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A Appendix

A.1 Optimization of unconstrained individual decision
making

The investor�s asset menu contains two assets, namely stocks, Pt and bonds,
Bt. The dynamics of both assets are given by:

dPt
Pt

= ��dt+ �dZt; (A1)

dBt
Bt

= rdt; (A2)

where �� represents the expected growth rate. The drift of the stock price
process is given by � = ��� 1

2
�2 such that:
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Pt = P0 exp(�dt+ �dZt); (A3)

The investor�s �nancial wealth at time t is denoted by Ft, absolute con-
sumption at time t is given by Ct, labor income at time t is given by Yt,
and the share of �nancial wealth invested in risk bearing assets is denoted
by f �t . The dynamics of the wealth obeys:

dFt = Ft(r + f �t ��)dt+ Ftf
�
t �dZt + (Yt � Ct)dt; (A4)

where � � ���r
�
. The investor enters the pension system at time t = 0, works

up to time T and passes away at time D. The investor collects constant
labor income during the period t 2 [0; T ] when it is normalized to Yt = 1 ,
while Yt = 0 for t 2 (T;D].
The investor solves

maxEt

0@ DZ
t

e��
i(s�t)

1� �i
C1��

i

s ds

1A ; (A5)

where �i is the coe¢ cient of relative risk aversion and �i stands for rate
of time preference. In order to come to the optimal investment and con-
sumption strategies, we proceed backwards. The Hamilton-Jacobi-Bellman
equation for the problem is given by, with J(W; t) denoting the value func-
tion:

�iJ = max
x;C

�
1

1� �i
C1��

i

+ JF (F (f
���+ r) + 1� C) +

1

2
JFF (Ff

��)2 + Jt

�
:

(A6)
We know (see e.g. Bodie et al. (1992)) that the value function is of the
form

J(F; t) =
(Ft +Ht)

1��i

1� �i
g(D � t)�

i

; (A7)

where Ht denotes the human capital of the investor at time t. We have for
t 2 [0; T ]

Ht =
1

r

�
1� e�r(T�t)

�
(A8)

and Ht = 0 for t 2 (T;D]. Substituting of the value function and solv-
ing for the resulting �rst order conditions in (A6), we �nd for the optimal
consumption and portfolio policy:

Ct = (Ft +Ht)g(D � t)�1; (A9)
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f �t =
1

�i
�

�

�
1 +

Ht

Ft

�
: (A10)

LetWt = Ft+Ht denote the total wealth of the investor while ft denotes
the fraction of total wealth invested in risk bearing assets. From this it
follows that f �t = ft(1+

Hi
t

F it
). The result in equation (3) now directly follows

from equation (A10). Substitution of the optimal policies (A9) and (A10)
into (A6) provides a linear ordinary di¤erential equation for the function
g(D � t) which is solved for:

g(D � t) =
1

A
(eA(D�t) � 1); (A11)

where

A =
(1� �i)r � �i

�i
+
1

2

1� �i

(�i)2
�2: (A12)

A.2 Derivation of consumption dynamics

Applying Ito�s lemma to (A9), we �nd that the consumption dynamics are
given by:

dCt = g(D � t)�1d(Wt)�
_g(D � t)(Wt)

g(D � t)2
dt: (A13)

Employing the optimal portfolio rule given in (A10), we �nd for the wealth
dynamics

dWt

Wt

=

�
�2

�i
+ r � g(D � t)�1

�
dt+

�

�i
dZt: (A14)

Using the expression for g(D � t) in (A11), we have

�g(D � t)�1 � _g(D � t)

g(D � t)
= A: (A15)

Substituting this result into of (A15) and (A14) into (A13), we establish:

dCt
Ct

=

�
�2

�i
+ r + A

�
dt+

�

�i
dZt: (A16)

Substitution of (A12) and taking expectations on both sides yields
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Et
dCt
Ct

=

�
r � �i + (1+�i)

2
�2

�i

�
�i

dt; (A17)

which corresponds to equation (6). Excluding risky asset investments, i.e.
� = 0, yields equation (1), in which �i = �i, such that the intertemporal
elasticity of substitution of the individual is given by 1

�i
:

A.3 Consumption smoothing
In this section we derive in which way a shock in wealth (dWt) at time t
a¤ects the consumption level (dCs) at any time s � t . From equation (A9)
it follows that:

d logCt
d logWt

= 1 (A18)

since g(D � t) is a deterministic function of time. From equation (A16) it
follows that consumption growth is independent of wealth such that:

d logCs
d logCt

= 1 (A19)

Combining those two results we obtain equation (2) :

d logCs
d logWt

=
d logCs
d logCt

d logCt
d logWt

= 1 (A20)

A.4 Approximation of interest rate sensitivity
In this section we derive an approximation for the increase in the consump-
tion level Ct as a result of a rise in the interest rate r. We assume that the
subjective discount factor equals the interest rate (r = �i) and we abstract
from risky investments (� = 0). From equation (A17) it is known that under

these assumptions the consumption level Ct is constant over the life-cycle.
This implies that the consumption level Ct at any time t 2 [0; D] can be
approximated by the �rst-order Taylor polynominal around r = 0:

Ct � h(0) + h0(0)r (A21)

where under our assumptions the consumption rule in (A17) simpli�es into

h(r) =
1� e�rT

1� e�rD
(A22)

Di¤erentiation yields
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h0(r) =
Te�rT (1� e�rD)�De�rD(1� e�rT )

(1� e�rD)2
(A23)

Applying l�Hôpital�s rule twice to (A23) yields h0(0) = 1
2
T
D
(D � T ); while

applying l�Hôpital�s rule to (A22) yields h(0) = T
D
. It thus follows that:

Ct �
T

D

�
1 +

r

2
(D � T )

�
(A24)

from which we can derive the approximation for the increase in the con-
sumption level as a result of a rise in the interest rate:

dCt=Ct
dr

jr=0�
1

2
(D � T ) (A25)

which corresponds to (8).

A.5 Certainty equivalents

For a consumption-investment policy which satis�es equation (A7), the cer-
tainty equivalent consumption level ce satis�es:

J(0; 0) =
(W0)

1��i

1� �i
g(D)�

i

=

DZ
0

e��
is ce

1��i

1� �i
ds; (A26)

which solves for

ce =

�
W0

1��ig(D)�
i �i

(1� e��iD)

� 1

1��i

: (A27)
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summary of discussion 
by Joachim Inkmann

Saving and Investing Over the Life Cycle and the Role of Collective 
Pension 
by Lans Bovenberg, Ralph Koijen , Theo Nijman and Coen Teulings
Chairman: Rick van der Ploeg (IUE)
Discussants: Eduard Ponds (ABP), Guus Boender (Ortec Consultants) and 
Peter Schotman (Maastricht University)

Netspar Panel: April 26, 2007

The chairman of the panel, Rick van der Ploeg (IUE), opened the discus-
sion clarifying the aim of the Netspar Panel: the presented papers are 
meant to take a position on pension-policy-relevant subjects. According 
to the first discussant of the paper, Eduard Ponds (ABP), the authors 
succeeded in fulfilling this aim. After commenting that the paper is likely 
to stimulate future pension research and to set the agenda for pension 
policy, Ponds started his discussion with a short summary of his view on 
the main findings of the paper: individuals continuously need to adjust 
their consumption and investment choices because wealth is subject to 
shocks. Those who do not adjust will experience a welfare loss. Pension 
funds can overcome constraints faced by the individual investor and pro-
vide intergenerational risk-sharing opportunities at the cost of their not 
being tailor-made to the individual’s requirements. The discussant made 
an appeal for researchers to extend the presented simple life cycle model 
so that it would account for human capital risk, financial and longevity 
risk and changing preferences. At the same time, Ponds encouraged the 
pension industry to develop pension products that combine the benefits 
of collective and individual savings and investment decisions. Further-
more, he pointed out that the flexibility of the retirement age is an 
instrument that is neglected in the current paper but could be used to 
trade off early retirement versus increased consumption during retire-
ment. In his response to these comments, Theo Nijman confirmed the 
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necessity to allow for a flexible retirement age, and mentioned that this 
extension is already high on the research agenda of the authors.

The second discussant, Guus Boender (Ortec Consultants), began by com-
mending the authors on their research. He particularly welcomed the fact 
that the paper provided evidence for the superiority of hybrid pension 
schemes compared to pure Defined Contribution (DC) and Defined Benefit 
(DB) schemes. He presented the results of his own research, which 
showed that hybrid schemes tend to achieve higher probabilities of ful-
filling the sponsor’s pension ambition (like indexation). Based again on 
earlier analysis of his own, Boender explained that a change from a pure 
DB scheme to a collective DC scheme is likely to increase the expected 
contributions to the scheme. Nevertheless, collective DC schemes appeal 
to plan sponsors, who dislike volatile balance sheets. This is a conse-
quence of new accounting standards such as IFRS, which require the 
sponsor to report losses from the pension scheme due to changing inter-
est rates and equity returns in the company’s profit and loss account. 
Theo Nijman responded by agreeing that the favorable results for hybrid 
schemes indeed do not originate from the present paper but were pre-
sented in a utility maximization framework that is in accordance with 
the academic literature. Regarding Boender’s question whether the 
theory is already mature enough to be implemented in practice, Nijman 
remarked that there is no such thing as an optimal model for all compa-
nies, and that horizons in theory and practice differ by nature. The 
model assumes, for example, that contributions stay constant forever — 
while the planning horizon in practice may be much more limited. 

Peter Schotman (Maastricht University), the third discussant, summarized 
his view of the paper’s conclusions in just one sentence: homogeneous 
groups of investors are best served by collective hybrid DB/DC plans. He 
emphasized that in order to align the life cycle model with observed 
behavior of heterogeneous individuals and households, the simple life 
cycle model needs to be extended to include human capital risk, longev-
ity risk and inflation. He also pointed out that decisions are subject to 
behavioral biases, agency problems and political constraints, which are 
difficult to implement in the life cycle framework, since they contrast to 
some extent with the underlying assumptions of the life cycle theory. 
Schotman explained that a constant risk-free labor income is not justi-
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fied by data, which suggests a hump-shaped life cycle income profile. 
Because of this, pensions contributions are usually low in the early stages 
of the life cycle, when income is low. Individuals who face a large risk on 
future income might not be attracted to DB schemes, since earnings risk 
translates to highly uncertain pension benefits. Adding longevity risk to 
the model is necessary to motivate the presence of annuities. In his 
response to the discussant, Nijman acknowledged the simplistic nature 
of the current model, but emphasized that this was chosen deliberately 
in order to make the arguments of the paper transparent. 

Afterwards, Rick van der Ploeg opened the discussion to the audience 
by pointing out that he would be interested to learn about the general 
equilibrium effects of collective pension schemes. These should affect 
wages, unemployment and the retirement behavior in the economy. In 
addition, he asked for a separation of the relative risk aversion and the 
elasticity of intertemporal substitution in the model. Theo Nijman agreed 
that labor market effects are likely to be important, but that financial 
market effects could be mitigated by demand from abroad.
Hans Schumacher (Tilburg University) pointed out that borrowing con-
straints could be overcome by investing in options, which, for example, 
would allow young investors to increase their stock market exposure 
above 100% without the need to borrow. Nijman agreed, but remarked 
that this would require sophisticated investors. Similarly, mortgages 
could be used to increase stock market exposure — assuming that house 
prices are correlated with the financial markets. 
Tom Steenkamp (ABP) returned to the authors’ suggestion of individual-
ized investments in collective pension schemes. He considered the possi-
bility of an age-dependent investment in two funds: one of these would 
consist of assets with liability hedging properties while the other would 
consist of assets with more speculative characteristics. He asked the 
authors for advice on how the exposure to these two funds should vary 
over the life cycle of pension scheme members. Nijman thought that it 
would be interesting to see how close this two-fund separation strategy 
could reflect the optimal investment strategy. His co-author, Ralph 
Koijen (Tilburg University), reflected on the feasibility of a two-fund 
solution, and recommended that one should start on the level of hetero- 
geneous individuals whose optimal portfolios could be aggregated on 
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the collective pension scheme level to see if a two-fund separation strat-
egy would be possible. 
Henriette Prast (DNB and Tilburg University) asked for more efforts to get 
the correlation between shocks to human capital and financial markets 
in the model right. Nijman referred to the existing literature on this 
topic. The extreme case would be a broker with extremely correlated 
labor income and stock market risk.
Lou Spoor (Achmea) was interested in the valuation of human capital, 
and raised the question of whether industry-wide or national human 
capital should be of interest to collective pension schemes instead of 
individual human capital. Again, Nijman referred to existing literature on 
this topic.
Roy Hoevenaars (ABP) asked for the welfare consequences of transitions 
of young employees from a collective scheme to a pure DC scheme. Lans 
Bovenberg (Tilburg University) pointed out that young members of collec-
tive pension schemes might face a large negative buffer, since collective 
pension schemes are able to share risk between generations. In 
response, these young members indeed might leave collective schemes, 
which would create discontinuity risk calling into question the sustain-
ability of collective schemes.
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