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Abstract

This paper describes a multistage recourse Asset Liability Manage-
ment (ALM) model for pension funds, which utilizes defined benefit con-
tracts and is tailored to the Dutch situation. The model deals with the
developments currently faced by the pension funds. The paper is focused
on the modeling side of the problem. The contributions of this paper are
the accurate and yet compact modeling of indexation decisions, the im-
plementation of the new Dutch regulatory rules for pension funds, which
are called Financieel Toetsingskader, and an economically interpretable
objective function.

1 Introduction

Pension fund management in the Netherlands is on the move, which sets ALM
modeling for pension funds for new challenges. Years of apparent stability
abruptly ended with the severe drop of the stock indices at the beginning of
the new millennium. This unrest, also fed by the ageing discussion, encouraged
a broadly conducted debate on the Dutch pension system. In the Netherlands,
the vast majority of the pension contracts are defined benefit contracts, where
the pension rights are predetermined, as they are based on the salary of the par-
ticipant. In a final earnings (FE) scheme the rights are based on the final salary
before retirement, while in an average earnings (AE) scheme they are based on
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the career’s average salary. Throughout his working years the participant and
his employer make contributions to the pension fund. In general, the correction
of the pension rights for inflation, which is called indexation, is conditional.

Due to the pension debate, firmly rooted foundations were reconsidered and
altered. For example, one agreed that the use of a single actuarial interest rate
for discounting the future expected benefit payments is outdated and needs to
be replaced by an interest rate term structure. Other important outcomes of
the debate are a shift from FE to the more modest AE schemes and the de-
velopment of new regulatory rules for pension funds. We will deal with these
two issues subsequently. First, with the shift to AE schemes1 the indexation
decisions of the pension fund board become very important, since solid index-
ation is indispensable for a substantial pension in an average earnings scheme.
However, the standard practice of full indexation of pension entitlements came
to an end2. Second, the new regulatory rules, which are called the Financieel
Toetsingskader (FTK) and are scheduled to be implemented as of January 2007,
are based on risk based supervision and show strong affinity with the Solvency
[8] and Basel [2] accords.

Multistage Recourse ALM for Dutch Pension Funds

An upcoming ALM methodology is multistage stochastic programming. The
headway made is described in surveys by Mulvey [15] and Sodhi [17]. ALM
for Dutch pension funds with stochastic programming starts with the hybrid
simulation/optimisation model of Boender [3]. In this paper a first step toward
optimization is made, away from the standard practice of simulation. The first
genuine multistage optimization model for Dutch pension funds is described
by Dert [6]. This model contains accounting and some straightforward policy
constraints. The most striking feature of the model is the presence of chance
constraints, i.e. VaR constraints, which bound the probability of underfunding
for the next year. However, these chance constraints limit the solvability of the
model. Bogentoft et al. [4] provide with conditional value at risk (CVaR) con-
straints an alternative to the chance constraints. The CVaR model is convex,
which makes it much more tractable than the chance-constrained model of Dert
[6]. Kouwenberg [14] chooses to emphasize the need for a healthy fund not by
restricting the solvency of the fund, but by penalizing deficits in the objective.
The model was applied to real data of a Dutch pension fund by Gondzio and
Kouwenberg [10]. All models mentioned above have rather sketchy policy con-
straints. Drijver [7] on the other hand formulates policies in great detail.

1Looking at the type of scheme of active participants in the Netherlands, we see the follow-
ing development - FE: from 58.7% (2000) to 10.6% (2005), AE: from 30.6% (2000) to 74.3%
(2005), source: DNB [5].

2The indexation of ABP, which is one of the largest pension funds in the Netherlands, for
the past two years did not equal the wage inflation. It was 79% (2004) and 45% (2005) of the
wage inflation, source: ABP [1].
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The afore-mentioned models are not adequate in the current situation of new
regulatory rules and incomplete indexation. As discussed in [12], the model of
Drijver [7] has the most affinity with the FTK rules. Nevertheless, the model is
deficient on the market valuation of liabilities, and the solvency requirements.
Concerning indexation, only Drijver [7] models the indexation policy, though in
a rough way. The other models resort to fully-indexed final earnings schemes.
Moreover, the objective functions of most models are difficult to interpret eco-
nomically, since penalty or risk parameters without a clear interpretation need
to be specified.

We designed a multistage recourse ALM model tailored to the current Dutch
situation (defined benefit, average earnings scheme). The model does not only
generate decisions for the traditional asset policies of investment and financing,
but also for the liability policy of indexation. The detailed modeling of the
indexation decisions is a novelty. We believe that these decisions will become
of vital importance in the near future. Another key feature is that it covers the
regulatory rules dictated by the FTK: market valuation of the liabilities is ap-
plied, and risk-based solvency conditions are included. Special attention is paid
to the objective function, which is a weighted sum of the specific interests of the
three stakeholder groups, which are in our case the sponsor, active participants,
and passive participants. The interests of a stakeholder are assumed to be the
discounted expected cash flows resulting from the decisions made in the model.

Organization

The organization of the rest of the paper is as follows. In the next section,
it is explained how pension rights are built up in an average earnings scheme.
Beginning at the individual employee level, we aggregate the calculations to
a pension fund as a whole. Section 3 gives the model description comprising
the indices, variables, and parameters used, the objective function, and the
constraints. Moreover, some shortcomings and possible extensions are discussed.
The last section deals with the prerequisites for data (scenario) generation for
the model. The paper ends with a conclusion.

Notational Issues

Since the notion of time plays an important role in a multistage model, we pay
some special attention to it. All quantities except for deterministic parameters
are related to a certain point in time or period of time. We will use t as the
main time index. Since we have a discrete model, t either specifies the point in
time t or the period of time (t− 1, t]. This is illustrated in Figure 1. The values
of quantities specified for a period t will be observed at time t.

Besides the current time, we also need to refer to events in the past (e.g.,
accrual of rights) and future events (e.g., expected benefit payments). The time
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Figure 1: Notion of time in the model.

notation used is as follows:

xt, x
s
t , xt(u), xs

t (u),

with x a variable or stochastic parameter. The t refers to the point/period of
time that the quantity is observed. A superscript s refers to the past. A postfix
u between brackets refers to the future. Additionally, r is used whenever another
past index is needed.

2 Build-up in an Average Earnings Scheme

In this section, we will explain how pension calculations are executed in an
average earnings scheme, where we restrict the discussion to retirement pension.
First, the characteristics of an average earnings scheme are discussed with special
attention to indexation. Next, it is shown how a single participant builds up his
benefit rights. Finally, we will pursue the single participant calculations to the
pension fund as a whole.

2.1 Average Earnings Schemes and Indexation

The underlying idea of an average earnings scheme is to provide the participant
with a pension that is 70% of his average earnings when he retires. The rights
accrued in each year equal the accrual rate times the pension basis of that year
and are to be paid from the age of 65 till death. The pension basis is usually de-
termined yearly, and is based on the pensionable wages of a certain year, which
comprises both the structural and incidental wage components. The accrual
rate is mostly 1.75% or 2% corresponding to, respectively, 40 and 35 years of
service needed to reach the 70% of average earnings goal.

Due to inflation, the rights accrued during working years will have a much
lower purchasing power upon retirement. Pension funds strive to correct the
pension rights for inflation so as to provide the participants an inflation-proof
pension. However, in general, this indexation of rights is conditional, mostly
depending on the financial position of the fund. Indexation decisions are of
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Figure 2: Indexation process.

utter importance in average earnings schemes, since they both affect active and
passive participants. As Van Ewisk [18] points out, this is in contrast with a
final earnings scheme where only those who are already retired or otherwise
inactive suffer from incomplete indexation. As mentioned in the introduction
of this paper, in the recent years no full-indexation was given as opposed to the
past. Throughout this manuscript we will treat the indexation decisions explic-
itly. Therefore, we consider three types of rights. First, the guaranteed nominal
rights, which are the rights as they are accrued during working years. Second,
the desired fully-indexed rights, which are the nominal rights fully corrected for
past inflation. Third, the actual rights, which are based on the past indexation
decisions of the fund.

Indexation Decisions

At the end of each year, the board of the pension fund decides by how much the
accrued rights will be indexed, with a maximum of the wage inflation of that
year. So, we take the wage inflation to be the inflation measure. Let it be the
initial indexation decision for year t, i.e. the accrued rights multiplier, then it
must hold that

1 ≤ it ≤ wt

with wt the wage increase factor for year t.

Besides initial indexation decisions concerning the last year, it is also possi-
ble that incomplete indexation of the past is repaired. Let ∆ist be the repair at
time t of the initial indexation decision taken at time s with s < t. Suppose
last year’s initial indexation it−1 did not cover the wage inflation and at time t
there is a repair ∆it−1

t , then it needs to hold that

it−1 + ∆it−1
t ≤ wt−1,

with ∆it−1
t ≥ 0. The total indexation may not exceed the wage inflation. The

nonnegativity condition on the repairs expresses an important feature, namely
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that once granted indexation cannot be taken back. The indexation decision
over year s at time t (s < t), which we denote by ist , equals the initial indexation
decision plus the sum of all repairs:

ist = is +
t∑

r=s+1

∆isr

for which the following conditions hold

1 ≤ ist ≤ ws, (1)
ist ≥ ist−1. (2)

The indexation process is illustrated in Figure 2.

2.2 Single Participant

We consider a single participant of a pension fund (either a company or an
industry pension fund), who we denote by j. In this section it is shown how
j’s pension entitlements are built up during his working years and how these
rights are valued. First, the accrued rights are considered. Next, we explore
the (expected) benefit payments. Finally, the value of the liabilities to j is
calculated.

Accrued Rights

The rights accrued in year t are calculated using the so-called franchise method.
From the pensionable wages Wjt the franchise Ft is deducted to get the pension
basis Pjt, with the franchise being ten seventh of the state old age provision
AOW t in year t. The newly accrued rights R+

jt equal now the accrual rate a
times the pension basis. So, the newly accrued rights in year t are calculated
using the following formula:

R+
jt = a(Wjt −

10
7

AOW t).

This process is summarized and exemplified in Table 1. The accrual of pension
rights over the years is also illustrated in Figure 3.

In order to be able to calculate the nominal rights, we need to specify j’s first
year of participation in the pension fund. We name this year sj . The total
nominal rights of the participant at time t, denoted by Rjt, are the sum over
all newly accrued rights during his working years so far:

Rjt =
t∑

s=sj

R+
js.

The nominal rights are guaranteed by the pension fund. However, they strive to
provide an inflation-proof pension. The value of the fully-indexed newly accrued
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Terms Calculation Example
Pensionable wages Wjt 100,000
AOW AOW t 7,000
Franchise Ft = 10

7 AOW t 10,000
Pension basis Pjt = Wjt − Ft 90,000
Accrual rate a 0.02
Newly accrued rights R+

jt = aPjt 1,800

Table 1: Calculation of newly accrued rights using the franchise method.

t-1 t+n-1t+1t t+n}}}
t t+1 t+nyear:

time:

Wjt

R +
jt

AOWt

R +
j,t+n-1

retirement

indexation

benefit payments

Figure 3: Accrual of pension rights.

rights of year s in year t, where sj ≤ s < t, equals
∏t

r=s+1 wrR
+
js. The value of

the fully-indexed rights, denoted by Rjt is given by the newly accrued rights in
year t plus the sum of wage inflation corrected formerly accrued rights:

Rjt = R+
jt +

t−1∑
s=sj

t∏
r=s+1

wrR
+
js,

or recursively,
Rjt = R+

jt + wtRj,t−1.

The value of the actual rights depends on the indexation decisions ist . The actual
rights are given by:

Rjt = R+
jt +

t−1∑
s=sj

t∏
r=s+1

irtR
+
js.

Figure 4 illustrates the calculation of the actual rights at time t after five years
of accrual. In Table 2 we elaborate the example of Table 1.We added four years,
where we let the initial indexation in each year equal half of the wage increase
and no repairs are made. It is assumed that the AOW follows the wage inflation.
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Figure 4: Actual pension rights.

t sj sj + 1 sj + 2 sj + 3 sj + 4
Wjt 100,000 102,000 103,020 108,171 110,334
AOW t 7,000 7,140 7,211 7,572 7,723
Ft 10,000 10,200 10,302 10,817 11,033
Pjt 90,000 91,800 92,718 97,354 99,301
R+

jt 1,800 1,836 1,854 1,947 1,986
Rjt 1,800 3,636 5,490 7,437 9,423
wt - 1.02 1.01 1.05 1.01
Rjt 1,800 3,672 5,563 7,788 9,852
it - 1.01 1.005 1.025 1.005
Rjt 1,800 3,654 5,527 7,612 9,636

Table 2: Example continued.

Benefit Payments

The value of the benefit payments to the participant depends on whether the
participant is retired and alive in year t. Let 1r

jt indicate whether participant j
is retired or not in year t, so

1r
jt =

{
1 if participant j is retired in year t;

0 if participant j is not retired in year t.

Let 1a
jt indicate whether participant j is alive or not in year t, so

1a
jt =

{
1 if participant j is alive in year t;

0 if participant j is dead in year t.
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The nominal, fully-indexed, and actual benefit payments to the participant in
year t are now, respectively, given by:

Bjt = 1r
jt1

a
jtRj,t−1,

Bjt = 1r
jt1

a
jtRj,t−1,

Bjt = 1r
jt1

a
jtRj,t−1.

Whether the accrued rights are capitalized and during which period is uncertain.
The expected benefit payments to the participant are determined using under-
writing principles like mortality tables, mortality trends, and longevity risk.
The complex calculation of the expected benefit payments is omitted, since it is
beyond the scope of this paper. We denote the expected nominal, fully-indexed,
and actual benefit payments to participant j in year u as estimated at time t
by Bjt(u), Bjt(u), and Bjt(u).

Value of Liabilities

The value of the liabilities is determined by discounting the expected benefit
payments. Until recently, the discount factors were based on a single actuarial
interest rate. Currently, however, an interest rate term structure is used at the
supervisor’s instigation. Introducing dt(u) as the discount factor for discounting
payments in year u to time t, the expected value of the nominal, fully-indexed,
and actual liabilities to the participant at time t are, respectively

L′jt =
∞∑

u=t+1

dt(u)Bjt(u),

L
′
jt =

∞∑
u=t+1

dt(u)Bjt(u),

L′jt =
∞∑

u=t+1

dt(u)Bjt(u).

2.3 Pension Fund

In the previous section, we explained the pension calculations for a single par-
ticipant. Aggregation over all participants gives the results for the pension fund
as a whole. Again we make a distinction between nominal, fully-indexed, and
actual pension rights. Of interest for our ALM model is the value of the liabili-
ties and benefit payments and to relate them in a correct way to the indexation
decisions.

Let P = {1, . . . , J} be the set of participants (both active and passive) of the
fund during the decision period. Let Wt(P ) ⊆ P be the set of active participants
in year t. Let At(P ) be the set of persons that are alive in year t, i.e.,

At(P ) = {j ∈ P : 1a
jt = 1}.
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Participants having entitlements at time t must be alive at t and have been
active in the past. Let Et(P ) ⊆ P be the set of participants that have pension
entitlements at time t. So,

Et(P ) = {j ∈ At(P ) : ∃s ≤ t s.t. j ∈ Ws(P )}.

Let Rt(P ) ⊆ P be the set of retirees, i.e.,

Rt(P ) = {j ∈ P : 1a
jt = 1r

jt = 1}.

The total unconditional expected benefit payments, liabilities, and benefit pay-
ments are:

Bt(u) =
∑

j∈Et(P )

Bjt(u),

Lt =
∑

j∈Et(P )

Ljt,

Bt =
∑

j∈Rt(P )

Bjt.

The fully-indexed and actual (expected) benefit payments and liabilities are cal-
culated in a similar way.

In our ALM model, we are mostly concerned with the value of the liabilities
(Lt, Lt, and Lt) and the benefit payments (Bt, Bt, and Bt). The nominal ones
and fully-indexed ones will be data. The values of the actual ones are decisions,
since they follow directly from the indexation decisions. The actual liabilities
at time t are

Lt =
∑

j∈Et(P )

Ljt.

Enumerating this expression gives

Lt =
∞∑

u=t+1

dt(u)
∑

j∈Et(P )

pjt(u)
t∑

s=sj

t∏
r=s+1

irtR
+
js. (3)

By changing the order of summation, and introducing suitable auxiliary para-
meters Ls

t and st, we get the equivalent representation

Lt =
t∑

s=st

t∏
r=s+1

irtL
s
t ,

where Ls
t is the value of the nominal liabilities at time t stemming from rights

accrued in year s and st is the year the oldest rights stem from at time t.
Similarly, we have for the benefit payments in year t:

Bt =
t∑

s=st

t∏
r=s+1

irtB
s
t ,

where Bs
t are the nominal benefit payments in year t stemming from rights

accrued in year s.
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3 Model Description

In this section we describe our ALM model, which is a multistage recourse
model. The stochastics and time structure involved are dealt with implicitly.
The emphasis is on the choice of suitable variables and specification of the
objective and constraints.

3.1 Introduction

We will explain the assumptions we make concerning the pension fund, and
what outcomes our model will give, i.e., the pension policy.

Setting

The pension fund we consider is a company pension fund. Therefore, in case
of financial distress the company can/must act as a sponsor. Moreover, we use
an average earnings scheme. The nominal rights, as accrued, are guaranteed by
the fund. The indexation of the rights is conditional. However, once granted
indexation cannot be taken back. We only consider retirement pension.

Pension Policy

The pension policy generated by the model contains three components: invest-
ment, financing, and indexation. The investment policy concerns the purchase
and selling of assets. Pension funds invest, in general, in a number of different
asset classes, which all have their own return and risk characteristics. At the
beginning of the decision period a certain asset portfolio is given. At each deci-
sion moment the portfolio can be changed by selling or buying assets.

The regular inflow of funds comes from the contributions made to the fund.
Both the employees and the employer contribute each period to the pension
fund. The amount contributed is related to the wage of the employee. The con-
tribution rate (the part of the wages that is contributed to the pension fund) for
the next period is decided at each decision moment in the model. Besides these
regular contributions, it is possible that a remedial contribution of the sponsor
is needed.

The indexation policy concerns the indexation decisions. In section 2.1 we
stated that the board makes decisions ist , which are the indexation decisions
taken at time t for the wage inflation in period s (s < t). The actual value at
time t of liabilities originating in year s is given by

Ls
t =

t∏
r=s+1

isrL
s
t

with Ls
t the value of the nominal liabilities at time t originating in year s.

As direct implementation of the indexation decisions would result in nonlinear
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constraints for the actual value of the liabilities, we choose to work with accu-
mulated indexation decisions. The accumulated indexation decision at time t
for rights accrued in year s is

Is
t =

t∏
r=s+1

irt ,

and conversely

ist =
Is−1
t

Is
t

.

As a consequence, we need to translate the constraints on the indexation deci-
sions (1) and (2) to constraints on accumulated indexation decisions, which is
implemented in section 3.4.

The policy decisions are steered in the objective, while limitations are expressed
in constraints on the decisions. Before we can state the objective and constraints
we need to specify the indices, variables, and parameters.

3.2 Indices, Variables, and Parameters

This section describes the indices, variables, and parameters used in the ALM
model.

Indices

The indices used throughout the model relate to time, asset class, stakeholder
type, or risk type.

t time index for decision scope, either the point in time t
with t ∈ {0, 1, . . . , T} or period [t− 1, t], with t ∈ {1, . . . , T};

u time index for future benefit payments scope,
with u ∈ {1, . . . , T, . . . , U};

s time index for accrual scope with s ∈ {s0, . . . , 1, . . . , T};
i asset class index, with i ∈ {1, . . . , I};
k stakeholder index, with k = 1 := active participants,

k = 2 := retirees, and k = 3 := sponsor;
r risk index.

Variables

The variables of the model are the policy instruments and financial healthiness
indicators of the fund. We distinguish decision and state variables.

The decision variables are the actual decisions that are made by the board.
They are the pension fund policy.
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A+
it value of assets bought of class i at time t;

A−it value of assets sold of class i at time t;
ct contribution rate for period t + 1;
Crem

t value of remedial payment at time t;
Is
t accumulated indexation at time t of rights accrued in period s.

State variables are important indicators of the financial healthiness of the pen-
sion fund.

Ait value of asset class i at time t;
A∗t total asset value at time t before decisions;
At total asset value at time t after decisions;
Bt (Bs

t ) value of benefit payments in period t (due to rights accrued in
period s);

Lt (Ls
t ) value of the liabilities at time t (due to rights accrued

in period s);
St solvency at time t;
Srt required solvency for risk type r at time t;
ut underfunding indicator (binary) at time t.

Parameters

The parameters are the data of the model. In section 4, we will explain how
these data will be obtained. Some of the parameters are stochastic, others are
deterministic.

The stochastic parameters will have multiple realizations in the model. Di-
rections for the generation of these parameters are given in section 4.

Ls
kt,0 value of nominal liabilities at time t of stakeholder k (k = 1, 2)

originating in rights accrued in period s using the discount factors
of the beginning of the decision period (t = 0);

Lt (Ls
t ) value of nominal liabilities at time t (due to rights accrued in

period s);
Lt (L

s

t ) value of fully-indexed liabilities at time t (due to rights accrued in
period s);

Bt (Bs
t ) value of nominal benefit payments at time t (due to rights accrued

in period s);
Bt (B

s

t ) value of fully-indexed benefit payments at time t (due to rights
accrued in period s);

rit return on asset class i in period t;
Wt pensionable wages in period t;
wt wage increase factor in period t;
dt(u) discount factor for discounting payments in year u to time t.

The deterministic parameters have fixed values in the model.

T horizon of the model;

13



I number of asset classes;
U time of last expected benefit payment;
st year the oldest rights stem from at time t;
tci transaction costs for asset class i;
wl

i proportional lower bound on asset class i;
wu

i proportional upper bound on asset class i;
cl lower bound on the contribution rate;
cu upper bound on the contribution rate;
∆cl lower bound on the contribution rate change;
∆cu upper bound on the contribution rate change;
γ sponsor part of regular contributions;
αk weight of stakeholder k in the objective;
n length of recovery period;
ϕ integrated chance constraint risk parameter.

3.3 Objective Function

Which decisions to make is steered by the objective of the model, which should
reflect the main goals of the pension fund board. Some minor goals are modeled
as (soft) constraints, like, e.g., the wish for a stable contribution rate. The ob-
jective should reflect the interests of the three stakeholders involved: sponsor,
active participants, and passive participants (retirees and sleepers). We will
formulate the subobjectives of the stakeholders separately and later combine
them to one objective. In order not to compare apples and oranges we will for-
mulate all three subobjectives in terms of discounted expected cash flows. The
discount factors are those known right now (d0(t)). In this way, we formulate a
risk-neutral objective function. Risk aversion is expressed in the constraints.

Sponsor

The sponsor of the pension fund is the company the fund is allied to. Looking
at cash flows, the subobjective of the sponsor is to minimize its discounted
contributions, which consist of regular contributions and remedial contributions.
Therefore, its objective is:

minCrem
0 +

T∑
t=1

d0(t)
(
γct−1Wt + Crem

t

)
, (4)

with γ the part of the regular contributions paid by the company.

Active Participants

The active participants are interested in the contributions they have to pay and
the additional pension rights they gain with it. So the first component of the
objective function of the active participants is the value of the participants part
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of the discounted contributions:

T∑
t=1

d0(t)
(
1− γ

)
ct−1Wt.

The second component consists of the increase in pension rights during the
decision period. The pension right gains stem from two sources, namely newly
accrued rights and indexed existing rights. The expected cash flows to the active
participants based on the new rights are the expected benefit payments coming
from these rights. These expected benefit payments are discounted using the
discount factors of the beginning of the decision period. The component due to
newly accrued rights is thus:

T∑
t=1

U∑
u=t+1

d0(u)Bt
1t(u), (5)

which is a constant. Introducing Ls
kt,0 as the value of the nominal liabilities

of stakeholder k (k = 1, 2) originating in rights accrued in period s using the
discount factors at the beginning of the decision period, i.e.,

Ls
kt,0 =

U∑
u=t+1

d0(u)Bs
kt(u),

component (5) becomes
T∑

t=1

Lt
1t,0. (6)

The second cause of increased pension rights is the indexation of existing rights.
The additional discounted value due to indexation decisions is

T∑
t=1

t−1∑
s=st

(
Is
t − Is

t−1

)
Ls

1t,0. (7)

Remember that we let It
t := 1. Further, we let It+1

t := 0. Now we can combine
(6) and (7) to

T∑
t=1

t∑
s=st

(
Is
t − Is

t−1

)
Ls

1t,0.

Thus, the subobjective of the active participants is given by:

min
T∑

t=1

(
d0(t)

(
1− γ

)
ct−1Wt −

t∑
s=st

(
Is
t − Is

t−1

)
Ls

1t,0

)
. (8)
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Passive Participants

The passive participants of the pension fund are the retirees and sleepers. Since
they do not pay contributions or accrue new rights, they are merely concerned
with indexation. Therefore, their subobjective is given by:

min−
T∑

t=1

t∑
s=st

(
Is
t − Is

t−1

)
Ls

2t,0. (9)

Total

The total objective, i.e., the pension fund objective is the weighted sum of the
three stakeholder subobjectives (4), (8), and (9). The weights α1, α2, α3 indicate
the influence on the decision making of, respectively, active participants, passive
participants, and sponsor. Therefore, the objective of the model is

min
T∑

t=1

{
d0(t)

((
α1 + (α3 − α1)γ

)
ct−1Wt + α3C

rem
t

)

−
∑

k=1,2

t∑
s=st

αk

(
Is
t − Is

t−1

)
Ls

kt,0

}
+ α3C

rem
0 .

3.4 Constraints

Now that we defined our model grammar (indices, variables, and parameters)
and the objective, it is time to specify the decision space. The model comprises
the observation, decision, balancing, policy, and supervisory constraints. First,
after the realizations of the uncertain parameters are observed, the observation
constraints update the the state variables. Next, the decisions for the coming
period have to be made and these are subject to some basic constraints. The
balancing constraints show the relation between the new decisions and a number
of key state variables. The decision and state variables are subject to policy and
supervisory constraints.

Observation Constraints

The observation constraints define values of the actual benefit payments and
asset value state variables. This happens just after the realizations of the sto-
chastic parameters are observed.

The actual benefit payments in period t (observed at time t) due to rights ac-
crued in period s are based on the indexation decisions and the nominal benefit
payments:

Bs
t = Is

t−1B
s
t , 1 ≤ t ≤ T, st ≤ s ≤ t− 1.
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The total benefit payments in period t are the sum of the different benefit
payments, i.e.,

Bt =
t−1∑
s=st

Bs
t 1 ≤ t ≤ T .

After the observations of the returns on the asset classes, the total wages, and
benefit payments in period t and before the new decisions, the total value of the
assets is

A∗t =
I∑

i=1

(1 + rit)Ai,t−1 + ct−1Wt −Bt 0 ≤ t ≤ T .

Decision Constraints

After all information is revealed at observation time t, decisions concerning
investment, financing, and indexation policies (for period t + 1) have to be
made. The investment decisions concern the buying and selling of assets, which
is modeled by the non-negative variables A+

it and A−it respectively. Since we do
not allow short positions in assets, it must hold that

A−it ≤ (1 + ri,t)Ai,t−1 0 ≤ t ≤ T .

The financing policy is reflected by the contributions made to the fund by the
participants and the sponsor. The decisions to be made are the contribution rate
ct and the possible remedial contribution Crem

t , which are both non-negative
variables. For now, we do not allow money to be given back to the sponsor
and participants. The indexation policy is modeled by accumulated indexation
decisions Is

t for each year of accrual of rights. The basic constraint on the
accumulated indexation decisions is that the nominal rights are guaranteed,
i.e.,

Is
t ≥ 1 0 ≤ t ≤ T, st ≤ s ≤ t− 1.

Balancing Constraints

The decisions influence the state variables. The asset balancing constraints up-
date the amounts invested in the asset classes. Furthermore, the value of the
liabilities will be updated with the indexation decisions.

The next constraint expresses the positions in the asset classes for the com-
ing period:

Ait = (1 + rit)Ai,t−1 + A+
it −A−it 0 ≤ t ≤ T − 1.

All funds must be reinvested in one of the asset classes. This includes a possi-
ble remedial contribution. Introducing tci as the transaction costs for trading
(either selling or buying) one unit of asset class i, the following equation must
hold:

I∑
i=1

Ait = A∗t + Crem
t −

I∑
i=1

tci(A+
it + A−it) 0 ≤ t ≤ T − 1.
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The total value of the assets after the decisions is thus

At =
I∑

i=1

Ait 0 ≤ t ≤ T − 1.

On the liability side, the value of the liabilities has to be updated with the
indexation decisions for each year of accrual:

Ls
t = Is

t Ls
t 0 ≤ t ≤ T, st ≤ s ≤ t− 1.

The total value of the liabilities is now

Lt =
t∑

s=st

Ls
t 0 ≤ t ≤ T .

Policy Constraints

The decisions are subject to a number of policy constraints. These constraints
stem both from rules specified in the pension contract, as well as from views
of the board of the pension fund. We treat the three decisions (investment,
financing, and indexation) successively.

In the decision constraint section we already saw that the investment decisions
were restricted to long positions. Here we formulate some additional constraints.
It is common that the pension fund board limits the proportional amount in-
vested in a certain asset class. We utilize proportional lower and upper bounds
wl

i and wu
i to realize this:

wl
iAt ≤ Ait ≤ wu

i At 0 ≤ t ≤ T − 1.

If the bandwidths (wu
i −wl

i) for the asset classes are small, then the set of band-
widths can be seen as the FTK risk-profile of the pension fund.

Financing policy constraints concern the contribution decisions, both regular
and remedial. The board of our fund would like to control the behavior of the
contribution rate. First, unrealistically low or high contribution rates are not
allowed to occur. To this end, lower and upper bounds on the contribution rate
are specified:

cl ≤ ct ≤ cu 0 ≤ t ≤ T − 1.

Second, the contribution rate should not vary too much from period to period,
because this might foster social upheaval. That’s why also bounds on the change
of the contribution rate are present:

∆cl ≤ ct − ct−1 ≤ ∆cu 0 ≤ t ≤ T − 1.

The indexation policy deserves some special attention. As explained in the
introduction of this section, we will not work with indexation decisions ist , but
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with accumulated indexation decisions Is
t with

Is
t =

t∏
r=s+1

irt

and conversely

ist =
Is−1
t

Is
t

.

As a consequence, we need to translate the constraints on the indexation deci-
sions to constraints on the accumulated indexation decisions. As described in
section 2.1, the constraints on the indexation decisions were:

1 ≤ ist ≤ ws, (10)
ist ≥ ist−1. (11)

Constraint (10) leads to

Is
t ≤ Is−1

t ≤ wsI
s
t 0 ≤ t ≤ T, st ≤ s ≤ t,

which is linear in the accumulated indexation decisions. However, constraint
(11) translates to

Is−1
t

Is
t

≥
Is−1
t−1

Is
t−1

, (12)

which is clearly nonlinear in the accumulated indexation decisions. Therefore,
we adjust this constraint. The accumulated indexation can be seen as 1 plus a
small amount, so we rewrite (12) to

1 + ε1
1 + δ1

≥ 1 + ε0
1 + δ0

,

or
(ε1 − δ1)− (ε0 − δ0) ≥ ε0δ1 − ε1δ0.

By neglecting the products of small terms, we get the following linear approxi-
mation of constraint (12)

Is−1
t − Is

t ≥ Is−1
t−1 − Is

t−1 0 ≤ t ≤ T, st ≤ s ≤ t.

Supervisory Constraints

As mentioned in the introduction, as of January 2007 new regulatory rules for
pension funds will be enforced. Since we aim at applicability of our model in
practice, we strive to accurately model the FTK. Moreover, we would like to
contribute to the discussions on the FTK. Many believe that the FTK is too
strict and might result in a destruction of the defined benefit system in favor of a
defined contribution system. We believe that we can provide valuable quantita-
tive contributions, since in an optimization model the effects of new constraints
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can be analyzed explicitly. In this section, we will outline the new rules and list
our implementations.

The FTK [16] states that it is intended to improve the insight of both the
supervised institution as well as the supervisory authority into the institution’s
financial position and its possible development over the short and medium term.
Its main goal is to make the ins and outs of pension funds more transparent.
The FTK is involved with the subjects of valuation of liabilities, solvency of the
fund, contribution rate, and indexation. Below, we will outline these four fields,
for more information see [12].

First, the FTK prescribes market valuation of the liabilities. As long as there
are no international standards, this concerns discounting the expected benefit
payments, which are to be based on prudent underwriting principles, with a
term structure of risk-free discount rates. Second, the FTK has two conditions
on the solvency (assets minus liabilities), which we denote by St:

St := At − Lt.

The solvency should at least equal the so-called minimum required solvency,
which is to be calculated as prescribed by the European Union [9]. Since this
minimum required solvency approximates 5 percent of the value of the liabilities,
in practice the condition boils down to:

St ≥ 0.05Lt.

If the condition is not satisfied, a recovery period of 1 or 3 years is allowed, which
depends on the characteristics of the recovery plan. In addition, the solvency
should be such that the probability of underfunding in the next year is at most
2.5%:

P (St+1 < 0 | St) ≤ 0.025. (13)

If not, a recovery period of 15 years is allowed. This recovery must be steady
ex ante. Third, the contribution rate must be cost-effective, and moreover the
FTK would like the contribution rate to be stable in order to prevent social
upheaval. Fourth, the indexation policy must be in line with the indexation
ambition communicated to the participants. Depending on this ambition, funds
must construct buffers and can ask contribution for indexation. Further, in case
of financial distress funds must be cautious with indexation.

The expected value of the liabilities is calculated using a government bond
yield curve for discounting. In this way, we comply with the prescribed market
valuation of liabilities.

The most stringent requirements in the FTK are on the solvency (also called
actuarial surplus) of the pension fund. We model the short term solvency re-
quirement by the use of binary variables ut that indicate underfunding. The
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following constraints are used to this end:

St + Mut ≥ 0.05Lt,

St + M(ut − 1) ≤ 0.05Lt −
1
M

,

t∑
s=t−n

us ≤ n.

with ut ∈ {0, 1}, n = 1 or 3 the recovery period allowed, and the modeling
parameter M sufficiently large. The first two constraints imply that ut equals
1 whenever there is underfunding and 0 otherwise. Underfunding in n + 1 sub-
sequent years is excluded by the third constraint. For modeling the medium
term solvency requirement we consider several possibilities. The direct imple-
mentation of constraint (13) would result in chance constraints. The use of
chance constraints in ALM for pension funds was introduced by Dert [6]. These
constraints are, however, computationally hard. The use of integrated chance
constraints would be an alternative, see [7, 11, 13]. In this case we would limit
next year’s expected shortage, e.g., proportional to the value of the liabilities:

E[St+1]− ≤ ϕLt

with ϕ a risk parameter. However, it is difficult to specify the relationship
between the integrated chance constraint and condition (13). A third method
is provided by the FTK. According to the FTK (13) comes down to

St ≥
√

S2
1t + S2

2t + 2ρ12S1tS2t + S2
3t + S2

4t + S2
5t + S2

6t, (14)

with Srt the required solvency for risk of type r and ρ12 the correlation be-
tween effects of interest risk and market risk. The different risks associated are
interest rate risk (S1t), market risk (S2t), foreign exchange risk (S3t), commodi-
ties risk (S4t), credit risk (S5t), and underwriting risk (S6t). A complication
is that constraint (14) is a nonlinear function of the risk types. Moreover, the
calculation of the required solvency for some risk types involves nonlinearities
as well. No matter which alternative we choose, we still need to deal with the ex
ante steady 15-year recovery period. The time horizons of ALM optimization
models, which usually have yearly decision moments, are usually much shorter
than 15 years. Horizons of more than, say, 5 years make these complex models
intractable. How to incorporate an ex ante steady 15-year recovery period in a
model with a much shorter horizon is still open.

The contribution rate will be cost-effective as stipulated, since our model is
an optimization model. Now that the liabilities are valued using an interest
rate term structure the volatility of the solvency is increased, which could incur
volatile contribution rates. In order to preserve a stable contribution rate, we
bound the contribution rate and changes in the rate, as written in the policy
section.
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The indexation regulatory rules have not been crystallized out yet. The super-
visor and pension funds are searching for accurate formulations of indexation
ambitions. For now we do not include any constraints on indexation besides the
ones already mentioned in the policy section.

3.5 Discussion

The model presented above should be seen as a starting point. Important topics
as the build-up in an average earnings scheme, the indexation process, and new
regulatory rules are dealt with, but it is assumed that computational results will
inspire reformulations of the model. Anticipating this, we mention a possible
extension and a shortcoming.

Unlinking Decision and Accrual Periods

In the current model the decision period and the accrual period have equal
length. It can be beneficial to brake this synchronism. If the period between
two decision periods is large, the accrual of rights and accordingly the indexation
process is too aggregated. For example, in the current model a 5-year decision
period implies that indexation decisions concern a period of 5 years as well. A
logical extension of the model would be to unlink the decision period and the
accrual period.

Limitations to Remedial Contributions

Assuming that the weights of the three subobjectives are about equal, i.e., each
stakeholder has the same level of influence in the board of the pension fund,
optimization under the current constraints will probably result in a large amount
of remedial contributions by the sponsor, even if there are no financial problems.
This can be expected, since remedial contributions are only disadvantageous for
the sponsor (one third of the board) and advantageous for the passive and active
participants (two third of the board). In reality, remedial contributions will only
occur in case of financial distress.

4 Scenario Generation

In this section it is described how we will generate realizations of the stochastic
parameters of our model. For the specification of these parameters we need
two generators, namely a macro generator that produces the future economic
environment and a micro generator that produces the nominal liabilities.

The scope of the model is:

{s0, . . . , t0, . . . , T, . . . , U}

with
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s0 the year the oldest rights stem from;
t0 beginning of the decision period, i.e., ‘now’, also notated as t = 0;
T the horizon of the decision period;
U last year of expected benefit payments.

In addition, we utilize

sI the last year that all rights were fully-indexed,

which is defined as

sI := max
so≤s≤0

{s : irs = wr ∀r, s0 ≤ r ≤ s}.

All rights accrued before sI can be interpreted as accrued in year sI . In this
way we limit the number of parameters, variables, and equations. The scope of
the model now becomes

{sI , . . . , t0, . . . , T, . . . , U}

As introduced in section 3.2, the stochastic parameters we need for 1 ≤ t ≤ T
are

rit return on asset class i in period t;
dt(u) discount factor for discounting payments in year u to time t;
wt wage increase factor in period t;
Wt pensionable wages in period t;
Ls

kt,0 value of nominal liabilities at time t of stakeholder k (k = 1, 2)
originating in rights accrued in period s using the discount factors
of the beginning of the decision period (t = 0);

Lt (Ls
t ) value of nominal liabilities at time t (due to rights accrued in

period s);
Lt (L

s

t ) value of fully-indexed liabilities at time t (due to rights accrued in
period s);

Bt (Bs
t ) value of nominal benefit payments at time t (due to rights

accrued in period s);
Bt (B

s

t ) value of fully-indexed benefit payments at time t (due to rights
accrued in period s).

The returns, discount factors, and wage increases are produced by the macro
generator. The other, liabilities related, stochastic parameters are based on the
outcomes of a micro generator and the wage increases of the macro generator.

4.1 Economic Parameters

The macro generator will produce the returns rit, which probably concern bond
and stock returns and depositor’s interest, the yield curve dt(u), and the wage
increase wt. We intend to base the yield curve and bond return in an arbitrage-
free way on a factor model, with as factors the depositor’s interest and the
wage increase. The depositor’s interest and wage increase are generated using a
parametrized VAR-model. An open question is how to relate the stock returns
to this factor model.
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4.2 Liability Parameters

At t = 0 the pension fund under consideration has a known liability portfolio. It
is important whether all rights are fully-indexed at the beginning of the decision
period. The first characteristic we need to know is sI , the last time that all rights
were fully indexed. If sI < 0, we also need to know ws and is0 for sI < s < 0.
Further, the pension fund specifies:

Bs
k0(u) at time 0 expected nominal benefit payments in year u to

stakeholders k (k = 1, 2) due to rights accrued in year s;
Bs

0 nominal benefit payments in year t due to rights accrued
in year s.

The micro generator will provide us, based on the participant file and the above
mentioned existing liabilities, with the following data:

B̃s
kt(u) at time t expected benefit payments in year u to stakeholders k

(k = 1, 2) due to rights accrued in year s
at wage level of t0 for s > 0;

B̃s
t benefit payments in year t due to rights accrued in year s

at wage level of t0 for s > 0;
W̃t pensionable wages in year t at wage level of t0;

Notice that these quantities are inflation-free for s > 0. The wage inflation was
modeled in the macro-generator. Using this wage inflation, we get the following
for the nominal expected benefit payments:

Bs
kt(u) =

{
B̃s

kt(u) if s ≤ 0;∏s
r=0 wrB̃

s
kt(u) if 0 ≤ s ≤ T .

Bs
t =

{
B̃s

t if s ≤ 0;∏s
r=0 wrB̃

s
t if 0 ≤ s ≤ T .

Wt =
t∏

s=0

wsW̃t,

from which follows
Bs

t (u) =
∑

k=1,2

Bs
kt(u).

Using the discount factors we get:

Ls
t =

U∑
u=t+1

dt(u)Bs
t (u),

Ls
kt,0 =

U∑
u=t+1

dt(u)Bs
kt(u).
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The fully-indexed liabilities are

L
s

t =
∏

r=sI

wrL
s
t .

The total nominal/fully-indexed liabilities and (expected) benefit payments are
retrieved by summation over all years of accrual.

5 Conclusion

In this paper we have proposed an ALM model for Dutch pension funds. First,
it is explained how pension rights are built up in the now dominant average
earnings pension contracts. Special attention is payed to the indexation of
rights, which is crucial for a substantial pension in average earnings contracts.
Second, we formulated a multistage recourse model. Besides the adequate mod-
eling of the indexation process, key features of the model are an economically
interpretable objective and the modeling of the new regulatory rules for pension
funds. Third, we gave directions for the generation of data (scenario’s) for the
proposed model.

We have not completely captured the new regulatory rules yet. How to in-
clude the 15-year recovery period for the medium term solvency requirement is
still an open question. For modeling the requirement itself, we consider various
options. Another shortcoming of the model is the lack of remedial contribution
limiting constraints. It is to be expected that given the current set of constraints
and objective unrealistically many remedial contributions will occur. A further
possibility for improvement might be the unlinking of the decision and accrual
period. In the current model, if the decision period is large, the accrual of rights
and accordingly the indexation process is too aggregated.

Further research will be mainly on the generation of scenario’s for the model.
The macro generator is to provide the future economic environment in a con-
sistent way, while the micro generator concerns the nominal liability portfolio.
Once the model is running, the shortcomings mentioned above are to be inves-
tigated.

We believe that our multistage optimization model will provide new insights
in ALM for pension funds. The outcomes of our models are dynamic strategies,
which are probably different from the current strategies used in the common-
practice ALM simulation models. With these dynamic strategies the costs of
the Dutch defined benefit system might remain affordable and the risks accept-
able. Another contribution to the pension debate could be to give quantitative
feedback on the not undisputed new regulatory rules. In an optimization model,
the effects of new supervisory constraints can be analyzed explicitly.
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