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1 Introduction

If returns are predictable, then larger investment returns can be obtained by antici-

pating the predictable changes in the returns over time. If predictability turns out to

be an illusion, then the investment that builds on predictability will proof disappoint-

ing, more disappointing than a portfolio that disregards predictability. We assume

the perspective of a prudent investor who wants to avoid disillusion but also does not

want to miss out on the benefits to the extent that returns are indeed predictable.

How should the investor build her portfolio?

Recommendations differ. Predictability has supported a long tradition of critics.

Classic studies by Samuelson (1973) and Shiller (1981) build on the economic ratio-

nale that excess returns must be constant over time. Variations in excess returns will

merely reflect variations in risk. This support static/myopic portfolio choice. Dy-

namic investment would merely lead to extra transactions costs and be more prone

to parameter uncertainty. Empirical findings on predictability are ambiguous. Lit-

erature seems to agree on the presence of long run predictability. Fama and French

(1988) and Lo and MacKinlay (1988) find that weak short-term predictability ac-

cumulates to significant levels of return predictability in the long run. Cochrane

(2006) finds this confirmed by the absence of dividend growth predictability that is

irreconcilable with observed time varying dividend price ratios if returns would be

unpredictable. In contrast, supporters of short term predictability are few and far

between. Goetzman and Jorion (1993) find reduced evidence for return predictability.

Goyal and Welch (2003), Goyal and Welch (2005) predict the next period’s return

with regression estimates based on all available data but conclude that the sample

mean produces better out of sample prediction than do return forecasting estimates.

Others do find use of short term predictability. Ang and Bekaert (2005) find short

run predictive power of the short rate and Shanken and Tamayo (1964) miss support

for the hypothesis that expected return predictability related to yield is explained by

changes in the conditional return variance. Yet these results lack robustness. But if

long-term predictability is a fact, why do we not find short term predictability; Do

long-horizon regressions capture any information that is not present in one-period

regressions? Cochrane (2004), and Cochrane (2006) argue that, given the persistence

of dividend yields and related forecasting variables, by and large, they do not. Large

short term return variances obscure predictability. Moreover, predictive variables

are typical persistent, complicating accurate estimation. So, does weak evidence for
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predictability render dynamic strategies obsolete?

The problem is that changes in predictability change the optimal portfolio choice

dramatically. The portfolio effect of uncertainty in predictability is stronger than un-

certainty about a static return model. Indeed, in a model that features predictabil-

ity, inaccuracies accumulate as predictors propagate through the model. Incorrect

assumptions lead to suboptimal (extreme) portfolio choice and extra regret as the

investor realizes that her delusive expectations prove non-existent. Barberis (2000),

Campbell and Viceira (2002), Brennan and Xia (2005) and Kandel and Stambaugh

(1996) empirically illustrate this. They report that risky investment may change by as

much as 60% when the economic state variable changes by one standard deviation. In

the high economic states, risky investment approaches 100%; in low economic states,

the investor refrains from risky investment. Compare this to 30%− 50% (state inde-

pendent) risky investment for myopic investors. Ignoring this implied time variation

in expected returns would notably reduce portfolio performance. Does this means

that predictability supports dynamic investment strategies? Long run predictability

only finds no use for short run dynamic strategies1. Although Barberis (2000), and

Campbell and Viceira (2002) show that time variation in the investment opportunities

has significant effects on the optimal portfolio strategies of long lived investors, it does

not justify short term dynamic strategies. Short-run predictability is a pre-requisite

for dynamic strategies. Brennan and Xia (2005) show that this is hard to detect

from short run returns using standard econometric methods, despite that it would

imply major deviations of valuation ratios from their long run ’equilibrium’ averages.

Yet, Wachter and Warusawitharana (2006), and Kandel and Stambaugh (1996) spark

hope. They show that even when predictive relationship is statistically weak, pre-

dictability is still significant measured by the optimal investment’s sensitivity to the

state predictive variables.

Summarizing, dynamic strategies come recommended only in the case of demon-

strable short run predictability. But the latter is hard to detect if present at all.

What should a skeptical investor pursue when confronted with these conflicting rec-

ommendations. How does the investor deal with uncertainty about predictability?

We enter the field of decision making under uncertainty. A range of approaches have

been proposed. The traditional naive approach (e.g. Merton (1973)) simply ignores

uncertainty. This would would not satisfy the prudent investor that we consider.

1Unless, of course, long run expectations change on the short run.

2



Jagannathan and Ma (2003) suggest to counter the undesirable effects of uncertainty

by imposing additional constraints on the portfolio. This is a treatment of symptoms

and a priori it is difficult to determine what valid constraints need to be imposed:

should we restrict to static investment? But that implies that we miss out (if not incur

significant losses) under potential predictability. Bayesian approaches as in Kandel

and Stambaugh (1996), and Barberis (2000) explicitly model the uncertainty about

predictability. In this case the uncertainty about predictability is expressed as pa-

rameter uncertainty in the excess return model. More specifically uncertainty about

the parameters that model the inter-temporal relationships between the excess return

and the predictor variables. The Bayesian decision maker combines her subjective

prior belief on predictability with sample information to derive the predictive mo-

ments of the excess returns. The expected investment result follows from integrating

the portfolio performance over the parameter distribution. A tight prior featuring

predictability will lead to little parameter uncertainty and thus little dispersion in

the portfolio results when integrating over the parameter values. Such a prior will

trigger dynamic portfolios. Alternatively, a tight prior featuring no predictability will

trigger static portfolios. In the case of a loose or uninformative prior centered at no

predictability, the sample information will be leading. The prior will merely serve to

specify the uncertainty in the parameters. The dynamics of the investment choice

will depend on the empirical evidence on predictability. Clearly, Bayesian investment

crucially depends on the choice of subjective prior.

The above non-robust dynamic portfolios feature extreme and volatile invest-

ments. The naive buy-and-hold investor who invests once and awaits the result of

that portfolio at investment horizon, increases risky investment with the time hori-

zon. This is due to the inter-temporal hedging demand triggered by the positive

effect of concurrent low returns on future returns implied by the predictive rela-

tionship. Bayesian buy-and-hold investors invest more prudent as uncertainty about

predictability accumulates over time. The Bayesian dynamic investor can regularly

update her portfolio and will take recourse actions before losses accumulate, also

invests up to 100% in risk assets.

The robust investor, either following the axioms of Gilboa and Schmeidler (1989)

or building on behavioral motivations, pursues to maximize the guaranteed perfor-

mance over all reasonable assumptions on predictability. The predicate reasonable

indicates that the investor does not consider every possible parameter combination

when determining the worst case. Some parameter combinations are forthright im-
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plausible and would render the investor unnecessarily conservative. Instead the in-

vestor restricts to combinations that she deems plausible. She is confident that the

selection contains the true parameter combination. Therefore, by construction, her

robust portfolio guarantees the performance for the least favorable (but plausible)

parameter combination and thus also for the true combination. While the robust so-

lution may not achieve the performance of the tweaked portfolio in the case of strong

predictability, it always provides a reasonable performance whatever the extent of

predictability. Lutgens and Schotman (2006) show that the robust portfolio is not

necessarily the most conservative portfolio. At times the robust solution features a

larger risky investment than the pessimistic recommendations would. In the context

of long-run dynamic investment, Anderson, Hansen and Sargent (1999), Maenhout

(1999), Uppal and Wang (2003) and Cavadini, Sbuelz and Trojani (2001), use robust

control theory to deduce the optimal portfolio choice. One could interpret these ap-

proaches as specific parsimonious quantifications of the ’multiple priors’ uncertainty

set in Gilboa and Schmeidler (1989). Kogan and Wang (2002) and Uppal and Wang

(2003) elaborate on these equivalent approaches. For a critical discussion of this

literature, we refer to Sims (2001) and Pathak (2002).

We compare the robust investor to the naive and Bayesian investors as described

by Barberis (2000) and show that the robust portfolio does not exhibit the volatile

and extreme risky investment. If predictability stands indisputably, then the robust

portfolio features the inter-temporal hedging demand of risky assets. Typically, only

a weak predictive relationship stands indisputably. In that case risky investment is

reduced accordingly. Weaker predictability also reduces the sensitivity of the portfolio

choice on the economic state. This leads to less volatile portfolios. The robust

portfolio is directed by the worst plausible form of predictability. This worst case

depends on the horizon, initial state, the portfolio, and the relations among the

predictor variables. For long term investment this results in low long term average of

the predictor variable and a high exposure to this low average. The latter varies with

the time horizon and initial economic state. For short term investment the worst case

depends on the initial economic state. We will graphically illustrate the sensitivity of

the worst case to horizon and initial state effects.

The next two sections introduce the investor, her objective, investment opportu-

nity set and her uncertainty about predictability. We also show the expected and

worst case long-run performance of the risky market. Section 4 compares the the

traditional, Bayesian and robust buy-and-hold investors and quantifies the worst case
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form of predictability. In section 5 we derive the robust dynamic portfolio and repeat

the comparison. Section 6 concludes with some annotations and recommendations.

2 Predictability, uncertainty and robustness

We study an agent who considers investment in a risky stock index and a riskless

Treasury Bill over a finite horizon of T years, possibly rebalancing her portfolio yearly.

Her preferences are summarized by a utility function u(·). The investor does not

derive utility from intermediate consumption, instead utility depends exclusively on

the terminal wealth WT accumulated over T years. She adopts the power utility

function over terminal wealth with constant relative risk aversion γ > 1:

u(WT ) =
W 1−γ

T

1− γ
. (1)

Wealth accumulates through portfolio returns over time according to

Wt+1 = (1 + Rt+1(wt))Wt (2)

where wt denotes the investment in the risky asset with an implicit investment of

(1 − wt) in the riskfree asset and Rt+1(wt) denotes the portfolio return on asset

allocation wt over period [t, t + 1). We stylize the problem by assuming that the

continuously compounded riskless monthly return on Treasury bills is a constant rf .

The returns for the stock index are given by a model for the monthly continuously

compounded excess stock index returns yt:

yt = α1 + β1xt−1 + ε1t. (3)

with the dividend yield xt serving as a predictor variable. This predictor variable is

assumed to follow the stochastic process

xt = α2 + β2xt−1 + ε2t. (4)

The error terms (ε1t, ε2t) have a joint normal distribution with covariance matrix Σ.

The stochastic portfolio return over the period [t, t + 1) on asset allocation wt is

1 + Rt+1(wt) = (1− wt)e
rf + wte

rf+yt+1 . (5)

Note that the return model family (3)-(4) includes the static model by setting β1 =

0. The distribution of multi-period returns follows from the return model (3)-(4)
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which features predictability. Among others, we are interested in the cumulative

continuously compounded excess return over T months. This long-term return yT is

normally distributed with2

µT = T (α1 + β1

1−β2
α2) + (x0 − ν)β1χ(T )

σ2
T = Tσ2

1 + 2β1ρ(T )σ12 + β2
1φ(T )σ2

2.

The definitions of ξ, ρ and φ can be found in the appendix. Note that the expected

log excess returns (33) are linear in x0 and the variance does not depend on x0.

Cumulative returns RT = eTrf+yT − 1 are lognormally distributed with parameters

µT + Trf and σ2
T .

The portfolio choice problem comes in two modes. A buy-and-hold investor chooses

an allocation at the beginning of the horizon and passively awaits the results of

her decision at the end of the horizon. Although this excludes dynamic portfolios,

the optimal investment strategy anticipates the dynamics of the return model. The

investor solves
max
w∈W

E0[u(WT (w))]

subject to WT ≤ (1 + RT (w))W0.
(6)

A dynamic investor rebalances her portfolio at certain time points, say once a year.

In this case, the investor chooses her current allocation, with the prospect that she

may rebalance at the beginning of every year to come, taking into consideration the

information that will be available at that time. This allows her to react timely to

new developments with so-called recourse actions. With the knowledge that she can

alter her strategy to adapt to the return model dynamics and can possibly correct

her decisions later if the economy turns against her, the investor may wish to choose

an initial asset allocation that differs from a buy-and-hold strategy. The dynamic

investor solves

max
w∈W, W

E0[u(WT (w))]

subject to Wt+1 ≤ (1 + Rt+1(wt))Wt, ∀t ∈ {1, .., T − 1}.
(7)

2.1 Uncertainty

The return model (3)-(4) is estimated to predict future excess returns. If the return

model is correctly specified, then all deviations from the true model are exclusively

due to estimation errors in the estimators for the parameters ξ = [α1 β1 α2 β2]
′

2Given β2 < 1.
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and Σ. To simplify the analysis we focus on estimation errors (uncertainty) in the

parameters3 ξ. Possible estimation errors induce uncertainty about all quantities

that depend on the parameters. Note that the expectation operator and the portfolio

return (5) are functions of the parameter ξ. If we use an estimate for ξ which may,

due to estimation uncertainty, deviate from the true parameter value, we introduce

uncertainty in the expectation operator and the portfolio return. When required for

clarity, we will explicitly show the functional dependence of the expectation operator

and portfolio return on the parameter by including ξ in the notation.

If the investor adopts the traditional naive approach to uncertainty, she conditions

on a single parameter estimate and solves

maxw∈W E0[u(WT )| ξ̂]

subject to Wt+1 = (1 + Rt+1(wt, ξ̂))Wt.
(8)

A Bayesian investor recognizes that an estimated model is only approximately

true. Therefore she does not condition on ξ̂, but integrates over all possible parameter

values using the posterior parameter distribution. Given T̃ observations on monthly

dividend yield x−1, .., x−T̃ (X = [ι x]), monthly continuously compounded excess

returns Y = [y−1, .., y−T̃ ]′ and the posterior parameter distribution p(ξ| Y, X), the

Bayesian investor maximizes

EB,0 [u(WT )] =

∫
E0 [u(WT ) | ξ] p(ξ | X,Y )dξ (9)

with wealth accumulation following from Wt+1 = (1 + Rt+1(wt, ξ))Wt. We will follow

Barberis (2000) and consider a Bayesian investor who uses a standard non-informative

prior.

Also a robust investor is aware that an estimated model can only be approximately

true. The investor wishes to account for this uncertainty. Unlike a Bayesian investor,

however, she does not (know how to) assign probabilities to alternative estimates.

Instead she considers the least favorable alternative ξ from within some uncertainty

set U of conceivable parameter values and maximizes,

min
ξ∈U

E0 [u(WT ) | ξ] . (10)

The investor is confident that the true model parameters lie within the uncertainty

set. Therefore the investor trusts that an asset allocation with good performance

3 Σ can be estimated much more precisely than ξ, cf. Chopra and Ziemba (1993).
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for the least favorable model in the set will also perform well for the true model.

The critical determinant of robust decision making is the set of alternative models

considered by the investor. If this set is large, the worst case return model and

consequently the investor’s behavior will be rather prudent and robustness will result

in passive portfolio strategies. On the other hand, if the investor has a strong belief in

some reference model and the set of alternatives is small, her portfolio will be almost

equal to the portfolio of a naive investor who relies on the reference model.

We use the return model (3)-(4) estimated on the historical observations as refer-

ence model denoted with parameter (estimate) ξ̂. We form the uncertainty set in a

similar way as a confidence region for the true parameter values and consider the set

of parameter values with highest posterior density with a cumulative density of, say,

95%, given the observed data,

U :

∫

ξ∈U
p(ξ|X, Y )dξ = 0.95 (11)

Assume Σ is known, and note that the conditional distribution of ξ is multivariate

normal, hence a member of the class of ellipsoidal distributions. The equi-probable

parameter values form an ellipsoid and the uncertainty can be expressed as

U = {ξ : (ξ − ξ̂)′Ω−1(ξ − ξ̂) ≤ θ2}. (12)

We calibrate the uncertainty set on the posterior distribution of Barberis (2000)

which is based on an uninformative prior. In this case the covariance matrix Ω =

Σ ⊗ (X ′X)−1 and θ =
√

χ2
inv(4). Note that if the static model (β1 = 0) is part of

the uncertainty set U , return predictability is not significant according to the robust

investor. In this case the robust portfolio choice must consider predictable and non-

predictable returns.

We append the uncertainty set definition with an economic consideration that

mean reversion for dividend yields. Hereto we impose that the long term mean

ν = α2

1−β2
is finite. This certainly is the case if we append the constraint β2 ≤ 1 − ε

(ε = 0.01) to the uncertainty set,

U → U ∩ {ξ : β2 < 1− ε} (13)

Figure 2 depicts the uncertainty set based on empirical data that will be intro-

duced in the next section. The strong correlations between the parameters cause

’narrow’ ellipsoidal forms; large values for α1 comply with small values for β1 and α2
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and large values for β2 and vice versa. Observe that the restriction β2 < 1 also implies

a truncation of the other parameters due to the relations associated with the ellipsoid.

The uncertainty set for the short data set featuring larger uncertainty contains the re-

turn model without predictability β1 = 0. Note that by considering relations between

parameters the uncertainty set is significantly smaller that the Carthesian product

of the confidence intervals of the individual parameters. The prevents unnecessary

conservativeness. conservativeness.

Given the uncertainty set, a robust investor chooses an asset allocation that is

(a) feasible for all parameters, i.e. an investment strategy that satisfies the budget

constraint for all parameters ξ ∈ U , and (b) has best robust performance, which

means that the worst performance over the parameter set is maximal. The robust

buy-and-hold portfolio choice problem is

max
w∈W

min
ξ∈U

E0[u(WT (w)| ξ)]

subject to WT ≤ (1 + RT (w, ξ))W0, ∀ξ ∈ U .
(14)

A solution to (14) is an asset allocation w with the highest level of expected utility

which is robust to the parameter values in the uncertainty set.

The robust model of the dynamic multi-period problem is more intricate. Nilim

and El Ghaoui (2002) propose a model and solution method to the robust multi-

period dynamic programming problem. If we apply their model to problem (8), we

obtain the robust optimization problem

max
w, W

min
ξ∈U

E0[u(WT (w)| ξ)]

subject to Wt+1 ≤ (1 + Rt+1(wt, ξt))Wt, ∀ξt ∈ U , t ∈ {1, .., T − 1}.
(15)

A feasible solution to (15) consists of portfolio allocations w = {wt}T−1
t=1 and wealth

variables W = {Wt}T
t=2 that satisfy the constraints for each period and for all pa-

rameter values. However, we deal with a special problem for which model (15) leads

to conservative solutions. Indeed, the worst case in model (15) may feature different

worst case parameters at different times and states. However nature (the bogey-

man) has one single shot to make the investor’s life miserable: Given the investor’s

portfolio choice, nature may yield up its physical constants ξ possibly ruining the

investor’s performance. However, nature cannot reconsider its physical constants at

a later state. Problem (15) allows nature to change its physical constants over time,

portraying an over conservative performance
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The crucial difference between our problem and model (15) is the function of

the variables Wt. In our problem definition, these merely serve as ’book-keepers’

and are not subjected to other constraints such that only terminal wealth WT is

relevant for the problem. However in model (15), the Wt serve as decision variables

that must be guaranteed, also at intermediate time periods. As seen by the example

where robust return was zero instead of 10%, this leads to a ’leak’ in the wealth

accumulation. Intermediate outcomes would be relevant if the utility function would

contain consumption in every period as in Campbell and Viceira (2002). This would

be a more difficult problem to solve.

We resolve this modelling issue by substituting for the redundant state variable

wealth and express terminal wealth as a function of the asset allocations,

WT (w, ξ) =
T∏

t=1

(1 + Rt(wt−1| ξ)) W0. (16)

We substitute (16) in (8) and omit the variables Wt in our problem definition. Ac-

cordingly, we define the robust multi-period portfolio choice problem as:

max
w∈W

min
ξ∈U

E0 [u(WT (w))| ξ] , (17)

with WT defined in (16). A robust solution is a plan which specifies the portfolio

allocation for every time period and (future) economic state and this plan maximizes

the worst case expected utility.

3 Investment opportunities

In this section we analyze the data that we will use as input for portfolio choice in the

next sections. We consider the uncertainty in the data and its potential to sustain

a positive Sharpe ratio, an indicator for the performance potential of the investment

opportunity set.

3.1 Data

The estimation results by Barberis (2000), for convenience repeated in table 1, serve

as data input. Barberis (2000) considers two samples of different length. The long

dataset consists of 523 monthly observations of stock index returns, dividend yields

and Treasury bill returns from June 1952 to December 1995. The short dataset
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consists of 120 observations from January 1985 to December 1995. The stock index

return and Treasury bill returns are used to calculate the excess stock index return.

The continuously compounded annual risk-free rate is set to 4.41%.

Insert table 1 Parameter estimates about here.

The estimation results of the two samples differ fundamentally in parameter uncer-

tainty. The long dataset produces a significant mean excess return, the short sample

produces a mean excess return which is not significantly different from zero. Con-

sequently, only the first set of estimators suggest a sustainable positive Sharpe ratio

which is an indicator for the profitability of active participation in the stock market.

Yet, if predictability in the asset returns is considered, this conclusion may change.

Barberis (2000, p.243-p.245) and Campbell and Viceira (2002), among others, note

that the conditional variance of cumulative stock returns may grow slower than lin-

early with the investor’s horizon. The economic intuition follows from the negative

contemporaneous correlation between dividend yield and stock returns. A decrease

in dividend yield is likely to be accompanied by a contemporaneous positive shock

to returns. However, since the dividend yield is lower, stock returns are forecast to

be lower in the future (β̂1 > 0). The rise, followed by a fall in returns, generates a

component of negative serial correlation in returns which slows the evolution of the

variance of cumulative returns as the horizon grows.

A naive buy-and-hold investor who relies entirely on the estimated parameter

values, interprets this effect of predictability as a reduction in risk and hence as a

justification for active participation in the risky market for long- term asset allocation.

Investors who account for parameter uncertainty do not necessarily invest more in

the risky asset for longer horizons. Barberis (2000) shows that an investor who

adopts a Bayesian approach to uncertainty believes that conditional variances grow

more quickly as the horizon grows and doubts whether the predictive power of the

dividend yield is large enough to slow the evolution of conditional variances.

Also a robust investor is reluctant to interpret (estimated) predictability entirely

as a reduction in risk. Based on the uncertainty of the parameters, the robust investor

also considers alternative conceivable parameter configurations that may not feature

predictability. As portfolio choice must be robust to such alternative parameter con-

figurations, the robust investor may choose to not exploit the predictability featured

by the parameter (point) estimates.
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3.2 A detour - Effect of uncertainty on the Sharpe ratio

The relevant summary statistic for the dataset is its implied performance potential

of risky investment. The intended performance measure is this article is given by (1).

Yet, for illustrative reasons we take a short detour in this section and consider the

Sharpe ratio to describe the potential performance. More specifically, we consider the

maximal (geometric) average monthly Sharpe ratio for investment horizons ranging

from one month to 100 years:

Sh ≈ µT

σT

+
1

2
σT /T.

The uncertainty set for the robust approach is based on (12) with 95% preference for

robustness (θ ≈ 3.1). The robust average monthly Sharpe ratio is defined by

minξ∈U Sh(ξ). (18)

Note that the Sharpe ratio may take negative values as it assumes a forced 100% in

risky assets. Indeed, it has direct implications for the maximal portfolio performance.

The robust Sharpe ratio serves as an upperbound on the robust mean-variance utility

function Q(w, ξ) = µT (ξ, w)− 1
2
γσ2

T (ξ, w) where γ denotes the investor’s risk aversion,

µT (ξ, w) is portfolio return and σT (ξ, w) is the portfolio variance. Indeed,

max
w

min
ξ∈U

f(w, ξ) ≤ min
ξ∈U

max
w

f(w, ξ) = min
ξ∈U

1

2γ
Sh(ξ).

Hence for mean-variance portfolio choice with multiple risky assets, a positive robust

Sharpe ratio is not indisputable evidence for existence of a robust asset allocation

with positive expected performance.

Problem (18) is a non-convex optimization problem. Fortunately it has only four

variables and we solve it with a conjugate gradient method as provided by Matlab

version 6.1 (R12.1) with multiple starting solutions Uf to enhance global optimality.

The set Uf is a grid of parameter values centered at ξ̂ and with grid distances ασ̂ξ

with the scalar α set such that P = 120 grid points are contained in the original set U .

In theory, the non-convex inner optimization problem may produce local optima for

the worst case parameter value which leads to a decline in robustness of the solution.

Numerical experiments4 do not indicate that this is a problem.

4The computed solution to the inner minimization problem does not improve when we increase

the number of starting solutions to P = 2.500.
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Empirical illustration

Do traditional and robust performance evaluations differ regarding their dependence

on the initial economic state and the investment horizon? Figure 1 shows the tradi-

tional and robust average monthly Sharpe ratio for alternative investment horizons

and different initial states. The traditional and robust performance estimates react

fundamentally different to changes in the initial state and investment horizon.

Insert figure 1 Expected performance.

Without considering uncertainty, the market appears lucrative. Only low initial div-

idend yields and short investment horizons feature negative Sharpe ratios. The vari-

ance of the cumulative (log) stock return grows slower than the expected (log) stock

return. Consequently performance increases with the horizon. The long term ex-

pected performance under predictability is, even for the low initial states, significantly

higher than a static model would imply (with an expected 12, 1% and 14, 9% perfor-

mance). Note that the differences in performances corresponding to different initial

states initially rise but later decline as the investment horizon lengthens. The initial

increase is due to persistence of the dividend yield. The consequences of a high ini-

tial dividend yield are still felt several years hence. Ultimately the average dividend

yield will converge to its long term average dividend yield, implying long-term mean

reversion. The first signs of this convergence are best observed from the short dataset

that features less persistent dividend yields (lower β2).

A robust evaluation of the long dataset only shows significant investment op-

portunities for high initial states and long horizons. The uncertainty set contains

exclusively β1 > 0 and α2, β2 > 0. Hence predictability is a robust property of the

return model albeit in a weakened form. It also implies that the long term average

dividend yield ν = α2/(1 − β2) is positive. Hence the positive investment perfor-

mance for long horizons. The short dataset does not feature significant investment

opportunities. Return predictability is not a robust characteristic of this dataset.

The uncertainty set also contains the static model and even a return model with a

negative dependence on the state variable (β1 < 0 and α2, β2 > 0). This leads to a

negative robust performance irrespective of the initial dividend yield or investment

horizon.

Insert figure 2 Worst case configuration about here.
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Also observe that the robust performance does not monotonically in- or decrease

with the investment horizon. This is due to different worst cases for different in-

vestment horizons. Indeed, the worst case form of predictability ξ depends on the

investment horizon, the initial state and the portfolio. Figure 2 shows the worst case

parameter configurations for alternative initial dividend yields and investment hori-

zons. For a one-year investment horizon and small dividend yield, the worst case

features small α1 and β2. This directly implies a small return and small dividend

yields in the short-term. The high correlations between the parameters imply that

small α1 and β2 coincide with large β1 and α2. The importance of β1 reduces when

initial dividend yields and α2 are low. For large (persistent) initial dividend yields,

β1 and β2 are reduced to form the worst case. For extremely long horizons, e.g. 100

years, the initial dividend yield does not affect the average log returns. In that case

worst case features low long-term average dividend yield ν = α2/(1 − β2) and β1.

The worst case parameter configurations for a 5-year investment horizon combine

the aforementioned effects: In the low states, the worst case parameter configura-

tions concentrate on small α1 and β2. When the initial dividend yield increases, β1

is swiftly reduced. The worst cases for the short dataset are slightly different. For

short term horizons, the worst case parameter configurations follow a similar pattern

as for the long dataset. But as the larger uncertainty set contains negative β1 the

robust performance remains negative for large initial dividend yields. Moreover as

the uncertainty set contains negative α2 and consequently negative long term average

dividend yields ν, the robust performance for long-term horizons may be negative

for positive β1. In this case a robust evaluation of the performance does not favor

long-term over short-term investment.

4 Buy-and-hold portfolio choice

The previous section described the investment opportunities in terms of the Sharpe

ratio. We continue with studying optimal portfolio choice under the intended power

utility performance measure (1). We start with the buy-and-hold investor who was

introduced in section 2. She solves (6). The Power utility prevents further simplifi-

cation of expected utility as a function of the first return moments as was possible in

the previous section. Instead we solve (6) numerically. For given ξ, we approximate
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the conditional expectation by a finite approximation,

J∑
j=1

pj(ξ)
WT (w, yT,j(ξ))

1−γ

1− γ
(19)

with

WT (w, yT,j(ξ)) =
(
weTrf+yT,j(ξ) + (1− w)eTrf

)
W0.

and {pj(ξ), yT,j(ξ)}J
j=1 is a stratified sample conditional on the parameter ξ. We

stratify a sample of residuals ε from the standard normal distribution in J = 1000

equispaced intervals with means εj and cumulative probabilities pj. Conditional on

x0, we compute yT,j(ξ) = µT (ξ) + σT (ξ)εj with µT (ξ) and σ2
T (ξ) given by (33) and

the first diagonal element of ΣT respectively. We keep the stratified sample fixed

across different T and ξ. This enhances comparison between alternative horizons and

parameter values, even if the fixed distribution deviates slightly from the original

distribution. For the reader’s comfort we note that the the stratified sample leads

to the same results (see figures (4) and (6)) as reported by Barberis (2000) who has

verified that his approximation is accurate. The stratified sample is computationally

faster than a large random sample, which is needed to calculate robust solutions5.

A naive investor assumes ξ = ξ̂ and maximizes (19). A Bayesian investor pre-

pares an unconditional approximate return distribution. She samples K̃ = 1.000.000

parameter values from the posterior parameter distribution and for each sampled pa-

rameter ξ̃j̃, j̃ = 1, .., J̃ , she draws a random residual ε̃ from the stratified sample

{pk(ξ̃), yT,j(ξ̃)}J
j=1 and computes the corresponding conditional excess return yT,j̃ =

µT (ξ̃j̃) + σT (ξ̃j̃)ε̃. The Bayesian investor solves

J̃∑

j̃=1

1

J̃

WT (w, yT,j̃)
1−γ

1− γ
. (20)

The robust investor solves the approximation to (14):

max
w∈W

min
ξ∈U

J∑
j=1

pj(ξ)
WT,j(ξ)

1−γ

1− γ
. (21)

The objective function (19) is convex on w ∈ [0, 1] for each parameter ξ and conse-

quently the portfolio choice problems for a naive and a Bayesian investor are convex

5The computations for figure 7 take 72 hours CPU time on an AMD Athlon 2400 Mhz XP+/1GB

RAM running Matlab version 6.1.0.450 (R12.1) under Debian BGU/Linux 3.0.
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optimization problems on w ∈ [0, 1] and can be solved to (global) optimality. Also the

minimum of a set of convex functions is a convex function; hence the outer maximiza-

tion (21) is a convex optimization problem. However, each function evaluation of the

maximization problem is computationally costly as it involves solving the inner mini-

mization problem. Moreover, the minimization problem is not a convex optimization

problem on the domain ξ ∈ U . We adopt sequential optimization to solve iteratively

the outer maximization of (21) with iterations that involve solving the inner mini-

mization problem. Convergence to a global optimal solution of the non-convex inner

minimization problem is enhanced by considering multiple starting solutions, given

by the set Uf with P = 120 as explained in the previous section.

Results

We adopt the same setting as Barberis (2000) with γ = 10. This enables us to validate

and compare the results depicted in figures 4 and 6.

Insert figure 4 Buy and Hold (52) about here.

The naive investor monotonically increases risky asset allocation with the horizon

and initial state. Without estimation uncertainty, predictability reduces the risk at

long horizons; the optimal risky investment is increased accordingly. The difference

in asset allocation for alternative states decreases as the investment horizon lengthens

and the expected dividend yield converges to its long term average. The Bayesian

investor finds that the conditional variance of the stock return increases due to un-

certainty about predictaiblity. The resulting risky investment follows from balancing

predictability which makes stocks look less risky at long horizons and estimation un-

certainty which makes stocks look more risky. The optimal investment seizes to be a

monotonic function of the investment horizon and dividend yield. Uncertainty may

even reduce long-term risky investment below short term risky investment.

The robust investor evaluates the long dataset as supporting significant yet weak-

ened predictability. Accordingly the investor increases, albeit with reduced slope,

risky investment monotonically over the investment horizon and initial dividend

yield. Risky investment for different initial states converges as the investment horizon

lengthens and the expected dividend yield converges to its long term average. The

worst case forms of predictability are depicted in figure 5 and follow a similar pattern
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as described in the previous section. For short term investment and low initial div-

idend yields, the worst case parameter configuration features small α1 and α2. For

above average dividend yields, the ’predictability parameter’ β1 is reduced. For long

term investment the average dividend yield converges to ν and the worst parameter

configuration features small β1. The short dataset does not feature significant pre-

dictability. The uncertainty set supports negative α1, β1 and α2. Negative α1s lead

to negative returns on the short term horizons and low initial states while negative

β1 lead to negative returns for short term horizons with high initial dividend yields

and for long term horizons (with α2 > 0 and β2 ≈ 0.99).

Insert figure 5 WC Buy and Hold (52) about here.

Insert figure 6 Buy and Hold (85) about here.

The Bayesian and robust investors arrive at fundamentally different portfolio

strategies although they both address uncertainty. One explanation follows from

the slightly different priors that the Bayesian and robust investors adopt. The robust

investor, unlike the Bayesian investor, uses economic rationale to limit β2 < 1. We

may improve the basis for comparison by aligning the prior information of the two

approaches. The lower panel in figure 4 shows the Bayesian strategy if the economic

rationale β2 < 1 is considered. A fundamentally different strategy results. A Bayesian

still invests more in the risky assets than a robust investor but the portfolios show

similar development over time horizons. It also illustrates that the optimal decision

of a Bayesian investor is sensitive to the prior.

5 Dynamic portfolio choice

A dynamic investor may revise her portfolio every year to adapt to newly obtained

information, in this case the dividend yield, at the end of each year. More specifically,

assuming a K year horizon, the investor may revise her portfolio at the beginning

of each year k = {0, 1, .., K − 1} whereupon the portfolio is invested for the period

[tk, tk+1). We denote the value of the dividend yield at the beginning of year k by xk

and the cumulative continuously compounded excess return over the period [tk, tk+1)

conditional on xk is denoted yk+1,xk
. A dynamic portfolio allocation w is a plan that
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indicates the investment wk,xk
for each decision moment tk, k = 0, .., K − 1 and

concurrent dividend yield xk. We denote wealth accumulated at tk in state xk by

Wk,xk
. Moreover, we use WK to refer to the wealth at the end of the horizon.

Conditional on the parameter ξ, which we omit in the notation for now, the

dynamic portfolio choice problem is

max
w∈W

E0

[
WK

1−γ

1− γ

]
. (22)

with wealth transitions

Wk+1,xk+1
= (1 + Rk+1,xk

(w)) Wk,xk

WK =
(
1 + RK,xK−1

(w)
)
WK−1,xK−1

.

and portfolio return

1 + Rk+1,xk
(w) = (wk,xk

erf+yk+1,xk + (1− wk,xk
)erf ).

and W presents the set of portfolios w with wk,xk
∈ [0, 1] for all tk and xk. Note that

the expectation operator in (22) is a function of the returns yk,xk
and the transition

probabilities between states [xk, xk+1] in subsequent time periods [tk, tk+1). Problem

(22) presents a dynamic optimization problem suitable for applications of the Bellman

optimality principle. The derived utility of wealth at any state (tk, xk) is

J(Wk,xk
, tk, xk) = max

w
Etk

[
W 1−γ

K

1− γ
| Wk,xk

, tk, xk

]
(23)

which is the maximal expected (final) utility as expected at time tk in state xk. The

Bellman principle of optimality states

J(Wk,xk
, tk, xk) = max

wk,xk

Etk

[
J(Wk+1,xk+1

, tk+1, xk+1) | Wk,xk
, tk, xk

]
. (24)

For a more convenient expression, define

Q(tk, xk) = max
wk,xk

Etk

[
W 1−γ

K

W 1−γ
k,xk

| tk, xk

]
(25)

and note that (by homogeneity in W of degree 1− γ),

J(Wk,xk
, tk, xk) =

W 1−γ
k,xk

1− γ
Q(tk, xk). (26)

Substitution of (26) in the Bellman equation (24),

Q(tk, xk) = max
wk,xk

∈[0,1]
Etk

[
(1 + Rk+1,xk

(wk,xk
))1−γ Q(tk+1, xk+1)| tk, xk

]
. (27)
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Note that (25) implies Q(tK , ·) = 1 and, due to the investor’s constant relative risk

aversion, W does not enter expression (27)6. Given Q(0, x0) and initial wealth W0,

the expected terminal utility of portfolio choice w is W0/Q(0, x0). Hence solving

(22) is equivalent to computing Q(0, x0). Moreover, if we follow Barberis (2000)

and discretize the state space in 25 equally spaced grid points on the interval ranging

from three standard deviations below the historical mean to three standard deviations

above, we can solve for Q(0, x0) by backward induction using (27). To calculate the

expectation in (27) we rely on a sample {pj(ξ), xk+1,xk,j, yk+1,xk,j(ξ)}J
j=1 based on

a stratified sample of two-variate residuals ε ∼ N(0, I2) in J = 1000 equi-spaced

intervals with means εj and cumulative returns pj. Conditional on xk, we compute

(
yk+1,xk,j(ξ)

xk+1,j(ξ)

)
=

(
µT (ξ)

νT (ξ)

)
+ AT (ξ)εj (28)

with AT (ξ) the lower triangular part of the Choleski decomposition of ΣT (ξ) and

(µT (ξ), νT (ξ)) and ΣT (ξ) given by (33). As we assume yearly portfolio revisions,

we consider T = 12-monthly returns. To fit the finite state space, we match each

xk+1,xk,j(ξ) to the closest dividend yield in the discretized state space.

Q(tk, xk) = max
wk,xk

∈[0,1]

J∑
j=1

pj(ξ)
(
(1 + Rk+1,xk,j(wk,xk

, ξ))1−γ Q(tk+1, xk+1,xk,j)
)
. (29)

with

Rk+1,xk,j(w, ξ) = (wk,xk
erf+yk+1,xk,j(ξ) + (1− wk,xk

)erf )− 1.

We keep the stratified sample of residuals constant to fix the return distribution,

albeit an approximation to the original distribution, to improve the comparison among

alternative horizons, parameter values and investors.

The naive investor solves the backward recursion (29) conditional on ξ = ξ̂. The

Bayesian investor samples from the unconditional approximate return distribution as

described in the previous section. The robust investor solves

max
w∈W

min
ξ∈U

E0

[
WK

1−γ

1− γ
|ξ

]
. (30)

To calculate the expectation, we rely on the stratified sample. In this case, a straight-

forward implementation of (30) demands the construction of scenario paths for each

6Without constant relative risk aversion, W is a state variable and enters the state space defini-

tion. The size of an accurate approximation of this multi-dimensional state space grows exponentially

with the number of state variables and complicates the computations.
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evaluated parameter configuration ξ. As the scenarios paths recombine (thanks to

the finite state space), a backward recursion is a fast way to evaluate the objective of

the inner minimization problem for w given. Therefore we define

Q(tk, xk, w, ξ) =
J∑

j=1

pj(ξ)
(
(1 + Rk+1,xk,j(w, ξ))1−γ Q(tk+1, xk+1,j(ξ), w, ξ)| xk, ξ

)
.

(31)

Given a portfolio choice w and a parameter ξ, W0/Q(0, x0, w, ξ) is equal to the ob-

jective value E0[
W 1−γ

K

1−γ
| ξ] associated with portfolio choice w. Therefore problem (30)

is equivalent to

max
w∈W

min
ξ∈U

W0/Q(0, x0, w, ξ). (32)

Observe that for given w and ξ, Q(0, x0, w, ξ) is readily computed by (31). We use

sequential optimization as explained in the previous section to solve (30) to reasonable

accuracy.

Results

The traditional investor increases investment with the investment horizon and eco-

nomic state. This horizon dependence is due to the intertemporal hedging demand

described by described by Merton (1973). The return model features a negative

contemporaneous correlation between realized return on the one side and current

dividend yield and future expected return on the other side. Increases in the divi-

dend yield are likely to decrease the realized return but also lead to an increase in

the expected return. Hence risky investment provides higher wealth precisely when

investment opportunities worsen. Observe that the dynamic investor invest less in

the low economic states and more in the high economic states than a buy-and-hold

investor. Obviously, the dynamic investor can adapt the portfolio as the expected

dividend yield converges to its long term average, i.e. the investor may forego loss

giving investment in the first year in the case of a low initial state and become ac-

tive when the dividend yield increases. The sensitivity to the state implies volatile

investments as the economy propagates through the economic states. The Bayesian

investor keeps less risky assets than the traditional investor but invests considerably

more than the buy-and-hold investor for long horizons and high initial states and less

in the low initial states. The aforementioned logic applies. The investor will seize or

await opportunities as they arise. Observe that also the Bayesian strategy is highly

volatile.
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Insert figure 7 Dynamic (52) about here.

Insert figure 9 Buy and Hold (85) about here.

The robust dynamic investor is less radical than the traditional and Bayesian

investor. Investments vary moderately over time and initial states. Also the robust

investor exploits the possibility to take corrective actions. For long horizons, she

invests less than her buy-and-hold counterpart for low initial states and more in high

initial states. Yet the differences as not as pronounced as for the non-robust investors.

The portfolio remains therefore more stable over time and states. Again the worst

case form of predictability (cf. figure 8) shows a similar structure as in the previous

sections. [Not so sensitive to initial economic state? Confirm!]

Insert figure 8 WC Buy and Hold (52) about here (if at all).

6 Concluding remarks and further research

The robust buy-and-hold and dynamic portfolios are fundamentally different than

traditional or Bayesian portfolios. The robust investor is only active if the investment

opportunities are significant. Even then the robust investor is more prudent as the

worst case may feature a weakened form of predictability. This also reduces the

sensitivity on the economic state. Recognizing that predictability is uncertain, the

robust investor is reluctant to fundamentally revise the portfolio when the economic

state changes.

We can also identify which (plausible) forms of predictability are most detrimen-

tal to the portfolio performance. For short-term investment and low initial states,

the worst case features small α1 and β2 that keep the short term dividend yield and

return low. For high states, the exposure to the dividend yield is decisive and re-

duced accordingly. For long-term investment, the long-term average dividend yield

and the exposure to the dividend yield are crucial and reduced accordingly. The worst

case configurations only differ little for buy-and-hold and dynamic investors. If pre-

dictability turns out to be insignificant, then the worst case may look fundamentally

different, e.g. a combination of a negative exposure to predictability combined with

a large long-term average dividend yield.
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Barberis (2000) also studies learning in the presence of estimation uncertainty.

However learning about the true parameter value is incompatible with a robust ap-

proach to estimation uncertainty. A dynamic investment strategy which adapts to

learning of the uncertain parameters should include the investor’s belief about the pa-

rameters as state variables. The investor’s belief is typically a function of the newly

realized returns which depend on the true parameters. Hence a portfolio which is

robust to parameter uncertainty it must also be robust to learning. References for

learning are Brennan (1998), Xia (2001) and Kandel and Stambaugh (1996).

We confine to a normative analysis of robust investment. Next step would be

to compare the empirical performance of traditional, Bayesian and robust portfolios.

Moreover our study is based on a specific combination of return model and utility

function. Although the basic results presumably hold for alternative return models,

other state variables (see Barberis (2000)) and other utility functions that feature

a risk-return tradeoff, generalizations to multi-period portfolio choice with multiple

assets and utility functions that depend on intermediate consumption would be in-

teresting and computationally challenging generalizations.
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A Appendix

We are interested in the cumulative continuously compounded excess return over T

months, ya
T = y1 + y2 + .. + yT , denoted by yT henceforth. Propagating through the

return model (3)-(4) and recognizing the arithmetic series, we can rewrite the return

and the future state as:(
yT

xT

)
| x0 ∼ N

((
µT

νT

)
, ΣT

)
(33)

(
µT

νT

)
=

(
Tα1 + β1ρα2 + β1χx0

χα2 + βT
2 x0

)

ΣT =

(
Tσ2

1 + 2β1ρσ12 + β2
1φσ2

2 χσ12 + (χ2 − χ)/(β2 − 1)σ2
2

χσ12 + (χ2 − χ)/(β2 − 1)σ2
2 χ2σ

2
2

)

given the arithmetic series

χ(T ) =
βT

2 − 1

β2 − 1

χ2(T ) =
β2T

2 − 1

β2
2 − 1

ρ(T ) =
T−1∑
t=1

(T − t)βt−1
2 =

βT
2 − 1 + T (1− β2)

(β2 − 1)2

φ(T ) =
T−1∑
t=1

(
βT−t

2 − 1

β2 − 1
)2 =

T

(β2 − 1)2
− 2

βT
2 − 1

(β2 − 1)3
+

β2T
2 − 1

(β2
2 − 1)3

(34)

The geometric average cumulative T -month return is T
√

RT and is lognormally dis-

tributed with parameters7 µT /T and σ2
T /T 2 and, using the moments of the lognormal

distribution, we derive the geometric average monthly Sharpe ratio

Sh =
erf+µT /T+0.5σ2

T /T 2 − erf

erf+µT /T+0.5σ2
T /T 2

√
eσ2

T /T 2 − 1

We use ex ≈ 1 + x for small x to approximate the geometric average monthly Sharpe

ratio by

Sh =
(eµT /T+0.5σ2

T /T 2 − 1)erf

eµT /T+0.5σ2
T /T 2

erf

√
eσ2

T /T 2 − 1

=
1− e−µT /T−0.5σ2

T /T 2

√
eσ2

T /T 2 − 1

≈ µT

σT

+
1

2
σT /T.

(35)

7If RT ∼ LOGN(µT , σ2
T ), then T

√
RT ∼ LOGN(µT /T, σ2

T /T 2).
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If β2 < 1, ρ(T ) = T−χ(T )
1−β2

and

µT = Tα1 + β1ρ(T )α2 + (x0 − ν + ν)β1χ(T )

= Tα1 + β1
T−χ
1−β2

α2 + (x0 − ν + α2

1−β2
)β1χ(T )

= T (α1 + β1

1−β2
α2) + (x0 − ν)β1χ(T ).

and

σ2
T = Tσ2

1 + 2β1ρ(T )σ12 + β2
1φ(T )σ2

2.

B Figures and tables

Figure 1: Expected performance as a function of the investment horizon

10
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Notes: The figure describes the average monthly Sharpe ratio as a function of the investment

horizon. The left and right panels correspond to the long (1952-1995) and short (1985-1995)

datasets respectively. The upper and lower panels correspond to the traditional and robust (θ = 3.1)

evaluation of the Sharpe ratio. The curves within each graph correspond to different dividend yields:

the long term mean dividend yield (dotted), the latter minus two standard deviation (solid black),

minus one standard deviation (dashed), plus one standard deviation (dash-dot), plus two standard

deviations (solid grey). dataset.
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Table 1: Parameter estimates for a VAR model of stock returns

1952-1995 1985-1995

µ (bps) σ2 (bps) µ (bps) σ2 (bps)

50 17 65 19

(18) (1) (39) (3)

α (bps) β α (bps) β

-143 0.52 -303 1.09

(81) (0.21) (281) (0.83)

8 0.98 13 0.96

(3) (0.01) (10) (0.03)

Σ Σ

0.0017 −0.9351 0.0019 −0.9323

(0.0001) (0.0055) (0.0003) (0.0122)

3.0E-6 2.6E-6

(1.9E-7) (3.4E-7)

α1 β1 α2 β2

α1 0.0081 −0.98 −0.94 0.91

β1 0.2129 0.91 −0.94

α2 0.0003 −0.98

β2 0.0091

α1 β1 α2 β2

0.0281 −0.99 −0.93 0.92

0.8265 0.92 −0.93

0.0010 −0.99

0.0305

Source Barberis (2000). The results in the upper panel are based on the model rt = µ + εt, where

rt is the continuously compounded excess stock index return in month t and εt ∼ i.i.d.N(0, σ2).

The results in the middle panels are based on the return model (3)-(4). The lower panel describes

the parameter uncertainty by the uncertainty matrix Ω corresponding to (12). The values in bold

above the diagonal denote correlations. The left and right panels correspond to the long and short

datasets respectively.
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Figure 2: Worst case parameter configurations
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Notes: The figure shows a parametric plot of the worst parameter configurations for the

average monthly Sharpe ratio. Results are based on return model (3)-(4) estimated on the

1952-1995 dataset. The panels correspond to projections of the parameter space on two

dimensional subsets of parameters: (α1, β1) (upper-left), (α2, β2) (upper-right), (α1, α2)

(lower-left) and (β1, β2) (lower-right). The truncated ellipsoid within each figure presents

the projection of the uncertainty set (13) for θ = 3.1 on the relevant parameter space. Each

curve connects the worst case parameter configurations for values of the initial dividend

yield between [0.01, 0.06] and corresponds to a given investment horizon: T = 12 months

(solid grey), T = 60 months (dotted grey), T = 120 months (dash-dot) and T = 1200

(black dot) months. The worst case parameter configuration associated with the smallest

initial dividend yield is indicated by a dot.

26



Figure 3: Worst case parameter configurations
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Notes: The figure shows a parametric plot of the worst parameter configurations for the

average monthly Sharpe ratio. Results are based on return model (3)-(4) estimated on the

1985-1995 dataset. The panels correspond to projections of the parameter space on two

dimensional subsets of parameters: (α1, β1) (upper-left), (α2, β2) (upper-right), (α1, α2)

(lower-left) and (β1, β2) (lower-right). The truncated ellipsoid within each figure presents

the projection of the uncertainty set (13) for θ = 3.1 on the relevant parameter space. Each

curve connects the worst case parameter configurations for values of the initial dividend

yield between [0.01, 0.06] and corresponds to a given investment horizon: T = 12 months

(solid grey), T = 60 months (dotted grey), T = 120 months (dash-dot) and T = 1200

(black dot) months. The worst case parameter configuration associated with the smallest

initial dividend yield is indicated by a dot.
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Figure 4: Optimal investment as a function of the investment horizon in years
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Notes: The figure describes the optimal buy–and–hold strategy of an investor who max-

imizes power utility function (1) over terminal wealth. The returns are estimated and

predicted using (3)-(4) on the 1952-1995 dataset. The three upper panels describe the

initial asset allocation as a function of the investment horizon in years, for a naive in-

vestor, a Bayesian investor and a robust investor respectively. The curves within each

graph correspond to alternative values of the initial dividend yield x0: x0 = 2.06% (solid),

x0 = 2.91% (dashed), x0 = 3.75% (dotted), x0 = 4.59% (dash-dot) and x0 = 5.43% (solid

grey). The lower panel depicts the Bayesian buy-and-hold strategy assuming a posterior

distribution that dogmatically sets β2 < 1.
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Figure 5: Worst case parameter configuration
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Notes: The figure describes the worst case parameter configurations for a buy–and–hold investor

who maximizes power utility function (1) over terminal wealth. The returns are estimated and

predicted using model (3)-(4) on the 1952-1995 dataset. The panels correspond to projections of the

parameter space on two dimensional subsets of parameters: (α1, β1) (upper-left), (α2, β2) (upper-

right), (α1, α2) (lower-left) and (β1, β2) (lower-right). The truncated ellipsoid within each figure

presents the projection of the uncertainty set (13) for θ = 3.1 on the relevant parameter space.

Each curve connects the worst case parameter configurations for values of the initial dividend yield

between 2.06% and 5.43% and corresponds to a given investment horizon: T = 12 months (solid

grey), T = 60 months (dotted grey), T = 120 months (dash-dot). The worst case parameter

configuration associated with the smallest initial dividend yield is indicated by a dot.
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Figure 6: Optimal asset allocation as a function of the investment horizon in years
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Notes: The figure describes the optimal buy–and–hold strategy of an investor who max-

imizes power utility function (1) over terminal wealth. The returns are estimated and

predicted using model (3)-(4) on the 1985-1995 dataset. The three panels describe the

initial asset allocation as a function of the investment horizon in years, for a naive investor

(upper panel), a Bayesian investor (middle panel) and a robust investor (lower panel).

The curves within each graph correspond to alternative values of the initial dividend yield

x0:x0 = 2.36% (solid), x0 = 2.86% (dashed), x0 = 3.36% (dotted), x0 = 3.86% (dash-dot)

and x0 = 4.36% (solid grey).
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Figure 7: Optimal asset allocation as a function of the investment horizon in years

1 10
0

1

1 10
0

1

1 10
0

1

Notes: The figure shows the optimal strategy of an investor who rebalances once a year

and who maximizes power utility function (1) over terminal wealth. Returns are estimated

and predicted using model (3)-(4) on the 1952-1995 dataset. The three panels describe the

initial asset allocation as a function of the investment horizon in years, for a naive investor

(upper panel), a Bayesian investor (middle panel) and a robust investor (lower panel). The

curves within each graph correspond to alternative values of the initial dividend yield x0:

x0 = 2.06% (solid), x0 = 2.91% (dashed), x0 = 3.75% (dotted), x0 = 4.59% (dash-dot)

and x0 = 5.43% (solid grey).
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Figure 8: Worst case parameter configuration
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Notes: The figure describes the worst case parameter configurations for a dynamic

investor who maximizes power utility function (1) over terminal wealth. The

returns are estimated and predicted using model (3)-(4) on the 1952-1995 dataset.

The panels correspond to projections of the parameter space on two dimensional

subsets of parameters: (α1, β1) (upper-left), (α2, β2) (upper-right), (α1, α2) (lower-

left) and (β1, β2) (lower-right). The truncated ellipsoid within each figure presents

the projection of the uncertainty set (13) for θ = 3.1 on the relevant parameter

space. Each curve connects the worst case parameter configurations for values of

the initial dividend yield between 2.06% and 5.43% and corresponds to a given

investment horizon: T = 60 months (dashed grey), T = 120 months (solid). The

worst case parameter configuration associated with the smallest initial dividend

yield is indicated by a dot.
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Figure 9: Optimal asset allocation as a function of the investment horizon in years
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Notes: The figure shows the optimal strategy of an investor who rebalances once a year

and who maximizes power utility function (1) over terminal wealth. Returns are estimated

and predicted using model (3)-(4) on the 1985-1995 dataset. The three panels describe the

initial asset allocation as a function of the investment horizon in years, for a naive investor

(upper panel), a Bayesian investor (middle panel) and a robust investor (lower panel). The

curves within each graph correspond to alternative values of the initial dividend yield x0:

x0 = 2.36% (solid), x0 = 2.86% (dashed), x0 = 3.36% (dotted), x0 = 3.86% (dash-dot)

and x0 = 4.36% (solid grey).
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