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ABSTRACT
This paper models a Personal Pension with Risk sharing (PPR). We derive several
relationships between the parameters of a PPR. For instance, we show how the Assumed
Interest Rate affects the median growth rate of retirement income. Policyholders can
adopt (at least) two approaches to a PPR — the investment approach and the consumption
approach. In the investment approach, policyholders specify in each period how much to
save or to withdraw, and how to allocate their retirement assets across different investment
options. By contrast, in the consumption approach, policyholders specify the entire
consumption stream in retirement exogenously. We explore these two approaches in full
detail and show how they differ from each other. In accordance with (internal) habit

formation, we allow for excess smoothness and excess sensitivity in retirement income.

*Van Bilsen is with the Department of Quantitative Economics, University of Amsterdam; Bovenberg
is with the Department of Economics, Tilburg University.



PRIVATE PENSION PROVISION IS IN TRANSITION, shifting from defined benefit (DB)
plans towards defined contribution (DC) plans (Investment Company Institute, 2015).
Many employees find the trend towards DC plans undesirable (National Institute on
Retirement Security, 2015). Indeed, a DC plan focusses primarily on wealth accumulation
rather than providing stable lifelong income streams. Bovenberg and Nijman (2015) have
introduced a new pension contract called a Personal Pension with Risk sharing (PPR)
that can play an important role in the provision of old-age security. A PPR unbundles
the three main functions of variable annuities: investment, (dis)saving and insurance.'
In particular, it individualizes the investment and (dis)saving functions and organizes the
insurance function (i.e., pooling of micro longevity risk) collectively.??

This paper models a PPR. We define a PPR in terms of seven parameters (e.g.,
investment policy, Assumed Interest Rate, volatility of retirement income). We show
how the budget constraint implies several relationship between the parameters of a PPR.
The budget constraint does, however, not uniquely identify the values of all parameters.
As a consequence, policyholders must specify some parameter values exogenously. They
can specify the parameter values according to (at least) two different approaches — the
investment approach and the consumption approach. We explore these two approaches
in full detail and show how they differ from each other.

In the investment approach, policyholders specify in each period how much to save
or to withdraw, and how to allocate their retirement savings across different investment
options. Insurers commonly adopt the investment approach. For instance, if a person
wants to buy a variably annuity, insurers typically offer a selection of investment options
and Assumed Interest Rates (AIRs). Pension payments (henceforth called annuity units)
follow endogenously in the investment approach. In particular, the investment policy and
the AIR together determine the median growth rate of current annuity units. Indeed, if a
policyholder adopts a more aggressive investment policy (to earn a higher expected return
on investment) and leaves the AIR unaffected, the median growth rate of current annuity

units increases. Changes in not only the investment policy but also in the expected

'A PPR differs from a variable annuity in several important aspects. First, a PPR defines property
rights in terms of a personal investment account rather than an income stream. Second, a PPR allows
for more flexibility in customizing portfolio and drawdown policies to individual needs. Third, a PPR
integrates the accumulation phase with the payout phase.

Individualization of the investment function is possible without any welfare loss. Indeed, pooling of
systematic risks does not generate any welfare gain. In fact, individualization of the investment function
may even lead to an welfare improvement, because insurers can now tailor policies to individual needs.

3By pooling micro longevity risk and taking systematic risks, policyholders can achieve lifelong income
streams at relatively low costs.



return on equities alter the median growth rate of current annuity units. Hence, if a
person prefers a stable median income stream during the payout phase, he may not want
to adopt the investment approach.

Standard variable annuities fully reflect a wealth shock into current annuity units;
that is, current annuity units respond one-to-one to a change in wealth (see, e.g., Chai,
Horneff, Maurer, and Mitchell, 2011; Maurer, Mitchell, Rogalla, and Kartashov, 2013b).4
As a result, in a standard variable annuity, a wealth shock does not affect the AIR.
By contrast, a PPR allows a wealth shock to be absorbed gradually to reduce the
year-on-year volatility of retirement income. This so-called buffering of wealth shocks
is optimal in the presence of (internal) habit formation (see Fuhrer, 2000). In the case
of buffering, a wealth shock affects not only current annuity units but also the AIR.
Furthermore, as the policyholder ages and the duration of the cash flows declines, the
ATR becomes less effective in absorbing wealth shocks. Accordingly, in order to prevent
extreme year-on-year volatility of retirement income at advanced ages, the policyholder
may want to reduce the equity risk exposure as he grows older.

In the consumption approach, policyholders specify the entire consumption stream
in retirement exogenously.” We characterize the consumption stream in terms of three
parameters: the annuity units at the age of retirement, the median growth rate of annuity
units and the volatility of annuity units. The contribution level, the investment policy and
the discount rate follow endogenously from the (stochastic) liabilities. Policyholders thus
adopt the principle of liability-driven investment (and not the principle of asset-driven
liabilities). In fact, the investment policy consists of two endogenous components: a
speculative component and an intertemporal hedge component. This decomposition
is familiar from the literature on optimal consumption and portfolio choice under a
stochastic investment opportunity set (see, e.g., Brennan and Xia, 2002; Wachter, 2002;
Chacko and Viceira, 2005; Liu, 2007). The speculative portfolio allows policyholders to
take advantage of the equity risk premium, while the hedge portfolio hedges changes in
the investment opportunity set that affect the costs of annuity units (Merton, 1971).°

The hedge portfolio thus allows policyholders to achieve a stable median income stream.

*Insurers have developed variable annuities for which payouts respond sluggishly to an unexpected
wealth shock (see, e.g., Guillén, Jorgensen, and Nielsen, 2006; Maurer, Rogalla, and Siegelin, 2013a;
Maurer, Mitchell, Rogalla, and Siegelin, 2014). However, these variable annuities are often based on
complex profit-sharing rules and hence are difficult to value.

*Brown, Kling, Mullainathan, and Wrobel (2008, 2013) find that individuals value annuities more if
framed in terms of consumption rather than investment.

6Changes in the investment opportunity set are due to shocks in e.g., the interest rate.



We allow the volatility of consumption to increase with the investment horizon (i.e., a
wealth shock has a smaller impact on consumption in the near future than on consumption
in the distant future). Buffering of wealth shocks in this way implies an excessively smooth
and excessively sensitive consumption stream. Aggregate consumption data also exhibit
these properties (see, e.g., Flavin, 1985; Deaton, 1987; Campbell and Deaton, 1989).
Excess smoothness and excess sensitivity in consumption is also consistent with internal
habit formation (see Fuhrer, 2000).

I. Modelling a Personal Pension with Risk Sharing

This section models a PPR. Section I.A describes the financial market. Section I.B
specifies the survival probabilities. These probabilities play an important role in a PPR.
Indeed, a PPR pools micro longevity risk. Section I.C introduces the budget condition.
This condition states that the policyholder’s wealth should match the value of the pension
liabilities in every state of nature. Section I.D examines the dynamics of the wealth
process, while Section I.E investigates the dynamics of the value of the liabilities. Finally,
Section I.F explores how the budget condition implies several relationships between the

parameters of a PPR. Throughout, we consider only the payout phase.

A.  Financial Market

This section introduces the financial market. Our specification of the financial market
is closely related to Liu (2007). The only difference between Liu’s specification and
our specification is that he does not assume a complete financial market, whereas our
specification does.® Denote by X, an N-dimensional vector of state variables. This
vector characterizes the asset prices in the financial market. The vector of state variables
could include the short-term interest rate, the realized rate of inflation, or predictors of

stock returns. We assume that X, satisfies the following dynamic equation:
dX, = X dt + 3% dz,, (1)

7Comsumption is excessively smooth if consumption under-responds to wealth shocks; consumption is
excessively sensitive if past wealth shocks have predictive power for future consumption growth.

8The financial market is complete only with respect to financial risk. Hence, micro longevity risk
cannot be eliminated by trading in the financial market.



where the drift term x~ and the diffusion matrix &% are an N-by-1 vector function and
an N-by-N matrix function of X,, respectively, and Z, is an N-dimensional standard
Brownian motion. We denote the correlation structure of the stochastic processes by the
N-by-N matrix p; here, the (i,7)th element of p represents the correlation coefficient
between dZ;, and dZ;.

We consider a financial market consisting of N risky assets and one (locally) risk-free
asset. The vector of risky asset prices P, = (Pyy, . .., Py;) and the risk-free asset price Py,

satisfy, respectively, the following dynamic equations:”

dP, = p(Xy) P dt + X(X,) P, dZ,, (2)
dFy = Rf (Xy) For dt. (3)

The drift term y (X;), the diffusion matrix 3 (X;), and the risk-free interest rate R (X,)
are functions of X,. When there is no confusion, we write u (X;) as u, X (X;) as X, and
Rf (Xt) as Rf

B.  Survival Probabilities

To protect policyholders against outliving their financial assets, a PPR distributes the
accumulated retirement savings of someone who dies among the surviving policyholders
of the same age group.'” Hence, a PPR pools micro longevity risk. We assume that
the risk-sharing pool is sufficiently large, so that the law of large numbers applies.
Furthermore, we abstract away from macro longevity risk.

Denote by y the date of birth of a policyholder, by z, the age at which policyholders
retire, and by x,,,, the maximum age policyholders can reach. If the date of birth y falls

between time ¢ — z, and time ¢ — z,,,, and the policyholder has survived to time ¢, then

max

this policyholder receives a pension payment at time £. We denote the probability that a
policyholder aged x =t — y will survive to age x + h by

h
WDy = €Xp R — /9z+vdv ) (4)
0
9For notational convenience, we often write a column vector in the form z = (zq,...,2y), where z;

represents the ith element of z.

1OAlternaLtively7 a PPR can distribute the accumulated retirement savings of someone who dies among
the surviving policyholders of all age groups. In either case, micro longevity risk is eliminated only if
the risk-sharing pool is sufficiently large.



Here, 60, represents the force of mortality (or hazard rate) at age x + v.

C. Budget Condition

In a PPR, the value of the policyholder’s wealth should match the value of the pension
liabilities in every state of nature. Indeed, external risk absorbers are absent in a PPR.
Let W, , and V;, denote, respectively, the value of the investment account and the value
of the pension liabilities at time ¢ of a policyholder born at time y. Mathematically,

budget balance implies that for each t € [y + x,, Yy + Tpmax]
Wt,y = ‘/t,y' (5)

The budget condition (5) states that the personal ‘balance sheet’ funding ratio W, /V, ,
is equal to unity in every state of nature. By It6’s Lemma and the budget condition (5),
dlogW,, = dlogV,,. We explore the dynamics of log W, , and log V; , in Sections I.D
and [.E, respectively. Section I.F derives several relationships between the parameters of
a PPR that follow from the budget condition (5).

D.  Dynamics of the Wealth Process

The value of the investment account satisfies the following dynamic equation:
W,y = (O + Ry + ey [0 = By ) Wy dt 4+, SW, , dZ, - Byydt. (6)

Here, 6,_, > 0 represents the biometric rate of return at time ¢ of a policyholder born

at time y," Wy, is an N-by-1 vector of portfolio weights (i.e., w;;, denotes the share of

i,y
wealth invested in the ¢th risky asset at time ¢ of a policyholder born at time y),12 and
B, ,, denotes current annuity units at time ¢ of a policyholder born at time y. The symbol
“T’ represents the transpose sign.

Application of It6’s Lemma to log W, , yields

B
dlog W, = <9t_y + uKZ) dt +w],DdZ, — 2 dt, (7)

ty

" The accumulated retirement savings of someone who dies goes to the surviving policyholders of the
same age group (and not to the heirs). Hence, surviving policyholders earn an additional return.

2The share of wealth invested in the risk-free asset is given by 1 — Ef\;l Wit y-



where u% stands for the (geometric) expected financial return on wealth at time ¢ of a

policyholder born at time y:'*

1
#X‘; =R, + w,Iy (u — Rf) — §waZpZth,y. (8)

The last term on the right-hand side of (8) is called an It6 correction term.

E.  Dynamics of the Value of the Liabilities

E.1. Conversion Factor

Denote by C,, the conversion factor at time ¢ of a policyholder born at time y. We

define this factor as follows:
Viy

Cp, =¥
t7y :
Bt7y

(9)

The conversion factor Cy , is the factor at which policyholders can convert current annuity
units B, , into pension wealth W,, = V,, (ie., B,,C;, = V;,). It thus models how
policyholders allocate pension wealth between current and future annuity units. We
allow the conversion factor to depend on past speculative shocks and future expected
financial rates of returns.'*

By It6’s Lemma and equation (9), we find
dlogV,, = dlogC, , +dlog B, . (10)

Hence, to derive the dynamics of log V; ,, we first need to derive the dynamics of log C ,
and log B, ,. Sections L.LE.2 and L.E.3 investigate the dynamics of logC;, and log B, ,,

respectively.

3We note that the geometric expected financial return differs from the arithmetic expected financial
return Ry + thy (u — Rf).

147, dampen the impact of a speculative shock on current annuity units, we allow policyholders to
adjust the conversion factor following a speculative shock.



E.2.  Dynamics of the Conversion Factor

Denote by V, , , the amount of pension wealth that the policyholder needs to finance

future annuity units B, ,. The value of the total liabilities is thus given by

xmax_(t_y)
Viy= / Viyndh. (11)
0
We define C; , 5, as follows:
‘/t y,h
= ¥ 12
t,y,h Bt7y ( )

Using (9), (11) and (12), we can write the conversion factor C;, as follows:

mmax_(t_y) mmax_(t_y)

1
Vi dh = / ¢,

C, =
t?y
Bt’y

, dh. (13)

Y 'Y,

Let d;,, be the so-called (forward) discount rate at time ¢ for horizon v > 0 of a

policyholder born at time y. We implicitly define the discount rate 9, , as follows:

h
Ot,y,h = hptfy €Xp § — / 5t,y,v dv . (14)

0

The discount rate models the speed at which policyholders withdraw their pension wealth.
We allow the discount rate to depend on past speculative shocks and future expected

financial rates of return. Hence, we can write ¢; , , in terms of two components:
_ b f
5t,y,v - 5t7y,v + 5t,y/v' (15)

Here, 5,?,%1} models how the discount rate depends on past speculative shocks. By increasing
(52%1, following a negative speculative shock, we allow policyholders to absorb (part of) a
speculative shock into future (rather than current) annuity units. The term 5{ y0 models

how the discount rate depends on future expected financial returns. Depending on his
f

ty,v

as the backward-looking

intertemporal rate of substitution, a policyholder may want to adjust ¢ if future

investment opportunities change. We refer to 52%@ and 5{ "

and forward-looking component of é; , ,, respectively.



Using (4), (14) and (15), we can write C, , j, as follows:

C(t,y,h = F;t,y,hAt,y,h7 (16)
where
h
-F;f,y,h = €xp - / 521/,1} dU ) (17)
0
h
Ay yn = €xp —/ <9t+u—y + 51{3/,1;) dv ;. (18)
0

We refer to F, ,, , and A, ,, j, as the horizon-dependent funding ratio and the horizon-dependent

annuity factor, respectively.'”

E.2.1 Dynamics of the Horizon-Dependent Annuity Factor Ay, j,

In order to derive the dynamics of the horizon-dependent annuity factor A, ,, we
assume that the forward-looking component of the discount rate §£ o depends on ¢ and

X, (y and v are fixed). As a result, the average forward-looking component of the

~ h
discount rate, i.e., 5tfyh =/ 5tf7y’v dv/h, also depends on ¢t and X,. By Itd’s Lemma, the
0

~ h
log horizon-dependent annuity factor log A, , = — ((5{ sl + i 1oy dv) satisfies now
0

the following dynamic equation:

dlog A, = <0ty +6,, - ( Mx>T Dy — % <5gfy,hh)

(19)
_%Tr {<2X>THX (Sz%hh) ZX}) df — <2X>TDt7y7h " 19

Here, D,,, = Vx (@i%hh) and Hy <5£y7hh> are the gradient and Hessian matrix of
5f

i.ynfv With respect to X;, respectively, and Tr denotes the trace operator.

15We note that the budget condition is satisfied in every state of nature (i.e., the personal ‘balance sheet’
funding ratio W, , /V; , always equals unity). By contrast, the ‘cash flow’ funding ratio F, , = W, , /A, ,

Trmax—(t—Y)
can deviate from unity. Here, A, , = i Ay yp dh.
0



E.2.2  Dynamics of the Horizon-Dependent Funding Ratio F ),

xmax_(t_y)
Equation (19) shows that the annuity factor A, = [ A, ndhis (typically)
0
stochastic. The hedge portfolio aims at hedging stochastic variations in the annuity

factor. If the hedge portfolio differs from the actual portfolio, the policyholder takes
speculative risk. The budget condition is satisfied in every state of nature (see (5)).
Hence, policyholders must absorb a speculative shock in either current annuity units B,
or the conversion factor C , or a combination of both.

Denote by wts: , the N-dimensional vector of speculative portfolio weights at time ¢ of
a policyholder born at time y. The speculative shock at time ¢ is thus given by wf: g2 dZ,.
We assume that a policyholder absorbs a fraction ¢, ; of the current speculative shock
into future annuity units B, ,. That is, the exposure of logV, , , = logC, , }, + log B, ,
to the current speculative shock equals ¢, , ;. We assume that the function ¢, (which
we call the buffering function) increases with the horizon h, so that a current speculative
shock has a larger impact on cash flows in the distant future than on cash flows in the
near future. To absorb the entire speculative shock into current and future annuity units,

we must have that
$max_(t_y)

at,y,th,y,h dh = 17 (20)

where
at,y,h = Ct,y,h/ct,y' (21)

The exposure of logC, , ,, = logV,, , —logV} , o to the current speculative shock is equal
to ¢yn — Qiyo- Hence, the horizon-dependent funding ratio (which models how the

conversion factor depends on past speculative shocks) is given by

t

-
Ft,y,h = €Xp / (qs,y,t+hfs - QS,y,tfs) <wiy> )Y dZs : (22)

+x,

By comparing (17) with (22), we arrive at

h t
< b s\
5t,y,h = /5t,y,v d’l}/h = - / (qs,y,t+hfs - QS,y,tfs) (ws,y> by dZS/h
(23)
0 y+x,
= —log Fy /M.

10



Equation (23) shows how past speculative shocks affect the backward-looking component
of the discount rate. In the case of no horizon differentiation in risk exposures (i.e., g, 5
is independent of h), past speculative shocks do not affect the conversion factor C,,.
Indeed, in the absence of horizon differentiation in risk exposures, policyholders fully
absorb speculative shocks into current annuity units. The backward-looking component
of the discount rate is thus the direct consequence of the gradual adjustment of current
annuity units to speculative shocks. The horizon-dependent funding ratio satisfies the

following dynamic equation (this follows from equation (22)):

t

T T
leg F;t,y,h = (qt,y,h - qt,y,O) (ME;) E dZt - / dqs,y,t—s (wss,y) E dZs (24)

y+z,

The first term at the right-hand side of (24) represents the effect of a current speculative
shock on the funding ratio. The second term at the right-hand side of (24) denotes past

speculative shocks that are gradually being absorbed into current annuity units.

E.2.3  Dynamics of the Horizon-Dependent Conversion Factor Cy,,

The log horizon-dependent conversion factor obeys the following dynamics (the first
equality follows from (16) and It6’s Lemma, and the second equality follows from (19)
and (24)):

d log Ct,y,h = d lOg Ft,y,h -+ d log At,y,h
0 /-
= (Ht_y + 5tf,y7h - Dt—l,—y,h:U’X - a <5tf,y,hh)
1 - (25)
—5T {(zx) Hy (3,,0) =% ) dt

t

ST T X ST
([Qt,y,h - qt7y70:| wtvy E - Dtay7h2 > dZt - / dq57y7t_sw87y Z dZS.
y+z,

E.2.4  Dynamics of the Conversion Factor Cy,

The dynamic equation of the log conversion factor is given by (this follows from It6’s
Lemma and equations (13), (20) and (25))

T 1
dlog Cyyy = (0, + 4, ) dt + <[1 ~ o] (W) T Dgsz) A%, — z—dt.  (26)

t,y

11



~ Imaxf(tfy)
Here D, , = i 5Dy AR denotes the sensitivity vector of the conversion factor
0

with respect to the underlying state variables and ,ufy dt is the expected financial rate of

return on the conversion factor:

xmax_(t_y) 1 xmax_(t_y)
,ufy dt = / g By [d log C’ny,h] dh + 3 / ay,pdlogCy, , dlog Cy
0 0
2
$max_(t_y) a;max_(t_y) ( 7)
- 5 at7y7iat7y7j d ].Og Ct,y,i d ].Og Ct,y,j - Qtiy dt
0 0

The quantity dlog C; ,, ; dlog C, , ; denotes the quadratic covariation between log C, , ; and
log C ,, ;. More specifically,

S T T X
d10g Cpy; 108 Cryy = ( [dhys = eyl (w5,) == Dym™ ) xp

§ . (28)
X ([quy,j - qty,O} <wts:y> X — D?IJ’EX) dt.

E.3.  Dynamics of Current Annuity Units

We specify the annuity units at time ¢+ h of a policyholder born at time y as follows:

t+h t+h
BT
Biyny = Byya yeXD / v, ds+ / S0 nosdZ, 3. (29)
+z, Y+,

Here, fygf , denotes the (unconditional) median growth rate of annuity units at time ¢ of a
policyholder born at time y and the vector Ef »,» models the exposure of future log annuity
units log By, to a current Brownian shock dZ,. We require that Ef y.h increases with
the horizon h, so that a current Brownian shock has a larger impact on annuity units in

the distant future than on annuity units in the near future. It follows from (29) that

t+h t+h
BT
Bt+h,y = Bt,yFt,y,h exXp / 7£y ds + / 287y,t+h—s dz, ¢, (30)
t t

12



where
t

Fun=expd [ (S~ SH)dz, o (31)

+x,

Comparison of (31) with (22) yields

.
EE?Ih = Gty <wt5:y> 2. (32)

Equation (32) relates the vector of speculative portfolio weights to the volatility of annuity
units.

Log annuity units log B, , evolve according to (this follows from (29)):

t
dlog B,, =/, dt + £7)dZ, + / vl dZ, =5, dt + 2], dZ,. (33)

Y+,
Here, 7;, denotes the actual median growth rate of annuity units. We allow the actual

median growth rate of annuity units to depend on past Brownian shocks and current

expected financial rates of return. Hence, we can decompose v, , as follows:

PYt,y = %IS),y + ’yt]jgp (34)

where
t

Yoy = / sl dZ,. (35)

y+z,

The parameters yf,y and %{ , are referred to as the backward-looking and forward-looking
component of v, ,, respectively. Equation (35) represents past Brownian shocks that are

absorbed into the median growth rate of annuity units.

F.  Relationships between the Parameters of a PPR

The previous sections have modelled a PPR in terms of seven parameters. The first
column of Table I lists these parameters. This section derives several relationship between
the parameters of a PPR that follow from the budget condition (5). This condition is

13



equivalent to the following two conditions:

Wyio,y = Virany = Byia,yCyta,y (36)
dlogW,, =dlogV,, = dlog B, , + dlog C, ,. (37)

Substitution of (7), (26) and (33) into (37) yields
T ~
0= (1l — 4y = 70y At + <wlyz — (wf,) =+ DtTsz) dz,. (38)

Using (36) and (38), we find the following system of equations:

Wy+xwy - By+wmyCy+xmy7 (39)
’Yt,y = ,ul/,lg/; - /}“tc,’ya (40)

T
Wiy = (wf,y) - D, xru (41)

Policyholders can use this system of equations to determine the values of the parameters.
The second equation (see (40)) shows that the median growth rate of annuity units
equals the difference between the expected financial return on log pension wealth and the
expected financial return on the log conversion factor. The third equation (see (41)) shows

that the vector of portfolio weights w, , is equal to the sum of the vector of speculative

T A
portfolio weights wf , and the vector of hedge portfolio weights o.zgy =— (EXE_1> D,,.

We also have a restriction for every horizon h (see also (32)):

-
Efyvh = dty,h (wfy> 2. (42)

Equations (39) — (41) do not uniquely identify the parameters of a PPR. Policyholders
must thus specify the values of some parameters exogenously. The parameters of a
PPR can be specified according to at least two approaches — the investment approach
and the consumption approach. In the investment approach, policyholders specify the
discount rate, the investment policy and the buffering function exogenously; see also the
second column of Table I. In the consumption approach, policyholders specify the initial
annuity units, the median growth rate of annuity units and the volatility of annuity
units exogenously; see also the third column of Table I. The next sections explore the

investment approach and the consumption approach in more detail.

14



Table 1
Investment Approach and Consumption Approach

The second (third) column of this table summarizes the exogenous and endogenous parameters of the
investment (consumption) approach.

Parameter Investment Approach Consumption Approach
Initial Account Value W, . Exogenous Endogenous

Portfolio Strategy w; , Exogenous Endogenous

Discount Rate 6£ uh Exogenous Endogenous

Buffering Function ¢; ,, p, Exogenous Endogenous

Initial Annuity Units B, , Endogenous Exogenous

Volatility Vector Ef v.h Endogenous Exogenous

Growth Rate ’yff v Endogenous Exogenous

II. Investment Approach

This section explores the investment approach. In this approach, policyholders specify
the initial account value, the forward-looking component of the discount rate, the vector
of portfolio weights and the buffering function ¢, ;; see also Table I. The annuity units
at the age of retirement, the forward-looking component of the median growth of annuity
units and the volatility function EEy,h follow endogenously. Section II.A specifies the
vector of state variables and its dynamics. Section I1.B considers the investment approach
with the restriction that ¢, is independent of h (i.e., past speculative shocks do not

affect the discount rate). We relax this restriction in Section II.C.

A. State Variables

For the sake of simplicity, we characterize asset prices by the following three state
variables: the rate of inflation 7, the (short-term) real interest rate r,, and the nominal
stock price S,. Hence, X, = (m,1,S;). Following Brennan and Xia (2002), the rate
of inflation and the real interest rate are driven by mean-reverting processes of the
Ornstein-Uhlenbeck type. We describe the stock price by a geometric Brownian motion.

The drift term p~ and the diffusion coefficient ¥* are thus specified as follows:

n (ﬁ- - ﬂ-t) Or 0 0
pr=1 wG-r) |, T =0 o o0 [ (43)
StRf + StASO-S 0 O StOS

15



Here, n > 0 and x > 0 are mean reversion coefficients, 7 and 7 denote long-term means,
Ag is the constant equity risk premium per unit of risk, and o, > 0, g, > 0 and og > 0
correspond to diffusion coefficients.

Policyholders invest their wealth in three risky assets: two nominal zero-coupon bonds
(with different times of maturity hy = T} — ¢ and hy = T, — t) and a risky stock. We
find the following expressions for the expected excess return yu — Ry and the the diffusion

matrix ¥ (see Appendix):

_AWO-WKhl — ArUthl _O-’R'Khl —O',,.th 0
= Rf = _)\FO-WKhQ - )\rO-TLhQ ) Y= _(J'7T[(}12 _O-TLhQ 0 (44)
AsOs 0 0 o

Here, A = (A, A\, Ag) is the vector of market prices of risk, K, = Tl] (1 — 67"h> and
Lh = % (1 — e_ﬁh>.

B. Direct Absorption of Speculative Shocks

Figure 1 illustrates the investment approach with the restriction that the buffering
function ¢, , j, is independent of h and the discount rate 6, is constant (i.e., 8, ,, = 9).
Standard variable annuity products typically satisfy these two assumptions (see, e.g.,
Chai et al., 2011; Maurer et al., 2013b). A constant discount rate implies that the vector

of hedge portfolio weights is equal to zero:
wit = 0. (45)

The annuity units at the age of retirement, the forward-looking component of the median

growth rate of annuity units and the function Ef . follow from equations (39), (40) and
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(41), respectively. We find"®

%74
B, ., , == (46)
Yy Y Cy—‘rmr’y
1
’ygjy =r,+m+ wa (u - Rf) — EwaEpZth,y — 0, (47)
T
o = () = (48)

As shown by equation (47), the expected return on pension wealth and the discount
rate together determine the median growth rate of annuity units. As a result, the
median growth rate of annuity units is not constant, but rather depends on the real
interest rate and the rate of inflation. If policyholders aim to achieve a stable median
pension stream during the payout phase, the dependence of the median growth rate on
the state variables is undesirable. To obtain a constant median growth rate, policyholders
should determine the discount rate endogenously. Section III derives the discount rate
under the assumption that policyholders specify the median growth rate of annuity
units exogenously. Furthermore, equation (48) shows that every cash flow has the same
exposure to a current speculative shock. Indeed, the annuity factor remains unchanged

following a speculative shock.

C.  Gradual Absorption of Speculative Shocks

This section allows ¢, to depend on the investment horizon h. As a result, the
backward-looking component of the median growth rate of annuity units no longer equals
zero (see equation (23)). The forward-looking component of the median growth rate of
annuity units is still given by equation (47). However, equation (48) is no longer valid.

The exposure of future annuity units to a current Brownian shock is now given by

-
Efyvh = Gty (wfy> 2. (49)

It follows from equation (20) that ¢, , converges to one as age approaches death. Hence,
under the condition that the vector of speculative portfolio weights wf , 1S constant over
time, the volatility of future annuity units Ef ».» increases as policyholders grow older. To

maintain a stable consumption stream over the life cycle, policyholders may thus want

5We note that the backward-looking component of the median growth rate of annuity units is equal
to zero.
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Figure 1. Illustration of the investment approach: A special case. The figure illustrates
the investment approach with the restriction that the discount rate is constant and the function ¢, , 5
is independent of h. The left-hand side of the figure shows the exogenous design parameters of the
pension contract. These exogenous parameters determine the parameters of the pension contract on the
right-hand side of the figure.

to adopt a life cycle investment strategy, so that Efyjh remains constant over the course

of their lives.

III. Consumption Approach

This section explores the consumption approach. In this approach, policyholders
specify the entire consumption stream in retirement exogenously. Section III.A examines
the Defined Benefit (DB) approach in which consumption is constant in either nominal

or real terms. Section III.B extends the DB approach to stochastic pension payments.

A. Defined Benefit Approach

In the DB approach, policyholders specify how much to consume at the age of
retirement and the rate at which consumption grows over time. Pension payments either
grow with the inflation rate (guaranteed real pension payments) or do not grow at all
(guaranteed nominal pension payments). In this section, we derive the discount rate and
the vector of portfolio weights endogenously from the liabilities of the pension contract.
This contrasts with Section II in which policyholders specify the discount rate and the

vector of portfolio weights exogenously. Figure 2 illustrates the DB approach.
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Figure 2. Illustration of the DB approach. The figure illustrates the DB approach. The left-hand
side of the figure shows the exogenous parameters of the pension contract. These exogenous parameters
determine the parameters on the right-hand side of the figure.

The DB approach specifies the growth rate of annuity units as follows:

Yoy =y =9 T, (50)

where g € {0,1}. If g equals zero (unity), consumption is constant in nominal (real)
terms. The coefficient g determines the discount rate and the vector of hedge portfolio
weights.!” The following specification of the discount rate yields budget balance (see
Appendix):

Ouyn = 01y n = don + dup - 7+ doy 14, (51)

where the coefficients dy,, d;;, and dy;, follow endogenously from the liabilities of the
contract. The vector of portfolio weights wtli, depends on lA)ty = foxm‘”‘_(t_y) Ay nDyyp dh

as follows (see also (41)):
T A
wly == (=) D, (52)

Here, Dt,y,h = VX foh 515,1] d'U = <f0h dlv dv,foh d2v dU,O) = (Dlh’D2h7D3h) = Dh denOteS

"We note that the vector of speculative portfolio weights is zero by definition.
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the sensitivity vector of the discount rate gtyy’hh with respect to the state variables. The

coefficients dgy,, dy;, and dy, solve the following system of equations (see Appendix):

- 1
do, = —Dp 2¥% 7! (M - Rf) + 1D, T + KDgpT — §D;EXPDh2XT7 (53)
dy, =1 —g—nDyy, (54)
d2h = 1 — K/DQh. (55)

This system of equations shows that the coefficient g determines the discount rate (51).

A.1. Guaranteed Nominal Pension Payments

Policyholders receive guaranteed nominal annuity units if ¢ = 0. Solving (54) - (55),

: —nh —kh 18
we arrive at dy, = e " and dy, = e .

and dy, into equation (51) and using e "My, + e, + (1 — e_“h> T+ <1 - e_”h> T =

Substituting the expressions of dy,, dy

E, [reen + mpn), we find

5t,y,h = Et [rt—l-h + 7Tt+h] - Dlh)‘rar - D2h)‘7r0-7r

1 , 1 ) (56)
D) (Dthr) D) (D2h<77r> — p12D1p, Dopo,0,.

The discount rate (56) equals the nominal forward interest rate r, j, (see equation (A11) in
the Appendix). Indeed, payments are risk-free. As a result, funds should use the risk-free
term structure to discount future liabilities. The inflation sensitivity and the real interest
rate sensitivity of the liabilities are given by ﬁlt,y = % foxmaxi(tiy) Aty h (1 - einh) dh and

ﬁZt,y =1 Oxm"*(t*y) gy (1 - ef”h> dh, respectively. Pension funds can replicate the
pension contract by investing in a portfolio of nominal bonds with inflation sensitivity

Blt,y and the real interest rate sensitivity ZA)Qt,y.

A.2.  Guaranteed Real Pension Payments

Policyholders receive guaranteed real annuity units if g = 1. Solving (54) - (55), we

arrive at dy;, = 0 and dyy, = e ™. The discount rate is equal to the real forward interest

18Substituting g = 0 into (54) and using D;, = foh dy, dv, we arrive at dy, = 1 — nfoh dy, dv.

Substitution of d;, = ¢~ into this equation yields e~ 7" = 1—p foh e "dv=1 —77% (1 - efnh) =e
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rate:
1 2

5t,y,h = E, [Tt+h] — Doy Ao, — 5 (DZhUr) . (57)

The value of the liabilities is insensitive to changes in the inflation rate. Indeed, pension
payments are guaranteed in real terms. The real interest rate sensitivity of the liabilities is

given by ﬁ2t,y _ %foffmax_(t—y)

Qg (1 — e_”h> dh. To guarantee the pension payments to
the policyholders, pension funds should invest in an investment portfolio that is insensitive
to changes in the inflation rate and has the same real interest rate sensitivity as the

liabilities.

B. Defined Ambition Approach

The Defined Ambition (DA) approach generalizes the DB approach to stochastic
pension payments. In the DA approach, policyholders specify how much to consume at
the age of retirement, the median rate at which consumption grows over time and the
degree of uncertainty in consumption. As in the DB approach, the discount rate and the
vector of portfolio weights follow endogenously from the liabilities of the pension contract.

The DA approach generalizes the growth rate of annuity units (50) as follows:

Vow =My =G0+ 91 T+ g2 10, (58)

where the coefficients gy, g; and g, are given exogenously. We note that if g; € {0,1} and
go = go = 0, then (58) coincides with (50). In the Appendix, we show that the following
specification of the discount rate yields budget balance:

Seyn = 61,5 = don + duipy - T, + dop, - 7. (59)

Here, the coefficients dg;,, d;;, and dy, are determined by the liabilities of the pension
contract. The vector of hedge portfolio weights wfy is given by
H Xe-1) | A
wly == (=¥7) D, (60)
where D,, = [T o, D, dhwith D, , = ( S dy, dv, [ dy, do, o). The vector
D, , , measures how sensitive the discount rate 5,5,% »h is with respect to the state variables.

Section III.B.1 assumes that the exposure of future annuity units to a current Brownian

shock does not depend on the horizon h; that is, Zf wh = ». Figure 3 illustrates this
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Figure 3. Illustration of the DA approach: Direct adjustment of annuity units. The figure
illustrates the DA approach with direct adjustment of annuity units. The left-hand side of the figure
shows the exogenous parameters of the pension contract. These exogenous parameters determine the
parameters on the right-hand side of the figure.

case. Section III1.B.2 considers the DA approach with gradual adjustment of annuity units

to Brownian shocks. This case is illustrated by Figure 4.

B.1.  Direct Adjustment of Annuity Units to Speculative Shocks

The volatility vector ©7 determines the vector of speculative portfolio weights as

follows: .
w,‘fy =¥ = <EBE_1> . (61)

The vector of total portfolio weights is thus given by

T —~ T
wiy = +wfy, = (2°57) = (DL, z¥7) (62)
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Figure 4. Illustration of the DA approach: Gradual adjustment of annuity units. The figure
illustrates the DA approach with gradual adjustment of annuity units. The left-hand side of the figure
shows the exogenous parameters of the pension contract. These exogenous parameters determine the
parameters on the right-hand side of the figure.

The coefficients dyy,, d;;, and dy, solve the following system of equations:

doy, = —go + kDo 7 + 0Dy, T + (EB — D,IEX) S (- Ry)

1
2

Solving (64) — (65), we arrive at di, = (1—g;)e ™ and dy, = (1 —go)e ™,

1
— -D} ¥ pD, ¥ — Z%B)

2

dip =1 — g1 —nDsp,
dop, = 1 — gy — KDyy,.

T T
(27) st (o)

forward-looking component of the discount rate is thus given by

6T =E, [(1— go) regn + (1 — g1) mpn] + (

1

— =D} 2% pD, "

2

_ -8
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The inflation sensitivity ﬁlt,y and the real interest rate sensitivity 132,57‘1/ of the pension
liabilities are given by ﬁlt,y = (1 —gl)%foxm“_(t_y) Qg 1 (1 — e—nh) dh and ﬁQt,y =

(1—go) % foxm‘""‘_(t_y) oy h (1 — e_“h) dh, respectively. The pension should choose a hedge

portfolio with the same sensitivities.

B.2.  Gradual Adjustment of Annuity Units to Speculative Shocks
The vector if y = foxma"_(t_y) at’y,th dh determines the vector of speculative weights:

T

wly=(Z0=7) (67)

It follows from (67) that the investor implements a life cycle strategy if > increases with
the horizon h (because ify decreases as the investor ages). The vector of total portfolio

weights is given by
S H B -1 T AT vwX -1 T
wry =iy +uly = (Z0,=7) - (DLE¥s7) (68)

The coefficients d;;, and ds;, are the same as in the previous section. The coefficient dy,

is given by

doy = —go + Doy + DT + (Ef . D;[EX> > (u— Ry)
1 1 T T
~ S DI pD ST - 23R (25) + 35, (D,IEX) .

IV. Concluding Remarks

This paper has explored how to model a PPR. We have derived a system of restrictions
on the parameters of a PPR. These restrictions do not uniquely identify the parameters.
As a result, policyholders must specify the values of some parameters exogenously. The
parameter values can be specified according to (at least) two approaches - the investment
approach and the consumption approach. In the investment approach, policyholders
specify the speed of decumulation and the investment policy exogenously. We have
showed how these exogenous parameters determine the median growth rate and volatility
of retirement income. The consumption approach specifies the entire income stream
exogenously. We have showed which discount rate and investment policy correspond to

a particular consumption profile.
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Appendix A. Bond Price Dynamics

We start by deriving the analytical solution to the stochastic differential equation
(SDE) for the Ornstein-Uhlenbeck process. After applying It6’s Lemma to the function
ft,m) =" (m, — ), we find

df (t,m,) = ne (x, — 7) dt + e™dm,

(A1)
=ne™ (m, — @) dt — " (7, — 7) dt + "0,d 7y, = 0™ A7y,
The solution of (A1) is given by
t+v
fltm) =1 (tm) o, [ emdz, (A2)
t

The inflation rate at time ¢ + v > ¢ is given by (the first and third equality follow from
the definition of f (¢, m,), and the second equality follows from (A2))

t+v
7Tt+v =7 + ein(tJrv)f <t7 7Tt+v) = + ein(tJrv)f (tv 7Tt) + Jﬂ/ ein(tJrvi’M)leu
t
=a+e " (m—7)+ UW/ €_n(v_u)dzl(t+u) (A3)
0

g 7Tt + (1 - 6*"’]1)) (ﬁ- - 7Tt) + O-ﬂ-/ ein(vi’UI)le(t+u)
0

In a similar fashion, we find

Pogw=ri+ (1—e ™) (F—r)+ (TT/ 6_“(”_“)dZQ(t+u).
0

The (conditional) expectation of the inflation rate E, [r,,, ] and the (conditional) expectation

of the real interest rate E, [r,,,]| are given by

IEt [WH—U] = Ty + n (7_1— - 7Tt) Kw (A4)
E, [rt—i-v] =1+ (T —1) Ly, (A5)

. . . h : y
The average inflation rate 7, = % fo T+odv and the average real interest rate ) =

% foh ri,dv play a key role in determining the yield to maturity. We find (the first

25



equality follows from substituting (A3) to eliminate )

>

<

7Tt+v dU

3
=)
|

>

g

h v
(Wt + (7 — ) (1 - e—nv)) dv + f /0 /0 6_77(%“)le(tJru)dU

bk
(m+(@—m) (1—e™))dv+ % / / e " Aud Zy 44
0 v

>

h
— Ox —n(h—v
(m + (7 = m) ni,) do + n_h/o (1 —e )> le(t+v)

>

|
SN RSl RSl s

NC\‘\NC\

h
0-71"
Et [7Tt+1)] dU + 7 / Khivdzl(t+v)
0

In a similar fashion, we find that the average real interest rate 7 ;, is given by

1 [ 1 [ o, "
fn= [ o= [ EBlnaddo s 5 [ Lz
0 0 0

The pricing kernel is given by (see, e.g., Brennan and Xia, 2002):

& = exp {—/O (7‘1’5 +r,+ %¢Tp¢) ds + (bZt} .

(A6)

(A7)

(A8)

Here, ¢ is a vector of factor loadings. We can determine the price of a bond is as follows:

h 1
=E, {GXP{—/O <7Tt+v+rt+v+§¢ P¢) dv+¢(Zt+h—Zt)}] .
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Substituting (A6) and (A7) into the pricing formula (A9) to eliminate foh Tipdv and

R :
Jo Tepdv, we arrive at

h 1 h
P, = exp {—/ (Et [Tygw + Topo] + §¢TP¢> dU} E, [exp {/ ¢3dZ3(t+u)}
0 0

h h
exXp {/ ((bl - UﬂKh—U> le(t—HJ) + / (¢2 - UTLh—v) dZ2(t+v) }:|
0 0

h
= exp {_/ <Et [7Tt+v + Tt+v] o )‘ﬂaﬂKv - )\TUTLU (AlO)
0
1 2 1 2
_5 (O_WK’U) - 5 (UTLU) - p12UwUrKva> dv

h
= exp {—/ Tt,vdv} .
0

The instantaneous forward interest rate r,, is defined as follows:

Tt,v = Et [ﬂ't—l-v + rt—l—”u] - )‘ﬁava - )\TJTL'U

1 s 1 ) (All)
- 5 (O-ﬂ'K’L)) - 5 (0—er> - plQO-Tl'O_’r‘K’ULU'
The log bond price is given by (this follows from (A4), (A5), (A10) and (A11))
h
1ngt,h:_/ (Trt+n(ﬁ-—7rt)K’U+Tt+K’(f_Tt)Lv_AWO-WKU

0 (A12)

1 2 1 2
- )‘TUTLU - 5 (0_va) - 5 (UTLU) - p120w0_rKva> dv.

Solving the integral (A12), we arrive at"’

log Py = —mh — (7 —m) (h = Ky) = rih = (7 = 1) (h = Ly)

A0y A0, 1 (o, 2 1
b 27T - K) + 22— L)+ = (2 (- 2K, + —Ky,
i K 2\ n 2

1 ? 1 1 — o~ ntr)h
+§(ﬁ) (h—QLh+—L2h) + £129x%r <h—Kh—Lh+e—
K 2 KN n+kK

= —m Ky, —r Ly, — My,

Y The first equality follows from K2 = (1 —2¢ "+ 672771]) /n* and the second equality follows from
K}% = (2K}, — Ky,) /K.
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where the horizon-dependent constant M), is defined as follows:

M, = <7r AL [ﬁr> (h— K) + % (0, K’

U 21n
P Wos 1[o,]? 1 9
F——— ——|= h—L — (o,L A13
+(r . 2M>< )+ o (o L) (A13
1— —(k+n)h
+p120w0r h—K, — L, + e
nK n+kK

To calculate how the value of the bond with a fixed maturity ¢t + h develops as time

proceeds (i.e., t + h is fixed but ¢ changes), we apply It6’s Lemma to
Pt,h = exp {_WtKh — 1Ly — Mh} :

We find

dP, 1 1
= (Tt,h — (7 = m) Ky — & (F=1,) Ly + 5 (0,06,)" + 5 (0, Ly)*
Py 2 :

+ 1200, Ly ) At = 0 K dZy, — 0, LA 2y,

=(ry+m — M0, K, — \oo,Ly)dt — 0, K,dZ,;, — 0,L,dZs,.
Appendix B. Derivation of dgy,, d;;, and dy,
Budget balance implies that (see also (40))
Yoy = Hiyy — Hiy: (B1)
Substituting (58) into (B1), we arrive at
Go+ 91" T+ Ga - Ty = Hiy — Hiy, (B2)
The vector of portfolio weights is given by

T ~ ~
Wiy = wly+wfy = = (3557 Dy + (377, (B3)

28



Substituting the vector of portfolio weights into (B3) yields

iy =TT+ (itByT - f??,yzx) S (- Ry)
1’\ f 1 o A~ ~ ~
— 55ty P50y — 5 Dey3 P57 Dy + Dy X7 p3,

Substituting (59) and the expression for ;X (see (43)) into (27), we arrive at

$max_(t_y) xmax_(t_y) xmax_(t_y)
[Lgy = / at,y,thh dh + Ty / at,y,hdlh dh + Ty / at,y,hth dh
0 0 0
xmax_(t_y)

P P 1
— Dﬂ,yn (7 —m) — DQTt’y/{ (F—r,) + 3 / oy, pdlogC,, , dlog Gy g,

1 'rmax_(t_y) xmax_(t_y)
- 5 O[tyyﬂ'at’y’j d log Ct,y,i d log Cty’j .

0 0

(B4)

It follows from substituting (B4) and (B5) into (B2) that d;;, and dy;, must satisfy the

following two conditions:

dyp, =1 — g1 + 0Dy,
dop, = 1 — gy + KDy,

The coefficient d;, must satisfy

Tmax ™ (t_y)

- . - 1 apr ~
@y ndondh = =gy + (S5 = DLEX) 27 (u— Ry) — 5508 oS0,

1~ ~ ~ ~ ~ ~
— 5 D0y S o8 Dy + Doy 3 pSiy)y + Dipy 17 + Doy 7

1 wmax_(t_y)
— 5 / at,y,h d log Ct,y,h d log Ct,y,h
0

1 xmaxf(tfy) xmaxf(tfy)
+ 5 / at,y,iat,y,j d log Ctvyvi d log Ct’y7j )
0 0

Straightforward computations yield (69).
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