point, AP (71) = UP (r|# =71)
lently, UP (7|7 =71) = UP(r|¥' =71)

this point, we compare UP? (7|7 = 7), thus simultanously raising 7/ with 7 and

a .
r=r, — U%, or equiva-

=~ As we move to the right from

thereby decreasing the insurance value of pension fund participation, with
UP (r|# = 1)

insurance value of participation constant. Since UP (7|7 =7) < UP (7|7’ = 71)

jr—» i which we keep 7 constant at 7; and thereby keep the
for 71 < 7 < r*, the dashed line must lie above the solid line on this interval
and, hence, the dashed line is positive at r*.

At r = 71, we have UP (r|7/ = 71) < U? so that the current young do not
want to participate. Hence, r = 71 cannot be the cut-off return 7 of the current
young. While keeping 7 fixed at 71, we raise r, thereby reducing the required
transfer and raising expected utility from participation UP (r|# = 71) until we
reach the value of r such that U (r|# = 1) = U®. (That is, we move along the
upper dashed line to the right until we hit the horizontal axis.) This defines

the cut-off return 7 of the current young given their initial belief about future

14



Figure 4: Stable solution without participation
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participation. However, 7o > 71, implying that the belief 7 = 7| = 7, cannot
be an equilibrium belief, as in equilibrium the cut-off returns of all subsequent
young generations must be identical. Hence, the current young update their
belief about the next young’s cut-off return to 7% = 7o > ;. However, at
r = T9, one has UP (r|# = 79) < U®. Raising r, we move along the lower dashed
line to the right until we hit the horizontal axis. This yields the new cut-off
return r = 73 of the current young defined by UP (r|7' = r2) = U®. Because
75 > 7, this cannot be an equilibrium cut-off return. We repeat the updating
procedure an infinite number of times and converge to the stable equilibrium

values 7 = 7 = r*.

4.5 Assumption about initial beliefs

The remainder assumes that each young generation starts with the belief that
the next-period young will participate in all states of the world, i.e 7/ = —1.
If, given this belief, the current young are prepared to participate for r = —1,
i.e. when the transfer they have to make is at its largest, we have a sustainable
pension fund that continues to operate in all periods under any state of the
world. If for this initial belief the current young are unwilling to participate for
r = —1, they will not participate for any return r € [—1,7*], and the pension

system breaks down.
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4.6 Feasible pension fund rules

Until now we have fixed the contract at an arbitrary r* and varied the cut-off
value 7 for young generations. Next, we will vary r* to find the set of feasible
funding rules by the pension fund. This part of the analysis closely follows the
analysis by Ljungqvist and Sargent (2004, pp.724-726) of Kocherlakota (1996).

We evaluate UP for the worst state of the world (r = —1) under the as-
sumption that the next period’s young will participate irrespective of the next

period’s state of the world (i.e., 7 = —1):

U = ww—s"P—0—(1+7%)60]+

{ f:p(rl) wl[(147")s? + (14 7%) 0] dr’ } .
+ )l + ) (57 + 0) dr’

We can then check for all possible values of r* whether the current young are
indeed prepared to participate or not. Start with »* = —1. In this case,
the young individuals will never make a transfer, so that consumption of the
young is constant across all states of the world, and the pension fund operates
as an individual DC system. Hence, for r* = —1, we have that U? = U%
Subsequently, if we increase r* by just a small amount such that r* > —1,
consumption of the current young decreases slightly in states of the world with
r < r*, because of the transfer they have to make to the old. If this small
increase in r* causes UP to drop below U?, then participation is not feasible for
any r* > —1. This follows from the fact that, as we have seen above, if a pension
fund rule is not sustainable for r = —1 and 7/ = —1, then it is not sustainable
at all (as an example, remember the lower curve in Figure 2). However, if the
utility loss to the current young from sacrificing consumption in states with
r < r* is smaller than the utility gain from better insurance in the next period,
then the utility from participating is higher than the utility under autarky and
a pension scheme of the type specified here is feasible. As we keep on increasing
r*, and transfers are becoming larger and cover more states of the world, we
reach a point at which the utility loss of sacrificing consumption today exactly
equals the utility gain from better insurance value in the next period. This ties
down the maximum transfer that can be sustained by our pension arrangement.

We illustrate the argument in Figure 5 where we depict the difference UP —
U*® for r = —1, while varying r* and thus consumption of the young in the worst
state of the world. The lower line is the case where even for a tiny increase in

r* beyond —1, utility from participation U? already drops below U®. In this
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Figure 5: Feasible pension schemes when varying r*
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Consumption of young

case no pension scheme is feasible. If the structural parameters are such that

we have the upper curve instead, then all pension schemes with r* such that

UP — U > 0 are feasible. From this set of pension schemes we will select the

optimal one.

4.7 The optimal pension fund rule

We continue to focus on the stable equilibrium with participation in Situation

3 and assume that the funding rule is in place at the start of period 1. Writing

out the terms in the pension fund objective function, equation (11), we obtain

and

Eou (0170)

EoUP

*

/_Tl p(r)ul(14+7r)s?+ (1+7%)0]dr

r

jSS)

——

*

{

/Oop(r)u[(l + 1) (P + 6)] dr,

*

p(r)ufw—sP —0— (r* —r)f]dr
p(r)ufw—sP — 0] dr

SO ul(l+7) 8P+ (1+1%) 0] dr
+ [ pr)ul(l+7) (sP+0)]dr
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We can then write the pension fund objective as:

1 fip(r)u[w—sp—ﬁ—(r*—T)H]dr 5
1—ﬁ{ + [Tp(r)ufw—s" —0]dr } (15)

1{ fzip(r)u[(lﬂ-r)sp—}-(1+T*)9]dr }

V() =

N 1-p5 +fﬁ°p(r)u[(1+r)(sp+«9)]dr

We denote the value for r* that maximises (15) subject to the participation

maT as the value for r* that sets

constraint by rP4°Pt. Moreover, we define r
UP (7|7 =T)

set ™% = —1.) Hence, ™ is the maximum value for r*, such that current

_, = U® (If this equation yields no solution * € R, then we

7=

young are always prepared to participate under the belief that the future young

always participate.

5 A numerical example

This section works out a simple numerical example of the analysis presented in
the previous sections. We assume that period utility is given by,

=

u(e) = {—.

with parameter -y, which captures the constant degree of relative risk-aversion.
The baseline values of the model parameters are set as follows. Consistent with
standard calibrations in the macro-economics literature, we set v = 5. Fur-
ther, we assume that § = 0.5. With one generation spanning 30 years, this
corresponds to an annual discount factor of 0.977. The wage rate is simply a
parameter that determines the scale of the economy and we fix it at w = 100.
Given the wage rate w, we set § = 10. Hence, this amounts to a pension
contribution rate of 10%. We assume that portfolio returns are lognormally
distributed and independent over time. In setting the parameters for the port-
folio returns, we use the Campbell et al. (2003) figures for equity returns.
Specifically, the average annual portfolio return and its standard deviation are
set at p = 0.089 and o = 0.182, respectively which over a period of thirty years
translates into an average return of 2.14 and a standard deviation of 0.91 (see
Appendix). Given that both risk aversion and the variability of the portfolio
return are somewhat on the high side, the conditions for a recursive equilibrium
with participation are relatively favourable.

First, we solve for r°P*, the optimal choice of the pension fund for 7* in

the absence of participation constraints. Subsequently, we solve the autarky
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problem, which yields expected utility U®. Given U® we can then solve for

maz as well as the constrained optimum rP%°P! for r*. Finally, we compute

r
for the constrained optimum the ex-ante welfare gains Q™ for the initial old
generation and §2 for the current young and all future generations. These ex-

ante welfare gains are defined as follows:

Bou () = Bou[(1+97) ],
EoUP = u[(1+Q)¢f] + BBou [(1+9Q) cfyr]-

We report the results in Table 1 where we vary the values of the risk aversion
parameter v, the annual standard deviation of the portfolio return ¢ and the
pension contribution # around their baseline values. The results show that the
higher is the degree of relative risk aversion and the higher is the standard
deviation of asset returns, the more likely it becomes that participation in the
pension fund is beneficial because of the risk-sharing gains that it provides.

Consider first the case when the pension contribution is at its baseline of
0 = 10. Then, for a relatively low degree of risk aversion v = 3 the pension
fund is never viable, while for a relatively high degree of risk aversion v = 7.5 it
is viable for any value of ¢ under consideration. For this degree of relative risk
aversion, when ¢ = 0.18 and ¢ = 0.20, the young are even prepared to make
a transfer that is larger than under the optimum without the participation
constraint, i.e. ™% > r°Pt_ In this case, the participation constraint is not
binding at the unconstrained optimum and, hence, the constrained optimum
coincides with the unconstrained optimum, i.e. 7P%°Pt = rPt, For v = 5 the
pension fund is viable for high enough o, although it does not produce the
optimal degree of risk sharing provided under the unconstrained optimum.

In Table 1 we also vary the size of the pension contribution. If § = 20,
then for two risk aversion - volatility combinations, (y = 5,0 = 0.18) and
(y = 7.5,0 = 0.15), the participation constraint now prohibits any risk sharing,
while it did not do so before when 6§ = 10. We also see that in the other case

maxr a‘I]_d_

when there is voluntary participation under 8 = 20, the values for r
rP¢°Pt have dropped, hence the scope for risk sharing has become smaller. The
intuition for this is the following. With a transfer by the current young of the
format (r* —r) 6, an increase in 6 implies a larger transfer for given r, < r*
and, hence, to avoid violation of the participation constraint for given future

max

transfers, r needs to fall. However, this reduces the number of states in the

future for which the current young will receive a transfer back and the insurance
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Table 1: Results for 100% equity

3 5 7.5
0.15 018 02 |0.15 018 02 |0.15 0.18 0.2
roPt 1 0.057 0.059 0.061 | 0.063 0.065 0.067 | 0.066 0.068 0.069
pmar | -1 -1 -1 0.054 0.074 | 0.058 0.087 0.094
=5 | rreort | 1 -1 -1 -1 0.054 0.067 | 0.058 0.068 0.069
Qinit |0 0 0 0 0.011 0.019 | 0.011 0.029 0.043
0 0 0 0 0 0.008 0.012 | 0.009 0.022 0.035
roPt 1 0.049 0.048 0.048 | 0.052 0.050 0.050 | 0.051 0.050 0.050
pmer | ] -1 -1 -1 0.012 0.045 | 0.020 0.060 0.069
6 =10 | rreort | -1 -1 -1 -1 0.012 0.045 | 0.020 0.050 0.050
Qi1 0 0 0 0.006 0.018 | 0.007 0.029 0.043
Q 0 0 0 0 0.005 0.013 | 0.006 0.023 0.036
roPt 1 0.039 0.036 0.035 | 0.039 0.035 0.034 | 0.037 0.033 0.031
pmar | -1 -1 -1 -1 0.012 | -1 0.033 0.043
6 =20 | rreort | -1 -1 -1 -1 -1 0.012 | -1 0.033  0.031
Qim0 0 0 0 0 0.013 | 0 0.028 0.042
9) 0 0 0 0 0 0.010 | 0 0.023 0.036

value of the pension falls. For the parameter combinations under consideration
the insurance value falls so much that participation by the young is no longer
beneficial to them. A reduction in 6 from 8 = 10 to 6 = 5 yields the opposite
effects and the scope for risk sharing increases.

The degree to which the participation constraint is binding is reflected in the
welfare gain associated with participation. If partication is always prevented
then, obviously, there can be no welfare gain, while once participation has
become beneficial, further increases in risk aversion and the variability of the
returns raise the welfare gains from participation. The welfare gain of the initial
old is always higher than that of all subsequent generations, because they reap
the benefits from the potential transfer, without ever having to pay a transfer

themselves.

We also vary the discount factor. A higher discount factor, corresponds

to a lower time preference rate, implying that future events become relatively
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Table 2: Results for 100% equity, # = 10 and varying /3

3 5 7.5
015 018 02 |0.15 018 02 |0.15 0.18 0.2
roPt 1 0.051 0.050 0.050 | 0.053 0.051 0.046 | 0.052 0.051 0.051
pmar | -1 -1 -1 0.006 0.043 | 0.016 0.059 0.068
B =0.3 | rreort | -1 -1 -1 -1 0.006 0.043 | 0.016 0.051 0.051
Qinit | 0 0 0 0.005 0.012 | 0.007 0.029 0.043
Q 0 0 0 0 0.004 0.017 | 0.006 0.022 0.035
roPt 1 0.049 0.048 0.048 | 0.052 0.050 0.050 | 0.051 0.050 0.050
pmer | ] -1 -1 -1 0.012 0.045 | 0.020 0.060 0.069
B =0.5|rreert | -1 -1 -1 -1 0.012 0.045 | 0.020 0.050 0.050
Qinit |0 0 0 0 0.006 0.018 | 0.007 0.029 0.043
Q 0 0 0 0 0.005 0.013 | 0.006 0.023 0.036
roPt 1 0.048 0.047 0.046 | 0.051 0.049 0.049 | 0.051 0.049 0.049
pmar | ] -1 -1 -1 0.016 0.047 | 0.022 0.061 0.069
B =0.7 | rreert | -1 -1 -1 -1 0.016 0.047 | 0.022 0.049 0.049
Qim0 0 0 0 0.007 0.019 | 0.008 0.029 0.043
Q 0 0 0 0 0.006 0.013 | 0.007 0.024 0.037

more important. Hence, participation becomes more attractive to the young.
After all, any benefit of participation only materialises in the future. This is
borne out by the results in Table 2, in which we vary the discount factor and,
for convenience, repeat the middle panel with § = 0.5. Discount factors of
B = 0.3 and 8 = 0.7 correspond annual time preference rates of roughly 4%
and 1%, respectively. A higher discount factor raises ™%, the maximum value
for r* that supports an equilibrium in which the young are always prepared to
participate assuming that the future young do the same. The qualitative effects
of an increase in risk aversion or in the standard deviation of the portfolio return

that we described earlier are confirmed for different values of the discount factor

B.

So far, the benchmark riskiness of the pension and individual investment

portfolios was based on the implicit assumption of a 100% stake in equity.
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Table 3: Results for 50% invested in risk free and 50% in equity

3 5 7.5
0.15 018 02 |0.15 018 02 |0.15 0.18 0.2
roPt 1 0.039 0.040 0.041 | 0.042 0.044 0.045 | 0.044 0.045 0.046
pmar | -1 -1 -1 -1 -1 -1 0.046 0.057
6 =10 | rPeort | -1 -1 -1 -1 -1 -1 -1 0.045 0.046
Qinit |0 0 0 0 0 0 0 0.016 0.022
0 0 0 0 0 0 0 0 0.011 0.016

We will now make the implicit assumption that portfolios are half invested
in equity and half in a risk-free asset. This implies that both the standard
deviation and expected value of the overall portfolio return fall. Following
Campbell et al. (2003), we calibrate the risk-free rate at 2.1% per year (see

opt

Appendix). Table 3 reports the numerical outcomes, where r°P* rmae®

and
rPeoPt all refer to returns on the total portfolio. For relatively low (y = 3)
and medium risk aversion (7 = 5), the participation constraint prevents the
existence of the pension fund. For relatively high risk aversion and medium
and high variability of equity, there is still scope for pension fund participation,
although, not surprisingly, the welfare gains relative to autarky have dropped

due to the reduced risk-sharing benefits that the fund provides.

6 Conclusion

In this paper we have explored the feasibility and welfare consequences of a
funded pension system with voluntary participation and intergenerational risk
sharing. Our numerical results showed that the ex-post option to not participate
obviates the existence of such a system when both risk aversion and financial
market uncertainty are relatively low. Under those circumstances mandatory
participation in the system is needed to reap the benefits of intergenerational
risk sharing. Increases in these parameters raise the benefits from risk sharing
and make the existence of an equilibrium with voluntary participation more
likely. For intermediate values of these parameters, risk sharing would still be

less than under the optimal arrangement with obligatory participation. How-
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ever, raising risk-aversion and volatility further, the optimal solutions under
voluntary and obligatory participation coincide.

Many countries that are currently trying to expand the funded pillar of
their pension system need to decide on its design. In particular, will it be a
defined-contribution system or will it contain certain defined-benefit elements
that allow for intergenerational risk sharing? In the latter case, the question
whether participation is obligatory becomes important. Giving individuals too
much freedom in deciding whether to participate or not may lead to a break-
down of the system and, hence, to a loss of the risk-sharing benefits. The Dutch
funded pillar has long and successfully operated with mandatory participation
by employees and employers and the collective sharing of all the risks among all
the fund participants. With the current financial crisis and the resulting reduc-
tion of the pension buffers, discussions about who will pay for their restoration
have put the system under pressure. Because the sustainability of the system is
being questioned young generations are increasingly asking themselves whether
the same pension provisions will still be there once they have retired. Once
large groups start losing their confidence in the system, the pressure to abolish
mandatory fund participation will intensify. To prevent a collapse of the system
and the loss of the benefits from intergenerational risk sharing, decision makers

would be well advised to reconsider the design of the pension arrangement.
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A Detalils on first-order condition pension fund with-

out participation constraint
The first-order condition is given by

ov - B ou (61’0) 1 ouP

o =P g TT g =Y
where, using Leibniz’ integral rule,
E au (CLO) _ * 1 * y4 9 * 1 * P 0
DT = (Y ul(1 1) (5 O~ p () (145 (5§ + 0)]

*

+/T p(r)u' [(1+7)sh+ (1477)0]60dr
~1

*

_ /_Tl p ()l [(1+7) 88+ (1+ ) 0] dr,
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and

8Up i " !/ D * 88p
05, /_lp(r)u[w sP—6—(r r)9]<ar*+9>dr
> OsP
— "M — sP
/ p(r)u [w— s — 0] (%*dr
B osP
+ / 14+7)sP +(1+7")0] [(1+r)8r*+9]dr
osP
+ ﬁ/ (I4+7r)(sP+6)](1+7r) —ar*dr.

B Details on U? (7|7 =7)
B.1 U?(7|' =) approaches U® from below as 7 1 r*

Recall that UP (7|7 = 7)

(14), with respect to 7, and using Leibniz’ integral rule, we obtain:

o [w— P (7) — 0 — (r* —7) 6] <9—8567f )>
+Bp (F) w[(1+7) (s (7) + 6)] — 0

= U*. Differentiating UP (7|7 = 7), as defined in

|[F=r*

dsP ()

+ﬁ/ [(14+7)(sP(F)+6)](1+7r) 5 dr
+0 — Bp() [(L+7)s” () + (1 +77)0]
+5/ (1+7)s (r)+(1+r*)e](1+r>as;fr)dr
+B/* p(r)u [(14+7) (P (F)+0)](1+7) as;gf)dr,
which we can write as:
o fw = P () — 0 — (r* —7) 0] <9—832;T)>+ (16)
f}p<> (L4 7) (7 (7) +0)] (14 1) dr 0 (1)
B +f p(r (1+r)sp( Y+ (1 +r*)0) (1 +r)dr 5 +
+ [Zpr)u [(L+7) (P (F) 4+ 0)] (1 +7)dr

Bp (7) {u (1 +7) (8” (7) +0)] —u[(L+7)s” (7) + (1 +77) O]} .

The Euler equation (9) at the current return r = 7 for —1 < r < r* is written

out as:
—u' [w—sP(F) =0 — (r* —7)0] + (17)

[T p () (0 4+7) (2 (7) + )] (L-+ 1) s
B+ p@ (4 @)+ A+ r) 0] (1+r)dr =0
[P0 (1) (2 () + 0] (1) dr
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Hence, all the terms involving as;gf) in (16) cancel out and we are left with:

3U”<g|7f’=f>:uf[w—sp(f)—e—(r*—f)e]ﬁ

Bp (F) {u (1 +7) (8" (7) + 0)] —w[(1 +7) 8" (F) + (L+ ) 0]} . (18)

Evaluated at the point 7 1 r* this equation becomes:

oUP (7| = 7)

8f |7ZTT* = u/ [w — 8p (T*) — 9] 0 > 0.

B.2 Second-order derivative of U? (7|7 =)

Computing the second-order derivative, after simplifying (16) using the Euler

equation, yields:

Q*UP (F|F =)

27 :“”[w—sp(f)—é—(r*—f)g]g<9_831’@))

or
! [(147) (7 (7) + 0)) [ (7) + 0+ (14 7) 2512

—u [(1+7) P (F) + (1+77) 0] |7 () + (14 7) 250
+ B (F) {ul(1+7) (P (7) + 0)] — w[(L+7) 87 (7) + (1 + %) 0]} .

+ Bp(7)

The first line is of ambiguous sign, since u” (.) is negative and 6 and 9s? (7) /OF
are both positive (see below). The second line is positive or zero since p (7)) >
0 and since u'[(1+7) (sP () +0)] > ' [(1+7) s (F) + (1 +7*) 0], while the
sign of the third line is ambiguous, since we do not know the sign of p’ (7).
This means that we can not make any general statements about the shape of
U? (7|7 = 7).

B.2.1 The sign of 9s? (7) /OF > 0

Denote the left-hand side of (17) by EU. The Euler equation can then be
compactly written as EU (7, sP (7)) = 0. Differentiating this expression with

respect to 7 and rewriting the result, yields:

sP (F)  OEU/oF (19)
o7  OEU/9sP
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Working out, we have:

ang — W w— P (F) — O ( —7)0]0
+0p (F)u' [(1+7) (sP (7F) +0)] (1 +7) =0
+5/ (1 +7) (7 (7) + 0)] (1 + 7) 0dr
+0 —p (7 [(14—7“)37’() (1+7r9)60](147)
+5/ [0+ 1) 8 (7) + (14 1%) 6] (14 7) Odr
—l—ﬁ/ "I(1+7) (s (F) + 0)] (1 + 7) Odr,
which we can simplify to:
85;:[]:—u”[w—sp(f)—9—(7"*—77)0]9—1-

Bp(F) (L +7) {u [(1+7) (s (7) + )] — ' [(L+7) s (7) + (L+7%) 6]} > 0.

The first line of this derivative is positive, since u” (.) is negative, while the

second line is greater than or equal to zero, because r* > 7. Further,

OEU

a7 =" [w—sP(F)—0— (r*—7)0] +
I p ) (1 +7) (52 (7) + 0)) (1 + 1) dr
B+ [T p)u [(L+7)sP (7) + (L+ %) 6] (1 +7r)%dr p <O.
(

+ [ () u [(L+7) (P (7) + )] (1 +7) dr

Both lines of this derivative are negative, since u” (.) is negative. Hence, by
(19), we have 0sP (7) /OF > 0.

C Calibration of the returns process

The portfolio returns follow a lognormal process and are independently and
identically distributed over time. A period in our model corresponds to one
generation, which we take here to span 30 years. We use the Campbell et al.
(2003) estimates of annual returns on stocks and bonds to construct correspond-
ing 30-year figures. Their sample period covers annual returns over the period
1890 - 1998. We assume the return on T-bills to correspond to that on a risk-free
investment. The average annual real return on T-bills is 2.101%. Hence, this is
the calibrated value for the risk-free rate of return in our model. Campbell et al.

(2003) calculate an average annual equity risk premium of 6.797%. Hence, the
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average annual real equity return is 2.101% +6.797% = 8.898%. Further, it has

a standard deviation of 18.192%. Hence, the variance 03730 of lognormally dis-

tributed thirty-year equity returns is calculated as 02730 =301n (1 + E;{g%) =

301n (1 + ?:égéggz) = 0.027525 % 30 = 0.8258. The corresponding standard de-
viation is v/0.825756 = 0.908711. Next, the mean return over a period of thirty
years is calculated as In {[E (r)]SO} — %02730 = In (12.9002) — 5 x0.8258 = 2.1443.

To conclude, we calibrate the logarithm of the equity return to follow a normal

process with mean 2.1443 and variance 0.8258.
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