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Abstract

In this paper, inspired by the Least-squares method introduced by Longstaff
and Schwartz (2001), we develop an more efficient Monte Carlo technique
to price the Hybrid options. Hybrid option, which is by nature with exotic
properties and form, is a combination of two kinds of derivatives, for exam-
ple a combination of an interest rate derivative with an equity derivative.
Therefore, it is a very useful instrument for pension funds to control their
funding ratio within required levels. Hybrid payoffs strongly depend both on
the evolution of the yield curve as well as the equity underlying. Unfortu-
nately there are no closed-form solutions available for a general (non-zero)
correlation between the interest rate and equity process. In the absence
of closed-form formulas, we try to price the hybrid options by an modified
Least-squares method in Monte Carlo simulation.

1 Introduction

The purpose of this paper is to develop and analyze pricing methodology for
hybrid derivatives used by pension funds to hedge the positions in their own
funding ratio. These hybrid derivatives are designed specially for pension
funds which are willing to sacrifice some upward potentials on their funding
ratio to obtain downside protections. Since these kind of financial instru-
ments blend the properties of debt and equity and their payoff structure is
just like a collar, moreover, their underlying state variables are often not only
one or two, but usually multiple. For pension funds, it is critically important
to know the exact value of the derivative at every time point1 so that they are
alert to the status of funding ratio. These factors make it quite difficult for
us to pricing these hybrid derivatives accurately and efficiently. Sometimes
a closed form formula for a price of such an option is impossible to modeled.

Longstaff and Schwartz in 2001 [1] proposed a simple but efficient least-
squares approach to approximate the value of American options by simula-
tion. They make use of least squares to estimate the conditional expected
payoff to the option holder from continuation. This approach is readily ap-
plicable in path-dependent and multifactor situations where traditional fi-
nite difference techniques cannot be used. Inspired by their method, we try
to develop an more efficient and numerically stable approach which could

1Time point
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overcome the limits of Longstaff and Schwartz’s method in choosing good
“basis functions”. We use the properties of Hermite polynomials which are

orthogonal with respect to the weight function e−
z2

2 , and make the condi-
tional expectation values we try to calculate expand on Hermite polynomials.
Therefore, we can calculate the estimated coefficients of the conditional ex-
pectation functions. Moreover, we also make use of an efficient algorithm
of evaluation of Kronecker products in multi-dimension developed by Den
Iseger and Oldenkamp [6] in simulation.

We discuss the practical problems that the pension funds are facing, the
necessity for pensions to use hybrid options in dealing with their problems
and how we could pricing the hybrids in section 2. In section 3, we introduce a
practically useful method in pricing options in Monte Carlo simulation–Least
squares method. Moreover, we develop a modified Least squares method to
improve the accuracy and efficiency. Section 4 presents our numerical results
including a simple example: Geometric average option on two assets and a
simplified hybrid option with two-factor Hull-White model and one equity
Black-Scholes model. Section 5 concludes.

2 Practical problem

To pension funds, funding ratio, which is calculated as the ratio of assets
(at market value) to liabilities2 as reported by each of the funds is a key
factor to show the solvability of the schemes, as well as the efficiency of their
investment. It is very crucial to keep the funding ratio within certain interval.
Because once the funding ratio is smaller than a minimum level3, the pensions

2To make the retirement system more secure by further guaranteeing the solvability of
pension schemes, in Netherland, the government requires the pension funds to value their
liabilities on a marked-to-market basis from January 2007, making the value of liabilities
much more volatile. This will make the matching of assets and liabilities more complicated.
However, previously, only the assets of Dutch pension funds were subject to a market
valuation. Liabilities were discounted at fixed 4% rate, which made the asset-liability
modeling easier.

3The minimum level of funding ratio is obviously at least equal to 100% because the
liabilities must be fully covered by the assets. For the security reason, some countries have
higher “minimum level”, e.g, in Netherland, the government requires the pension funds
to be supervised by a new framework “Financieel Toetsingskader (FTK)” from January
2007. Under the FTK, pension funds that fall below the minimum coverage ratio of 105%
of their indexed liabilities will have to correct their situation within one year.
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will have deficits to cover their liabilities (which we call “underfunded”) so
that it would not be secure to guarantee the solvability any more. On the
other hand, if the funding ratio is getting larger than a maximum level (which
we call “overfunded”), it will probably require refunds to the sponsor or
improvements to the benefits. Therefore, the ideal situation of the funding
ratio of the pension funds should stay within the range of [αmin, αmax], where
α denotes the funding ratio level.

Just as we stated above, a stand-alone pension fund is, at time t0 (the
initial time), concerned about the possibility of its funding ratio at some
future time t, which we denote as FR(t), falling below a given minimum
level αmin. It may wish to sacrifice some upward potential (which the pension
fund does not like too much) to obtain downside protection by entering into
a derivative contract with a third party (usually investment bank). Such a
contract is called a collar or a hybrid option. As a result, the pension fund
can just keep its funding ratio within the required interval.

Now let us state this problem in an analytical model. Let X denote the
state space (state of the economy), such that the liabilities, the funding ratio
are all a function of this state space Lt := L(Xt), FRt = FR(Xt), respec-
tively. Let further At := A(Xt) stand for the assets of the pension fund, also
(only) dependent on the state of the economy. We consider discrete time
(discrete trading) and a horizon T . Let’s consider a pension fund wishing to
keep its nominal (unprotected) funding ratio FRN(t) = AN(t)/L(t), accord-
ing to the regulation, above a given level αmin. In return for achieving such
an insurance the pension fund is ready to pay its excess above a level αmax

4.
This is in fact an derivative whose payoff is described by a function D(t),
defined by

D(t) = L(t){max[αmin − FRN(t), 0]−max[FRN(t)− αmax, 0]} (2.1)

4The upper boundary of the funding ratio is usually chosen such that the initial value
of this derivative contract is zero.
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Then the real funding ratio FR(t) with a collar will be

FR(t) =
A(t)

L(t)

=
AN(t) + D(t)

L(t)

= FRN(t) + {max[αmin − FRN(t), 0]−max[FRN(t)− αmax, 0]}

=


αmin if FRN(t) < αmin

αmax, if FRN(t) > αmax

FRN(t), if otherwise.

(2.2)

Obviously, the payoff structure of the derivative blends characteristics of
debt and equity. Generally, these kind of financial instruments are called
“hybrids”. Since they are mixed by debt and equity, their market price tend
to be influenced by both interest rates as well as the equity price. It turns out
that hybrids rely on several risk factors5, in other words, they are generally
high-dimension instruments.

To make sure their safe position regarding to the funding ratio, pensions
must have comprehensive information of the hybrid option and meanwhile
choose certain efficient investment strategies to hedge their position at every
time point. Therefore, the pricing of this derivative becomes an important
problem for pension funds.

As we know, many hybrid options have no analytical (closed-form) solu-
tions because they are too complex (high-dimension and the payoff structure
is exotic). Consequently, numerical solutions are necessity. In fact, Monte
Carlo simulation becomes an important method when dealing with higher
dimensions. The reason is that with a grid-based numerical integration or
PDE method, the number of grid points grows exponentially with dimen-
sions. Monte Carlo on the other hand is a lot less affected by high dimensions,
moreover, it can simulate arbitrarily complicated sample paths of state vari-
ables. However, a drawback of Monte Carlo is its high computational cost,
especially in a high-dimensional setting. Therefore, we focus on finding an
efficient Monte Carlo method to solve the pricing problem of hybrid options
in a dynamic economy.

5In the pension case, there will be inflation risk, interest rate risk, equity risk, contri-
bution risk of the sponsors and longevity risk of the members and so on.
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3 Model and algorithm

There is a fundamental implication of asset pricing theory that under certain
circumstances, the price of a derivative security can be represented as an
expected value, especially the conditional expected value. Valuing derivatives
thus reduces to computing (conditional) expectations. As we mentioned
above, in many cases, if we were to write the relevant expectation as an
integral, especially when the dimension is large, Monte Carlo method is an
attractive approach. Therefore, pricing the hybrid, in principal, becomes
computing conditional expectations in Monte Carlo simulation. In our model,
we fix a probability space (Ω,Ft,P) with a filtration (Ft){Xt}t>0 . Xt is the
state variable and we assume that Xt+1 = Γ(Xt, Yt+1), where Yt+1 is a random
variable that is independent of Xt. For example, in the standard Black-
Scholes model: dSt = rStdt + σStdWt, we could have

log(St+1) = log(St) + (r − 1

2
σ2)∆t + σ

√
∆tZ

Here we could understand Xt+1 = log(St+1), Xt = log(St) and Yt+1 = (r −
1
2
σ2)∆t+σ

√
∆tZ. In fact, our assumption of economy is general, which could

be extended to not only the Black-Scholes, but other models.
Let V (t,Xt) denote the value of the hybrid option at time t, which could

be considered as the expected value conditional on the filtration Ft.

V (t,Xt) = E[V (T,XT )|Ft] (3.1)

It follows from the Markov tower property that

V (t,Xt) = E[V (T, XT )|Ft]

= E[E(V (T,XT )|Ft+1)|Ft]

= E[V (t + 1, Xt+1)|Ft]

= E[V (t + 1, Xt+1)|Xt = x]

(3.2)

Clearly6, the value V (t,Xt) is the expected value of V (t + 1, Xt+1) condi-
tional on the Xt = x. Therefore, our problem now is how to estimate this
conditional expectation value by Monte Carlo. To deal with this problem, we
first introduce a least-squares algorithm proposed by Longstaff and Schwartz
(2001), which at first intended to price American-style options.

6For simplicity, we assume the discount factor here is one.
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3.1 Least-squares method

Longstaff and Schwartz (2001) [1] introduced a least-squares approach to
value American options by simulation, which actually focuses on calculating
the conditional expectation value of the option. They use regressions across
simulated sample paths to evaluate the conditional expectation of the con-
tinuation value of the option and compare this expectation to the immediate
exercise value at all future dates along each simulated path. Since there is
no closed-form expression for the conditional expectation function, Longstaff
and Schwartz suggest to select a set of basis functions such that their weighted
combinations is ”close” to the true function. Still, we generate random vec-
tors Xk

t for k = 1, . . . ,m and t = 1, . . . , T , which are independently and
identically distributed samples. (pi(X)) denotes basis function and Ai repre-
sents the weights on the basis functions. They try to minimize the difference
between the true value function and the weighted combinations:

minAi
‖V (t,Xt)−

∞∑
i=1

Aipi(Xt)‖ (3.3)

so that the weighted combinations can be used to approximate the true value
function. With a large number of simulation paths, the Law of Large Num-
bers guarantees the weighted combinations to converge to the actual price
of the option. Let C(t,Xt) =

∑∞
i=1 Aipi(Xt), simply speaking, there exists a

relation:

V (t,Xt) = E[V (t + 1, Xt+1|Xt = x)]

≈
∞∑
i=1

Aipi(Xt)

= C(t,Xt)

(3.4)

Thus, in least-squares method, a linear combination of basis functions is fit-
ted to the data via least squares regression in order to approximate the con-
ditional expectation over the entire state space. Specifically, approximating
the conditional expected function by a linear combination of known functions
of the current state and using least squares regression to estimate the best
coefficients in this approximation, which, then, provides a direct estimate
of the conditional expectation function. Therefore, at time t, it is assumed
that V (t,Xt) can be expressed as a linear combination of orthonormal basis
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functions (pi(X)) such as Laguerre, Hermite, Legendre, Chebyshev or Jacobi
polynomials. In practical implementation, C(t,Xt) is approximated by

ĈI(t,Xt) =
I∑

i=1

Aipi(Xt), Ai ∈ R (3.5)

where I is the number of basis functions we used in estimation. Once this
subset of basis functions has been specified, ĈI(t,Xt) is estimated by pro-
jecting or regressing the discounted values of V (t + 1, Xt+1), which is given
by: V (T, XT ) = D(T, XT )7, onto the basis functions for the paths where the
option is in-the-money8 at time t.

Least-squares method has been proved to be a efficient and accurate ap-
proach to price derivatives in Monte Carlo. However, its accuracy depends
on the choice of a “good” set of basis functions used in the regression. That’s
the main drawback of this method. If we did not choose good basis func-
tions (regression variables), we would throw away useful information and find
a biased price. Moreno & Navas (2003) [5] analyzed the robustness of the
LSM approach relative to the type and number of basis functions. Their
overall conclusion is that least-squares method is very robust when pricing
the American put option. In this case, they found, for a given degree, using
different polynomials as basis functions produces very similar results; but for
complex options, the choice of basis functions is not clear, since combining
polynomials with other functions to represent the information set at each
exercise date is necessary. For these options, their conclusion is that the
robustness seems not to be guaranteed and the type and numbers of basis
functions can slightly affect option prices [5].

And the choice of basis functions [1] has implications for the statistical
significance of individual basis functions in the regression. In particular, some
choices of basis functions are highly correlated with each other, resulting in
estimation difficulties for individual regression coefficients akin to the multi-
colinearity problem in econometrics. If the choice of basis functions leads to
a cross-moment matrix that is nearly singular, then numerical inaccuracies
in some least-squares algorithms may affect the functional form of estimated
conditional expectation function.

7The value of the option at final time is equal to the payoff.
8The use of only in-the-money paths in the regressions is to increase efficiency and

decrease computation time.
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Our objective is to price hybrid options with very complicated features
and usually multidimensional, it is usually difficult to find a “perfect” set of
basis functions to estimate in the regression.

Moreover, speaking of the numerical stability of the least-squares method,
it cannot be guaranteed in dealing with high-dimensional problems. When
using pure matrix notation the least-squares problem can be written as

Y = bX + ε

Therefore, the least-squares estimator for b is

b̂ = (XT X)−1XT Y

(where XT is the transpose of X). and the sum of squares of residuals is

Y T (In −X(XT X)−1XT )Y

When it comes to high-dimension, which means X-vector becomes large, it
is quite possible that the matrix XT X is not invertible. That would be the
reason the results from least-squares estimation become instable. (Maybe
write it in appendix)

Requirement: The quadratic matrix XT X is symmetric, which means it is
a square matrix with corresponding elements above and below the diagonal.
Consequently it equals its own transpose. In addition we will assume the
design matrix X is such that the XT X matrix is positive definite and thus
nonsingular.

Thus we have to find a way to overcome the limitations of least-squares
method.

3.2 Modified least-squares method

As we discussed, Least-squares method estimates the coefficients of the con-
ditional expectation function by regressing the subsequent realized cash flows
from continuation on a set of basis functions of the values of the relevant state
variables. The fitted value of this regression is an efficient unbiased estimate
of the conditional expectation function. The basis functions are usually cer-
tain orthogonal polynomials. To overcome the limitations “how to choose
good basis functions and how many of them do we need”, we can make use
of some special properties of Hermite polynomials to develop a more efficient
way to estimate the coefficients of the conditional expectation function.
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Hermite polynomials Hj(Z) : R → R are jth polynomials for j = 0, 1, 2, 3 · · · .
These polynomials are orthogonal with respect to the weight function e−

Z2

2 ,
i.e., we have ∫ ∞

−∞
Hj(Z)Hk(Z)

e−
Z2

2

√
2π

dZ = δjk =

{
1, k = j;
0, k 6= j.

(3.6)

Where δjk is the Kronecker delta. Obviously, we can say that Hermite poly-
nomials are thus orthogonal with respect to the standard normal probability
density function. They form an orthogonal basis of the Hilbert space of
functions satisfying ∫ ∞

−∞
|f(x)|2e−

x2

2 dx < ∞

on which the inner product (g(x) is an arbitrary function in Hilbert sapce)
is given

< f · g >=

∫ ∞

−∞
f(x)g(x)e−

x2

2 dx

By the property of Hilbert space, a function of standard normal variable has
the following relation:

Wt(Zt) =
I∑

i=1

< Wt(Zt) ·Hi(Zt) > Hi(Zt) (3.7)

Clearly, if we want to know Wt, what we have to compute is the inner product
< Wt ·Hi >, I is the number of Hermite polynomials. And the inner product
could be written as

< Wt ·Hi > =

∫ ∞

−∞
Wt(Zt)Hi(Zt)e

−Z2
t
2 dZt

= E[Wt(Zt)Hi(Zt)]

(3.8)

Moreover, in simulation, the expected value

E[Wt(Zt)Hi(Zt)] ≈
1

M
W

(k)
t (Zt)Hi(Z

(k)
t )

where k denotes the kth simulated path, k = 1, 2, · · · , M .
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Now let us return to the problem: estimating the conditional expectation
functions. For equation (3.4), we choose the Hermite polynomials as basis
functions in order to make use of the property (3.7), then

V (t,Xt) = E[V (t + 1, Xt+1|Xt = x)] ≈
I∑

i=1

AiHi(Xt) (3.9)

But since our value function V (t,Xt), in general, is not a function of stan-
dard normal variable, we cannot directly expand it on Hermite polynomials.
Therefore, we have to connect our value function with a certain function of
standard normal variable. Therefore, we choose a function φ so that

Xt = φt(Zt), (i.e.)Zt = φ−1
t (Xt) (3.10)

where Z is a standard normal variable. Let

Wt(Zt) = V (t,Xt) = V (t, φt(Zt)) (3.11)

and expand Wt

Wt = E[V (t + 1, Xt+1)|Xt = φt(Zt)]

= E[Wt+1(φ
−1
t+1(Xt+1))|Xt = φt(Zt)]

(3.12)

where Wt+1(φ
−1
t+1(Xt+1)) = V (t + 1, Xt+1) when t + 1 = T , by assumption, is

already known. Combining the equation (3.7) and (3.9) we could write

V (t,Xt) = Wt(Zt)

=
I∑

i=1

< Wt(Zt) ·Hi(Zt) > Hi(Zt)

=
I∑

i=1

AiHi(Zt)

(3.13)

Now we have clues to estimate Wt, however, to choose the function φ so
that the value function could be written as a function of standard normal
variable: Wt(Zt), we need to use some tricks in sampling in Monte Carlo.
Assume we don’t know exactly the distribution of state variable Xt, which
is the general case in practice. Moreover, we have to always pay attention
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to keeping the sample of variables on the domain of Hermite Approxima-
tion so that we can guarantee that the Hermite polynomials’ properties can
be applied appropriately. By choosing certain function φ to map standard
normal variables Zt to state variable Xt, and we first derive the cumulative
density function (cdf)9 from the known scenarios of Xt. Then according to
the principle of inverse transform sampling10, the cdf of Xt are uniform dis-
tributed which can be easily transformed into normal variables. Naturally,
we can get the correlation covariances of the normal variables. This is the
first phase that we get comprehensive information of the distribution of state
variables Xt. Second phase, we first generate independent standard normal
variables Ẑt, then transform them by multiplying the covariance matrix we
got at first phase. Then by conducting the procedures of the first phase
backwards, we could get the scenarios of X̂t which has direct relation with
independent standard normal variables and can be expanded on the Hermite
polynomials. Simply speaking, our simulation procedure is

Xt → FXt(x) = Pr{Xt ≤ x} → Ut = FXt → Zt = Trans(Ut) → Σ = covariance(Zt)

Then we need to connect the random standard normal variables with the
state variables X̂t

Ẑt → ϕ = ΣẐt → Ût = invTrans(ϕ) → F̂Xt(x) = Ût → X̂t

The procedure above guarantees that the simulated scenarios of X̂t has the
same correlations with the original data and most importantly, it builds up
the connection between the independent standard normal variables and the
state variables X̂t. Therefore we can make expansions on the domain of
Hermite Approximation.

Last but not the least, we could generalize Hermite polynomials to multi-
dimensional cases. Define11 ĤJ : Rd → R,

ĤJ(Z1, · · · , Zd) =
d∏

s=1

Hjs(Zs) (3.14)

e.g.two-dimensional case ĤJ=j1,j2(Z1, Z2) = Hj1(Z1)Hj2(Z2). Equation ( 3.13)

9By kernel fit, see Appendix.
10See the Appendix.
11J is a d vector
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which is a one-dimensional case can be represented as

I∑
i=1

AiHi(Z) =
[
H1 H2 · · · HI

] 
A1

A2

· · ·
AI

 (3.15)

We can also rewrite the two-dimensional case as matrix structure. To express
the notation easily to understand, we say, for example, the number of the
basis function for each dimension is 3.

3∑
i=1

3∑
j=1

AijHi(Z1)Hj(Z2) =

H1(Z1)H1(Z2) H2(Z1)H1(Z2) H3(Z1)H1(Z2)
H1(Z1)H2(Z2) H2(Z1)H2(Z2) H3(Z1)H2(Z2)
H1(Z1)H3(Z2) H2(Z1)H3(Z2) H3(Z1)H3(Z2)





A11

A21

A31

A12

A22

A32

A13

A23

A33


(3.16)

It is no longer the usual matrix multiplication but can be recognized as the
Kronecker product12 and rewritten as

3∑
i=1

3∑
j=1

AijHi(Z1)Hj(Z2) = (HI ⊗HJ)vec(A) (3.17)

Where vec(A) denotes the vectorization of the matrix A formed by stacking
the columns of A into a single column vector. Obviously, for high-dimensional
cases, what we need to calculate is

(HI ⊗HJ ⊗ · · · ⊗HD)vec(A)

However, direct evaluation of these Kronecker products, by sheer size, would
cause memory overflow. In practical implementation for multi-dimensional
problems, it is very necessary to use some high-dimension transformation

12If I denotes the number of basis functions we chosen and d is the dimension of the
state variables, clearly, we have to summate Id terms. It is a quite a burden for calculation
in practical implementation. We have to resort to efficient transformation techniques.
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techniques to reduce the computation time and increase the convergence
rate. Den Iseger and Oldenkamp [6] developed an efficient algorithm with
Kronecker product, especially for multi-dimension13. We will use their algo-
rithm to solve our problem.

3.3 Algorithm

we can sum up the algorithm as following:
The first phase (forward part):

1. From the known input variables (e.g. d-dimension) of {Xk
1 , Xk

2 , · · · , Xk
d},

estimate the cumulative density functions FXk
1
(x), FXk

2
(x), · · · , FXk

d
(x);

2. Compute the uniform distributed variables by Uk
1 = FXk

1
(x), · · · , Uk

d =
FXk

d
(x);

3. Transform the uniform distributed variables into normal distributed
variables by Zk

1 = N (−1)(Uk
1 ), · · · , Zk

d = N (−1)(Ud
1 );

4. Compute the covariance matrix Σ of {Zk
1 , Zk

2 , · · · , Zk
d}

The second phase (backward part):

1. Simulating the sample paths {Ẑk
1 , · · · , Ẑk

d}, which are independently
and identically standard normal distributed, k = 1, · · · , M , M is the
number of simulation paths;

2. Transforming the {Ẑk
1 , · · · , Ẑk

d} into {ϕk
1, · · · , ϕk

d} by ϕ = ΣẐ;

3. Making the backward transformation: Ûk
1 = N(ϕk

1), · · · , Ûk
d = N(ϕk

d)
and X̂k

1 = F (−1)(Ûk
1 ), · · · , X̂k

d = F (−1)(Ûk
d ), therefore we get the simu-

lated paths of the variables {X̂k
1 , X̂k

2 , · · · , X̂k
d} which can be expanded

on the Hermite space;

4. Simulating (for each dimension) a fixed number N of X̂
(k,j)
t+1 from X̂k

t

by the transformation function X̂
(k,j)
t+1 = Γ(X̂

(k)
t , Y

(j)
t+1), j = 1, · · · , N ,

therefore we can avoid exponential growing of the estimators14;

13See appendix.
14By fixing the second time simulation numbers, we can make use of the sobol sequence

(Quasi-Monte Carlo). For practitioner, it will save a lot computation time because of fast
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5. Inverse transforming Ẑ
(k,j)
t+1 from X̂

(k,j)
t+1 by the same techniques above;

6. W
(k,j)
t+1 (Ẑ

(k,j)
t+1 ) = Vt+1(φt+1(Ẑ

(k,j)
t+1 )) = Vt+1(Γ(X̂k

t , Y j
t+1));

7. Calculating W k
t = E[W k,j

t+1|Ẑt] = 1
N

∑N
j=1 W

(k,j)
t+1 (Ẑ

(k,j)
t+1 ) = 1

N

∑N
j=1 Vt+1(Γ(X̂k

t , Y j
t+1));

8. Ai = 1
M

∑M
k=1 W k

t Ĥi(Ẑ
k
t ), i = 1, · · · , I, I is the number of basis func-

tions we chosen;

9. computing the value function V (Xt) = ΣI
i=1AiĤi(Ẑ

k
t )

Therefore, we computed the inner product < Wt ·Hi >, and then estimate the
value of Wt, which is the value of the option at time t: V (t,Xt) by equation
(3.13). Then repeat this procedure step by step, at time 0, we could get the
price of the option.

Overall, the modified least-squares method is inspired by Longstaff and
Schwartz’s method and overcome its limitation in choosing good basis func-
tions which is key point to get better estimation results of the valuation,
especially for complicated, high-dimensional derivative securities. Moreover,
the modified least-squares method is numerically more stable and

4 Numerical Examples

4.1 Geometric average option on two assets

Geometric average option is a type of derivative whose payoff is based on
the difference between a the average value of the underlying assets during
the life of the option and a fixed strike, i.e.,the payoff upon exercise of this
option (five underlying assets) is V (t,Xt) = ((X1

t · · ·X2
t )( 1

2
), K)+. We use

this option because the pricing problem can be reduced to a single-asset
American option, which can be priced accurately using a one-dimensional
binomial tree. Therefore, we can compare our results from modified least-
squares method with the “true” price.

convergence rate. The traditional Monte Carlo (MC) using (pseudo) random numbers,
has a convergence rate of only O(N− 1

2 ) (think with Central Limit Theorem arguments
or see Niederreiter, 1992, Theorem 1.1, p.4). Note that this rate is independent of the
dimension d, it depends only of the number of simulations N; Quasi-Monte Carlo (QMC)
rate of convergence can be much faster with errors approaching size of O(N−1) in optimal
cases (see e.g. Morokoff, 2000, pp.765-766, and Birge, 1995, p.2).
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4.2 simple Hybrid: two factor Hull-White Model and
Black-Scholes Equity model

In the two-factor Hull-White model15 the instantaneous short rate r is evolved
by

dr(t) = [θ(t) + µ(t)− ār(t)] + σ1dZ1(t), r(0) = r0

dµ(t) = −b̄µ(t)dt + σ2dZ2(t), µ(0) = 0

where µ can be seen as the (stochastic) mean reversion level satisfying the
differential equation and with (Z1, Z2) a two-dimensional (correlated) Brow-
nian motion. We use two-factor Hull-White model because it is a rich and
flexible model, and is capable of fitting the main interest rate market.

For simplicity, we chose Black-Scholes as equity model.

5 Conclusion

We present a method for pricing hybrid options with multiple underlying vari-
ables by simulation. This approach which can be called a modified Least-
squares method is intuitive, accurate, easy to apply, and computationally
efficient. We illustrate this technique using two examples, including the val-
uation of a geometric average option on two assets as well as a realistic ex-
ample: a simple Hybrid with two factor Hull-White Model and Black-Scholes
Equity model.

It is meaningful to know the exact price of the hybrid options, especially,
for pension funds. On the one hand, they can be aware of how much is exactly
their true funding ratio and whether it is within a required interval. On the
other hand, once it is possible to pricing the hybrid options, pension funds
can try to replicate the options by choosing simple financial instruments so
that they don’t have to spend quite an amount of money to buy the hybrid
derivatives from investment banks.

15We have chosen the Hull-White two-factor model, because it has a number of desirable
properties among other short rate models: first the model is analytically tractable, which
means there are closed-form formulas for bond prices, as well as for the main interest rate
derivatives like caps or swaptions. Because of this the model can be calibrated fast and
accurately, which are both must-haves for the financial industry. Secondly the model is
rich enough to fit the revelent interest rate derivatives prices of the main interest rate
markets. Thirdly the model has significant mass around zero, just as the risk-neutral
density implied by the market volatility skew/smile indicates.
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6 Appendix

6.1 Proof of equation ( 3.3)

6.2 The inverse function

Let g be the inverse function of f i.e. g = f−1. Let
{Φk : k ∈ N0} be the Legendre polynomials. The Legendre polynomials
{Φk : k ∈ N0} are a complete orthogonal polynomial set in L2([0, 1]). These
polynomials are given by

Φk(t) =

√
2k + 1

k!
∂k(tk(1− t)k) (6.1)

Since the shifted Legendre polynomials {Φk(. − j) : k ∈ N0, j ∈ Z} are
a complete orthogonal set in L2(−∞,∞), any function f ∈ L2(−∞,∞) can
be expanded into

f =
∞∑

k=0

∞∑
j=−∞

< f, Φk(.− j) > φk(.− j) (6.2)

Moreover, since the support of these polynomials is [0, 1], we obtain that

f(t) =
∞∑

k=0

< f, φk(.− j) > φk(t− j) t ∈ [j, j + 1] (6.3)

If we let D be the derivative operator we have using the Legendre expan-
sion

Dg(t) =
n∑

k=0

< Dg, Φk > Φk(t), t ∈ [0, 1] (6.4)

with

< Dg, Φk > =

∫ 1

0

Dg(t)Φk(t) dt

=

∫ 1

0

Φk(t) dg(t)

(6.5)

Then we change of variable and we define y = g(t) so we obtain that
t = g−1(y) = f(y) and
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< Dg, Φk > =

∫ g(1)

g(0)

Φk(f(y)) dy

≈
n∑

k=1

wkΦk(f(yk))

(6.6)

Here we had approximated the integral by a finite summation using the
Legendre Gaussian quadrature. The two numbers wk and yk are given. There
is a problem which is that as we don’t know the function g, we can’t compute
the value g(0) and g(1). But we can solve this problem as follows.

Suppose we want to know the function g over the interval [x0, y0]. First
we search the two numbers a and b such that f(a) < x0 < y0 < f(b). Then
we define the function Dg∆(t) = Dg(f(a) + ∆t) with ∆ = f(b) − f(a) and
we obtain by formula (6.4)

Dg∆(t) =
n∑

k=0

< Dg∆, Φk > Φk(t), t ∈ [f(a), f(b)] (6.7)

with

< Dg∆, Φk > =

∫ 1

0

Dg∆(t)Φk(t) dt

=

∫ 1

0

Dg(f(a) + ∆t)Φk(t) dt

Changing of variable we obtain

< Dg∆, Φk > =

∫ f(b)

f(a)

Dg(t)Φk

(
t− f(a)

∆

)
dt

=

∫ f(b)

f(a)

Φk

(
t− f(a)

∆

)
dg(t)

(6.8)

Then if we let y = g(t) we have t = g−1(y) = f(y) and as above in the
equality (6.6) we obtain
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< Dg∆, Φk >=

∫ g(f(b))

g(f(a))

Φk

(
f(y)− f(a)

∆

)
dy (6.9)

However, g(f(a)) = a and g(f(b)) = b by definition of g then we obtain

< Dg∆, Φk > =

∫ b

a

Φk

(
f(y)− f(a)

∆

)
dy

= (b− a)

∫ 1

0

Φk

(
f(a + (b− a)x)− f(a)

∆

)
dx

≈
n∑

k=1

wkΦk

(
f(a + (b− a)xk)− f(a)

∆

)
(6.10)

where wk and xk are given numbers.

Hence we can compute the derivative of the function g over the interval
[f(a), f(b)] with the Legendre expansion given by the formula (6.7). But our
aim is to compute the value of the function g then we have to integrate the
function Dg. We define the operator I as follows

If(t) =

∫ t

0

f(t) dt (6.11)

Before integrating the function Dg in order to obtain the function g, we
can remark that the matrix I defined by

Ijk = < IΦk, Φj > (6.12)

is 3-diagonal.

First, we can easily see that

IΦk ∈ Πk+1 (6.13)

where Πk+1 is the set of polynomial functions which have degree lower or
equal to k + 1.

Second, we remark that the operator I has the following property
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< IΦk, Φj > = − < Φk, IΦj > ∀k, j j 6= 0, k 6= 0 (6.14)

This equality can be proved as follows

< IΦk, Φj > =

∫ 1

0

∫ x

0

Φk(t) dt Φj(x) dx

=

∫ 1

0

∫ 1

t

Φj(x) dx Φk(t) dt

=

∫ 1

0

∫ 1

0

Φk(t) dt Φj(x) dx−
∫ 1

0

∫ t

0

Φj(x) dx Φk(t) dt

=

( ∫ 1

0

Φk(t) dt

)( ∫ 1

0

Φj(x) dx

)
− < Φk, IΦj >

= < Φj, 1 >< Φk, 1 > − < Φk, IΦj >

As {Φk : k ∈ N0} is a complete orthogonal set we have

< Φj, 1 > = 0, j > 0 (6.15)

Then it follows that

< Φj, 1 >< Φk, 1 >= 0, j > 0, k > 0 (6.16)

Finally

< IΦk, Φj > = − < Φk, IΦj >, j > 0, k > 0 (6.17)

We can see that

< IΦk, Φj > = 0 j > k + 1 (6.18)

because as IΦk ∈ Πk+1 we can write

IΦk =
k+1∑
n=0

< IΦk, Φn > Φn (6.19)

Then we have
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< IΦk, Φj > =
k+1∑
n=0

< IΦk, Φn >< Φn, Φj > (6.20)

As 0 ≤ n ≤ k + 1 we have

< IΦk, Φj > = 0 j > k + 1 (6.21)

In the other hand we can also see that

< IΦk, Φj > = 0 j < k − 1 (6.22)

because

< IΦk, Φj > = − < Φk, IΦj >

= − < IΦj, Φk >

= 0, k > j + 1 i.e. j < k − 1

From (6.18) and (6.22) we can conclude that the matrix I is 3-diagonal.

Finally, we have

Dg =
∞∑

k=0

< Dg, Φk > Φk (6.23)

Then by the integral linearity we have

IDg =
∞∑

k=0

< Dg, Φk > IΦk (6.24)

and we can conclude that
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g = IDg =
∞∑

k=0

< Dg, Φk > IΦk

=
∞∑

k=0

< Dg, Φk >
∞∑

j=0

< IΦk, Φj > Φj

=
∞∑

j=0

∞∑
k=0

< Dg, Φk >< IΦk, Φj > Φj

(6.25)

As the matrix I is 3-diagonal, we can easily compute the function g.

6.3 Inverse transform sampling

Inverse transform sampling also known as the probability integral transform,
is a method of sampling a number at random from any probability distribu-
tion given its cumulative distribution function (cdf). The probability integral
transform states that if X is a continuous random variable with a strictly
increasing cumulative distribution function FX , and if Y = FX(x), then Y
has a uniform distribution on (0, 1).

Let F be a continuous cumulative distribution function, and let F−1 be
its inverse function: [9]

F−1(u) = inf{x|F (x) = u, 0 < u < 1}
Claim: If U is a uniform random variable on (0, 1) then F−1(U) follows the
distribution F .

Proof:

Pr(F−1(u) ≤ x) = Pr(inf{x|F (x) = u} ≤ x)16

= Pr(u ≤ F (x))17

= F (x)18

6.4 Efficient implementation with Matrix-Kronecker
product

In mathematics, the Kronecker product, denoted by ⊗, is an operation on
two matrices of arbitrary size resulting in a block matrix. In practice, direct

22



evaluation of the Kronecker products would cause memory overflow. Den
Iseger and Oldenkamp [6] developed an efficient algorithm to avoid direct
computation by reshaping and rewriting.

(AmA×nA
⊗BmB×nB

) xnAnB×1 =

 a11B · · · a1nA
B

...
...

ama1B · · · amAnA
B


 x1

nB×1
...

xnA
nB×1

 .

With simple matrix notation this comes down to

(AmA×nA
⊗BmB×nB

) xnAnB×1 =

nA∑
j=1

akj

(
BmB×nB

xj
nB×1

)
.

The following algorithm computes this equation in Matlabr.
Algorithm:
Input: AmA×nA

, BmB×nB
, xnAnB×1

Output: Z = (A⊗B)x
x = reshape19(x, nB, numel(x)/nB);
y = B∗x;
yT = reshape(transpose(y), numel(y)/nA);
Z = A∗yT .
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